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1 Normal random variable

The probability density function is :

fX(x) =
1√

2πσ2
e−

(x−m)2

2σ2

The cdf function can be written using Q-function as:

FX(x) = 1−Q
(m
σ

)
The characteristic function of a random variable X is defined as:

φX(u) = E{eiuX}

For a normal distribution X ∼ N (m,σ2):

φX(u) = E{eiuX} = eium−
1
2σ

2u2

Some properties of characteristic function:

• φX(0) = E{ei0X} = 1

• |φx(u)| ≤ 1 = φx(0)

• φaX+b = eiubφX(0)

• φX(−u) = φ∗X(u)

• E{Xk} = 1
ik

dk

duk
φX(u)|u=0

• − ∂
∂u logφX(u)|u=0 = iE{X}

• − ∂2

∂u2 logφX(u)|u=0 = E{X}2 − EX2 = −V AR(X)
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2 Extension to random vector

Consider X a vector of size n containing n normal distributed random variables:
X ∼ N (m,C). The pdf of X :

fX(x) =
1√

(2π)ndet(C)
e−

(x−m)TC−1(x−m)
2

where covariance matrix C is:

C = E{[X − E{X}][X − E{X}]T } = CT

Note that (2π)ndet(C) = det(2πC)
We can write the characteristic function of this multivariate normal vector:

φX(u) = E(eju
TX) = eim

T
Xu− 1

2uTCXu

Here there is no need to inverse the covariance matrix.
We can write:

EXj = i−1 ∂

∂uj
logφX(Y)|u=0 = mj

EXiXj = i−2 ∂2

∂ujuk
logφX(Y)|u=0 = mjmk + Cjk

If Xi are independent :

φX(u) =
n∏
i=1

φXi(ui)

3 Linear transformation

Consider the transformation Y = AX + b where X ∼ N (m,RX)

Y is a multivariate normal vector with:

E(Y) = Am + b

RY = ARXAT + bbT + bmTAT + AmbT

and CY = ACX + AT .
We can also writ the characteristic function of Y:

φY(u) = Eeiu
TY = eib

TuφX(ATu)

Generalized transformation of a random vector
X is an Rn-valued random vector and G(x) is an invertible vector valued func-
tion of x ∈ Rn. So Y = G(x) is a random vector. Knowing that the probability

2



density function of X is fX(x) the question is : what is the pdf of fY(y)? y1

...
yn

 =

 g1(x1, · · ·xn)
...

gn(x1, · · ·xn)

 (1)

Because G−1 exists, H(y .= G−1(y), so x1

...
xn

 =

 h1(y1, · · · yn)
...

hn(y1, · · · yn)

 (2)

Hypothesis H is continuous with continuous partial derivatives.

dH(y) .=


∂h1
∂y1

· · · ∂h1
∂yn

...
...

...
∂hn
∂y1

· · · ∂hn
∂yn

 (3)

To compute pdf of Y, we begin with P (Y ∈ C) = P (G(x) ∈ C). It is
convenient to define the set B .= {x : G(x) ∈ C}

4 Gamma function

The gamma function is defined as

Γ(p) =
∫ ∞

0

tp−1e−tdt

for p > 0. There are some useful properties:

Γ(p) = (p− 1)! p an integer and p > 0
Γ(1/2) =

√
π, Γ(3/2) =

√
π

2

Γ(n+ 1/2) =
√
π

∏n
k=1(2k − 1)

2n

5 Chi-Square Distribution

Let X be a zero-mean Gaussian-distributed random variable. The variable
Y = X2 has a chi-squared distribution with:

pY (y) =
1√

2πyσ
e−y/2σ

2
u(y)

The CDF cannot be expressed in closed form. How ever the characteristic
function has a closed form as:

ψ(jv) =
1

(1− j2vσ2)1/2
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Now suppose the RV Y defined as:

Y =
n∑
i=1

X2
i

The characteristic function of Y is:

ψY (jv) =
1

(1− j2vσ2)n/2

The inverse transform of this characteristic function yields the pdf:

pY (y) =
1

σn2n/2Γ(n/2)
yn/2−1e−y/2σ

2
u(y)

which is called the chi-square distribution with n degrees of freedom. The CDF
can be calculated analytically:

FY (y) = 1− e−y/2σ
2
m−1∑
k=0

1
k!

( y

2σ2

)k
where m = n/2. There are also the moments of chi-square distribution as
follows:

E(Y ) = nσ2

E(Y 2) = 2nσ4 + n2σ4

σ2
y = 2nσ4

If the Gaussian random variables are not zero-mean, the pdf of resulting
distribution PY (y) can be calculated in terms of Marcum’s Q-function (see
Proakis).

6 Rayleigh distribution

Suppose there are two i.i.d. RV each with normal distribution: X1, X2 ∼
N (0, σ2). Let’s define Y = (X1 + X2)1/2. The RV Y follows the Rayleigh
distribution as follows:

fX(x) =
x

σ2
exp

(
−x2

2σ2

)
U(x)

The mean and variance are:

mx = σ(π/2)1/2

σ2
x = σ2(2− π/2)

The CDF is:
FX(x) = 1− e−x

2/2σ2
U(x)
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7 Nakagami-m distribution

The pdf of Nakagami-m distribution is defined by:

pα(α) =
2mmα2m−1

ΩmΓ(m)
exp

(
−mα

2

Ω

)
U(α) (4)

where m is its parameter which ranges from 1/2 to∞ and Ω = ᾱ2. For m = 1/2
this distribution reduces to one sided Gaussian (Γ(1/2) =

√
π) and for m = 1

it is the Rayleigh distribution (Γ(1) = 1).
Having the attenuation parameter as Nakagami-m, the signal to noise ratio

at the receiver follows gamma distribution:

pγ(γ) =
mmγm−1

γ̄mΓ(m)
exp

(
−mγ

γ̄

)
U(γ) (5)

This is obtained using the following formulas (ref: Digital Communication
over Fading Channel, by Simon)

pγ(γ) =
pα

(√
Ωγ
γ̄

)
2
√

γγ̄
Ω

where γ = α2Es/N0.
One can show that the MGF of γ is given by:

Mγ(s) =
(

1− sγ̄

m

)−m
and therefore:

E[γk] =
Γ(m+ k)
Γ(m)mk

γ̄k

Note that the Nakagami-m distribution often gives the best fit to land-mobile
and indoor-mobile multipath propagation.

8 Bounds

8.1 Chernoff Bound

The problem is where we have a sum of i.i.d. random variables. It is difficult to
calculate the distribution of the sum because of the number of variable can be
important. Therefore upper bound calculations can be used. To be continued.,
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