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Abstract—We discuss the equivalence problem between linear
2D discrete repetitive processes and linear 2D discrete Roesser
models. Within the constructive algebraic analysis approach to
multidimensional (nD) linear systems theory, this equivalence
issue is studied by means of isomorphisms of finitely presented
modules. In this paper, we prove that every linear 2D discrete
repetitive process is equivalent to an explicit linear 2D discrete
Roesser model. Comparing this result to [4], [5] where in-
put / output equivalence is concerned, we point out the differences
between these two algebraic notions of equivalence while each
notion has interesting applications in nD systems theory.

I. INTRODUCTION

Multidimensional (nD) systems are generally defined by
functional equations depending on several independent vari-
ables. They are nowadays used to model a lot of phenomena
appearing in image or signal processing, iterative learning
control systems, distributed networks,. . . In the present paper
we consider the particular case of linear 2D discrete systems
defined by linear equations whose dependent variables are
functions (sequences) x(i, j) of two discrete variables i and j.

There exist several state-space representations of such sys-
tems which have been proved to play an important role in
the study of the properties of linear 2D discrete systems. The
most commonly used models are the Roesser model [34] and
the Fornasini-Marchesini model [13] and its generalisations
[23], [20], [21]. Another model that has been introduced in the
literature is the state-space model of a linear repetitive process
[31], [35]. Such a model is particularly useful to describe
Iterative Learning Control (ILC) schemes [26]. We refer to
[31], [35], [4], [5] for explanations on the main differences
between Roesser models and linear repetitive process models.

Depending on the specific property under study (e.g., dif-
ferent notions of stability, reachability, controllability) one
or another model is more suitable. Therefore one way to
characterize a system property of a given model consists in
transforming this model into another one for which the given
property is easily analyzed. Moreover, for this approach to be
useful, the underlying transformation from one model into the
other has to preserve the property under study. Consequently,
one has been interesting in several types of equivalence trans-
formations between these models as for exemple the notions
of strict equivalence ([17], [32], [3], [40]), input / output
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equivalence ([17], [4], [5] and references therein) or the
equivalence in the sense of algebraic analysis ([11], [8]).

In their recent works [4], [5], Boudellioua et al proved
that a given linear 2D discrete repetitive process is always
input / output equivalent to an implicit (singular) linear 2D
discrete Roesser model which, under some conditions, is itself
equivalent to an explicit (non-singular) linear 2D discrete
Roesser model. In the present paper, we consider another
notion of algebraic equivalence between models, namely, the
equivalence in the sense of the algebraic analysis approach
to linear systems theory. Using this notion of equivalence,
our first contribution consists in proving that every linear 2D
discrete repetitive process is equivalent to an explicit linear 2D
discrete Roesser model. Our approach follows the lines of [8]
and the matrices providing the equivalence are explicitly given.
We then point out the differences between these two notions
of equivalence, e.g., one notion does not imply the other,
while each notion has interesting applications when studying
linear systems. In particular we give a necessary and sufficient
condition for an equivalence in the sense of algebraic analysis
to also yield an input / output equivalence. The distinct notions
are illustrated using the example introduced in [4], [5] and all
the computations can be performed using the MAPLE packages
OREMORPHISMS [10] and OREMODULES [7].

The paper is organized as follows. Section 2 introduces
the state-space models studied in this paper, namely, Roesser
models and linear repetitive process models. Section 3 recalls
the main ideas and techniques concerning the equivalence in
the sense of the algebraic analysis approach to linear systems
theory. Section 4 contains the first main result: we prove
that every linear 2D discrete repetitive process is equivalent
(in the sense of algebraic analysis) to an explicit linear 2D
discrete Roesser model. Section 5 discusses the differences
between the equivalence in the sense of algebraic analysis
and the input / output equivalence. We prove that one kind
of equivalence does not imply the other and vice versa.
Finally, Section 6 concludes by explaining that each notion
of equivalence has its own advantages in the study of systems
properties.

II. LINEAR REPETITIVE PROCESS AND ROESSER MODELS

In this section, we introduce the two linear 2D discrete
models that we consider in what follows.



The state-space representation of a Roesser model [34] can
be written as

E

(
xh(i+ 1, j)
xv(i, j + 1)

)
=

(
A11 A12

A21 A22

)
︸ ︷︷ ︸

A

(
xh(i, j)
xv(i, j)

)
+

(
B1

B2

)
︸ ︷︷ ︸
B

u(i, j),

y(i, j) = (C1 C2)︸ ︷︷ ︸
C

(
xh(i, j)
xv(i, j)

)
+Du(i, j),

(1)
where xh (resp. xv) is the horizontal (resp. vertical) state

vector of dimension dh (resp. dv), u is the input vector
of dimension du, y is the output vector of dimension dy ,
and E, Aij , Bi, Ci (for i, j = 1, 2), D are matrices of
appropriate dimensions with constant entries in a field K
(e.g., K = R, Q, C). When the square matrix E is non-
singular, the model (1) is said to be regular or explicit and we
can always assume w.l.o.g. that E = Id, where d = dh + dv .
Otherwise the Roesser model is said to be singular or implicit.

The state-space model of a linear repetitive process [31],
[35] is generally written as

xk+1(p+ 1) = Axk+1(p) + B0 yk(p) + B uk+1(p),

yk+1(p) = C xk+1(p) +D0 yk(p) +D uk+1(p),
(2)

where x is the state vector of dimension dx, u is the
input vector of dimension du, y is the pass profile vector
of dimension dy which serves as the output vector, and A,
B0, B, C, D0, D are matrices of appropriate dimensions
with constant entries in a field K (e.g., K = R, Q, C). In
the sequel, we shall replace the notation xk(p) by x(k, p)
(similarly for uk(p), yk(p)) and we use the letters i, j instead
of k, p for the independent variables in order to be consistent
while considering both Roesser and linear repetitive process
models in the same algebraic framework.

We refer to [31], [35], [4], [5] and references therein for
more explanations on linear repetitive processes and their
main differences with Roesser models in particular in the
way initial conditions have to be specified to get a proper
system description. Also, in the present paper, we shall not
pay attention to the fact that, in (2), the independent variable p
is generally bounded, i.e., 0 ≤ p ≤ α, for a given α ∈ N∗. Our
choice makes sense since the bound α might not be known and
taking any possible value of α into consideration (or letting
α→∞) leads to the concept of stability along the pass: see,
for instance, [38].

III. ALGEBRAIC ANALYSIS AND EQUIVALENCE

The algebraic analysis (or behavioral) approach to linear
systems theory is a unified mathematical framework to
study determined/overdetermined/underdetermined linear nD
systems appearing in control theory, mathematical physics,
engineering sciences,. . . . See [25], [27], [39], [6], [33] and
the references therein. Within this framework, every linear
2D discrete system is written as Rη = 0, where R is a

(rectangular) q × p matrix with entries in the commutative
polynomial ring D = Q[σ1, σ2] in two shift operators σ1 and
σ2 (namely, P =

∑
k,l pk,l σ

k
1 σ

l
2 ∈ D with pk,l ∈ Q and∑

k,l is a finite sum, acts on a bivariate sequence f(i, j)
as P.f(i, j) =

∑
k,l pk,l f(i + k, j + l)) and η is a vector

composed of the dependent variables of the system, i.e., η
contains the state, input, and output variables.

For instance, an explicit Roesser model (1) is written as
Rη = 0, where

R =

 σ1 Idh −A11 −A12 −B1 0
−A21 σ2 Idv −A22 −B2 0
−C1 −C2 −D Idy

 ∈ Dq×p,

(3)
has q = dh+dv+dy rows, p = dh+dv+du+dy columns, and

η =
(
xh

T
xvT uT yT

)T
. In a similar way, the model of

a linear repetitive process (2) is written as R η = 0, where

R =

(
σ1 σ2 Idx −Aσ1 −B σ1 −B0

−C σ1 −D σ1 σ1 Idy −D0

)
∈ Dq×p, (4)

with q = dx+dy , p = dx+du+dy , and η =
(
xT uT yT

)T
.

If F is a D-module, then we can consider the linear system
or behavior kerF (R.) := {η ∈ Fp | Rη = 0}. The algebraic
analysis approach to linear nD systems theory relies on the
fact that the linear system kerF (R.) can be studied by means
of the associated D-module M = D1×p/(D1×q R), finitely
presented by the matrix R. This is based on Malgrange’s
isomorphism [25] kerF (R.) ∼= homD(M,F) which implies
that module properties of M and F are related to system
properties of kerF (R.).

Within the algebraic analysis framework, the natural defini-
tion of equivalent systems is the following:

Definition 1. Let R ∈ Dq×p and R′ ∈ Dq′×p′ be two matrices
and M = D1×p/(D1×q R), M ′ = D1×p′/(D1×q′ R′) the
associated D-modules. If F is a D-module, then the linear
systems kerF (R.) and kerF (R

′.) are said to be equivalent if
the D-modules M and M ′ are isomorphic [36], i.e., M ∼=M ′.

Note that this notion of equivalence has the advantage to
preserve the invariants of the D-modules, e.g., homological
invariants such as (projective) dimensions, cancellation of
ext’s modules,. . . [36] which has interesting consequences in
the study of systems properties [6]. Moreover, studying the
equivalence in the sense of Definition 1 between linear systems
reduces to studying isomorphisms between finitely presented
D-modules for which we have the following effective result:

Lemma 1 ([9], [11]). Let R ∈ Dq×p, R′ ∈ Dq′×p′ and
consider the associated D-modules M = D1×p/(D1×q R) and
M ′ = D1×p′/(D1×q′ R′).

1) The existence of a homomorphism f ∈ homD(M,M ′)
is equivalent to the existence of two matrices P ∈ Dp×p′

and Q ∈ Dq×q′ satisfying the identity:

RP = QR′. (5)



Then, the homomorphism f ∈ homD(M,M ′) is defined
by f(π(λ)) = π′(λP ), for all λ ∈ D1×p, where π :
D1×p →M and π′ : D1×p′ →M ′ denote the canonical
projections onto M and M ′.

2) With the previous notations, f is an isomorphism, i.e.,
M ∼= M ′ if and only if there exist four matrices
P ′ ∈ Dp′×p, Q′ ∈ Dq′×q , Z ∈ Dp×q , and Z ′ ∈ Dp′×q′

satisfying:

R′ P ′ = Q′R, P P ′+Z R = Ip, P
′ P+Z ′ R′ = Ip′ . (6)

Remark 1. With the notations of Lemma 1, the invertible
changes of variables η = P η′ and η′ = P ′ η explicitly given
by the isomorphism provide a one-to-one correspondence
between F-solutions of Rη = 0 and F-solutions of R′ η′ = 0,
i.e., we have: Rη = 0⇐⇒ R′ η′ = 0.

Algorithms for computing homomorphisms of finitely pre-
sented left D-modules are given in [9] and have been im-
plemented both in the Maple package OREMORPHISMS [10]
based on OREMODULES [7] and in the Mathematica package
OREALGEBRAICANALYSIS [12]. Moreover algorithms for
deciding whether a given homomorphism of finitely presented
D-modules is an isomorphism (and if so, compute all the
matrices appearing in Lemma 1) are implemented in the Maple
package OREMORPHISMS [10].

IV. ALGEBRAIC ANALYSIS EQUIVALENCE BETWEEN
LINEAR REPETITIVE PROCESS AND ROESSER MODELS

There exists a “natural” way to transform a linear repetitive
process model (2) into a Roesser model (1) that is commonly
used in the literature: see, for instance, [31, 2.2.1 and 2.2.2,
page 27]. However, this transformation is not an equivalence
in the sense of Definition 1 (nor in the sense of input / output
equivalence [4], [5] considered in the next section). In this
section, we provide the first contribution of the present paper:
we prove that every linear repetitive process model (2) is
equivalent in the sense of algebraic analysis, i.e., in the sense
of Definition 1, to an explicit Roesser model (1).

To achieve this, we proceed as in [8]: we start from the
model (2), we construct a model (1), and we prove that the
associated D-modules are isomorphic by providing explic-
itly the isomorphism in terms of matrices as in Lemma 1.
Starting from (2), let us introduce the new vectors xh =

(xh1
T

xh2
T

xh3
T
)T with xh1 (i, j) = x(i, j + 1) − Ax(i, j),

xh2 (i, j) = y(i, j) − C x(i, j), xh3 (i, j) = u(i, j), xv(i, j) =
x(i, j), u′(i, j) = u(i + 1, j), and y′(i, j) = y(i, j). Direct
calculations using (2) then shows that we have:

xh1 (i+ 1, j) = B0
(
xh2 (i, j) + Cxv2(i, j)

)
+ B u′(i, j),

xh2 (i+ 1, j) = D0

(
xh2 (i, j) + Cxv2(i, j)

)
+D u′(i, j),

xh3 (i+ 1, j) = u′(i, j),

xv(i, j + 1) = xh1 (i, j) +Axv(i, j),

y′(i, j) = y(i, j) = xh2 (i, j) + C xv(i, j).

This then yields a Roesser model of the form (1) and we get:

Theorem 1. The linear repetitive process model (2) is equiv-
alent in the sense of Definition 1 to the explicit Roesser model
given by (1) with:

A =


0 B0 0 B0 C
0 D0 0 D0 C
0 0 0 0
Idx 0 0 A

 , B =


B
D
Idu
0

 ,

C =
(
0 Idy 0 C

)
, D = 0.

(7)

Proof. We shall prove that the D-modules associated respec-
tively with R given by (4) and R given by (3) with the
matrices A, B, C and D defined by (7) are isomorphic. From
Lemma 1, it is enough to check that the matrices

P =

 0 0 0 Idx 0 0
0 0 Idu 0 0 0
0 0 0 0 0 Idy

 ,

Q =

(
Idx 0 −B σ1 Idx B0
0 Idy −D 0 −σ1 Idy +D0

)
,

P ′ =


σ2 Idx −A 0 0
−C 0 Idy
0 Idu 0
Idx 0 0
0 σ1 Idu 0
0 0 Idy

 , Q′ =


Idx 0
0 Idy
0 0
0 0
0 0

 ,

Z =

 0 0
0 0
0 0

 , Z ′ =


0 0 0 −Idx 0
0 0 0 0 Idy
0 0 0 0 0
0 0 0 0 0
0 0 −Idu 0 0
0 0 0 0 0

 ,

satisfy the relations (5) and (6) with R′ = R which can be
straightforwardly checked.

Example 1. Let us consider the linear repetitive model studied
in [4], [5] which is defined by R η = 0, where

R =


σ1 σ2 − σ1 σ1 −σ1 0 0 −1
−2σ1 σ1 σ2 −σ1 −σ1 −2 −1
0 0 −σ1 0 σ1 + 1 0
0 −σ1 0 σ1 0 σ1

 .

Then, Theorem 1 implies that this linear repetitive process
model is equivalent, in the sense of the algebraic analysis
approach to linear systems theory, to the Roesser model
defined by R1 η = 0, where

R1 =



σ1 0 0 −1 0 0 0 −1 −1 0 0 0
0 σ1 −2 −1 0 0 0 −1 −1 −1 0 0
0 0 σ1 + 1 0 0 0 0 0 −1 0 0 0
0 0 0 σ1 0 0 0 0 0 1 0 0
0 0 0 0 σ1 0 0 0 −1 0 0 0
0 0 0 0 0 σ1 0 0 0 −1 0 0
−1 0 0 0 0 0 σ2 − 1 1 0 0 0 0
0 −1 0 0 0 0 −2 σ2 0 0 0 0
0 0 1 0 0 0 0 0 0 0 −1 0
0 0 0 1 0 0 0 1 0 0 0 −1


.



V. DIFFERENCES WITH INPUT / OUTPUT EQUIVALENCE

In [16], [35], [4], [5], the authors consider another notion of
equivalence, namely, the input / output equivalence. The latter
notion of equivalence is defined through the transfer function
matrix associated with a linear 2D discrete model. Writing
the linear system Rη = 0, with η = (xT uT yT )T , we
consider systems where the matrix R can be decomposed by
blocks of appropriate size under the form

R =

(
T −U 0
V W −Idy

)
, (8)

where T, U, V , and W have entries in D. The particular
block-form (8) naturally corresponds to an explicit separation
between state variables, input variables, and output variables,
with an explicit expression of the output vector. If the square
polynomial matrix T is invertible in the fraction field of D,
namely in Q(σ1, σ2), then we define the transfer function
matrix of (8) as G = V T−1 U +W . It satisfies y = Gu.

Definition 2 ([4], [5]). Two linear systems given under the
form (8) are said to be input / output equivalent if they have
the same transfer function matrix.

By definition, this notion of equivalence ensures the
preservation of the input / output behavior of the system.

Using this notion of equivalence, in [4], [5], Boudellioua
et al prove that, under some conditions, a linear repetitive
process model (2) is input / output equivalent to a nonsingular,
i.e., explicit, Roesser model (1). Their constructive method
consists in applying elementary operations to the original
system matrix in order to get a singular Roesser model. Then
a “trick” from [15] is applied to get, under some conditions, a
nonsingular Roesser model which is proved to be input / output
equivalent to the original model.

Example 2. In [5], it is proved that the linear repetitive process
model given in Example 1 is input / output equivalent to the
Roesser model defined by R2 η = 0, where

R2 =



σ1 0 0 0 1 0 0 0 0
0 σ1 0 0 0 0 0 1 0
0 0 σ1 0 0 −1 1 0 0
0 0 0 σ1 + 1 0 0 0 0 0
0 0 0 0 σ2 0 0 1 0
0 0 0 0 0 σ2 1 0 0
0 0 1 0 0 −2 σ2 − 1 0 0
0 1 0 1 0 0 0 σ2 − 1 −1
0 1 0 0 0 0 0 2 σ2
0 0 0 1 0 0 0 0 0
0 3 −1 0 −1 −1 −1 −1 1

0 0 0 0
0 0 0 0
0 0 0 0
1 0 0 0
0 0 0 0
0 0 0 0
0 1 0 0
1 0 0 0
0 0 0 0
1 0 −1 0
0 −1 0 −1


.

Indeed both models admit the transfer function matrix

G2 =

( σ1
σ1+1

0
σ1 (σ1 σ2+σ1+3σ2−1)

(σ1+1)(σ1 σ
2
2−σ1 σ2+2σ1−σ2−1)

−σ1 (σ2
2−2σ2+3)

σ1 σ
2
2−σ1 σ2+2σ1−σ2−1

)
.

One can first wonder whether the equivalent Roesser model
defined by the matrix R1 obtained in Example 1 shares

the same transfer function matrix or not. A straightforward
computation shows that it is not the case since, if we denote G1

the transfer function matrix of R1, we have G2 = σ1G1 6= G1.
Having in mind the fact that the transfer function matrix
expresses the output variable y in terms of the input variable
u, the equality G2 = σ1G1 is then clear since the Roesser
model defined by R1 shares the same output variable y as the
original linear repetitive process model defined by R whereas
the input variable u′ of the Roesser model satisfies u′ = σ1 u,
where u denotes the input variable of the original linear
repetitive process. Consequently, the Roesser model defined
by the matrix R1 obtained in Example 1 is not input / output
equivalent to the original linear repetitive process model.
Another interesting question is to know whether the linear
systems defined by R and R2 are equivalent in the sense of
algebraic analysis or not. Here again, the answer is no. Indeed,
one can effectively check (for example using OREMODULES
[7]) that the projective dimension of the Auslander transpose
([36]) of the D-module associated with R (resp. R2) is 1 (resp.
2). The latter dimension being an homological invariant it must
be preserve by isomorphism so that both system can not be
equivalent in the sense of Definition 1.

The above example illustrates the fact that, in general, the
equivalence in the sense of the algebraic analysis approach
to linear systems theory (Definition 1) does not imply the
input / output equivalence (Definition 2) and conversely, the
input / output equivalence does not necessarily implies the
equivalence in the sense of algebraic analysis.

Remark 2. Let us make some comments using the most
commonly known case of 1D models the reader might be more
familiar with. Consider a usual linear time invariant 1D state-
space model of the form

x(i+ 1) = F x(i) +H u(i), y(i) = K x(i) + Lu(i),

where x (resp. u and y) is of dimension dx (resp. du and dy)
and F , H , K, and L are matrices of appropriate dimensions
with entries in Q. Such a 1D model can be written as Rη = 0,
where R has the form (8) with T = σIdx − F , U = H ,
V = K, and W = L. It then admits the transfer function1

matrix G(σ) = K(σIn − F )−1H + L. In this 1D context,
the quadruple (F,H,K,L) is called a realization of G and
two realizations (F,H,K,L) and (F ′, H ′,K ′, L′) are said to
be equivalent if there exists a non-singular matrix S ∈ Qn×n
such that (F ′, H ′,K ′, L′) = (S−1 F S, S−1H,K S,L). Two
equivalent realizations clearly share the same transfer function
matrix G and are thus input / output equivalent in the sense of
Definition 2. Moreover, in the framework of the present article,
if one associates a linear system Rη = 0 (resp. R′ η′ = 0) to
each equivalent realization, then these systems are equivalent
in the sense of algebraic analysis (Definition 1). Indeed, one

1The expression transfer function usually refers to G(z) where z stands
for the complex variable involved in the Z-transform [30].



has the one-to-one correspondence given byxu
y


︸ ︷︷ ︸
η

=

S 0 0
0 Idu 0
0 0 Idy


︸ ︷︷ ︸

P

x′u′
y′


︸ ︷︷ ︸
η′

, (9)

which clearly yields an isomorphism since S is assumed to be
invertible. The equivalence between two realizations is then
more restrictive than both the input / output equivalence and
the equivalence in the sense of algebraic analysis which can
be obtained using more general forms of the matrix P than
that in (9). Let us now consider the following two particular
realizations

(
F H

K L

)
=



1
2

2 −2 2

0 2 −1 1

0 0 −1
2

1

1 −4
3

−10
3

1

 ,
(

F ′ H′

K′ L′

)
=

 −1
2

−8
3

1 1

 ,

having the same transfer function G = G′ = σ−13/6
σ+1/2 . The

linear systems Rη = 0 and R′ η′ = 0 corresponding to
each realization are thus input / output equivalent whereas
the first one is unstable (one eigenvalue of F is outside the
open unit disc) and the second one is clearly asymptotically
stable. This motivates the interest in considering other kinds
of equivalences which would possibly preserve some stability
properties as it was studied, for instance, in the more general
context of 2D models in [1]. Specializing [1, Theorem 1] to
the present 1D example would consist in claiming that if the
autonomous subsystems (σ I3−F )x = 0 and (σ−F ′)x′ = 0
are equivalent in the sense of algebraic analysis, then Rη = 0
is structurally stable if and only if R′ η′ = 0 is structurally sta-
ble. In the 1D case, structural stability and asymptotic stability
are equivalent notions so that the two subsystems considered
above cannot be equivalent in the sense of algebraic analysis.
The extension of such issues to the 2D case motivates the
digression in the present paper.

From Remark 1, if two systems are equivalent in the sense
of algebraic analysis, then the corresponding isomorphism of
D-modules explicitly provides the change of variables between
both systems. This can then be used to obtain a necessary and
sufficient condition for an equivalence in the sense of algebraic
analysis to be also an input / output equivalence.

Theorem 2. Let us consider two linear systems Rη = 0 and
R′ η′ = 0 of the form (8), namely,

R =

(
T −U 0
V W −Idy

)
, R′ =

(
T ′ −U ′ 0
V ′ W ′ −Idy′

)
.

Assume that these systems are equivalent in the sense of
algebraic analysis, i.e., there exists an isomorphism be-
tween the associated D-modules with is given by matrices
P, Q, P ′, Q′, Z, and Z ′ as in Lemma 1, i.e., satisfying (5)
and (6). Then if we write

P ′ =

P ′x′x P ′x′u P ′x′y
P ′u′x P ′u′u P ′u′y
P ′y′x P ′y′u P ′y′y

 ,

with blocks of appropriate dimensions and if G denotes the
transfer function matrix of Rη = 0, then the linear systems
Rη = 0 and R′ η′ = 0 are also input / output equivalent if
and only if we have:(
P ′y′x −GP ′u′x

)
x+

(
P ′y′u + P ′y′y G−GP ′u′u −GP ′u′y G

)
u = 0.

(10)

Proof. The systems are input / output equivalent if and only if
we have y′ = Gu′. Now using the explicit change of variables
(x′T u′T y′T )T = P ′ (xT uT yT )T together with the
relation y = Gu, the equality y′ = Gu′ yields (10) which
ends the proof.

Remark 3. In the usual particular case where the output
variable of both systems is the same, i.e., y = y′, we have
P ′y′x = 0, P ′y′u = 0, and P ′y′y = Idy , so that Condition (10)
gives:

−GP ′u′x x+
(
G−GP ′u′u −GP ′u′y G

)
u = 0. (11)

Notice that in the 1D case, when two realisations (F,H,K,L)
and (F ′, H ′,K ′, L′) are equivalent in the sense specified in
Remark 2, the isomorphism defined by (9) satisfies Condi-
tion (11) since P ′u′x = 0, P ′u′y = 0, and P ′u′u = Idu (in the
case of an equivalence given by (9), we have P ′ = P−1), and
indeed, the associated systems are known to be input / output
equivalent.

Example 3. Going back to Example 2 which matches the
case addressed in Remark 3, the necessary and sufficient
condition (11) can be used to check that the Roesser model
defined by the matrix R1 obtained in Example 1 is not
input / output equivalent to the original linear repetitive process
model given by R. Indeed using the formula for P ′ obtained
in the proof of Theorem 1 in the particular case of Example 1,
we have P ′u′x = 0, P ′u′x = 0, P ′u′u = σ1 I2, P ′u′y = 0, so that
Condition (11) gives (G − Gσ1)u = 0 which is surely not
satisfied.

We finally notice that starting from a linear repetitive
process model (2), it is possible to construct a linear 2D
discrete model, which is not a Roesser model, that is equivalent
to the original model both in the sense of algebraic analysis
(Definition 1) and in the sense of the input / output equivalence
(Definition 2).

VI. CONCLUDING REMARKS

In this paper, we have proved that a given linear repetitive
process model is always equivalent, in the sense of the
algebraic analysis approach to linear systems theory, to an
explicit Roesser model. This result completes the one given in
[4], [5] where the authors show that, under some conditions,
a linear repetitive model process is input / output equivalent
to an explicit Roesser model. A comparison of both results
based on an example nicely illustrates that the two notions
of equivalence considered are entirely different in the sense
that one notion does not imply the other and vice versa. We
have then given an explicit characterization in terms of the
matrices of an equivalence in the sense of algebraic analysis



which yields an input / output equivalence.

We believe that the results of this paper together with the
ones of [4], [5] show that both notions of equivalence are
useful for the study of linear 2D discrete systems. Indeed, on
one hand, the equivalence in the sense of algebraic analysis has
been proved to preserve, in some cases, the structural stability
which can be used for example for the structural stabilization
problem: see, for instance, our work in [2], [1] where this
approach is used for computing a stabilizing controller for a
Fornasini-Marchesini model from a static feedback controller
on an equivalent Roesser model. Moreover the equivalence in
the sense of algebraic analysis has the advantage to preserve
many (homological) invariants of the associated D-module
which is very useful for some applications in control theory
(see, for instance, [6]). On the other hand, the input / ouput
equivalence preserves the input / output behavior of the sys-
tems which clearly has interesting consequences and applica-
tions for stability, reachability, controllability or observability
issues (see also [17], [4], [5]).
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