Isomorphisms and Serre’s reduction of linear systems

Thomas Cluzeau and Alban Quadrat

Abstract—In this paper, we give an explicit characterization
of isomorphic finitely presented modules in terms of certain
inflations of their presentation matrices. In particular cases,
this result yields a characterization of isomorphic modules as
the completion problem characterizing Serre’s reduction, i.e.,
of the possibility to find a presentation of the module defined by
fewer generators and fewer relations. This completion problem
is shown to induce different isomorphisms between the modules
finitely presented by the matrices defining the inflations. Finally,
we show how Serre’s reduction implies the existence of a certain
idempotent endomorphism of the finitely presented module,
i.e., that Serre’s reduction implies a particular decomposition,
proving the converse of a result obtained in [7].

I. INTRODUCTION

A multidimensional linear system (e.g., a linear system of
ordinary differential (OD) equations, partial differential (PD)
equations, OD time-delay equations, difference equations)
can be written as Rn = 0, where R is a ¢ X p matrix
with entries in a (noncommutative) polynomial ring D of
functional operators (e.g., OD or PD operators, OD time-
delay operators, shift operators, difference operators) and 7 is
a vector of unknown functions. More precisely, if F is a left
D-module, then we consider the linear system or behavior
kerz(R.) := {n € FP | Ry = 0}. The algebraic analysis
approach to mathematical system theory (see, e.g., [2], [9],
[10] and the references therein) is based on the fact that
the linear system kerx(R.) can be studied by means of the
left D-module M := D'*P/(D*9 R) finitely presented by
the matrix R since kerz(R.) = homp(M,F) (see, e.g.,
[2], [9], [10]). Module properties of M and F are then
related to system properties of kerz(R.). Using constructive
homological algebra [12] for (noncommutative) polynomial
rings D admitting Grobner bases for admissible term orders
[2], one can effectively check some module properties of
M (see [2], [10] and references therein). The corresponding
algorithms are implemented in packages of computer algebra
systems (e.g., OREMODULES [3], OREMORPHISMS [4]).

An important issue in mathematical system (resp., module)
theory is the equivalence problem which consists in testing
whether two systems (resp., modules) are isomorphic. The
first contribution of the paper, developed in Section II, is
to give an explicit characterization of isomorphic finitely
presented modules in terms of inflations of their presentation
matrices. The classical Schanuel’s lemma (see, e.g., [12]) on
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the syzygy modules of these modules can then be found again.
If the ring D is stably finite (e.g., noetherian) (see, e.g., [8])
and one of the presentation matrices has full row rank, then
this result yields a characterization of isomorphic modules
as the unimodular completion problem characterizing Serre’s
reduction problem [1]. This problem aims at finding an
equivalent system which contains fewer equations and fewer
unknowns [1]. Section III contains the second result of the
paper. We show how the completion problem induces dif-
ferent isomorphisms between the modules finitely presented
by the matrices defining the inflations. Consequences of this
result are given for doubly coprime factorizations. The result
is used in Section IV to complete results of [1] on the study
of Serre’s reduction problem. Serre’s reduction is known to
be related to the so-called decomposition problem [5], [7].
The last contribution of the paper is to prove the converse
of a result of [7]. We show how Serre’s reduction implies
the existence of a particular idempotent endomorphism of M,
i.e., that Serre’s reduction implies a particular decomposition.

Notation. D will denote a noetherian ring, i.e., a left and
a right noetherian ring, i.e., every left/right ideal of D is
finitely generated as a left/right D-module [8], [12]. If M
and N are two left/right D-modules, then homp (M, N) is
the abelian group formed by the left/right D-homomorphisms
(i.e., left/right D-linear maps) from M to N. The left D-
modules M and N are isomorphic, denoted by M = N,
if there exists ¢ € homp(M, N) which is an isomorphism,
i.e., injective and surjective [8], [12]. If R € D9*P isa ¢ xp
matrix with entries in D, then .R € homp(D*4, D*P)
is defined by (.R)(\) = AR for all A\ € D'*4, Similarly,
R. € homp(DP*1, D9*1) is defined by (R.)(n) = Rn for
all n € DP*!. We use the notation F? for FP*!. Finally,
the group of the units of the ring D"*" is denoted by:

GL.(D)={U e D™ |3V eD™* . UV=VU=1}
II. A CHARACTERIZATION OF ISOMORPHIC MODULES

Let us first characterize isomorphic finitely presented
modules in terms of inflations of their presentation matrices.

Theorem 1: Let Ry € D*P and Q, € D**! be two
matrices. Then, the following assertions are equivalent:

1) The left D-modules M; = D ?/(D'*?R;) and
My = DY*t/(D** Q,) are isomorphic.
2) There exist matrices
Ry € qus, Q1€ DpXt, S1 € Dpxq’ S € szq,
T € DtXp, T5 € Dtxs, Vi e l)le7 Vo e DtXl,
W, € DP*™ W, € D**™, P, € D'X4, P, € D™**



satisfying the following two identities

R R S1 Q1 Vi
T T2> <S2 Q2>_ q+t+<V2>(P1 0,
)]

Sl Ql R Ry - wh
(52 Q2> ( o >—Ip+s+< v ) 0 P,

(2
where P, € D% and P, € D™** are such that:

kerp(.Ry) :={p € D™ | uRy =0}
=imp(.P) := D' P, = {¢ P, | € € DX},

kerp(.Qq2) = {v € D** | v @y = 0}
=imp(.P) = D™ Py = {( P, | ( € D'*™}.

Proof: Let m; : D'X™ — M; be the canonical
projection onto M;, where ¢ = 1,2, r; = p and ry = t.
A left D-homomorphism f : My — M> is defined by

f(mi (A1) = m2(M @1),
for a certain matrix Q1 € DP*? which is such that:
R Q1= —RaQs. 3)

For more details, see, e.g., [5]. Similarly, a left D-
homomorphism g : My — M; is defined by

g(m2(A2)) = mi (A2 T1),

for a certain T} € D**P which is such that:

Q211 = -5 Ry. 4
Hence, My = M, iff go f =1idy, and f o g =idpy,, i€

V A\ € DY*P,

IRy € D%

Vg € DlXt7

35, € D9

m1(A1) = (g0 f)(m (A1) = g(m2(A1 Q1)) = m1 (M Q1 1),

{ ma(A2) = (f 0 9)(m2(X2)) = f(m1 (A2 T1)) = m2(A2 T1 Q1),
i.e., for all A\; € D*P and for all \y € D*?,
(A (I = @Q1T1)) =0, ma(Xe (f; —T1 Q1)) =0,
i.e., iff there exist S; € DP*? and Ty € D'*® such that:
I,—1Th =5 R, Li—-TiQ1=T20Q>. )

Hence, M; = M, is equivalent to the existence of matrices
satisfying (3), (4), (5), i.e., satisfying the identities:

Ry Ry ST Qq _ R S1+RyS; 0

T Ty S2 Q2 TS +TeS: I )’
(6)

S1 Q1 Ri Ry \ (I, SiRe+hT>

Sy Q2 T T 0 S2Ro+ Q2T |
(N

Let us prove that (1) is equivalent to (6). Let us first compute
Ry 51+ R3 S,. Using (4), (3), and (5), we obtain:
(R1S1+ Ry S2)Ri =R1S1 R — Ry Q2T
=RiSiRi+RQTh
=R1S1R1+ Ri (I, — S1R1) =Rs.

Thus, we get ((R1 51 + R2S2) — I;) Ry = 0, and thus
D'xa ((Rl S1 + Ry SQ) — Iq) - kerD(.Rl) = DIXZPL
which shows that Vi € D9%! exists such that:

RiS1+RySo=1,+V1 Pp. 3

Let us compute 77 S7 + 15 .S5. Using (5) and (4), we get
Ty(SiR)=T1(I, -1 Th) =L —T1 Q1) Th
=T5(Q2T1) = T2 52 Ry,
ie., (Tl S1+ T SQ) Ry =0, ie., Dt (Tl ST+ Ty SQ) -
kerp(.Ry) = D'*! Py, and thus there exists Vo € D**! such
that:
TS, +T58, =V, P;. 9)
Using (8) and (9), (6) and (7) is equivalent to (1) and (7).
Similarly, using (5) and (3), we obtain
QO (T2Q2) =Q1 (L —T1 Q1) = (I — Q1 T1) Q1
= Sl (R1 Q1) = —Sl RQ Q27

ie., (Sl Ry + Q1 Tg) Q2 =0, ie., Dtxp (Sl Ry + Q4 Tg) -
kerp(.Q2) = D'*™ P,, and thus there exists W; € DP*X™
such that:

S1Re+ Q1T =W, Ps.

Using (3), (4), and (5), we obtain:
(S2Ro+ Q212) Q2 = =S2 R1 Q1 + Q212 Q2
=@QT1 Q1 +Q212Q2
= Q2 (I; = T2 Q2) + Q2 T2 Q2 = Q.

Thus, we get (So Ry + Q275 — I;)Q2 = 0, and thus
DlXS (SQ R2+Q2 TQ_IS) g kerD(.Qg) = D1><m PQ, which
shows that there exists Wy € D**™ such that:

SoRo+Q2Ty =I5 + W Py (11)
Hence, (1) and (7) is finally equivalent to (1) and (2). [ |

(10)

The next corollary of Theorem 1 gives a constructive proof
of the standard Schanuel’s lemma [12] in module theory.

Corollary 1: With the notations and the assumptions of
Theorem 1, if we introduce the unimodular matrices

P:<Ip —C1 ) P_1:<Ip—Q1T1 Ql)
" L-TiQ )’ =T L)’
then the following left D-homomorphism
w: D™ R, @Dt — D¥pg DIxsQ,
(v1 R1, va) +—— (v1 R1, 12) P, (12)
is an isomorphism and:
u~l:DXP @ DX Q, — D4R, @ DIx! 1)

—

(11, p2 Q2) (p1, p2 Q2) P71
Proof: The proof of Theorem 1 shows that we have the
following commutative exact diagram [12]:

pixt P pixg B pxp T AL 0
L —Rs L@ L
ptxm L pixs Q2 poa T2 )



Now, PRy = 0 and (3) implies that P; (R2Q2) =
—P1 (R1 Ql) = 0, i.e., Dle (Pl RQ) Q kerD(.Qg) =
D™ P, and thus there exists a matrix X € D'*™ such
that P, Ry = —X P;. Similarly, there exists Y € D™*! such
that P, So = —Y P;. With the following notations

S1 @ , Ri R
U .= U .= 14
(52 Q2>7 <T1 T2>’ .
0 P)U = —Y(P, 0), (P, 00U = —X(0 P),

which yields the following commutative exact diagrams

pix P O pix@y o
T.-v T.U Tg

plxm (0 P2) Dix(p+s) 2, Lo 0,

N s Fa—
l.-x L. lh

prm OB pixer) g, g,

where the left D-modules L, and Lo are defined by

Ly = cokerp(.(Py  0)) := DY@+ /(DXL (P 0)),
Ly = cokerp(.(0  Py)) := DYX®+s) /(D™ (0 Py)),

and the left D-homomorphisms g and h are defined by:

g:Ly — Ly

ke((p1 p2)) = K1((p1 S1+p2 Sz p1 Q1+ p2 Q2)),
h: L1 — L2

Hl((l/l VQ)) — KQ((Vl Rl +V2 Tl 11 R2 +1/2 TQ))

Then, (1) and (2) show that goh = idy, and hog =idp,,
i.e., g is a left D-isomorphism, h = g~ ! and L; & L,.

We have cokerp(.P;) := DY*4/(D'*l pj) = D> R,
and cokerp(.Py) := D*% /(D™ Py) = D1*5 Q4 and:

Ll o Dlxq/(Dlxlpl) @Dlxt’
LQ o D1><p EBDIXS/(Dle P2)~
Hence, we have the following left D-isomorphism:

N D1><q Rl @Dlxt
(11 Ry, 12).

Ly
v2))

Similarly, we have the following left D-isomorphism:

(2 —

L2 i) D1><p @Dlxs Q2
ra((pr p2)) — (1, p2 Q2)-

The left D-isomorphism v = 3o hoa~! and its inverse

u™! =aogo B! are then defined by:

D1><q R1 @DlXt LN Dl><p @Dlxs QQ

(1 Ri,1n) +— (WiRi+w1Ti (i Ry+10T15)Q2),
D1><p EBDlXS Q2 L) D1><q Rl @DlXt
(1, p2 Q2) +—  ((p1 S1+p2S2) Ry p1 Q1 + p2 Q2).

Using (3) and (5), (5) and (4), we obtain

(11 Ry +12T2) Qo = —(v1 Ry) Q1 + v (It — T1 Q1)
(181 + p2S2) Ry = pa (I, — Q1 Th) — (u2 Q2) Th,
which finally yields (12) and (13). |

Let us give another corollary of Theorem 1 which connects
isomorphisms to the so-called Serre’s reduction [1].

Corollary 2: With the notations and the assumptions of
Theorem 1, let us assume that ¢ +¢ = p + s.

1) Then, we have:

Ri R S1 Q1)
AR Sy Q)
(15)
S1 @ Ri Ry \
Sy Q2 o) T

2) If either Ry or 2 has full row rank, namely,
kerD(.Rl) =0 or kel‘D(.Qg) = 0, then M; = M,
is equivalent to the existence of matrices Ry € D7*%,
Q1 € DP*t, Qq € DS*t, §; € DPX4, Gy € DS*4,
T, € D**P_and T, € D'** such that:

Ry Ry 51 @ _7
T = lg+¢-

T S2 Q2

Proof: 1 is a consequence of ¢+t = p+ s and of the
fact that D noetherian ring, and thus a stably finite ring, i.e.,
a ring for which UV = I, for two matrices U, V € D"*"
yields V' U = I, [8]. 2 is a direct consequence of Theorem 1
with P =0 or P, = 0 and of the previous point 1. [ ]

Remark 1: If Ry has full row rank, it is well-known that
M, is a free left D-module of rank ¢, i.e., M; = D'¥?, iff
Q1 € DP*t, S, € DP*4 and Ty € D'XP exist such that

R,
Ty

where ¢ = p — ¢. For more details, see [11]. This result
corresponds to Corollary 2 with s = 0 and My = D'*?,

) (S1 Q1) = Igqs,

III. UNIMODULAR COMPLETION PROBLEM

The next theorem shows that the unimodular completion
problem induces different isomorphisms between the mod-
ules finitely presented by the matrices defining the inflations.

Theorem 2: Let p, q, s, t € N satisfying g+t =p+ s
and Ry € DI*P, Ry € D%, € DPXt, Qo € DY,
S1 € DP*X4 Sy € DX Ty € D™P and T, € D'*$

matrices such that:
) ( ) gt (16)

Ry
¢
Then, we have:
cokerp(.Ry) = cokerp(.Q2), kerp
cokerp(.S1) = cokerp(.Tz),
cokerp(.Q1) = cokerp(.Ra),
cokerp(.T1) = cokerp(.S2),

Ry
15

S1
Sa

o
Q2

(\R1) 2 kerp(.Q2),
kerp(.51) = kerp(.T3),
kerp(.Q1) 2 kerp(.Ra),
kerD(.Tl) = kGI'D(.SQ).



Right D-module analogous to the above results hold, i.e.:
cokerp(Ry.) 2 cokerp(Qs.), kerp(R;.) = kerp(Qs.), . ..
Proof: Let us consider the following left D-modules:
M = cokerp(.Ry) = DY*?/(D'*4 Ry),
M, := cokerp(.Q2) = DY*t/(DY*5 Qs).
By 1 of Corollary 2 (16) yields:

S1 @1 R Ry
= Ip+s~
Sy Q2 T Th

From (3), we have R; Q1 = —Rs ()2, which yields the
following commutative exact diagram

a7

Dixq Ry ople L
l .— Ry l Q1 l aq
ptxs 2 puxt T, g,
(18)

where «; is the left D-homomorphism defined by:
Qg M 1 — M2

(A1) o (M Q1)
Moreover, (18) yields the following left D-homomorphism:
of :kerp(\R;) — kerp(.Q2)
p1 —  —p1 Ra.

Similarly, the identity Q2 T7 =
commutative exact diagram

—S9 Ry yields the following

Dixs Q2 Dixt M2, M, 0
l .= SQ l .T1 l [e'D) (19)
Dlxq EL} Dixp BEN M, . O,

where «y is the left D-homomorphism defined by:
Q9 MQ —_— Ml
7T2(V2) — ’/T1(1/2T1).
Moreover, (19) yields the following left D-homomorphism:
ol kerp(.Q2) kerp(.Ry)
92 — —(92 SQ.
Now, (16) and (17) yield (5) so that
(a1 0 ag)(ma(r2)) = ar(mi(v2T1)) = m2(ve T1 Q1)
= ma(v2) — m2((v2 T2) Q2) = ma(v2),

(a2 0 ar)(m1(A1)) = az(m2 (A1 Q1)) = m1 (A1 Q1 Th)
=m (A1) — m((M S1) Ra)) = mi(M),

i.e., a1 is a left D-isomorphism, ay = ozl_l and M = M.
Now, from (16) and (17), we have Ry Sy = I, — R1 51
and Sy Ry = I; — Q2 Tb, which implies that
(a 0 ap)(f2) = —a (02 S2) = 02 (52 Ra)
=0y — (02Q2) Tp = 0o,

—ay(pn Re) = i (R2 S2)
(1 Ry) S1 = pa,

—

(a0 ai)(m) =
= k1=

i.e., o is a left D-isomorphism, of = a'l L

kerD(.Qg) = kerD(.Rl).

Since the role played by R; (resp., =) in (16) and (17)
is symmetric to the one played by S; (resp., T>), we obtain:

cokerp(.S7) = cokerp(.Tz), kerp(.S1) 2 kerp(.Tn).

and:

Finally, the other isomorphisms of the theorem can be
similarly proved. For instance, the left D-isomorphism

kerp(.Q1) = kerp(.Rz) is defined by:
vy i kerp(.Q1) — kerp(.Rq) 20)
0 — —01 54,
v =~ tkerp(.Ry) — kerp(.Q1) 21
o +—— —uo Ry.
|

Theorem 2 generalizes Theorem 4.1 of [1] for a non full
row rank R, i.e., kerp(.R) is not necessarily reduced to 0.

Let us give an application of Theorem 2 to doubly coprime
factorizations. To keep the notations classically used in
control theory, the noetherian domain D is denoted by A.

Corollary 3: Let K := Q(A) be the left and right quotient
field of A [8], P € K", and P = D'N = ND7!
a doubly coprime factorization of P, namely, D € A?*9,
N e A" D e A™" and N € AT*" satisfy

D —N X N ;
v X y b)) "

for certain matrices X € A9, Y € A™1, X e A" and
Y € A"*9. Then, we have:

coker 4(.D) = coker4 (D), ker(.D) = kera(.D),
coker 4 (. X) = coker4(.X), kera(.X) = kera(.X),
coker 4(.N) 2 coker4(.N), kers(.N) = kera(.N),
coker4(\Y) 2 cokera(.Y), kera(.Y) = kers(.Y),

Similarly, right A-module analogous to the above results
hold, i.e., coker 4(D.) = cokera(D.), ...
Corollary 4: With the notations and the hypotheses of
Theorem 2, we have:
1) R; has full row rank iff so is Q.
2) R, admits a left inverse iff so is )1. More precisely:
a) If Z, € D**4 is a left inverse of R, then Q;
admits the left inverse 17 — 15 Zo R;.
b) If Y7 € D'*P is a left inverse of @1, then R,
admits the left inverse S5 — Q2 Y7 5.
3) If Ry or 1 admits a left inverse, then kerp(.Rs) &
kerp(.Q1) is stably free of rank ¢ — s = p — 1, i.e.:

kerp(.Ry) @ D*** = D**4,

4) kerp(.Rg) is a free left D-module of rank r iff so is
kerpp(.Q1). More precisely, we have:
a) If By, € D™ is a basis of kerp(.Rsz), i.e
the matrix Bs has full row rank and satisfies
kerD(.Rg) = DIXTBQ, then Cy := By Ry is a



basis of kerp(.Q1), i.e., Cy € D"*P has full row
rank and satisfies kerp(.Q1) = D**" Cs.

b) If C; € D"*P is a basis of kerp(.Q1), ie.,
the matrix C; has full row rank and satisfies
kerD(.Ql) = Dlxrol, then By := C1 57 is a
basis of kerp(.Q1), i.e., By € D"*4 has full row
rank and satisfies kerp(.Q1) = D'*" By.

Proof: 1. By Theorem 2, kerp(.Q2) = kerp(.Ry) = 0.

2. cokerp(.Rg) = 0 iff D**$ = D'X9 Ry, i.e., iff Ry ad-
mits a left inverse Zo € D%, i.e., Zo Ry = I,. Similarly for
cokerp(.Q1). The first result follows from cokerp(.Rz) =
cokerp(.Q1) by Theorem 2. If Z5 € D*? is such that
Zo Ry = I, then using (16), we get R1 Q1 = —Rs Q2
and T1 Q1 + T2 Q)2 = I, and thus (Tl — T Zy RI)QI =
T1Q1+ T2 (Z2R2) Q2 = T1 Q1 + T2 Q2 = I;. Now, if
Y, € D¥*P is a left inverse of @1, i.e., Y1 Q1 = I;, then
using (17), we get S1 Ry = —Q1 T» and Sy Ro+Q2 To = I,
and thus (Sg - QY7 Sl) Ry = S Ry + Qo (Y1 Q1)TQ =
So Ry + Q2 Tz = I.

3. If Zy € Ds*9 is a left inverse of Ry, then the
matrix Il := Ry Z5 is an idempotent of the ring D7*9, i.e.,
12 = TII, and thus D'*9 = kerp(.II) @ imp(.II). Now,
since .Zy € homp(D'*¢, D'X9) is injective, kerp(.II) =
kerp(.Rz). Moreover, since .Ry € homp (D%, D1%%) is
surjective, imp (.II) = D*911 = DX Z,, which shows
that kerp(.Ry) @ DY*5 Zy = D4, ie., kerp(.Ry) is a
stably free left D-module of rank ¢ — s = p — t. The result
follows from kerp(.Q1) = kerp(.Rs) by Theorem 2.

4. The first point follows from kerp(.Q1) = kerp(.Rz2)
by Theorem 2. Now, if kerp(.R2) is a free left D-module
of rank r and the full row rank By € D"*? defines a basis
of kerp(.Rz), i.e., kerp(.Rg) = D'*" By, then the left D-
isomorphism ~4 defined by (21) sends a basis of kerp(.Rz2)
to a basis of kerp(.Q1), which shows that the full row rank
matrix Cy := By Ry € D"*P defines a basis of kerp(.Q1),
i.e., kerp(.Qq) = DY*" Cy. The last point can be similarly
proved using ] = 'yé*l defined by (20). [ ]

IV. SERRE’S REDUCTION

Let us state a necessary and sufficient condition for a linear
system to be equivalent to a linear system defined by fewer
unknowns and equations (the so-called Serre’s reduction).

Theorem 3: Let R € D?*P (not necessarily full row rank).
Then the following assertions are equivalent:

1) There exist R € D@")*x(=") where 0 < r < g — 1,
and V € GL4(D) and W € GL,(D) such that:

I, 0
VRW = — .
0 R
2) There exists A € DI=(4=7) guch that:
a) a matrix U € GLpy,—,(D) exists such that:
(B —MNU=(,; 0),

b) amatrix T' € D(@~7)%4 exists such that ' A = I,

c) the stably free left D-module kerp(.A) is free of
rank 7, i.e., there exists a full row rank matrix
B € D"*4 such that kerp(.A) = D> B.
If 2 of Theorem 3 holds, then we have

S1 @ 1 R —A
U= U= @
< Sy Qo > < T =T ) (22

Q, € Dr*=7) Q, e Dla—")x=7) §, ¢ ppxa,
Sy € Dla=mxa 7 e p=r)xp T, ¢ pp=r)x(a=r)

i.e., we are in the position of Theorem 2 with Ry = —A,
s =q—r,t=p—r and T, has been changed into —75 to
follow the notations used in [1].

Remark 2: Theorem 3 is proved in Corollaries 4.10 and
4.14 of [1], where 2.b of Theorem 3 is replaced by
kerp(.Q1) is a free left D-module of rank r. These con-
ditions are equivalent since kerp(.A) = kerp(.Q1) by
Theorem 2. The hypothesis that R has full row rank is not
used in the proofs of Corollaries 4.10 and 4.14 of [1].

Corollary 5: 1) If 1 of Theorem 3 holds, then the

matrices of 2 of Theorem 3 can be chosen as follows

A=X,, T'=V,, B=V,

wivi W R —A
U — Vi W U= 7
Vo R Zy 0

with the following notations:

V= (VlT VQT)T, VieDr*, Vy e D(Q*T)Xq’
Vo= (X1 X2)7 X, e D", Xy € DqX(q—r))
W= (W, W), Wi € DPX" W, € DP*p=7),

Wil = (ZlT Z’QT)T; Zl € DTXp’ Z2 [ D(p*’r’)Xp.

2) If 2 of Theorem 3 holds, then, with the notations (22),
the matrices defined in 1 of Theorem 3 can be taken

as R = @y and
V1:B, VQZF_SQFB7
Wi=(S1+QT2D)F, Wi =0Q,
X1 =RWy, Xo = A,
Z1=BR, Zy =Ty —T>T'R,
(23)
where F' € D?%" is such that:
I,— AT =FB. (24)

Proof: 1 is proved in Corollary 4.14 of [1] up to the
characterization of B. By (20), kerp(.A) = kerp(.Q1) S1,
where Q1 = W5 and S; = WjVi. Now, the identity
W=IW = I, (rtesp., WW ™1 = [)) yields Z; Wy = 0
(resp., Wi Zy + Wo Zy = 1), i.e., DY*" Z; C kerp(.Ws).
Now, if A € kerp(.Ws), then W1 Z; + Wy Zy = I, yields
A= ()\Wl)Zl € Dxr 71, ie., keI‘D(.Wg) - DIXTZ1,
which shows that kerD(.Ql) = keI‘D(.Wg) = DlXTZl.
Using the identity Z; Wy = I,. coming from W' W = I,,,
we get kerp(.A) = D" (Z; W1 Vy) = D" V;. Finally,
Vvl = q yields Vi X; = I,., which shows that V; has
full row rank (v € kerp(.V7) yields v = (v V1) X1 = 0),
and thus kerp(.A) is a free left D-module of rank r.



2. Let us define the following matrices
X=(X1 Xp)eD™, V=VI V&HT eDix,
W=W, Wy)eDr<r 7= (zF' zIT e Dvrxr,
with the notations (23). Then, using (22), we get:
RW = (RW; RQi)=(RW1 AQ2)
I, 0

) (1,. 0)
=X _ ).
0 Qo 0 R

We note that (I, — AT') A = 0 since ' A = I,_,, and thus
D4 (I, — AT) C kerp(.A) = D" B, which shows that
F € D97 exists such that [, — AT = F' B. Then, we have
IFB=T(l,—AT)=T—(TA)T =0since TA =1I,_,.
Then, using (22), I' F B = 0 and (24), we obtain:

B
XV =(RW; A) ( e )

=R(S$1+QiTsT)FB+A (T — S, FB)
=(RS,)(FB)+ AT —AS, FB
=(I,+AS))FB+AT —AS, FB=FB+ AT =1,

which yields X € GL,(D) and V = X1 e GL,(D).
Finally, using (22), I' F' B = 0 and (24), we obtain

=(RW1 A) <

BR
WZ=((Si+QqTl)F Q) ( nonTR )

=S (FB)R+ Q1 T1 — (1 T2)TR
— 5 (I, ~AT)R+ Q. T1 + i AT R
=S1 R+ Q1 Ty = I,

which yields W € GL,(D) and Z =W~! € GL,(D). =

V. FROM SERRE’S REDUCTION TO DECOMPOSITION

Theorem 4: Let R € D?7*P (not necessarily full row rank)
and A € D9%(9=7) satisfy the conditions of 2 of Theorem 3.
If T € D44 ig a left inverse of A and B € D> a basis
of the free left D-module kerp(.A) of rank 7, then, with the
notations (22) and (23), we have:

1) A:=S;1 FB e DP*7 gatisfies ARA = A.

2) The matrices P := Wy Zy = I, — AR € DP*P and

Q :=1,— RA € D7 are idempotents, i.e., P> = P
and Q% = @, and satisfy RP = Q R.

3) With the notations (23), the left D-modules kerp (. P),

imp(.P), kerp(.Q), imp(.Q) are defined by

kerp(.P) = D'*" Z;, imp(.P) = D™=y,
kerp(.Q) = D" Vi, imp(.Q) = DMV,

i.e., are free of rank respectively r, p—1r, r and g —r.

Hence, Theorem 4.2 of [5] holds with the above P and Q.

Proof: 1. We first note that (24) and BA = 0 yield
BFB+BAT =B, ie,(BF-1.,)B=0,ie, BF =1,
since B has full row rank. Now, using (22), BA = 0 and
BF =1,, we get:

ARA=SFB(RS)FB=S FB(I,+AS,)FB
=S F(BF)B=SFB=A.

2. Since Wy Zy + Wy Zy = I,
Pi=WyZy=1,— Wi Z
=1, — ((S1+ Q1 T2T) FB) R,
where, using (24) and I" (I, — AT') = 0, we obtain
(S1+ Q) (FB)=(S1+ @1 121) (I, — AT)
= S (I, —AT) =8 FB = A,
ie, P =1,— AR Now, ARA = A yields P2 = p,
2=(Q and RP = Q R. Using (22) and (24), we get:
Q=1I,—(RS$)FB=1,—(I,+AS))FB
—(I,~FB)~ASy FB=A(I— 8 F B) = X5 Va.
The identity ZW = I, yields kerp(.W2) = D'*" Z;

and Zy Wy = I,_,. The latter identity implies that .73 is
injective, .W5 is surjective and Zs has full row rank. Thus,

kerD(.P) = kerD(.(Wg ZQ)) == keI‘D(.Wg) = D1><7' (B R),

imp(.P) = imp(.(Wy Z3)) = imp(.Z) = D'*P=7) 7,
which proves that kerp(.P) and imp(.P) are free left D-
modules of rank respectively r and p — r.

The identity V' X = I, yields kerp(.X3) = D'*"V; and

Vo X9 = I,_,. The latter identity implies that .V5 is injective,
. X5 is surjective and V5 has full row rank. Thus,

kerp(.Q) = kerp(.(X2 Vz)) = kerp(.X3) = D'*" B,
imD(.Q) = imD(-(XQ Vz)) = imD(.Vg) — pDix(g—r) Va,

which proves that kerp(.Q) and imp(.Q) are free left D-
modules of rank respectively r» and ¢ — r. [ ]

we get
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