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DIFFERENTIAL MODULATION
(PART II: MIMO SYSTEM)



PLAN

• Some preliminary about Gaussian distribution

• Coherent MIMO transmission

• Non Coherent MIMO transmission



GAUSSIAN DISTRIBUTION

• 𝑋~𝑁 0, 𝜎2 ⟹ 𝑝𝑋 𝑥 =
1

2𝜋𝜎
exp −

𝑥2

2𝜎2

• 𝑋1, 𝑋2 ~𝑁 0, 𝜎2 𝑎𝑛𝑑 𝑖𝑖𝑑 ⟹

𝑝𝑋1𝑋2 𝑥1, 𝑥2 =
1

2𝜋 𝜎2
exp −

𝑥1
2 + 𝑥2

2

2𝜎2

• 𝑋~𝐶𝑁 0, 𝜎2 ⟹ 𝑃𝑋 𝑋 =
1

𝜋𝜎2
exp −

𝑋 2

𝜎2

• 𝑋1, 𝑋2~𝐶𝑁 0, 𝜎2 ⟹

𝑃𝑋1,𝑋2 𝑋1, 𝑋2 =
1

𝜋2𝜎4
exp −

𝑋1ȁ
2 + ȁ𝑋2

2

𝜎2

• 𝑋 a complex column vector of size 𝑛.

𝑃𝑋 𝑋 =
1

𝜋𝑛𝜎2𝑛
exp −

σ𝑖=0
𝑛 ȁ ȁ𝑋𝑖

2

𝜎2
=

1

𝜋𝑛𝜎2𝑛
exp −

𝑋𝐻𝑋

𝜎2



• 𝑋 a complex column vector of size 𝑛 correlated.

𝑃𝑋 𝑋 =
1

𝜋𝑛 det(Σ)
exp −𝑋𝐻Σ−1𝑋

• 𝑋 a complex matrix of size 𝑛 × 𝑚 (independent).

𝑃𝑋 𝑋 =
1

𝜋𝑛𝑚𝜎2𝑛𝑚
exp −

𝑇𝑟{𝑋𝑋𝐻}

𝜎2

• 𝑋 a complex matrix of size 𝑛 × 𝑛 correlated. 
• It can be changed to a column vector of size 𝑛2 and the 

previous formulas for a vector holds.

• Or directly in matrix form (next slide)

GAUSSIAN DISTRIBUTION (CONT.)



• Define: Σ𝑋 = 𝐸{𝑋𝑋𝐻} and Ω𝑋 = 𝐸{𝑋𝐻𝑋}

𝑃𝑋 𝑋 =
1

𝜋𝑛×𝑚 Σ𝑋
𝑚 Ω𝑋

𝑛
exp −𝑇𝑟{Σ𝑋

−1𝑋Ω𝑋
−1𝑋𝐻}

• If Σ𝑋 = 𝛼𝐼 and Ω𝑋 = 𝛽𝐼, then 

𝑃𝑋 𝑋 =
1

𝜋𝑛𝑚𝛼𝑛𝑚𝛽𝑚𝑛
exp −𝑇𝑟

𝑋𝑋𝐻

𝛼𝛽

GAUSSIAN DISTRIBUTION (CONT.)



SYSTEM MODEL 

• MIMO with 𝑀 transmit and 𝑁 receive 

antennas.

• Rayleigh fading channel (i.i.d.)

• At time 𝑡 TX sends the complex 

symbols 𝑥𝑡𝑚 on TX antennas 𝑚 =
1,2, …𝑀. 

• At RX, we receive 𝑦𝑡𝑛 for 𝑛 =
1,2, … , 𝑁.

• y𝑡𝑛 = 𝜌σ𝑚=1
𝑀 ℎ𝑚𝑛x𝑡𝑚 + 𝑤𝑡𝑛 ,

𝑡 = 0,1, … and 𝑛 = 1,2, … , 𝑁
𝑀 𝑁



SYSTEM MODEL

• The fading coefficients are assumed to be i.i.d. in 𝑛
and 𝑚. ℎ𝑛𝑚~𝐶𝑁 0,1 .

• The noise is i.i.d. for 𝑚 and 𝑡: 𝑤𝑡𝑚~𝐶𝑁(0,1).

• The transmitted symbols are normalized such that 

𝐸 ෍

𝑚=1

𝑀

𝑥𝑡𝑚
2 = 1

• With these definitions, 𝜌 is the expected SNR at 

each receive antenna and the total transmitted 
power is independent of 𝑀.



TRANSMITTING SIGNAL 
CONSTELLATION

• Suppose a spectral efficiency of 𝜈 bits per channel 
use is required.

• Since there are 𝑇 channel uses per block, we need 
𝜈𝑇 bits to select an 𝑀 × 𝑇 matrix. 

• Therefore we need 2𝜈𝑇 𝑀 × 𝑇 different matrices, 
which is the symbol constellation set.

• Each entry of these matrices can be an MPSK 
symbol.



RECEIVED SIGNAL

• A block of 𝑇 consecutive channel uses forms one 

transmission.

• We assume that the channel does not change 

significantly during 2𝑇channel uses.

• The received matrix can be written
𝑌𝑁×𝑇 = 𝜌 HN×M𝑋M×𝑇 +WN×𝑇



COHERENT DETECTION

𝑌𝑁×𝑇 = 𝜌 HN×M𝑋M×𝑇 +WN×𝑇

• The channel is known at RX

• Because everything is decorrelated

𝑝 𝑌 𝐻, 𝑋 =
1

𝜋𝑁𝑇
exp −𝑇𝑟 𝑌 − 𝜌𝐻𝑋 𝑌 − 𝜌𝐻𝑋 H

• The ML receiver
መ𝑆𝑡 = argmax

𝑚
𝑝 𝑌 𝐻, 𝑋𝑚 =

argmin
𝑚

𝑇𝑟 𝑌 − 𝜌𝐻𝑋𝑚 𝑌 − 𝜌𝐻𝑋𝑚
H



PAIR WISE ERROR PROBABILITY

• Chernoff bound

𝑝 𝑋0 → 𝑋1 ≤
1

𝐼 +
𝜌
4
𝑋0 − 𝑋1 𝑋0 − 𝑋1

𝐻
𝑁

=
1

ς𝑛=1
𝑟 1 +

𝜌𝜆𝑛
4

𝑁

• For large SNR (𝜌 → ∞):

𝑝 𝑋0 → 𝑋1 ≤
1

𝜌
4

𝑁𝑀
𝑋0 − 𝑋1 𝑋0 − 𝑋1

𝐻 𝑁

=ෑ

𝑛=1

𝑟
𝜌𝜆𝑛
4

𝑁

• Diversity order = 𝑁𝑀 (if rank is less than M the diversity will be 𝑟𝑀.

• Coding gain ς𝑛=1
𝑁 𝜆𝑛 = 𝑑𝑒𝑡{( 𝑋𝑖 −𝑋𝑗)(𝑋𝑖 − 𝑋𝑗)

𝐻}

• Conclusion: for a good code, the above matrix is full rank for all i and j; and the min 
of the above determinant for all I and j is maximum.



NON COHERENT DETECTION

• Therefore we need 2𝜈𝑇 elements in the matrix 

group 𝒢.

• Each matrix is supposed to be unitary: 𝑆𝑖 ∈ 𝒢, 𝑆𝑖𝑆𝑖
𝐻 =

𝑆𝑖
𝐻𝑆𝑖 = 𝐼.

• This modulation is called Unitary Space-time 

modulation
𝑋𝑡 = 𝑋𝑡−1𝑆𝑡

• 𝑋0 is a fixed unitary matrix with no information.

Note: We assume that 𝑇 = 𝑀.



ML RECEIVER

𝑌𝑡−1 = 𝜌𝐻𝑡−1𝑋𝑡−1 +𝑊𝑡−1

𝑌𝑡 = 𝜌𝐻𝑡𝑋𝑡 +𝑊𝑡 = 𝜌𝐻𝑡 𝑋𝑡−1𝑆𝑡 +𝑊𝑡

𝑌𝑡 ≈ 𝑌𝑡−1𝑆𝑡 −𝑊𝑡−1𝑆𝑡 +𝑊𝑡

𝑌𝑡 ≈ 𝑌𝑡−1𝑆𝑡 + 𝑍𝑡

• Because 𝑆𝑡 is a unitary matrix, the 𝑊𝑡−1𝑆𝑡 has the same 
statistics as 𝑊𝑡. Therefore 𝐸 𝑍𝑡

𝐻𝑍𝑡 = 2𝐼𝑀. 

• The ML receiver calculates the following 
መ𝑆𝑡 = argmin

𝑆𝑘
𝑌𝑡 − 𝑌𝑡−1𝑆𝑘

2

Simplifies: መ𝑆𝑡 = argmax
𝑆𝑘

𝑅𝑒 𝑇𝑟 𝑌𝑡−1𝑆𝑘𝑌𝑡
𝐻



PAIR WISE ERROR PROBABILITY

𝑌𝑡 ≈ 𝑌𝑡−1𝑆𝑡 + 𝑍𝑡
𝑌𝑡−1 = 𝜌𝐻𝑡−1𝑋𝑡−1 +𝑊𝑡−1

• We try to calculate the statistics of 𝑌𝑡−1.

• 𝑌𝑡−1 is a complex Gaussian random matrix.

• Σ𝑌𝑡−1 = 𝐸{𝑌𝑡−1𝑌𝑡−1
𝐻 } for simplicity : Σ𝑌𝑡−1 = 𝐸{𝑌𝑌𝐻}

Σ𝑌𝑡−1 = 𝐸 𝜌𝐻𝑋 +𝑊 𝜌𝐻𝑋 +𝑊 H

= 𝜌𝐸{𝐻𝑋𝑋𝐻𝐻𝐻 +𝑊𝑊𝐻}

= 𝜌𝐸 𝐻𝑋0𝑆𝑘𝑆𝑘
𝐻𝑋0

𝐻𝐻𝐻 +𝑊𝑊𝐻

= 𝜌𝐼 + 𝐼



PAIR WISE ERROR PROBABILITY

• 𝑌𝑡 ≈ 𝑌𝑡−1𝑆𝑡 + 𝑍𝑡 = 1 + 𝜌෩𝐻𝑆𝑡 + 𝑍𝑡

• 𝑌𝑡
′ =

𝑌𝑡

2
=

1+𝜌

2
෩𝐻𝑆𝑡 + 𝑍𝑡

′

• Comparing with that of coherent detection and for 

large SNR

• 𝑝 𝑆0 → 𝑆1 ≤
1

1+𝜌

2×4

𝑁𝑀
𝑆0−𝑆1 𝑆0−𝑆1

𝐻 𝑁

• For large SNR and compare to coherent case, 3 dB 

of degradation observed.



TO BE CONTINUED 


