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Representation Resolvante des Idéaux Di�erentiels

Réguliers

Résumé : On montre que les zeros d'un idéal di�erentiel régulier [A] :H1

A dé�ni par une
chaîne di�érentielle A sont birationnelement équivalents aux zéros généraux d'un polynôme
di�érentiel régulier. Cette équivalence est construite explicitement. Ceci apporte la généra-
lisation de la construction du vecteur cyclique pour les systèmes di�érentiels linéaires et de
la représentation univariée rationnelle des idéaux algébriques de dimension zero.

Mots-clés : algèbre di�érentielle, élément primitif di�érentiel, vecteur cyclique, calcul
formel.
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1 Introduction

Given a system of polynomial di�erential equations there are several known algorithms to
decompose its solution set into the union of the non singular solution set of di�erential sys-
tems with a di�erentially triangular form [26, 22, 34, 11, 5, 33, 6, 17]. [11, 33] deal only with
the ordinary di�erential case. [26, 34] attack the partial di�erential case with the notion of
passivity introduced by Riquier. [22, 6, 17] use the coherence introduced by Rosenfeld. From
the algebraic point of view of Kolchin [22, 6, 17] this means we can decompose the radical
di�erential ideal generated by a �nite number of di�erential polynomials � of a di�erential
polynomial ring Ffy1; : : : ; yng as an intersection f�g =

Tr

i=1[Ai] : H
1

Ai
where the Ai are

coherent di�erential chains. The di�erential ideals [A] :H1

A de�ned by coherent di�erential
chains were called regular in [5, 6]. They have good structural properties and make the
link with polynomial algebra through the Rosenfeld lemma [27]. In [6, 17], such a decom-
position is an intermediate decomposition that is re�ned into a characteristic decomposition
f�g =

Ts

i=1[Ci] :H
1

Ci
, where the Ci are di�erential characteristic sets (of [Ci] :H1

Ci
). The

di�erential ideals [C] :H1

C de�ned by di�erential characteristic sets were called characteris-
able [17]. They have the excellent property that the Ritt reduction by C gives a membership
test to [C] :H1

C . In [22] the decomposition obtained is a characteristic decomposition where
the components are prime di�erential ideals.

This paper is concerned with ordinary di�erential equations, so that coherence is not an
issue. We shall show that the non-singular zero set of any regular di�erential ideal [A] :H1

A

can be encoded with a single ordinary di�erential polynomial p in the sense that the generic
zeros of [A] :H1

A are birationally equivalent to the general zeros of p.

Ritt [26] proved that this was the case of any prime di�erential ideal. Following his ter-
minology we shall call p a resolvent for [A] :H1

A . The resolvent together with the rational
relationships linking the general zeros of p to the generic zeros of [A] :H1

A we call the resol-
vent representation for [A] :H1

A . It is worth noting that not every regular di�erential ideal
is characterisable while every regular di�erential ideal admits a resolvent representation.

Finding all the solutions of the initial di�erential system � = 0 thus boils down to solving
a �nite number of independent equations that are the resolvents of each regular component
of f�g. Furthermore we can expect that some qualitative properties of the general zeros of
the resolvents can be lifted to the generic zeros of the regular components. This is subject
to future research. We also can hope that the existence of resolvent representation for
regular di�erential ideal can be used to achieve e�cient algorithm in the line of the works
of [13, 15, 30].

The resolvent representation for regular di�erential ideals can be seen as a generalisation
of two other well known constructions: the cyclic vector construction for linear �rst order
di�erential systems [9, 21] on the one hand, and the rational univariate representation [28] (or
Kronecker representation [30]) for algebraic (radical) zero dimensional ideals. As a matter
of fact the resolvent approach for polynomial ideals has been developped in [10].

RR n° 4200



4 Cluzeau & Hubert

For our constructions we shall use classical results of Ritt and Kolchin [26, 22] as well as
the recent results about regular and characterisable di�erential ideals and characteristic
decomposition [6, 2, 17]. The paper is organised as follow. Classical results and de�nition
are exposed in Section 2 and results about regular di�erential ideals and characteristic
decompositions in Section 3. Section 4 presents the theory of relative order introduced
by Ritt [26] by using the di�erential dimension theory of Kolchin [22]. Noteworthily we
extend to any kinds of rankings some results of Ritt restricted to elimination rankings. In
Section 5 we will de�ne precisely what is a resolvent representation. We shall present the
resolvent representation as an extension of the scope of the di�erential primitive element.
The birational equivalence is discussed there too. Section 6 contains the proof that any
regular di�erential ideal admits a resolvent representation. The link to cyclic vectors of linear
di�erential systems and to rational univariate representations for algebraic zero dimensional
ideals are developed in Section 7 and Section 8 respectively. In Section 9 we shall give an
algorithm to compute the resolvent representation of a regular di�erential ideal and some
examples will illustrate our point. The algorithm is based on some new results that enable
to test that certain di�erential ideals are characterisable for a given ranking.

2 Preliminaries and notations

The purpose of this section is to give the basic information for reading this paper. Our
classical sources are the book of Ritt and Kolchin [26, 22]. The results referred to in [22] are
to be specialised to characteristic zero1 and to the ordinary case. More recent de�nitions
and results are essentially taken from [17]. Here again the results referred to need to be
specialised to the ordinary case2.

2.1 Di�erential rings

We consider ordinary di�erential rings (R;�), where R is a commutative integral domain
that contains a �eld isomorphic to Q, and � is the free commutative monoid of derivation
operators generated by a single derivation � acting on R. Let � be a subset of R. We denote
respectively [�] and f�g the di�erential ideal and the radical di�erential ideal generated by
�. We will also note (�) and h�i =

p
(�) the (non di�erential) ideal and radical ideal

generated by �.

(RfY g;�) denotes the ring of di�erential polynomials with di�erential indeterminates Y =
fy1; : : : ; yng and coe�cients inR. The set of derivatives of Y is�Y = f�k yi; 1 � i � n; k 2
Ng. The set of derivatives of order less or equal to r 2 N is noted �rY = f�k yi; 1 � i �
n; 0 � k � rg. We will only consider rings FfY g of di�erential polynomials the coe�cients

1so that di�erentially separable extension and di�erential inseparability basis become respectively dif-

ferentially algebraic extension and di�erential transcendence basis.
2This means essentially that coherence is dropped.

INRIA



Resolvent Representation 5

of which belong to a di�erential �eld F of characteristic zero. Then FhY i denotes the
quotient �eld of FfY g. Typically we shall consider F = K(t), where K is a �nite extension
of Q, with � being the di�erentiation w.r.t. t. We will often adopt the classical notation of
derivations u0 = �u and u(k) = �ku.

Any radical di�erential ideal J in FfY g is the intersection of a �nite set of prime di�erential
ideals none of which contains another [22, III.4, the Basis Theorem and 0.9 Theorem 1].
This unique set is the set of essential prime components of J and forms the minimal prime
decomposition of J .

An element q will be said to be a zero divisor modulo a (di�erential) ideal J if there exists
p =2 J s.t. p q 2 J . In particular, we take the convention that the element of J are zero
divisors modulo J . If J is a radical di�erential ideal in FfY g, q is a zero divisor modulo J
i� q belongs to at least one essential prime component of J .

Let S be a subset of a (di�erential) ring R. We denote by S1 the minimal subset of R that
contains 1 and S and that satis�es a b 2 S1 , a; b 2 S. Let I be a di�erential ideal of
FfY g. We de�ne the saturation of I by a set S as I : S1 = fq 2 R j 9 s 2 S1 s q 2 Ig:
I :S1 is also a di�erential ideal and we have I � I :S1.

2.2 Rankings

A ranking on a set of indeterminates X is a total order on this set. A di�erential ranking
on a set of di�erential indeterminates Y is a total order on �Y satisfying �u � u and
u � v ) �u � �v for any pair of derivatives u; v 2 �Y . When the context is not
ambiguous will only speak of rankings and not of di�erential rankings. For a derivative
u 2 �Y we shall note ��u Y and �~uY the subset of �Y consisting of the elements that are
ranked below u, and below or equal to u respectively .

An orderly ranking satis�es �ryi > �syj as soon as r > s. An elimination ranking on Y such
that y1 < : : : < yn is given by the order y1 < y01 < y001 < : : : < y2 < y02 < : : : < yn < y0n <
y00n < : : :.

Let Y and Z be two sets of di�erential indeterminates endowed with di�erential rankingsRY

and RZ . The elimination block ranking with Y � Z is the di�erential ranking de�ned by
the order on �(Y [Z) satisfying that any derivative of �Z is higher than any derivative of
�Y and two derivatives of�Y (respectively�Z) are ordered according to RY (respectively
RZ). We will at some points speak of a ranking such that Y � Z without specifying RY or
RZ . Either these rankings will be clear from the context or any rankings on Y and Z will
do.

Assume we are given a di�erential ranking R for a set of di�erential indeterminates Y . Let
X be a subset of �Y . The ranking induced by R on X is the ranking �R such that for any
u; v 2 X , u � �R v i� u �R v. If X = � �Y for �Y a subset of Y , the induced ranking is a
di�erential ranking for �Y .

RR n° 4200



6 Cluzeau & Hubert

If a di�erential ranking is associated to a set of di�erential indeterminates we say by extension
that the di�erential polynomial ring FfY g is endowed with a ranking. Let p be a di�erential
polynomial of FfY g endowed with a ranking. The leader up and the initial ip of p are
respectively the highest ranking derivative appearing in p and the coe�cient of its highest
power in p. The rank of p is the monomial udp, where d is the degree of p in up. The tail of

p is the di�erential polynomial p� ip u
d
p. The separant of p is sp =

@p

@up
. We also de�ne hp

to be the product of the initial and the separant of p. For longer expressions we will write
lead(p), init(p), sep(p) and tail(p) for the leader, initial, separant and tail of p.

A di�erential polynomial q is partially reduced w.r.t. p if no proper derivatives of up appears
in q; q is reduced w.r.t. p if q is partially reduced w.r.t. to p and the degree of q in up is strictly
less than the degree of p in up. Let p and q be di�erential polynomial in FfY g. With a �nite
number of di�erentiations and pseudo divisions we can compute d-prem(q; p) and d-rem(q; p)
respectively partially reduced and reduced with respect to p such that 9s 2 (sp)

1 and
h 2 (hp)

1 satisfying s q � d-prem(q; p) mod [p] and h q � d-rem(q; p) mod [p].

3 Characteristic decomposition and characterisable dif-

ferential ideals

In this section we de�ne the central objects of this paper, the di�erential chains and regular
di�erential ideals. We recall their properties. We shall also expand on characteristic sets,
characterisable ideals and characteristic decompositions. Though the main result of this
paper concerns regular di�erential ideals, results about characteristic decomposition will be
used all along the proofs.

3.1 Di�erential chains

In the ordinary di�erential case and w.r.t to an elimination ranking, what Ritt [26] calls a
chain coincides with what Kolchin [22] calls an autoreduced set i.e. a subset such that each
element of A is reduced w.r.t. all the others. We see that the di�erential chains introduced
here are less restrictive. It owes to the �ne triangular sets introduced by D. Wang [32] in the
algebraic case. It turns out that nonetheless all the proofs of the important properties about
autoreduced sets can be carried out for di�erential chains. In our context it will simplify
some later proofs.

Before we can de�ne di�erential chains we need to de�ne di�erentially triangular set and
reduction by those.

Definition 3.1 Let FfY g be endowed with a ranking. A subset A of FfY g is di�erentially
triangular if

- no element of A belongs to F

INRIA



Resolvent Representation 7

- each element of A is partially reduced w.r.t. all the others

- the leaders of the element of A are pairwise distinct.

When A is the empty set we take the convention that [A] = fAg = [0].

Otherwise, the leaders being distinct we can rank the elements of a di�erential chain. Let
a1; a2; : : : ; ar be the elements of a di�erential chain A such that lead(a1) < lead(a2) < : : : <
lead(ar). We will write A = a1M a2M : : : Mar. We will also use the M notation to construct
di�erentially triangular sets by mixing polynomials a and di�erentially triangular sets A;B
in the following ways: aMA (respectively AM a) denotes the di�erential chain A [ fag if
the leader of a ranks lower (respectively higher) than the leader of any element of A; AMB
denotes the di�erentially triangular set A [ B if the leader of any element of A ranks lower
than the leader of any element of B.

We denote L(A) the set of leaders of A, IA and SA the sets of the initials and separants of
the elements of A. Also HA = IA [ SA. Let u 2 L(A). Au denotes the element of A having
u as leader. A�u (respectively A�u ) denote the di�erentially triangular set consisting of the
elements of A the leader of which are ranked lower (respectively lower or equal) than u. In
other words A�u = A \ F [��u Y ] and A�u = A \ F [��u Y ].

A di�erential polynomial is said to be (partially) reduced w.r.t. a di�erentially triangular
set A when it is (partially) reduced w.r.t. each element of A. Given an element q 2 FfY g
we can compute s 2 S1A and d-prem(q; A) that is partially reduced w.r.t. A such that
s q � d-prem(q; A) mod [A]. Similarly, we can compute h 2 H1

A and d-rem(q; A) that
is reduced w.r.t. A such that h q � d-rem(q; A) mod [A]. If A = a1M : : : M an then
d-rem(q; A) = d-rem(: : : d-rem(d-rem(q; an); an�1); : : : ; a1) and similarly for d-prem.

Definition 3.2 Let FfY g be endowed with a ranking. A di�erentially triangular set A is
a di�erential chain if no initial of an element of A is reduced to zero by A. In other words:
8u 2 L(A); d-rem(init(Au); A

�

u ) 6= 0.

A di�erential chain is said to be consistent if 1 =2 [A] :H1

A , in which case [A] :H1

A is called
a di�erential regular ideal.

The notion of regular di�erential ideal appeared in [5] with a broader scope.

There exists a preorder that extends the ranking de�ned on FfY g on the set of di�erential
chains of FfY g. First, we shall say that a di�erential polynomial p has lower rank than q,
and write rank(p) < rank(q), if either

- p 2 F and q =2 F

- lead(p) ranks lower than lead(q)

- lead(p) = lead(q) = u and deg(p; u) < deg(q; u)

If A = a0M : : : M ar and B = b0M : : : M bs are two di�erential chains then A has lower rank
than B if either

RR n° 4200



8 Cluzeau & Hubert

- there exists 1 � k � r; s such that rank(ai) = rank(bi) for all 1 � i < k and rank(ak) <
rank(bk)

- r > s and rank(ai) = rank(bi) for all 1 � i � s

The proof of [22, I.10 Proposition 3] carries over to di�erential chains and thus, in every
nonempty set of di�erential chains of FfY g there exists a di�erential chain of minimal rank.

3.2 Di�erential characteristic sets

Note that if d-rem(p;A) = 0, for p 2 FfY g and A a di�erential chain of FfY g, then
p 2 [A] :H1

A . A characteristic set of a di�erential ideal I is a di�erential chain A contained
in I of minimal rank among the di�erential chains contained in I [22]. This is in fact
equivalent to say that for all p 2 I , d-rem(p;A) = 0. Then A � I � [A] :H1

A . A classical
result concerns the case where I is a prime di�erential ideal. Then I = [A] :H1

A as soon as
A is a characteristic set of I and therefore p 2 I , d-rem(p;A) = 0. This motivates the
following de�nition of di�erential characteristic set and characterisable ideals [17].

Definition 3.3 A di�erential chain A of FfY g is a di�erential characteristic set if p 2 [A] :
H1

A , d-rem(p;A) = 0. A di�erential ideal I of FfY g is said to be characterisable if there
exists a di�erential characteristic set A of FfY g such that I = [A] :H1

A .

Thus a di�erential chain A is a di�erential characteristic set, in our sense, i� A is a char-
acteristic set of [A] :H1

A , in Kolchin's sense. No confusion should arise as the �rst one is a
stand alone term contrary to the latter one.

A prime di�erential ideal is characterisable for any ranking. There exist nonetheless di�er-
ential ideals that are characterisable for one ranking and not for another (see [17, Example
3.6]).

The following theorem that instruct us on the structure of regular di�erential ideals is the
keystone of factorisation free algorithms in di�erential algebra.

Theorem 3.4 Let A be a di�erential chain of FfY g. Then [A] :H1

A is a radical di�erential
ideal. Furthermore, if A is consistent, the minimal prime decomposition [A] :H1

A =
Tr

i=1 Pi
is such that the characteristic set Ci of Pi has the same set of leaders as A.

Theorem 3.4 was �rst presented in [5, 6]; For a complete proof see [25] or [17]. The theorem
is �rst shown in the algebraic case (Lazard's lemma) [17, Theorems 3.1 and 3.2] and then
lifted [17, Theorems 4.4 and 4.5] to the di�erential case by Rosenfeld lemma [27] or [22, III.8
Lemma 5]. Rosenfeld's lemma asserts that a di�erential polynomial p 2 FfY g belongs to
[A] :H1

A i� d-prem(p;A) belongs (A) :H1

A . This bears the following corollary: p is a zero
divisor modulo [A] :H1

A i� d-prem(p;A) is a zero divisor modulo (A) :H1

A .

INRIA



Resolvent Representation 9

Together with the de�nitional property of di�erential characteristic sets, this theorem shows
that characterisable di�erential ideals are the right generalisation of prime di�erential ideals:
membership can be decided by reduction by their characteristic set (De�nition 3.3) and their
essential prime components share a similar structure (di�erential dimension, di�erential
dimension polynomial, . . . ) that can be read o� A directly.

We will tacitly use the following criterion very often when constructing new characteristic
sets from older ones.

Theorem 3.5 Let A be a di�erentially triangular set of FfY g. A is a di�erential charac-
teristic set i� for any leader u of A:

1. the initial of Au is not a zero divisor modulo (A�u ) :I
1

A�u

2. the separant of Au is not a zero divisor modulo (A�u ) :I
1

A�u
.

proof: By [17, Lemma 6.1], A is a di�erential characteristic set i� A is an (algebraic)
characteristic set of (A) :H1

A . If A is a characteristic set of (A) :H1

A then for p 2 (A) :H1

A ,
the (algebraic) pseudo-remainder of p w.r.t. A is zero and thus p 2 (A) : I1A . Therefore
(A) :H1

A � (A) :I1A and, the other inclusion being trivial, (A) :H1

A = (A) :I1A .

By [2, Theorem 6.1], A is a characteristic set of (A) : I1A i� the initial of Au is not a zero
divisor of (A�u ) : I

1

A
�

u

. Then the zero divisors modulo (A) : I1A that belong to F [��u Y ] are

the zero divisors modulo (A�u ) :I
1

A�u
. Now (A) :I1A = (A) :H1

A i� no separant of A is a zero
divisor modulo (A) :I1A . 2

Thus, a di�erentially triangular set A is a di�erential characteristic set if, when considered
algebraically, it is a regular chain (point 1. of the previous de�nition) that is squarefree
(point 2.) [19, 2]. It follows that for a di�erential characteristic set (A) :H1

A = (A) :I1A .

We shall exhibit an example of a regular di�erential ideal that is not characterisable. We
shall take for simplicity a purely algebraic, dimension zero example.

Example 3.6 In Qfp; x; yg endowed with a ranking p � x � y consider the di�erential
chain A = p2�1Mx2�pM (p+2x+1) y� (p�2x+1). A is not a di�erential characteristic
set since the initial of Ay is a zero divisor of (A�y ) :H

1

A
�

y

. Indeed (p+1) (x+1)2 (p+2x+1)

belongs to (A) :H1

A while (p+ 1) (x+ 1)2 does not.

A reduced Gröbner basis of (A) :H1

A is fp2 � 1; (p + 1)x � p � 1; x2 � p; 2 y � p + 1g. By
[17, Lemma 3.5 and Lemma 6.1], (A) :H1

A and [A] :H1

A are not characterisable.

A di�erential characteristic set is said to be irreducible if for all u 2 L(A), Au is irreducible
as a polynomial in u with coe�cients considered in the quotient �eld of F [��u Y ]=(A�u ) :H

1

A
�

u
.

When A is irreducible then (A) :H1

A is a prime ideal and [A] :H1

A is a prime di�erential ideal
[26, IV�17-20]. Conversely, any characteristic set of a prime (di�erential) ideal is irreducible.
Note the easy criteria:

RR n° 4200



10 Cluzeau & Hubert

- if AM a is a di�erential characteristic set FfY g with A irreducible and a of degree one
then AM a is also irreducible.

- if A is a di�erential characteristic set where all its elements have degree one in their
leaders, then A is irreducible.

- if aMA is a di�erential characteristic set such that a is an irreducible polynomial and
all the elements of A have degree one in their leaders, then aMA is irreducible.

Nonetheless, if AMB is a di�erential characteristic set such that A and B are irreducible,
nothing ensures that AMB is irreducible.

3.3 Characteristic decompositions

Definition 3.7 Let J be a radical di�erential ideal of FfY g. We call a characteristic
decomposition of J a representation of J as an intersection of characterisable di�erential
ideals, called components of J , given by their characteristic sets.

A characteristic decomposition of a radical di�erential ideal J will be said to be prime if the
components in the decomposition are prime di�erential ideals.

A characteristic decomposition of a radical di�erential ideal J will be said to be irredun-
dant if associating each component in the decomposition with the set of its essential prime
components yields a partition of the set of the essential prime components of J .

We shall make a couple of comments on this de�nition. First, a characteristic decomposition
of J exists: J is the intersection of prime di�erential ideals and prime di�erential ideals are
characterisable. An algorithm to produce prime characteristic decompositions of f�g, where
� is a �nite subset of FfY g, are given in [26] in the ordinary case and in [22, IV.9] for the
partial case. Factorisation free algorithms to produce characteristic decompositions of f�g,
that do not need to be prime, are presented in [6, 17].

For an irredundant decomposition of J , the set of zero divisors modulo J is equal to the union
of the sets of zero divisors modulo the components. An irredundant prime characteristic
decomposition of J is nothing else than the minimal prime decomposition where each of the
essential prime component is given by one of its characteristic sets.

Note the following easy consequence of Theorem 3.4: if A is a consistent di�erential chain
and [A] :H1

A =
Tr

i=1[Ci] :H
1

Ci
is an irredundant characteristic decomposition then L(Ci) =

L(A). Indeed, if [Ci] : H1

Ci
=
Tri
j=1 [Bij ] : H

1

Bij
is an irredundant prime decomposition,

by Theorem 3.4, L(Ci) = L(Bij). Since the decomposition is irredundant, the collection
of prime di�erential ideals [Bij ] :H

1

Bij
forms the minimal decomposition of [A] :H1

A . By
Theorem 3.4 again, L(A) = L(Bij) and therefore L(A) = L(Ci).

As shown in [17, Theorem 6.2] an irredundant characteristic decomposition of [A] : H1

A

is obtained by simply computing an (algebraic) characteristic decomposition of (A) :H1

A .
Alternate algorithms to compute this algebraic decomposition are presented in [7, 18].

INRIA



Resolvent Representation 11

What follows now is a series of results on the manipulation of characteristic decompositions
that are used in the proofs of the main results.

Proposition 3.8 If C M c is a di�erential characteristic set in FfY g then [C M c] :H1

C M c =
[[C] :H1

C + [c]] :h1c .

proof: Let p 2 [C M c] :H1

C M c and take r = d-rem(p; c). There exists b 2 [c] and h 2 h1c
s.t. h p = r+ b. Now r belongs to [C M c] :H1

C M c and is reduced w.r.t. c. It must be reduced
to zero by C and thus r 2 [C] :H1

C . It follows that p 2 [[C] :H1

C + [c]] :h1c and therefore
[C M c] :H1

C M c � [[C] :H1

C + [c]] :h1c . The converse inclusion is trivial since [c] and [C] :H1

C

are subsets of [C M c] :H1

C M c and hc 2 HC M c. 2

Proposition 3.9 Consider a di�erential characteristic set C M c in FfY g and let u =
lead(c). Let h 2 F [��u Y ] that is not a zero divisor modulo (C) : H1

C . Then C Mh c is
a di�erential characteristic set and [C M c] :H1

C M c = [C Mh c] :H1

C Mh c.

Assume further that there exist a; b 2 FfY g such that lead(a) = lead(b) = lead(c) and
h c � a b mod (C) : H1

C . Then [C M c] : H1

C M c = [C M a] : H1

C M a \ [C M b] : H1

C M b is an
irredundant characteristic decomposition.

proof: By Theorem 3.5, C Mh c is a di�erential characteristic set. Since h is not a zero
divisor modulo [C] :H1

C and h 2 F [��u Y ], h is not a zero divisor modulo [C M c] :H1

C M c.
Now, trivially [C Mh c] � [C M c] and so [C Mh c] :H1

C Mh c � [C M c] :H1

C M c : h
1 = [C M c] :

H1

C M c.

Conversely, by Proposition 3.8, [C M c] :H1

C M c = [[C] :H1

C + [c]] :h1c and similarly [C Mh c] :
H1

C Mh c = [[C] :H1

C + [h c]] : (hhc)
1. Consider q 2 [C M c] :H1

C M c and r = d-rem(q; c). It
must be that r 2 [C] :H1

C . By de�nition of reduction, there exists k 2 h1c and m 2 N such
that k q � r can be written as a linear combination of c and its m �rst derivatives. By [22,
I.3 Lemma 1] hm+1 (k q � r) belongs to [h c]. Thus q 2 [[C] :H1

C + [h c]] : (hhc)
1.

For the second point, by [17, Theorem 6.2] it is enough to prove that (C Mh c) :H1

C M h c =
(C M a) : I1C M a \ (C M b) : I1C M b is an irredundant characteristic decomposition. The polyno-
mial ideals are to be considered in F [X ] where X is the �nite set of all derivatives appearing
in C; c; a; b; h.

Note that (C) : I1C = (C) :H1

C since all the separants are not zero divisor modulo (C) : I1C
by Theorem 3.5. Therefore, by [17, Theorem 3.1], (C) : I1C is radical. The same holds for
(C Mh c) :I1C Mh c = (C M c) :I1C M c.

By [20, Lemma 4] (or [18]), (C Mh c) :I1C Mh c = ((C) :I1C + (h c)) : (h ic)
1. Since h ic � ia ib

mod (C) :I1C , we thus have

(C M c) :I1C M c = (C Mh c) :I1C Mh c = ((C) :I1C + (h c)) : (h ic)
1 = ((C) :I1C + (a b)) : (ia ib)

1:
(1)
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12 Cluzeau & Hubert

Now h(C) : I1C + (a b)i : (ia ib)
1 = (h(C) :I1C + (a)i \ h(C) :I1C + (b)i) : (ia ib)

1 = hC M ai :
I1C M a : i

1

b \ hC M bi : I1C M b : i
1

a . Now ib is not zero divisor modulo (C) : I1C and therefore
neither modulo (C Ma) : I1C M a. Thus (C M a) : I1C M a : i

1

b = (C M a) : I1C M a and similarly for
(C M b) :I1C M b : i

1

a . Therefore

(C M c) :H1

C M c = hC Mai :I1C M a \ hC M bi :I
1

C M b: (2)

On the other hand, using again (1), we have that (C M c) : H1

C M c � (C M a) : I1C M a and
(C M c) : H1

C M c � (C M b) : I1C M b. Therefore (C M c) : H1

C M c � (C M a) : I1C M a \ (C M b) :
I1C M b � hC M ai : I1C M a \ hC M bi : I

1

C M b � (C M c) :H1

C M c by (2). Thus (C M c) :H1

C M c =
(C M a) :I1C M a \ (C M b) :I1C M b. We shall show now that this decomposition is irredundant.

Let P be a prime divisor of (C M c) :I1C M c. By t [17, Theorem 3.2], the characteristic set of P
can be written DM d where L(D) = L(C) and lead(d) = lead(c). Assume for contradiction
that P contains both (C M a) : I1C M a and (C M b) : I1C M b. We can �nd �; �;2 K[X ] and
k; l 2 i1d s.t. k a � � d mod (D) : I1D and l b � � d mod (D) : I1D . Thus k l a b � �� d2

mod (D) : I1D so that k l sep(a b) = sep(k l a b) � 0 mod (DM d) : I1D M d. Note now that
h sep(c) = sep(h c) � sep(a b) mod (C) : I1C . It follows that k l h sep(c) � 0 mod (DM d) :
I1D M d = P contradicting the fact sep(c) is not a zero divisor modulo (C M c) : I1C M c as
prescribed by the fact that C M c is a di�erential characteristic set. 2

Proposition 3.10 Let A, B be di�erential characteristic sets. If AMB is a di�erential
characteristic set and [A] :H1

A =
Tr

i=1[Ai] :H
1

Ai
is an irredundant characteristic decompo-

sition then [AMB] : H1

AMB =
Tr

i=1[Ai MB] : H1

Ai MB
is also an irredundant characteristic

decomposition.

proof: The fact that the decomposition [A] :H1

A =
Tr

i=1[Ai] :H
1

Ai
is irredundant implies

that Ai MB are di�erential characteristic sets. We have (AMB) :H1

AMB = (AMB) : I1A MB
and similarly for Ai MB. Here again, by [17, Theorem 6.2], it is su�cient to prove that
(AMB) :H1

AMB =
Tr

i=1(Ai MB) : I1Ai MB
is an irredundant characteristic decomposition in

F [X ], where X is the set of derivatives appearing in A and B.

Trivially (AMB) :I1AMB � (Ai MB) :I1Ai MB
. Conversely, consider p 2

Tr

i=1(Ai MB) :I1Ai MB

and let q the algebraic reduction by B. There thus exists h 2 I1B such that h p � q mod (B).
It must be that q 2 (Ai) : I

1

Ai
for all 1 � i � r and therefore q 2 (A) : I1A . It follows thatTr

i=1(Ai MB) : I1Ai MB
� (AMB) : I1AMB and therefore

Tr

i=1(Ai MB) : I1Ai MB
= (AMB) :

I1AMB . The irredundancy of this latter decomposition follows from the irredundancy of the
decomposition (A) :H1

A =
Tr

i=1(Ai) :I
1

Ai
. 2

Proposition 3.11 Let J be a radical di�erential ideal in FfY g and assume that J =Tr

i=1 [Ci] :H
1

Ci
is an irredundant characteristic decomposition. Consider a new di�erential

indeterminate w and consider a ranking on FfY;wg such that Y � w. Let c 2 FfY;wg
such that the leader of c is a derivative of w, c is of degree one in this leader and the initial
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Resolvent Representation 13

of c is not a zero divisor modulo J . Then fJ + [c]g : h1c =
Tr

i=1 [Ci M ci] :H
1

Ci M ci
, where

ci = d-prem(c; Ci), is an irredundant characteristic decomposition.

If furthermore the characteristic decomposition J =
Tr

i=1 [Ci] :H
1

Ci
is prime, so is fJ + [c]g :

h1c =
Tr

i=1 [Ci M ci] :H
1

Ci M ci

proof: There exists hi 2 H1

Ci
such that hi c � ci mod [Ci] and hi hc = hci . Since the

initial of c is not a zero divisor of J , it follows that ci has the same leader as c, is linear in
this leader and its initial is not a zero divisor of [Ci] :H1

Ci
. The separant of ci being equal

to its initial, it follows from Theorem 3.5 that Ci M ci is a di�erential characteristic set.

We show �rst that [[Ci] :H1

Ci
+ [c]] :h1c = [Ci M ci] :H

1

Ci M ci
. Recall that [Ci M ci] :H1

Ci M ci
=

[[Ci] :H
1

Ci
+ [ci]] :h

1

ci
(Proposition 3.8). Note that [[Ci] :H1

Ci
+ [c]] :h1c \ FfY g = [Ci] :H

1

Ci

and therefore if h 2 FfY g is not a zero divisor modulo [Ci] :H
1

Ci
then h is not a zero divisor

modulo [[Ci] :H
1

Ci
+ [c]] : h1c . Now, since ci � hi c mod [Ci] and hi is not a zero divisor

modulo [Ci] :H
1

Ci
, it follows that [[Ci] :H1

Ci
+ [ci]] :h

1

ci
� [[Ci] :H

1

Ci
+ [c]] : (hc)

1. Conversely,
consider p 2 [[Ci] : H

1

Ci
+ [c]] : (hc)

1. There exists h 2 h1c , r 2 [Ci] : H
1

Ci
, k 2 N and

q 2 (c; : : : ; �kc) such that h p = r + q. By [22, I.3 Lemma 1], for all j 2 N, hj+1i �jc 2 [hi c]

and therefore hj+1i �jc 2 [[Ci] :H
1

Ci
+ [ci]]. Thus hk+1i q 2 [[Ci] :H

1

Ci
+ [ci]]. It follows that

hk+1i h p 2 [[Ci] :H
1

Ci
+ [ci]] :h

1

ci
.

Consider p 2
Tr

i=1 [Ci M ci] :H
1

Ci M ci
=
Tr

i=1 [[Ci] :H
1

Ci
+ [c]] : (hc)

1. For all 1 � i � r there
exist ri 2 [Ci] :H

1

Ci
, q 2 [c], ki 2 N such that (hc)kip = ri + qi. Thus, for k = k1 + : : :+ kr,

hkc p
r =

Qr

i=1 ri+q where q 2 [c]. Now
Qr

i=1 ri 2
Tr

i=1 [Ci] :H
1

Ci
= J . Thus p 2 fJ+[c]g :h1c .

Conversely, let p 2 fJ + [c]g :h1c . Then there exists l 2 N, q 2 [c] and r 2 J such that that
(hc p)

l = q + r. Since r 2 [Ci] :H
1

Ci
it follows that pl belongs to [[Ci] :H

1

Ci
+ [c]] :h1c which

is equal to [Ci M c] :H
1

Ci M c
by Proposition 3.8. Thus p belongs to [Ci M c] :H

1

Ci M c
since this

ideal is radical (Theorem 3.4).

The irredundancy of the obtained decomposition comes immediately from the irredundancy
of the initial decomposition and the fact that [Ci M ci] :H1

Ci M ci
\ FfY g = [Ci] :H

1

Ci
.

If the Ci are characteristic sets of prime di�erential ideals so are Ci M ci. 2

4 Orders of a prime di�erential ideal

We develop in this section the theory of relative orders introduced by Ritt. The results of
this section are in fact not really surprising since Ritt [26] presents most of these results
with restriction to elimination rankings3. We will show that a maximally independent set
and the relative order of a prime (respectively regular) di�erential ideal can be read out o�
its characteristic set (respectively de�ning di�erential chain) for whatever ranking. It is not

3Contrary to the basic assumption made in [29].
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14 Cluzeau & Hubert

clear though that these results can be extended to the partial di�erential case, and Kolchin
[22] does not mention them.

4.1 Parametric set, order and prolongation of a di�erential chain

Definition 4.1 Consider a di�erential chain A of FfY g. The parametric set of A is the
subset U of Y such that no element of �U is a leader of an element of A. The parametric
derivatives are the element of � �Y , where �Y = Y nU that are not derivatives of the leaders
of A. The order of A is the cardinal of the set of the parametric derivatives.

Thus the order of A is the sum of the orders of the leaders of the elements of A.

Example 4.2 Consider Qfu; v; x; y; zg endowed with the elimination ranking u � v �

x � y � z. Take the di�erential chain A = x0 � 2u0 + xMx y00 � v2y0 + yM z0
2
� 2xy.

The parametric set of A is U = fu; vg � Y , the parametric derivatives are fx; y; y0; zg. The
order of A is 4.

Consider now Qfx; yg endowed with an orderly ranking and take the di�erential chain
A = xx02� 2 yM y00�x0+ y02. The parametric set of A is empty, the parametric derivatives
are x; y; y0 and the order is 3.

Note that if the parametric set of the di�erential chain A is U then A is also a di�erential
chain for a di�erential ranking U � Y n U where the ranking on Y n U is the one induced
by the original ranking on Y and the ranking on U is arbitrary.

If the di�erential chain A is consistent, considering Theorem 3.4, the characteristic sets of
the essential prime components of [A] :H1

A have the same set of leaders as Aand therefore the
same parametric set and order as A. In the two following subsections, we will develop results
for prime di�erential ideals which can be extended without di�culty to regular di�erential
ideals since these results depend only on the parametric sets, the orders and, more simply,
on the sets of leaders of the characteristic sets of these prime di�erential ideals. For instance
we can de�ne the order of a regular di�erential ideal with respect to the parametric set of
its de�ning di�erential chain.

For a di�erential chain A and a su�ciently big integer r we shall de�ne the rth prolongation
of A as the (algebraic) chain A(r) constructed as follow below. The properties of this
prolongation will be used in the proof of Lemma 4.6 and in Section 9 to give an algorithm.

Assume A = a1M : : : Mam and U is its parametric set. Let �Y = Y nU and callR the ranking
such that U � �Y where the di�erential ranking on �Y is the one induced by the original
ranking. For ease of index use we shall name the di�erential indeterminates �Y = fy1; : : : ; ymg
so that �oiyi is the leader of ai, for some positive integer oi. We introduce furthermore
�YA = f�kyi j 0 � k � oi; 1 � i � mg, the set of leaders and parametric derivatives of A.
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Resolvent Representation 15

Let r � maxfoi j 1 � i � mg. For each 1 � i � m and for 0 � k � r � oi we construct
bi;k as follow: bi;0 = ai and for 1 � k � r � oi let hi;k = sep(bi;k�1) and let ti;k be the
(partial) remainder of the reduction of tail(�bi;k�1) by A with the reduction relationship
h0i;k tail(�bi;k�1) � ti;k mod [A]. We take bi;k = h0i;k hi;k �

oi+kyi + ti;k. Then for any pair
(i; k), 1 � i � n and 1 � k � r � oi, we have:

- bik � h0i;k �bi;k�1 mod [A].

- h0i;k 2 H1

A and by induction we see that hi;k 2 H1

A as well.

- ti;k belongs to F [�U ][ �YA].

- �oi+kyi is the leader of bi;k w.r.t. the ranking induced by R on �U [�r
�Y .

Thus for any 0 � k � r � oi, bi;k 2 [A] :H1

A \ F [�U ][�r
�Y ].

We de�ne A(r) to be fbi;k j 1 � i � n; 0 � k � r � oig. For the ranking induced by R on
�U [�r

�Y A(r) is a triangular set i.e. distinct elements of A(r) have distinct leaders.

Proposition 4.3 [A] :H1

A \F [�U ][�r
�Y ] = (A(r)) :H

1

A(r)
and (A(r)) :H

1

A(r)
\F [�U ][ �YA] =

(A) :H1

A .

proof: From what precedes A(r) � [A] : H1

A \ F [�U ][�r
�Y ] and HA(r)

� H1

A so that
(A(r)) :H

1

A(r)
� [A] :H1

A \ F [�U ][�r
�Y ].

Let p 2 [A] :H1

A \ F [�U ][�r
�Y ] and consider �p the remainder of p through the algebraic

reduction by A(r): there exists h 2 H1

A(r)
such that h p � �p mod (A(r)). Because of

the inclusions above �p also belongs to [A] :H1

A \ F [�U ][�r
�Y ]. Since all the elements of

�r
�Y n �YA appear linearly as leaders of elements of A(r), �p is di�erentially reduced w.r.t

A. By Rosenfeld's lemma ([27] or [22, III.8 Lemma 5]) it must be that �p belongs to (A) :
H1

A � (A(r)) :H
1

A(r)
. Since h p � �p mod (A(r)), it follows that p 2 (A(r)) :H

1

A(r)
. Thus

[A] :H1

A \ F [�U ][�r
�Y ] � (A(r)) :H

1

A(r)
.

The second equality also comes from Rosenfeld's lemma. Certainly [A] :H1

A \F [�U ][YA] =
([A] : H1

A \ F [�U ][�r
�Y ]) \ F [�U ][ �YA] since �YA � �rY . We just proved [A] : H1

A \
F [�U ][�r

�Y ] = (A(r)) :H
1

A(r)
and Rosenfeld's lemma implies [A] :H1

A \ F [�U ][YA] = (A) :

H1

A . A direct proof that leaves out [A] : H1

A could also be brought using results about
triangular sets [18]. 2

Proposition 4.4 On FfU; �Y g consider a ranking R s.t. U � �Y . If A is a di�erential
characteristic set in FfU; �Y g with parametric set U then A(r) is a characteristic set of
(A(r)) :H

1

A(r)
in F [�U ][�r

�Y ] for the ranking induced by R.

proof: Since A is a di�erential characteristic set, A is also an (algebraic) characteristic
set in F [�U ][ �YA] i.e. a characteristic set of (A) : H1

A [17, Lemma 6.1]. Consider q in
F [�U ][�r

�Y ] such that q 2 (A(r)) :H
1

A(r)
. Let �q be the reduction of q by A(r). Since the
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16 Cluzeau & Hubert

elements of �r
�Y n �YA appear linearly as leaders of A(r), �q 2 F [�U ][ �YA]. As �q also belongs

to (A(r)) :H
1

A(r)
, by Proposition 4.3, �q 2 (A) :H1

A while being reduced w.r.t. A. Thus �q = 0.
This ensures that A(r) is a characteristic set of (A(r)) :H

1

A(r)
2

4.2 Order and di�erential dimension polynomial

Kolchin established some analogues of the Hilbert dimension polynomial for di�erential �eld
extensions and prime di�erential ideals. [22, II.12 Theorem 6] specialises to the ordinary
di�erential case as follow.

Theorem 4.5 Let P be a proper prime di�erential ideal of FfY g. There exist d; o 2 N

such that

1. for a big enough r 2 N the dimension of P \ F [�rY ] is equal to d (r + 1) + o.

2. if C is a characteristic set of P for an orderly ranking then
- d is the cardinal of the parametric set.

- o is the order of C.

Point 2 is not explicitly stated in [22, II.12 Theorem 6] but follows immediately from the
correspondence established between the leaders of the characteristic set and the lattice points
used to compute the di�erential dimension polynomial.

Very important in this theorem is the use of an orderly ranking. We shall show that for
ordinary di�erential polynomial some results can be deduced for any ranking.

The numerical polynomial !P (r) = d (r+1)+o is called the di�erential dimension polynomial
of P . We shall de�ne d to be the di�erential dimension and o the order of P .

The following lemma says that if a prime di�erential ideal P has a characteristic set with
an empty parametric set then it has di�erential dimension zero and the order of P is the
order of its characteristic set. Of course the case of orderly ranking is already considered in
Theorem 4.5. The lemma here asserts that this is true for any ranking. This lemma will in
fact be the keystone of proving that the di�erential dimension of a prime di�erential ideal P
is the cardinal of the parametric set of any characteristic set of P according to any ranking.

Lemma 4.6 Consider any ranking on FfY g. Let C be a characteristic set of a prime
di�erential ideal in FfY g with an empty parametric set. For r big enough the dimension of
[C] :H1

C \ F [�rY ] is equal to the order of C.

proof: Consider r greater than all the orders of the leaders of C. By Proposition 4.3
[C] :H1

C \ F [�r
�Y ] = (C(r)) :H

1

C(r)
. Thus, by [17, Theorem 3.2], the dimension of P = [C] :

H1

C \ F [�rY ] is the cardinal of the set of parametric derivatives i.e. the order of C. 2
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Resolvent Representation 17

4.3 Relative orders

Definition 4.7 Let P be a proper prime di�erential ideal of FfY g. A subset U of the
di�erential indeterminates Y is independent modulo P if P contains no nonzero di�erential
polynomials involving only indeterminates of U alone (i.e P \FfUg = f0g). U is maximally
independent modulo P if furthermore for all y 2 Y nU , P contains a di�erential polynomial
in U and y (i.e. P \ FfU; yg 6= f0g).

Ritt [26] called a maximally independent set modulo a prime di�erential ideal P a parametric
set of P . We will reserve this word for di�erential chains. On the other hand Kolchin [22]
de�nes di�erential transcendence basis of �eld extension. The link is clear when we consider
the �eld extension de�ned by P , that is the quotient �eld of the di�erential integral ring
FfY g=P .

[22, II.9 Theorem 4] shows that all di�erential transcendence bases for a di�erential extension
have the same cardinal number. On the other hand, [26, II�33] shows directly that any two
maximally independent sets of a prime di�erential ideal have the same number of elements.
This fact leads to the usual de�nition of the di�erential dimension of a prime di�erential
ideal. We give it here as a property since we de�ned the di�erential dimension through the
di�erential dimension polynomial.

Proposition 4.8 Let P be a proper prime di�erential ideal of FfY g. The cardinal of a
maximally independent set modulo P is the di�erential dimension of P .

proof: [22, II.9 and II.12 Theorem 6]. 2

If U is a maximally independent set modulo a prime di�erential ideal P in FfY g it is possible
to �nd a ranking such that U is the parametric set of a characteristic set of P [26, II�21].
We shall show a converse property.

[26, II�34] shows the following: Let P be a prime di�erential ideal of FfY g and U a max-
imally independent set for P . Let �Y = Y n U . Consider a characteristic set C of P with
respect to an elimination ranking such that U � �Y . The order of C is independent of the
choice of such an elimination ranking. The order of C is thus called the order of P relative
to U .

Ritt worked only with elimination rankings. We shall de�ne the relative order in a more
intrinsic way and show that the previous result is in fact true for any ranking for which
the characteristic set of P admits U as a parametric set. Doing so we shall prove that the
parametric set of any characteristic set of a prime ideal provides a maximally independent
set. Though this is to be expected, it is a new result and we do not know of its validity for
the partial di�erential case.

Let P be a prime di�erential ideal of FfY g and U be an independent set modulo P . Let
�Y = Y n U . The extension �P of P in the di�erential polynomial ring FhUif �Y g is a prime
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18 Cluzeau & Hubert

di�erential ideal and �P \ FfY g = P . If U is furthermore maximally independent modulo
P then �P has di�erential dimension zero.

Definition 4.9 Let P be a prime di�erential ideal of FfY g admitting U � Y as a max-
imally independent set. Let �Y = Y n U . The order of P relative to U is the order of the
extension �P of P in FhUif �Y g.

Before we proceed, let us point out that for two di�erent maximally independent sets the
relative order can be di�erent.

Example 4.10 Consider the di�erential ideal P = fy01 � y2g in Ffy1; y2g. The di�erential
dimension is 1. Either y1 or y2 can be chosen as independent modulo P . The order relative
to fy2g is 1 while the order relative to y1 is zero.

Theorem 4.11 Let C be a characteristic set of a prime di�erential ideal P in FfY g endowed
with any ranking. The parametric set U of C is a maximally independent set modulo P .
Its cardinal gives the di�erential dimension of P . Furthermore the order of P relative to U
is the order of C.

proof: Note that no nonzero element of FfUg belongs to P since they cannot be reduced to
zero by C. Thus U is independent modulo P . We shall consider the di�erential polynomial
ring FhUif �Y g, where �Y = Y n U . The di�erential ranking on �Y is the one induced by the
original di�erential ranking on Y . C can be considered as a di�erential chain of FhUif �Y g.
We write �C when this is the case. We shall call �P the extension of P in FhUif �Y g. �C is the
characteristic set of �P and �P \ FfY g = P .

Now �C has an empty parametric set. Thus, by Lemma 4.6, �P has di�erential dimension
zero. This implies that for any y 2 �Y there exists a di�erential polynomial �p in FhUifyg
that belongs to �P . Clearing out its denominators, this implies that there is a di�erential
polynomial in FfU; yg that belongs to P . Thus U is maximally independent modulo P .
Now, the order of P relative to U is in fact the order of �P . By Lemma 4.6 the order of �P is
the order of �C which is the order of C. 2

5 Resolvent form and representation

We shall proceed to introduce the resolvent representation as a generalisation of the dif-
ferential primitive element construction. These two notions coincide over prime di�erential
ideals of di�erential dimension zero. The birational equivalence we have mentioned in the
introduction will then be discussed.
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5.1 Resolvent form of a characteristic set

Definition 5.1 We say that a characteristic set C in FfU; Y; wg (with ranking U � w �
Y ), has a resolvent form in w with parametric set U if C can be written as: C = cM�1 y1�
�1 M : : : M�n yn � �n where c; �1; : : : ; �n; �1; : : : ; �n 2 FfU;wg and the leader of c is a
derivative of w. We call c the resolvent.

The order of C is thus the order of the resolvent c in w.

Theorem 5.2 Assume A and B are characteristic sets of FfU;w; Y g with a resolvent form
in w both with parametric set U and a common order r. Assume furthermore that the
resolvent a and b of A and B are relatively prime when considered as polynomials in
FhUi(w; : : : ; w(r�1))[w(r)]. Then [A] :H1

A \ [B] :H1

B is a characterisable di�erential ideal
and its characteristic set C has a resolvent form in w with parametric set U and order r.

proof: The proof consists in constructing C by application of the Chinese Remainder
Theorem construction.

We can write A = aM�1 y1 � �1M : : : M�n yn � �n and B = bM�1 y1 � �1 M : : : M�n yn �
�n where a; b; �i; �i; �i; �i 2 FhUi[w; : : : w(r)]. Since a and b are relatively prime in
FhUi(w;: : : ;w(r�1))[w(r)], clearing out the denominators in the Bezout identity, we can �nd
g 2 FhUi[w; : : : ; w(r�1)] and s; t 2 FhUi[w; : : : ; w(r)] such that s a + t b = g. Furthermore
(a b) :h1ab = (a) :h1a \ (b) :h1b is an irredundant decomposition (Proposition 3.9).

For all 1 � i � n, we de�ne 
i = s a �i + t b �i and �i = s a �i + t b �i. We have: 
i � g �i
mod (a), 
i � g �i mod (b), �i � g �i mod (a) and �i � g �i mod (b). It follows that 
i is
neither a zero divisor modulo (a) :h1a nor modulo (b) :h1b . Thus 
i; �i 2 FhUi[w; : : : ; w(r)]
and 
i is not a zero divisor of (a b) :h1ab. Consider now C = a bM 
1 y1��1M : : : M 
n yn��n.
C is a characteristic set in FfU;w; Y g that has a resolvent form in w with parametric set
U . By Proposition 3.10

[C] :H1

C = [aM 
1 y1 � �1 M : : : M 
n yn � �n] : (ha
1 : : : 
n)
1

\ [bM 
1 y1 � �1M : : : M 
n yn � �n] : (hb
1 : : : 
n)
1

is an irredundant characteristic decomposition. Thanks to the congruence relationships
above we have furthermore

[aM 
1 y1 � �1M : : : M 
n yn � �n] : (ha
1 : : : 
n)
1 = [ �A] :H1

�A

where �A is obtained from A by multiplying the di�erential polynomials �i yi � �i by g. By
Proposition 3.9, �A is also a characteristic set and [A] :H1

A = [ �A] : H1

�A
. Similarly for B.

We thus arrive to the conclusion that [C] : H1

C = [A] : H1

A \ [B] : H1

B is an irredundant
characteristic decomposition. C has a resolvent form. 2
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5.2 Generic and general zeros

A n-tuple ~Y = (~y1; : : : ; ~yn) in a di�erential �eld extension of F is a generic zero of a prime
di�erential ideal P in FfY g if the set of all di�erential polynomials of FfY g vanishing on
~Y is equal to P . Any prime di�erential ideal admits a generic zero [22, IV.2, Proposition
1]. We shall speak about a generic zero of a radical di�erential ideal to mean a collection of
generic zeros of its essential prime components.

Consider the radical di�erential ideal generated by a single di�erential polynomial p in FfY g
that is irreducible, when considered as a polynomial. Its minimal prime decomposition has
a unique prime di�erential ideal G that contains no di�erential polynomial of lower order
than p in any y 2 Y [22, IV.6 Theorem 3]. G is called the general component of p. For a
given ranking G = [p] :s1p = [p] :h1p . A generic zero of G is a general zero of p.

Let FfY g be endowed with a ranking. A di�erential polynomial p of FfY g is regular
provided it has no common factor with its separant [16, De�nition 4.4]. If p =

Qr

i=1 pi is the
decomposition of p into irreducible factors, then the pi are pairwise di�erent and have the
same leader as p. We have [p] : s1p =

Tr

i=1 [pi] : s
1

pi
and all the [pi] : s

1

pi
are essential prime

components of fpg [16, Theorem 4.7]. A general zero of p denote a collection of general zeros
of the pi, that is a collection of generic zeros of the [pi] :s1pi .

5.3 Primitive element and resolvent representation

Seidenberg [31] showed a construction of a di�erential primitive element that parallels the
construction made in the algebraic case. This theorem is also true in the partial case [22,
II.8 Proposition9].

Theorem 5.3 Let F be an ordinary di�erential �eld of characteristic zero with a non con-
stant element. Every �nitely generated di�erential extension of F is generated by a single
element.

Recall that the existence of a primitive element of an algebraic extension of some �eld K
relies on the following lemma [35, Chapter I, Theorem 14].

Lemma 5.4 Let K be a �eld with an in�nite number of elements. For any non zero poly-
nomial p in a n-fold polynomial ring K[x1; : : : ; xn] there exist elements �1; : : : ; �n in K such
that p(�1; : : : ; �n) 6= 0.

Ritt [26, II�22] proved the necessary di�erential analogue in characteristic zero. Generali-
sation for positive characteristic was given by Seidenberg [31]. Kolchin [22, II.6 Theorem 3]
o�ers the full generalisation of the partial case, positive characteristic. For our purpose we
give Ritt's result:
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Lemma 5.5 Let F be an ordinary di�erential �eld of characteristic zero with a non constant
element. For any non zero di�erential polynomial p in a n-fold di�erential polynomial ring
Ff�1; : : : ; �ng there exist elements �1; : : : ; �n in F such that p(�1; : : : ; �n) 6= 0.

The (di�erential) primitive element is a (di�erential) �eld theoretic result. There is a trans-
lation of the result for prime ideals. We shall �rst explain this connection and then extend
the concept to a wider class of di�erential ideals.

Consider a proper prime di�erential ideal P in FfY g of di�erential dimension zero. Let ~Y
be a generic zero of P . Note that if F 0 is the quotient �eld of FfY g=P then F 0 �= Fh ~Y i. By
the above theorem, there exists an element ~w of Fh ~Y i such that Fh ~wi = Fh ~Y i �= F 0. On
the one hand there exist di�erential polynomials �i; �i in a one-fold di�erential polynomial
ring Ffwg such that ~yi =

�i( ~w)
�i( ~w)

. On the other hand, there exist di�erential polynomials

�; � in FfY g such that ~w = �(~y1;:::;~yn)
�(~y1;:::;~yn)

.

Let G be the prime di�erential ideal of Ffwg de�ning ~w. Its characteristic set has a single
element and therefore G is the general component of a di�erential polynomial c of Ffwg.
We can assume that the di�erential polynomial �i and �i above are reduced with respect
to c. Consider then the di�erential chain C = cM�1 y1 � �1 M : : : M�n yn � �n. It is the
di�erential characteristic set of a prime di�erential ideal �P for any ranking s.t. w � Y .

In fact �P = fP + [�w � �]g :�1, �P \ Ffwg = [c] :h1c and �P \ FfY g = P as will be seen
after De�nition 5.6. Thus if ( ~w0; ~Y 0) is a generic zero of [C] :H1

C then ~w0 is the general zero
of c and ~Y 0 is a generic zero of P . Following Ritt's [26] terminology we shall say that c is a
resolvent for P . Also we shall say that C is a resolvent representation of P .

Definition 5.6 Let J be a radical di�erential ideal of FfU; Y g. Consider a new di�erential
indeterminate w. We say that J admits the resolvent representation C relatively to U if
there exists a di�erential polynomial ! in FfU; Y; wg, ! = �w � � where �; � 2 FfU; Y g
and � is not a zero divisor modulo J , such that fJ+[!]g :�1 is characterisable for a ranking
U � w � Y and its characteristic set C has a resolvent form in w with parametric set U .

Continuing with the notations of this de�nition, let c be the resolvent of C. We can assume
that c is a regular di�erential polynomial. Take �C such that C = cM �C and let c =

Qr

i=1 ci
be the decomposition into irreducible factors of c. For 1 � i � r, consider Ci = ciM �C. The
Ci are di�erential characteristic sets of prime di�erential ideals and [C] :H1

C =
Tr

i=1[Ci] :
H1

Ci
is an irredundant prime characteristic decomposition for the ranking U � w � Y

Proposition 3.9 and 3.10.

Let J =
Ts

i=1[Bi] :H
1

Bi
be an irredundant characteristic prime decomposition for the ranking

on FfU; Y g. By Proposition 3.11, fJ + [!]g : �1 =
Ts

i=1[BiM!i] : H
1

Bi M!i
, where !i =

d-prem(!;Bi), is an irredundant prime characteristic decomposition for a ranking Y [U � w.

The minimal prime decomposition of [C] :H1

C = fJ + [!]g : h1! being unique, r = s and
we can assume that the Bi are ordered so that [Bi M!i] :H

1

Bi M!i
= [Ci] :H

1

Ci
. We name Pi
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these prime di�erential ideals: Pi = [Bi M!i] :H
1

Bi M!i
= [Ci] :H

1

Ci
. Thus, to an essential

prime component [Bi] :H
1

Bi
of J correspond a unique irreducible general component [ci] :h1ci

of c.

A general zero ( ~U; ~w) of ci extends in a unique way to a generic zero ( ~U; ~Y ; ~w) of [Ci] :H1

Ci

thanks to the resolvent form of Ci. Each ~yi is expressed as a rational function in the
derivatives of ~w and ~U .

Also, a generic zero ( ~U; ~Y ) of an essential prime component [Bi] : H
1

Bi
of J extends in a

unique way to a generic zero ( ~U; ~Y ; ~w) of [Bi M!i] :H
1

Bi M!i
= Pi. Indeed, through !i, ~w is

expressed as a rational function in the derivatives of ~Y [ ~U .

Now a generic zero ( ~U; ~Y ; ~w) of Pi provides a generic zero ( ~U; ~w) of Pi \FfU;wg = [ci] :h
1

ci
,

i.e. a general zero of ci, as well as a generic zero ( ~U; ~Y ) of Pi \ FfU; Y g = [Bi M!i] :
H1

Bi M!i
\ FfU; Y g = [Bi] :H

1

Bi
.

Therefore the general zeros of c induce generic zeros of J in a rational way. Conversely, the
generic zeros of J induce general zeros of c in a rational way. In that sense, we can say that
the general zeros of c are birationally equivalent to the generic zeros of J .

From De�nition 5.6 and the discussion following it we see that a necessary condition for
a radical di�erential ideal to admit a resolvent representation relative to U is that U be a
maximally independent set modulo each essential prime component of J and that the order
relative to U of each essential prime component be the same. Next section is devoted to
show that any regular di�erential ideal admits a resolvent representation. Nonetheless the
following example shows that these are not the only radical di�erential ideals admitting a
resolvent representation.

Example 5.7 We shall choose linear di�erential polynomials to demonstrate our point while
leaving out computational di�culties. In Q(t)fx; yg, endowed with an elimination ranking
x� y, consider the di�erential characteristic setsA1 = x00�xM y0�x and A2 = x0�xM y00�x
as well as Ji = [Ai] :H

1

Ai
= [Ai], i = 1; 2. Trivially J1 and J2 are prime di�erential ideals. J =

J1\J2 cannot be a regular di�erential ideal since its prime components have distinct sets of
leaders. Now, take ! = w�x�y. We have fJ+[w�x�y]g= [A1Mw�x�y]\[A2Mw�x�y]
and computations give us that [Ai Mw � x � y] = [Ci] = [Ci] : H

1

Ci
, for i = 1; 2, where

C1 = w000 � w0 M 2x � w00 M 2 y + w00 � 2w and C2 = w000 � w00 M 2x � w00 M 2 y + w00 � 2w
are characteristic sets, w.r.t. to the elimination ranking w � x� y, with resolvent form in
w of order 3. By Theorem 5.2 fJ + [w� (x+ y)]g = [C1] :H

1

C1
\ [C2] :H

1

C2
= [C] :H1

C where
C = (w000 � w0) (w000 � w00)M 2x� w00 M 2 y + w00 � 2w has a resolvent form.

Therefore J admits a resolvent representation though it is not a regular di�erential ideal.
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6 Resolvent representation for regular di�erential ideals

In this section we shall show that any regular di�erential ideal of FfY g admits a resolvent
representation. In our constructive proof of the existence of resolvent representations for
regular di�erential ideals the di�erential polynomial ! of order zero and degree one of De�-
nition 5.6 will be taken to be w � �1 y1 � : : :+ �n yn for some separating tuple � of F . We
shall de�ne �rst this latter notion.

Starting here we will consider that the set of di�erential indeterminates is practically split
into U = fu1; : : : ; upg and Y = fy1; : : : ; yng, U might be empty though.

Definition 6.1 Let J be a radical di�erential ideal in FfU; Y g the essential prime compo-
nents of which all admit U as a maximally independent set. Consider the extension �J of J
to FhUifY g. A n-tuple � = (�1; : : : ; �n) 2 F

n is separating for J relative to U if for two
distinct zeros �y = (�y1; : : : ; �yn) and ~y = (~y1; : : : ; ~yn) of �J in a common di�erential extension
of FhUi we have �1 (�y1 � ~y1) + : : :+ �n (�yn � ~yn) 6= 0.

Lemma 6.2 Let A be a consistent di�erential chain in FfU; Y g with parametric set U .
There exists a nonzero di�erential polynomial g in FfU;�g, where � = f�1; : : : ; �ng, such
that if g(U; �) 6= 0 for some n-tuple � 2 Fn then � is a separating tuple for [A] :H1

A .

Note that the existence of a separating tuple � for [A] :H1

A is then ensured by Lemma 5.5.

The construction of g follows the construction proposed by Ritt for prime di�erential ideals.
The proof of its existence is shown directly by Ritt while we shall use Kolchin's �eld extension
theory and results about characterisable ideals to simplify the proof.

proof: To simplify the proof, we shall assume that U is the empty set. If this was not the
case, we shall consider FhUi instead of F .

We consider two new sets of di�erential indeterminates Z = fz1; : : : ; zng and � = f�1; : : : ; �ng
and the di�erential polynomial ring FfY; Z;�g. We choose a ranking on Z that copies the
ranking on Y and an elimination ranking on � such that �1 < : : : < �n. We then endow
Y [ Z [ � with the block elimination ranking Y � Z � �.

Let R = [A] :H1

A and consider Q and B obtained from R and A by replacing the yi by the
new indeterminates zi. Let ! = (zn � yn)�n + : : :+ (z1 � y1)�1. Consider the irredundant
prime characteristic decomposition of fR+Q+ [!]g =

Ts

k=1[Ck] :H
1

Ck
:

Note �rst that, for any 1 � i � n, R (Q respectively) contains a nonzero di�erential
polynomial pi (respectively qi) in yi (zi respectively) alone. Therefore each Ck , 1 � k � s,
must have an element led by a derivative of yi and another led by a derivative of zi (otherwise
the pi and qi could not be reduced to zero by Ck). The parametric sets of the Ck are thus
included in �.

We can assume that the Ck are ordered such that for some r 2 N, 0 � r � s,
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- for any 1 � k � r and any 1 � i � n, zi � yi 2 [Ck] :H
1

Ck
.

- for any r + 1 � k � s there is a 1 � i � n such that zi � yi =2 [Ck] :H
1

Ck
. Call ik the

highest such i.

We claim that for r + 1 � k � n, [Ck] :H1

Ck
contains a di�erential polynomial in Ff�g.

Indeed !k = (zik � yik )�ik + : : :+ (z1 � y1)�1 belongs to [Ck] :H
1

Ck
while (zik � yik ) is not

reduced to zero by Ck. Therefore a �ik must be the leader of an element of Ck otherwise
Ck [ f!kg would be a di�erential chain included in [Ck ] :H

1

Ck
of lower rank than Ck and

that would contradict the fact that Ck is a characteristic set of [Ck ] :H1

Ck
. Therefore the

parametric set of Ck contains at most n�1 elements of �. By Theorem 4.11 it must be that
[Ck] :H

1

Ck
contains a non zero di�erential polynomial in Ff�g. Let gk be such an element.

We set g to be the product of the gk for r + 1 � k � s. We shall show now that g has the
desired property.

Let � be a n-tuple of Fn such that g(�) 6= 0 and assume that there exist two distinct
zeros ~Y and �Y of [A] :H1

A in a single �eld extension of F such that �n ~yn + : : : + �1 ~y1 =
�n �yn + : : : + �1 �y1. Then the 3n-tuple ( �Y ; ~Y ; �) would be a zero of fR + Q + [!]g and
therefore of at least one [Ck ] :H1

Ck
, for 1 � k � s. The 1 � k � r are immediately discarded

since we assumed that ~Y 6= �Y . If ( �Y ; ~Y ; �) is a zero of [Ck ] :H1

Ck
for r + 1 � k � s then gk

must vanish on �. This contradicts the hypothesis that g does not vanish for �. 2

Theorem 6.3 Let F be a di�erential �eld of characteristic zero that contains a non constant
element. Consider A a consistent di�erential chain in FfU; Y g with parametric set U .
[A] :H1

A admits a resolvent representation with parametric set U and order the order of A.

More precisely, if � 2 Fn is a separating tuple for [A] :H1

A relative to U then the di�erential
ideal f[A] :H1

A + [w � �1 y1 � : : :� �n yn]g of FfU; Y; wg is characterisable for any ranking
such that U � w � Y and its characteristic set has a resolvent form.

proof: Let r be the order of A. Let P1; : : : ; Pl be the essential prime components of
[A] : H1

A and let C1; : : : ; Cl be characteristic sets for them. According to Theorem 3.4,
the set of leaders of Ci is equal to the set of leaders of A. Thus, by Theorem 4.11, U
is a maximally independent set for each P1; : : : ; Pl and these prime di�erential ideal have,
relatively to U , order r. We can write Pi = [Ci] :H

1

Ci
and [A] :H1

A =
Tl

i=1[Ci] :H
1

Ci
.

Let ! = w � �1 y1 � : : :� �n yn. Obviously ! is partially reduced w.r.t. the Ci and CiM!
is a di�erential characteristic set. By Proposition 3.11 f[A] : H1

A + [!]g =
Tl

i=1[Ci M!] :
H1

Ci M!
is a prime irredundant characteristic decomposition for the ranking U [ Y � w. By

Proposition 3.8, [Ci M!] :H1

Ci M!
= [[Ci] :H

1

Ci
+ [!]] = [Pi + [!]]. So [Pi + [!]] admits U as

a maximally independent set and its relative order w.r.t. U is r.

Note that � must also be a separating tuple for any essential prime component of [A] :H1

A .
Therefore, as is shown in [26, II, Paragraph 26 to 30], a characteristic set Bi of [Pi + [!]]
according to an elimination ranking such that U � w � Y has a resolvent form. Call bi
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its resolvent; bi is of order r. We can assume that these bi are taken to be irreducible in
FhUi[w; : : : ; w(r)].

The bi are pairwise relatively prime as polynomials in FhUi[w; : : : ; w(r)]. Indeed, assume
for contradiction that for a pair i 6= j, bi = bj . Take a general zero (Û ; ŵ) of bi = bj in a
di�erential extension F 0 of F . It can be extended in a unique way to generic zeros (Û ; ŵ; ~Y )
and (Û ; ŵ; �Y ) of [Pi+ [!]] and [Pj + [!]] respectively. This gives generic zeros of (Û ; ~Y ) and
(Û ; �Y ) of Pi and Pj respectively that satisfy �1 ~y1 + : : :+ �n ~yn = �1 �y1 + : : :+ �n �y0n. This
fact contradicts the hypothesis that � is a separating tuple for [A] :H1

A .

By Theorem 5.2 there exists a characteristic set C with parametric set U , that has a resolvent
form in w and such that

[C] :H1

C =

l\
i=1

[Bi] :H
1

Bi
=

l\
i=1

[Pi + [!]] = [AM!] :H1

AM!:

This is a resolvent representation for [A] :H1

A . Indeed C is a di�erential characteristic set
for any ranking such that U � w � Y and thus [AM!] :H1

AM! is characterisable for any
such ranking and the characteristic sets have a resolvent form. 2

7 The special case of linear di�erential systems

It is now well known that any �rst order linear homogeneous di�erential system of size n is
equivalent to a nth order di�erential equation. A proof can be found in the 1956 paper of
Cope [9]. There are very probably earlier references, the result of Ritt being one of them.
This equivalence is used to compute the solutions of a linear system, or properties of these
or of the Galois group, as long as no algorithm is developed to work directly with systems.

The equivalence of a linear di�erential system with a linear di�erential equation results from
the existence of cyclic vectors for the di�erential module associated to the linear di�erential
system. The constructive argument of [9] is nonetheless basic. We shall repeat here this
argument within the present context of resolvent representation. We will then see how the
constructions in the proofs of Lemma 6.2 and Theorem 6.3 can be specialised to eventually
bring out the same elements.

We consider a �rst order linear di�erential system Y 0 = M Y where Y = (y1; : : : ; yn)
t and

M is a n� n matrix with entries in F . The di�erential polynomials that are the components
of the vector Y 0�M Y form a characteristic set A in Ffy1; : : : ; yng endowed with an orderly
ranking. Furthermore [A] :H1

A = [A] is a prime di�erential ideal.

For new indeterminates � = f�1; : : : ; �ng, consider ! = w � �1 y1 � : : : � �n yn. AM! is
a di�erential characteristic set in FfY;�; wg for a ranking Y � � � w and P = [AM!] :
H1

AM! = [AM!] is a prime di�erential ideal.
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We have w � �1 y1 + : : : + �n yn mod P . Di�erentiating this congruence n times and
reducing the right hand sides with A (i.e. replacing the y0i thanks to the relations Y

0 =MY )
we obtain congruences w(i�1) � di;1 y1 + : : :+ di;n yn mod P , for 1 � i � n+ 1, where di;j
are di�erential polynomials in Ff�1; : : : ; �ng . Obviously d1;j = �j . Furthermore di;j is the

sum of �(i�1)j and of terms of order strictly less than i� 1.

We thus have a linear system of congruencesW � DY mod P whereW = (w;w0; : : : ; w(n))t,
Y = (y1; : : : ; yn)

t and D is the (n+ 1)� n matrix with entries di;j in Ff�g.

The rows of DY must be linearly dependent over Ff�g. Let a0; : : : ; an be the coe�cients
of this linear dependence. Then an w

(n) + : : :+ a1 w
0 + a0 w 2 P .

Let E be the n � n submatrix of D consisting of the n �rst rows. Let g 2 Ff�g be the
determinant of E. The monomial

Qn

i=1 �
(i�1)
i = �1 : : : �

(n�1)
n appears in g with coe�cient

1: it can come only from the diagonal terms. Thus g is a non zero di�erential polynomial.
Furthermore we can assume that (a0; : : : ; an) is chosen so that an divides g.

By Lemma 5.5 there exists a tuple � = (�1; : : : ; �n) in F such that g(�1; : : : ; �n) 6= 0.
We shall overline the elements of F obtained from the element of Ff�g by substituting
(�1; : : : ; �n) for (�1; : : : ; �n). For instance �! = w � �1 y1 � : : :� �n yn. Let (p1; : : : ; pn) be
the unique solution in F [w; : : : ; w(n�1)] for (y1; : : : ; yn) of the linear system coming from
the congruences V � �E Y mod �P , where V = (w; : : : ; w(n�1))t. We have that �P = [AM �!] :
H1

AM �! contains

- a di�erential polynomial �anw(n) + : : :+ �a0 w with �an 6= 0

- no linear di�erential polynomial in w of order less than n since w; : : : ; w(n�1) are
linearly independent over F .

- di�erential polynomials yi � pi, where pi are linear polynomials of Ffwg of order less
than n� 1.

It turns out that �an w(n)+ : : :+�a0 wM y1�p1M : : : M yn�pn is a characteristic set of �P for a
ranking w � Y . Indeed we read from AM �! that �P has di�erential dimension zero and order
n. Thus no di�erential chain of rank lower than �an w

(n)+ : : :+�a0 wM y1�p1M : : : M yn�pn
can be found in �P . This is therefore a resolvent representation for [A] : H1

A . It has the
following particularities: the resolvent is linear and the yi are given by (linear) polynomials
in w, the resolvent variable, and not rational functions.

For the construction of this resolvent representation we �rst determined a di�erential poly-
nomial g discriminating separating tuples. The resolvent representation was then completed
by �nding a linear dependence relationship and solving a linear system of equations. We can
relate this process to the general di�erential polynomial case applied to this case. The proof
of Lemma 6.2 exhibits a di�erential polynomial discriminating separating tuples. In the
next paragraph we shall see that the same g as in Cope's construction can be taken. Then
Theorem 6.3 shows that, for a separating tuple � = (�1; : : : ; �n), computing a characteristic
set of [AM �!], where �! = w��1 y1� : : :��n yn, brings out a resolvent representation for [A].

INRIA



Resolvent Representation 27

The computation of this characteristic set preserves the linearity of the di�erential polyno-
mials. The obtained characteristic representation will thus have the same particularities as
the ones mentioned above.

In the proof of Theorem 6.2 we consider two new sets of di�erential indeterminates Z =
fz1; : : : ; zng and � = f�1; : : : ; �ng and the di�erential polynomial ring FfY; Z;�g. We
choose a ranking on Z that copies the ranking on Y and an elimination ranking on � such
that �1 < : : : < �n. We then endow Y [ Z [ � with the block elimination ranking with
Y � Z � �.

We consider then ! = (zn � yn)�n + : : : + (z1 � y1)�1, R = [A] :H1

A and Q = [E] :H1

E

where Q and E are obtained from R and A by substituting the yi by the new indeterminates
zi. In the present case we have R = [A]; Q = [E] and J = fR+Q+ [!]g = fAME M!g =
[AME M!] :H1

AME M! is a prime di�erential ideal with characteristic set AME M!. Note
that no di�erential polynomial yi � zi belongs to J . It is therefore immediate here that
f�1; : : : ; �n�1g is a parametric set. Thus J contains a nonzero di�erential polynomial in
Ff�g. Any such di�erential polynomial can be used to complete the proof of Theorem 6.2.
We shall show that g = det(E) 2 Ff�g, where E is the matrix constructed within Cope's
argument, is such a di�erential polynomial.

It is su�cient to prove now that g = det(E) 2 J . Di�erentiating n�1 times ! and reducing
its tail by A and B, we obtain the di�erential polynomials that are the components of the
vector E (Y � Z), where Y � Z is the vector (y1 � z1; : : : ; yn � zn)

t. We thus have the
congruences E (Y � Z) � 0 mod J . Since yi � zi 6� 0 mod J it must be that det(E) � 0
mod J .

Furthermore, we can say here that g = det(E) is the minimal discriminating polynomial.
Indeed, from Cope's argument, if a tuple � is such that g(�) = 0 then [AMw��1 y1� : : :�
�n yn] contains a di�erential polynomial in Ffwg of order less or equal to n� 1. Thus the
characteristic set of [AMw��1 y1� : : :��n yn] for a ranking such that w � Y cannot have
a resolvent representation since this ideal is of order n.

8 Links to the rational univariate representations

Zero dimensional (radical) ideals admit shape lemma representations [12, 14, 3] and rational
univariate representations [1, 28]. These can be seen as special types of resolvent repre-
sentation: the initials are precribed. Contrary to the cyclic vector construction for linear
di�erential systems, the existence of such representation are not proved as a special case of
Theorem 6.3. This can be seen from the following result that asserts that a zero dimensional
ideal de�ned by a chain (triangular set) have a speci�c property.

Proposition 8.1 Let A be a consistent chain of K[x1; : : : ; xn] endowed with the ranking
x1 < : : : < xn with empty parametric set. A reduced Gröbner basis of (A) :H1

A w.r.t. the
induced lexicographic term ordering has a unique element involving xn.
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proof: Let a = Axn , h = init(a) and J = (A�xn) :H
1

A
�

xn

. We have (A) :H1

A = (J :h1+(a)) :

h1 (see for instance [18]). J and J : h1 are zero dimensional ideals of K[x1; : : : ; xn�1].
Since h is not a zero divisor modulo J : h1 there exists h0 2 K[x1; : : : ; xn�1] s.t. h0 h � 1
mod J : h1. Let G be a Gröbner basis of J : h1 w.r.t to a lexicographic term order
x1 < : : : < xn�1 and a0 the normal form of h0 a modulo G; its leader is xn and its initial is
1. We have (A) :H1

A = ((G)+ (a0)) and furthermore, by Buchberger �rst criterion, G[fa0g
is a Gröbner basis for the lexicographic term order x1 < : : : < xn. 2

We could recover the result that any radical zero dimensional ideal admits a resolvent repre-
sentation by application of Theorem 6.3 and Theorem 5.2: from an irredundant characteristic
decomposition of the zero dimensional radical ideal [23], [24] (or [17, Algorithm 3.8]) one
can compute resolvent representations for all components with a common separating tuple
and then combine them. This is of little interest.

9 Computing resolvent representations

Let FfU; Y g, U = fu1; : : : ; upg and Y = fy1; : : : ; yng, be endowed with a ranking R.
Consider a new di�erential indeterminate w. We shall consider ~Y = Y [ fwg. On FfU; ~Y g
we shall consider two di�erent di�erential rankings:

- ~R such that U [ Y � w and the di�erential ranking on U [ Y is the ranking induced
by R

- Q a di�erential ranking such that U � w � Y

We shall consider a di�erential chain A in FfU; Y g with parametric set U and order r. The
problem consists �rst in �nding tuples � = (�1; : : : ; �n) such that [AM!] :H1

AM! , where
! = w� �1 y1� : : :� �n yn, is characterisable for Q. We then want the characteristic set of
[AM!] :H1

AM! w.r.t. Q to have a resolvent form and compute it.

As will be explained in the coming section, there is no general way of deciding if a radical
di�erential ideal is characterisable. In this �rst section we give a method to compute the
resolvent representation of [A] :H1

A when A is an irreducible chain. In the second section we
will develop a test to decide if some unmixed radical di�erential ideals are characterisable
for a given di�erential ranking Q and apply these results for our purpose.

9.1 Computing resolvent representation of prime di�erential ideals

The algorithms presented in [6, 17] allow to compute a characteristic decomposition of
f�g :H1 for �nite sets � and H of di�erential polynomials. They are implemented in the
Maple library di�alg [4]. The main point is that there are no known algorithm to make this
characteristic decomposition irredundant,except when � is to consist of a single di�erential
polynomial [16]. Nonetheless, when we know that f�g : H1 is a prime di�erential ideal,
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there will be one characterisable component [C0] :H
1

C0
the characteristic set C0 of which is

lower than all the other ones. Then we can assert that f�g :H1 = [C0] :H
1

C0
.

Therefore if A is an irreducible di�erential chain, we can compute with di�alg a resolvent
representation of [A] :H1

A by proceeding as follow:

- pick up a tuple � = (�1; : : : ; �n) in F .

- B = AM! where ! = w � �1 y1 � : : : � �n yn is an irreducible di�erential chain and
therefore fBg :H1

B = [B] :H1

B is a prime di�erential ideal

- compute a characteristic decomposition for fBg :H1

B according to the ranking Q.

- select the characterisable component [C0] :H
1

C0
with lowest di�erential characteristic

set.

We then have [B] :H1

B = [C0] :H
1

C0
. If C0 has a resolvent representation, the tuple � is

separating and C0 is a resolvent representation for [A] :H1

A . Otherwise � is not separating
and we have to start over with another tuple �.

Before we give the general algorithm for regular di�erential ideals, we shall present a couple of
examples computed as explained above using di�alg. Note that to compute the characteristic
decomposition w.r.t to the rankingQ we can use the membership test provided by B to avoid
splittings. This is the point of view developed in [8].

Example 9.1 The Lotka-Voltera system
�

x0 = a x� b x y
y0 = �c x+ d x y

is represented by the prime di�erential ideal P = [A] :H1

A where A = x0 � a x+ b x yM y0 +
c x� d x y is a characteristic set for an orderly ranking. It turns out that for the elimination
ranking y � x, the characteristic set of P has a resolvent form C in y. Indeed [A] :H1

A =
[C] :H1

C where

C = (d y � c) y00 � d y0
2
� a (dy � c) y0 M (d y � c)x� y0

Example 9.2 The Halphen-Darboux system
8<
:

x0 = y z � x (y + z)
y0 = z x� y (z + x)
z0 = x y � z (x+ y)

similarly de�nes a prime di�erential ideal P . For no elimination ranking on fx; y; zg does
the characteristic set of P have a resolvent form. Nonetheless (1;�1; 0) is a separating tuple.
Computing a characteristic set of fP + [w � x + y]g for a ranking such that w � fx; y; zg
we obtain a resolvent representation in w
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w4 w000
2
+ w2

�
12w0

3
� 12ww0w00

�
w000 + 8 (ww00)

3

�4w6w00
2
+ 6ww0

2
(2w4 � 3w0

2
)w00 + 9w0

6
� 9 (ww0)

4

M

2w
�
2ww00 � 3w0

2
�
x+ w2w000 � 2w3 w00 � 4ww0w00 + 3w2w0

2
+ 3w0

3

M

2w
�
2ww00 � 3w02

�
y + w2 w000 + 2w00 w3 � 4w0 ww00 � 3w02w2 + 3w03;

M

2w z + w0

9.2 The algorithm

We shall proceed now to develop an algorithm to compute the resolvent representation of
the regular di�erential ideal [A] :H1

A , where A is a di�erential chain in FfU; Y g w.r.t. a
ranking R.

Let � = (�1; : : : ; �n) be a n-tuple of F and ! = w � �1 y1 � : : : � �n yn. B = AM! is a
di�erential chain in FfU; ~Y g for ~R with parametric set U and order r.

If � is a separating tuple for [A] :H1

A relative to U then we showed in Theorem 6.3 that
[B] :H1

B is characterisable for the ranking Q and any characteristic set C of [B] :H1

B for
the ranking Q has a resolvent form with parametric set U and order r. By Proposition 4.3,
(B(r)) : H

1

B(r)
= [B] : H1

B \ F [�U ][�r
~Y ] = [C] : H1

C \ F [�U ][�r
~Y ] = (C(r)) : H

1

C(r)
.

Furthermore, by Proposition 4.4, C(r) is a characteristic set for the ranking induced by
Q on �U [ �r

~Y . By [17, Lemma 3.5 and Lemma 3.9] a characteristic set of the ideal
(B(r)) : H1

B(r)
for the ranking induced by Q is given by the reduced Gröbner basis in

F(�U)(w; : : : ; w(r�1))[w(r);�r
~Y ] w.r.t to the lexicographic term order induced by Q.

The idea is thus to choose a random tuple, prolong the di�erential chain B enough and then
lead some algebraic computations. The di�culty is to detect if we started with a separating
tuple and therefore to decide if [B] :H1

B is characterisable for Q. We shall thus establish
�rst that this can be read out of the ideal (B(r)) :H

1

B(r)
considered in F(�U)[�r

~Y ]. We
give a series of slightly more general lemmas that will be specialised in Theorem 9.6 for this
purpose. These results can in fact be applied to compute certain change of rankings, as is
the goal of [8].

The lemmas apply to a radical di�erential ideal J in some FfU; ~Y g such that all its essential
prime components admit U as a maximally independent set and have a common order r
relative to U . This is the case of [B] :H1

B . We introduce J(r) = J \ F [�U ][�r
~Y ]. In the

case J = [B] :H1

B we know explicitely J(r) since J(r) = (B(r)) :H
1

B(r)
(Proposition 4.3).
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The rankings Q that we consider must be such that U � ~Y . The �rst lemma is quite
trivial. Lemma 9.4 asserts that J is a characterisable di�erential ideal for the di�erential
ranking Q i� J(r) is characterisable for the ranking induced by Q on �U [�r

~Y and that a
characteristic set of J can be extracted from the characteristic set of J(r). Lemma 9.5 gives
a necessary and su�cient condition for J(r) to be characterisable with a given parametric
set.

Lemma 9.3 Let J be a radical di�erential ideal in FfU; ~Y g such that all its essential prime
components admit U as a maximally independent set and have a common order r relative
to U . Consider a di�erential ranking Q on U [ ~Y such that U � ~Y . Then

1. a minimal characteristic decomposition J =
Ts

i=1[Ci] :H
1

Ci
satis�es that Ci has para-

metric set U and is of order r and therefore Ci � F [�U ][�r
~Y ].

2. if q 2 F [�U ][�r
~Y ] is a zero divisor modulo J then q is a zero divisor modulo J(r) =

J \ F [�U ][�r
~Y ].

proof: The �rst point comes immediately from Theorem 3.4 and Theorem 4.11.

If q is a zero divisor modulo J there exists 1 � i � s such that q is a zero divisor modulo [Ci] :
H1

Ci
. The second point comes then from the corollary to Rosenfeld's lemma we mentioned

after Theorem 3.4. 2

Lemma 9.4 Let J be a radical di�erential ideal in FfU; ~Y g such that all its essential prime
components admit U as a maximally independent set and have a common order r relative
to U . Consider a di�erential ranking Q such that U � Y . J is characterisable for Q if and
only if J(r) = J \ F [�U ][�r

~Y ] is a characterisable ideal for the ranking induced by Q on

�U [�r
~Y . Furthermore, if C is the minimal di�erentially triangular set extracted from a

characteristic set of J(r) then C is a characteristic set of J .

proof: By Proposition 4.3 and Proposition 4.4 if J is characterisable so is J(r).

Let �C be a characteristic set of J(r), i.e. a chain contained in J(r) of minimal rank, w.r.t.
the ranking induced by Q on F [�U ][�r

~Y ].

Assume J =
Ts

i=1[Ci] :H
1

Ci
is an irredundant characteristic decomposition. Then we can

write J(r) =
Ts

i=1(Ci (r)) : H
1

Ci (r)
. Considering that the extension of (Ci (r)) : H1

Ci (r)
to

F(�U)[�r
~Y ] has dimension r, each (Ci (r)) : H

1

Ci (r)
, and therefore J(r), must contain a

polynomial in F [�U ][y; : : : y(r)] for all y 2 ~Y . This polynomial must be reduced to zero by
�C. Hence for each y 2 ~Y there is at least one 0 � j � r such that �jy 2 L( �C).

Let C be the minimal di�erentially triangular set extracted from �C. Obviously C � J
and for each y 2 ~Y there is a 0 � j � r such that �jy 2 L(C). Let q 2 J and take
�q = d-rem(q; C). Then �q 2 J \ F [�U ][�r

~Y ] = J(r) and is furthermore reduced w.r.t. C(r).
It follows that �q = 0 and thus C is a characteristic set of J .
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So far we have that C � J � [C] :H1

C . Assume that J(r) is characterisable, and therefore
J(r) = ( �C) :H1

�C
. It follows that HC � F [�U ][�rY ] contains no zero divisor modulo J(r).

By Lemma 9.3 HC contains no zero divisor of J and thus J is a characterisable di�erential
ideal since we have [C] :H1

C = J :H1

C = J . 2

We are thus left to give a procedure to test if J(r) is characterisable for the ranking induced
by Q on F [�U ][�r

~Y ]. We shall base here this test on the necessary and su�cient conditions
established in [17]. We nonetheless expect that a characterisation involving the computation
of a single Gröbner basis can be obtained by taking the point of view of [2, Theorem 3.3]
that applies to prime ideals.

Lemma 9.5 Let K[V;X ] be a polynomial ring endowed with a ranking Q such that V � X .
Let I be an ideal in K[V;X ] and denote Ie its extension to K(V )[X ]. Let G be a denominator
free reduced Gröbner basis of Ie w.r.t. the lexicographic term ordering induced by Q on X .

I is characterisable for the ranking Q and has parametric set V i�

- the set of leading terms of G is fxdx jx 2 X; dx 2 N�g

- (G) :I1G = I , where both ideals are considered in K[V;X ].

proof: Let us assume that I is characterisable with parametric set V . By [17, Lemma 3.5
and Lemma 3.9] the denominator free reduced Gröbner basis of Ie w.r.t. the lexicographic
term ordering induced by Q on X has fxdx jx 2 X; dx 2 N�g for leading terms and G is a
characteristic set of I .

If the set of leading terms of G is fxdx jx 2 X; dx 2 N�g then Ie is zero dimensional and
init(g) 2 K[V ] for all g 2 G. Thus G is a characteristic set in K[V;X ] with parametric set
V . 2

We sum up in one theorem the essence of the algorithm to be used to �nd a resolvent
representation of a regular di�erential ideal.

Theorem 9.6 Let FfU; Y g be endowed with a ranking R. Consider the new di�erential
indeterminate w and call ~Y = Y [fwg and ~R the di�erential ranking extending R such that
U [ Y � w. Let Q be a ranking such that U � w � Y .

Let A be a di�erential chain in FfU; Y g with parametric set U and order r. In FfU; ~Y g
we consider the di�erential chain B = AM! where ! = w � �1 y1 � : : : � �nyn and � =
(�1; : : : ; �n) is a n-tuple in F

n.

Call J = [B] : H1

B . and consider J(r) = (B(r)) : H
1

B(r)
and Je(r) the extension of J(r) to

F(�U)(w; : : : ; w(r�1))[w(r)][�rY ].

Let G be a denominator free Gröbner basis of Je(r) w.r.t. the lexicographic term order

induced by Q on fw(r)g [�rY .

If
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1. G has leading terms f(w(r))dwg [ f(�jy)dy;j j y 2 Y; 0 � j � rg

2. (G) :I1G = J(r)

3. C = G \ F [�U;w; : : : ; w(r); Y ] has a resolvent form of order r relative to U

then C is a resolvent representation for [A] :H1

A . In particular � is a separating tuple for
[A] :H1

A .

proof: If point 1. and 2. are satis�ed then J(r) is characterisable by Lemma 9.5 for the
ranking induced byQ andG is a characteristic set of J(r). If C = G\F [�U;w; : : : ; w(r);�Y ]
has a resolvent form then C is the minimal di�erential triangular set that can be extracted
from G. By Lemma 9.4 J is also characterisable and C is a characteristic set of J . Thus
J = [C] :H1

C and C is a resolvent representation of [A] :H1

A . 2

If the tuple is not separating we shall start over the procedure with another one.

Note that in any case F [�U ] contains no zero divisor of J(r) or (G) :I1G . Thus the compar-
ison of (G) :I1G and J(r) can be lead in F(�U)[�r

~Y ].

Note also that a Gröbner basis of J(r) according to the lexicographic term order induced
by Q on �r

~Y is a Gröbner basis of Je(r) for the lexicographic term order induced by Q on

fw(r)g [�rY . Only reductions are needed to obtianed the reduced Gröbner basis G.

Example 9.7 In Q(t)fu; x; yg, endowed with the elimination ranking u < x < y, consider
the di�erential characteristic set A = x0

2
� u2 x2 M y0 � u y. It admits fug as a parametric

set and has order 2 w.r.t fug. Obviously A is not an irreducible chain and therefore [A] :H1

A

is not a di�erential prime ideal, only a characterisable di�erential ideal.

Let us consider the tuple � = (1; 1) and therefore B = AMw � x � y. We have
B(2) = AM 2x0x00 � 2u2xx0 � 2uu0x2 M y00 � uy0 � u0yMw � x � yMw0 � x0 � y0Mx0w00 �
u2xx0 � uu0x2 � x0(uy0 + u0y). We consider J(2) = (B(2)) :H

1

B(2)
and Je(2) its extension to

F(�u)(w;w0)[w00; x; x0; x00; y; y0; y00].

The reduced Gröbner basis of J(2) in F(�u)[w;w0 ; w00; x; x0; x00; y; y0; y00] w.r.t the lexico-
graphic term order w < w0 < w00 < x < y < x0 < y0 < x00 < y00 is

uwt;t � u3w � utwt
2u (wt � uw)x+ (wt � uw)2

y � w + x
xt � ux� wt + uw

yt + ux� uw
uxt;t � uutx� u3x� utwt + uwut
yt;t + utx+ u2x� utw � u2w

This provides a Gröbner basis of Je(2) w.r.t to the lexicographic term order w00 < x < y <

x0 < y0 < x00 < y00. Only a couple of reductions are needed to recover the reduced Gröbner
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basis G of Je(2):

uwt;t � u3w � utwt;
2ux+ wt � uw; 2uy + uw � wt;
2xt � wt + uw; 2 yt � uw � wt

2uxt;t + uwut � utwt � u3w + u2wt
2uyt;t � uwut � utwt � u3w � u2wt

G is in fact a Gröbner basis of (G) : I1G in F(�u)[w;w0; w00; x; x0; x00; y; y0; y00] w.r.t. the
lexicographic term order w < w0 < w00 < x < y < x0 < y0 < x00 < y00.

This shows that J(2), and therefore J , is not characterisable for the ranking induced by Q.
In fact no pair of constants provides a separating tuple relative to fug.

We shall try again with the tuple (1; t). B = AMw � x� t y. The Gröbner basis of J(2) in
F(�u)[w;w0; w00; x; x0; x00; y; y0; y00] w.r.t. the lexicographic term order w < w0 < w00 < x <
y < x0 < y0 < x00 < y00 is

(2 tu+ 1)w002 � 2
��
tu0 + 2u+ 2 tu2

�
w0 + u (u� tu0)w

�
w00 + 4u (u+ tu0)w02

+
�
4u4t� 2u0tu2 + 4u3 + 2 tu0

2
�
ww0 +

�
2 tu3u0 � 2 tu5 � 3u4 � u0

2
+ 4u2u0

�
w2;�

2u2 � u0
�
x+ tuw00 � tu3w � tw0u0 + u0w � 2u2w;�

2u2 � u0
�
y + u3w � uw00 + w0u0;�

2u2 � u0
�
x0 � 2u2w0 � tuw0u0 + tu2w00 + uw00 � u3w � tu4w;�

2u2 � u0
�
y0 + u4w � u2w00 + uw0u0;�

2u2 � u0
�
x00 +

�
u0 + tu3 + tu0u

�
w00 +�

�
tu0 + 2u+ tu2

� �
u0w0 + u3w

�
�
2u2 � u0

�
y00 + w0u0u2 + u0

2
w0 � w00u3 � u0uw00 + u5w + u0u3w

This is also the reduced Gröbner basis G of Je(2) and of (G) :I1G . Therefore J(2) is character-
isable for the ranking induced by Q and G provides a characteristic set for it. It follows that
J is characterisable for Q. Its characteristic set is the di�erentially triangular set extracted
from G:

(2 tu+ 1)w00
2
� 2

��
tu0 + 2u+ 2 tu2

�
w0 + u (u� tu0)w

�
w00 + 4u (u+ tu0)w0

2

+
�
4u4t� 2u0tu2 + 4u3 + 2 tu0

2
�
ww0 +

�
2 tu3u0 � 2 tu5 � 3u4 � u0

2
+ 4u2u0

�
w2

M�
�2u2 + u0

�
y + w00u� w0u0 � u3w

M�
�2u2 + u0

�
x� wu0 � w00t u+ w0tu0 + u3wt+ 2u2w

It has a resolvent form. This is therefore a resolvent representation for [A] :H1

A .
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