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Abstract—We use the algebraic analysis approach to multi-
dimensional systems theory to study (wave) linear 2D discrete
repetitive processes. In a previous work, we have proved that
every linear 2D discrete repetitive process can be transformed
into an equivalent (in the sense of algebraic analysis) explicit
Roesser model. In the present paper we first investigate the
conservation of the important notion of structural stability via
this equivalence transformation. Then we extend the previous
results to wave linear repetitive processes: we prove that such
a general model can always be transformed into an equivalent
implicit Roesser model which may be used to study stability
properties of wave linear repetitive processes.

I. INTRODUCTION

For a wide variety of applications studied in systems theory,
one has to consider that the system dynamics propagate in
two (or more) independent directions such as time and space
variables or several distinct space variables. Consequently,
people have been interested in generalizing tools that have
been developed for 1D models to handle 2D or even mul-
tidimensional (nD) models. The present paper is concerned
with systems of linear functional equations whose unknowns
are bivariate sequences depending on two discrete independent
variables.

Given a linear 2D discrete system, one can always perform
changes of (dependent) variables in order to modify the form
of the equations of the system. A convenient state-space repre-
sentation of linear 2D discrete models is the so-called Roesser
model [25]. The main underlying reason of the success of the
Roesser model is that it is very close to a 1D model which
has interesting advantages when generalizing tools designed
for 1D models to the 2D case. For instance, one can construct
state feedback control laws to structurally stabilize Roesser
models [3]. Therefore, given any linear 2D discrete system,
one is interested in the possibility to transform the system into
a Roesser model. If it is possible, then this transformation can
be used to study stability and stabilization properties of the
system through the Roesser model. This technique has been
successfully applied in [2] to the case of another classical
model appearing in the study of linear 2D discrete systems,
namely, the Fornasini-Marchesini model [15]. For a transfor-
mation to be useful, one has to require that some built-in
properties of the system are preserved. This is the idea behind
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the distinct notions of equivalence transformations ([18], [29],
[13] and references therein) that have been introduced.

The present article deals with linear repetitive processes [26]
and wave linear repetitive processes [17] which are used in
the description of iterative learning control schemes [21].
The main contribution is to explicit equivalence transfor-
mations between such models and Roesser models (Theo-
rems 1, 2, and 5). The notion of equivalence that we consider
here is that of the algebraic analysis approach to linear systems
theory (see Section II-A and Lemma 1). Moreover, in the case
of linear repetitive processes, we prove that these transfor-
mations preserve structural stability (Theorems 3 and 4). In
our previous paper [1], we have pointed out the important
differences between the notion of equivalence that we use and
the input / output equivalence studied in [4], [5] while both
notions can be useful. Note that in [16], the authors study
the transformation of a wave linear repetitive process into an
input / output equivalent Roesser model.

The paper is organized as follows. Section II provides a very
brief introduction to the algebraic analysis approach to linear
systems theory and introduces Roesser models. Section III
concerns linear repetitive processes. We first give two ways
of constructing an explicit Roesser model equivalent to a
given linear repetitive process. Then we prove that the notion
of structural stability is preserved through these equivalence
transformations. Finally, Section IV deals with wave linear
repetitive processes. We provide an implicit Roesser model
that is equivalent to a given wave linear repetitive process.

II. PRELIMINARIES
A. Algebraic analysis

Algebraic analysis is a mathematical theory that has been
first developed by Malgrange for studying linear systems of
partial differential equations with constant coefficients [19]. It
was then generalized by the Japanese school of Sato to handle
linear systems of partial differential equations with varying
coefficients (see, e.g., [20]) and, nowadays, this approach is
used to study built-in properties of a wide class of systems of
linear functional equations (see [8], [11], [22], [28], [24] and
references therein). Within the algebraic analysis framework,
a linear system is studied by means of an associated left
module over a ring of functional operators that is in general
non-commutative. Indeed, every linear system of functional
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equations can be written as Rn = 0, where R is a ¢ X p
matrix with entries in a ring D of functional operators and 7,
is a vector of p unknown functions. We can then associate
to the matrix R € D?*P the finitely presented left D-
module M = DYP/(D9R). If F is a left D-module,
then the properties of the linear system (also called behavior)
kerz(R.) = {n € F? | Rn = 0} can be studied by means of
the module properties of M since Malgrange’s isomorphism
[19] yields kerz(R.) = homp (M, F).

B. Roesser models

In the present paper, we focus on linear 2D discrete systems
so that the dependent variables (e.g., sequences) considered are
functions of two discrete independent variables denoted by 4
and j. Certain particular forms of the equations modeling a
linear 2D discrete system are more suited than the others for
studying some properties of the system. One model that has
been widely used in the literature is the so-called Roesser
model [25]. Its main advantage relies on the fact that its
defining equations resemble as much as possible those of a
linear 1D discrete system, namely, x(i+1) = F x(i)+ H u(i),
y(i) = K z(i) + Lu(i). Consequently, some techniques previ-
ously developed for the 1D case can sometimes be mimiced to
the case of 2D Roesser models. The state-space representation
of a Roesser model [25] can be written as: for all ¢, j € N,

() = (42 (269 + () i
— —

A B

i) = a" (i, 5) wli. i
vid) = (€ C) (L0 + Duti ),
C

()]

where " (resp. xV) is the horizontal (resp. vertical) state
vector of dimension dj (resp. d,), u is the input vector
of dimension d,, y is the output vector of dimension d,
and E, A;;, B;, C; (for i,5 = 1,2), D are matrices of
appropriate dimensions with constant entries in a field K (e.g.,
K =R, Q, C). When the square matrix E is non-singular, the
model (1) is said to be regular or explicit and we can always
assume w.l.o.g. that £ = I;, where d = d;, + d,,. Otherwise
the Roesser model is said to be singular or implicit.
Within the algebraic analysis framework, if D = Q[o1, 09] de-
notes the commutative polynomial ring in two shift operators
o1 (w.rt. 4) and o9 (w.r.t. j) with coefficients in Q, then an
explicit Roesser model (1) is written as Rn = 0, with:

o1 [dh — A11 *Bl 0
—Ag —B> 0 .
-D 1

,C’l y
)

—Ar
o2 1q, — Azz
—Cy

R =

IITI. LINEAR REPETITIVE PROCESSES

Modeling a linear 2D discrete phenomenon does not always
provide the form (1) of a Roesser model. For instance, the

description of iterative learning control schemes [21] rather
provides the model of a linear repetitive process [26]. Using
the same notation as for the definition of Roesser models, the
state-space representation of a linear repetitive process [26] is
generally written as: for all ¢ € N, for all 0 < 5 < «, with
a € N*,

2(i+ 1,5 +1) = Az(i+1,5) + Boy(i,5) + Bu(i + 1,5),

(3)

where x is the state vector of dimension d,, u is the
input vector of dimension d,,, y is the pass profile vector of
dimension d,, which serves as the output vector, and A, By, B,
C, Dy, D are matrices of appropriate dimensions with constant
entries in a field K (e.g., K=R, Q, C).

One should remark that one difference with Roesser models
is that, here, the independent variable j is bounded. This has
important consequences in particular in the way initial condi-
tions have to be chosen to get a proper system description:
see [23], [26] for more details. However, for many issues
concerning linear repetitive processes (see, for instance, [27],
[4], [5]), this distinction can be omitted and in the sequel we
shall not take it into account and we thus always consider ¢
and j as formal independent variables.

Using the algebraic analysis framework over D = Q[o1, 03],
the model of a linear repetitive process (3) to which we add
the output equation z = y is written as R = 0, where:

o102 14, — Ao —Bo —Bo1 0
R: *CO’l Ulfdy*'Do *’DG1 0 . (4)
0 —1a, 0 1,

A. Equivalence with an explicit Roesser model

As previously explained, the Roesser model (1) has many
advantages when one wants to adapt 1D tools for studying
systems properties to the 2D case. Consequently, people have
been interested in the possibility to rewrite the equations of
other forms of 2D models under the Roesser form. To achieve
this, a natural idea consists in performing a change of variables
in the original model so that the equations written on the new
variables yield a Roesser model. Moreover, if one wants some
built-in properties of the system to be preserved through this
transformation then not all changes of variables are admissi-
ble. This is the reason why distinct notions of equivalence
transformations have been defined: see, for instance, [18],
[29], [13] and references therein. Within the algebraic analysis
approach to linear systems theory used in the present paper,
two linear systems are said to be equivalent if their associated
D-modules are isomorphic and we have the following explicit
characterization in terms of matrices:

Lemma 1 ([11], [13]). Let R € D?7*?, R’ € D7*? and
consider the associated D-modules M = D**? /(D**9 R) and
M' = DYP /(D'¥9" R'). Then, the linear systems Rn = 0
and R'nY = 0 are equivalent if and only if there exist six
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matrices P € DPXP' | Q € DI%4'| P! € DP'*P, Q € D x4,
Z € DP*9, and Z' € DP %7 satisfying:

RP=QR, R'P'=Q'R,

)
PP +ZR=1I, P P+Z R =1I,.

Note that implementations of the algorithms developed
in [11] to compute the matrices appearing in Lemma 1
are included both in the Maple package OREMORPHISMS
[12] based on OREMODULES [9] and in the Mathematica
package OREALGEBRAICANALYSIS [14]. With the notations
of Lemma 1, this algebraic notion of equivalence yields a
one-to-one correspondence between JF-solutions of Rn = 0
and F-solutions of R’ 7’ = 0 given by the invertible changes
of variables n = Pn’ and 1/ = P’7. Moreover this notion
of equivalence clearly preserved the (homological) invariants
of the D-modules which has interested consequences for the
systems properties [8].

In our previous paper [1], we proved that a linear repetitive
process (3) is equivalent to an explicit Roesser model (1):

Theorem 1 ([1], Theorem 1). The linear repetitive process

model (3) is equivalent to the explicit Roesser model given
by (1) with:

0 By 0|ByC B

| 0o Dy 0|DoC | D

A=l 0o 0o o] o |" B |’ ©
I, 0 0] A 0

C=(0 I, 0|C), D=0.

The change of variables allowing to rewrite the equations of
a given linear repetitive process under the form of a Roesser
model is not unique. For instance, to obtain (6), we have
introduced the new formal variables:

x (7”]) :u(iuj)a
2. 5) = a6, ), 7
u/(ivj):u(i+17j)7 y/(i,j):y(i,j).

But using the other choice of formal variables given by

(4,§) = 20,5+ 1) — Azx(i,j) — Bu(i,j),
(17]) = y(i’j) 76‘73(%.7) - ,Du(iyj)v
J

<= () E T
) ¥

provides the following alternative of Theorem 1:

Theorem 2. The linear repetitive process model (3) is equiv-
alent to the explicit Roesser model given by (1) with:

0 By | BoC ByD 0

. 0 Dy |DyC DyD . 0
A=\7 o014 B | B o)

0 0 0 0 1

C=(0 I |C D), D=0.

Proof. Let R = R be given by (4) and let R’ be given by (2)
with the matrices A, B, C and D defined by (9). Then, we
can check that the relations (5) are satisfied by the matrices

0o 0 Ig, 0 0 0
0o o0 0 0 0o Iy
P = Y
0o o0 0 I 0 0
0o o 0 0" o I
dy
Ia, 0 o1lq, O Bg
Q= 0 Iq,, 0 0 —oylg, +Do
0 0 0 0 0
o9lg, —A 0 -B 0
—C 0 -D Iq,, Ta, o —Bo
: 0 I o1 Iy — D
I 0 0 0 d 11g 0
r_ dg r_ u u
P = P 0 4 0 Q = 0 0 0
0 Y 0 0 0 0
0 0 zod I 0 0 0
dy
o 0 —Ig, 0 0
0o o 0 0o o 0 0 I
0 0 -4 ’ 0o o 0 0 o
Z = y z! =
0o o 0 0o o 0 0 0
0o o 0 0o o 0 —Ig4 0
u
0o o 0 0 0

The Roesser models given by Theorems 1 and 2 are
equivalent to the original linear repetitive process in the sense
of algebraic analysis. We shall alert the reader on the fact that
this does not imply that the systems are necessarily equivalent
if one considers other notions of equivalence. For instance,
the last two equations of (7) and (8) imply that the Roesser
models given in Theorems 1 and 2 are not input / output
equivalent to the original linear repetitive process. In [1], we
have illustrated the fact that algebraic analysis equivalence
does not imply input / output equivalence and conversely,
input / output equivalence does not imply equivalence in
the sense of algebraic analysis. Note that the problem of
constructing a Roesser model input / output equivalent to a
given linear repetitive process has been studied in [4], [5].

B. Structural stability

Let us consider a linear 2D discrete system R 7 = 0, where
R is a matrix with entries in D = Q[o1, 03] and 7 is a vector
of unknown bivariate sequences. As soon as stability issues
are concerned, one has to make the distinction between state
z, input v and output y variables. Consequently, the vector

nis split as n = (27 w? yT)T and the matrix R is split

accordingly':
T U 0
(v W )

In the general case, 7" can be a non-square matrix: see, e.g., [2].

(10)
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with T € D¥>de 7 € Ddexdu V' € D ¥de W € Ddv*du,
Then, introducing the region

8= {rm) eCvi=1,2, 1521},

where C = C U {00}, we give the following definition: we
refer to [2] and the references therein for more explanations
and justifications concerning Definition 1.

Definition 1 ([2]). The linear 2D discrete system given b
(10) is said to be structurally stable if, for all (A1, \2) € S’,
the constant matrix T'(\1, A2) satisfies det(T (A1, \2)) # 0.

In practice structural stability can be effectively checked
using the algorithms in [6], [7] that have been implemented
in MAPLE.

We shall now prove that this important notion of structural
stability is preserved via the equivalence transformation given
by Theorem 1. Note that [2, Theorem 1] asserts that a sufficient
condition for this to be true is that the linear systems defined
by the matrices T rp and Tr, corresponding respectively to
the matrix 7" of the representation (10) of the linear repetitive
process (3) and of the Roesser model given by (1) with (6),
are equivalent in the sense of algebraic analysis. We refer to
[2] for more details. Here, this sufficient condition does not
seem to hold but we can still prove the following result:

Theorem 3. The linear repetitive process (3) is structurally
stable if and only if the Roesser model given by (1) with (6)
is structurally stable.

Proof. From Definition 1, the Roesser model gi;/en by (1) with
(6) is structurally stable if for all (A1, \2) €S,

A 1q, —By 0 —B,C
B 0 MIy-Dy O ~DyC
a = det 0 0 ML, 0 #0.
I, 0 0 Mol —A

Permuting first the last two block rows and then the last two
block columns, we get

A I, —By —ByC 0
B 0 NIy —Dy —DoC 0
a=det| 0 Nl —A 0
0 0 0 Mg,
so that

M Iy, —By —B,C

a=A{det| 0 NIy, —Dy —DoC
14, 0 Ao ly — A

Now multiplying the last block row by A; and adding to it the
first block row leads to:

A lg, —Bo —BoC
a = Alliuidz det 0 A1 Idy — Dy —DoC s
0 ~Bo M2 L, —A) — BoC
so that
_\da A1 1a, — Do —DyC
a=A det( “Bo  MAels, —MA-BoC)

We then replace the last block column by itself minus the first
block column multiplied on the right by C to get:

)\1 Idy — Do —)\1 C
—By My, —MA)

Finally permuting the block rows and then the block columns,

we obtain
—By
M la, —Do) "

a= )\f“ det (

)\1 AQIdm — /\1./4

— )\%u
a = A7" det ( NG

We thus have: for all (A1, A2) € 5

/\1 )\2 Idw — )\1 A —BO # 0
-\ C A1 14, — Do ’
which ends the proof since, from Definition 1, the linear repet-

itive process (3) is structurally stable if, for all (A1, A2) € §2,
b#0. O

a7€0<:>b—det<

Note that the proof of Theorem 3 given above can be easily
adapted to prove the analogous result for the Roesser model
given by (1) with (9):

Theorem 4. The linear repetitive process (3) is structurally
stable if and only if the Roesser model given by (1) with (9)
is structurally stable.

IV. WAVE LINEAR REPETITIVE PROCESSES
A. Definition

The model (3) of a linear repetitive process can be general-
ized so that the previous ¢ pass contribution to the dynamics
at a given sample j on the current (i + 1) pass does not only
depend on the same instance j but on a window of points
7 —w; < j < j+wp, for given wy, wy, € N. This generalized
model which appears in iterative learning control design is
then called wave linear repetitive process [17]. The state-space
representation of a wave linear repetitive process is written as:
for all 7 € N, for all 0 < j < «, with a € N*,

Wh
z(i+ 1,7+ 1) =Az(i+1,5)+ > Bey(i,j+ k) + Bu(i + 1, ),

k=—w;
Wh
y(i+1,7) =Cal(i+1,5) + > Dey(ij+ k) + Duli+1,5),
k=—w;

an

where A, the By’s, B, C, the D}’s, and D are matrices
of appropriate dimensions with constant entries in a field K
(e.g., K=R, Q, C). Note that setting w; = wp = 0, we find
again the linear repetitive process (3).

In order to use the algebraic analysis framework to study
wave linear repetitive processes, one should first remark that,
as soon as w; > 0, the ring D = Q[oy,02] does not
allow to write the wave linear repetitive process (11) under
the form Rn = 0, with the entries of R in D. Indeed
one needs to introduce the inverse shift o, ' which acts on
a bivariate sequence f(i,j) as oy '.f(i,5) = f(i,j — 1).
Consequently we introduce the new commutative polynomial
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ring E = Q[oy, 02, 051], where 020051 = 051002 = idg and
we have D C [E. The model of a linear repetitive process (11)
to which we add the output equation z = y is written as
Rwn = 0, where:

Wh
0’10‘21(11—./40'1 - Z BkU§ —BO’l 0
k=—uw;
= Wh
Ruw —Coi orla, — Dyok —Doy 0
k=—w;
0 —1g, 0 g,
Y y(12)

In [16], the authors show that a given wave linear repetitive
process of the form (11) can be explicitly transformed into
an input / output equivalent singular Roesser model (1). The
purpose of the next section is to show that we can also
construct a singular Roesser model which is equivalent to (11)
in the sense of algebraic analysis.

B. Equivalence with an implicit Roesser model

In the case of a linear repetitive process (3), the pass profile
vector y is only shifted with respect to the independent variable
i so that introducing y in the horizontal state vector 2" allows
to construct an equivalent explicit Roesser model. See the
changes of variables (7) and (8) given in Section III-A. In
the more general case of a wave linear repetitive process (11),
the pass profile vector y is both shifted with respect to ¢ and
j. Consequently, in order to get a Roesser form of the model,
y should both appear in the horizontal 2" and vertical 2
state vectors. But, if one wants an equivalence transformation,
then one has to provide a link between these new two formal
variables (i.e., one has to encode the fact that they are equal)
since they both stand for the pass profile vector y of the
wave linear repetitive process. The fact that, in a Roesser
model, such a link (without shifts) between z” and zV can
only be obtained using an implicit equation, leads to an
implicit equivalent Roesser model. Generalizing the change of
variables (7) and taking into account the latter fact, we shall
prove that introducing the following new formal variables

o b (i,g) = 2(i,5 +1) — Ax(i, ),
2" = (@>, 25 (i, 5) = y(i, j) — C (i, ),
3 o} (i,5) = u(i, ),
24 (i, ) = (i, ),
o 28(i,5) = y(i,j — w),
v .Z'S :
v Do Yabelid) = i g),
Loy +2 :
8, pwp+2(t,7) = y(i, 5 + wn),

u'(i,5) = ui+1,5), y'(i,5) =y(i,J), (13)
will provide an implicit Roesser model which is equivalent
to the wave linear repetitive process (11).

In the rest of this section, for the ease of presentation, we
shall assume that w; = 2 and wy, = 1. Note that Theorem 5
below can be easily generalized to any value of w; and wy,.

Theorem 5. The wave linear repetitive process model (11)
with w; = 2 and wy, = 1 is equivalent to the implicit Roesser
model given by (1) where:

E = diag(1a,,1a,,1a,,1a,,1a,,1a,,1a,,0a,),

0 0 0| 0 B B_1 By B
0O 0 0|0 D, D, Dy D
0 0 0] 0 0 0 0 0
A_| T 0 O0[A 0 0 0 0
0 0 0] 0 0 Idy 0 0 ’
0 0 0] 0 0 0 Idy 0
0 0 0] 0 0 0 0 Idy
0 —I 0O|-C 0 0 I O
B
D
I,
L [0 C=(0 Iy 0[C 00 0 0),
01"l p=o.
0
0
0

(14)

Proof. Let R = R,, be the matrix with entries in E given by
(12) with w; = 2 and wy, = 1 and let R’ be the matrix with
entries in D C [E given by

R =
o1 0 0 0 -B_y —B_; —Bg —B; -B 0
0 o1 0 0 -D_, -D_; -Dy -D; -D 0
0 0 o1 0 0 0 0 0 —Ia, 0
I, 0 0 og— A 0 0 0 0 0 0
0 0 0 0 oo ~Ig, 0 0 0 0
0 0 0 0 0 oo ~Ig, 0 0 0
0 0 0 0 0 0 oo Iq,, 0 0
0 ~Ig, 0 —c 0 0 Iq,, 0 0 0
0 ~Ig, 0 —c 0 0 0 0 0 Ig,

To shorten the notation, in the matrix R’ above and in the
matrices below, o; I; has been replaced by o; for © = 1 or 2
and d = d, d, or d,,. We have to prove that the E-modules
respectively associated to R and R’ are isomorphic over E.
To achieve this it suffices to check that the four relations (5)
of Lemma 1 are satisfied by the six matrices

0o 0 0o Iz 0 0 0 0 0 0
0 o 00 0 0 0 0 o0 Ig4
P= y
0 o0 Ig4, o 0 0 0 0 0 0 ’
o 0o o0 o 0 0 0 0 0 Ig
Yy
I 0 -B o, oj'B SiB_1+072%B -B
dg 1 2 -2 To -1 ) —2 1
Q=1 o Ig, -D 0 oy Dy oy D+, D 5 -Dy
0 0 0 0 0 0 0

—oo By —oy LB — oy 2 B_g — B

oaBi+oy By +oy 2B g+ B
—Diog —oy ' D 1 —052D p 401 — Do
0

=1 2
Diog+o, D_j+05°D_g5+Dy
0
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oy — A 0 0 0
—C I 0 0
dy I, 0 0
0 0 Ia, 0 0 Iq,, 0
Id:c 0 0 0 g g g
0 o 0 0
P = 2 Q = 0 0 0
0 og 0 0 0 0 0
0 Tq, 0 0 0 0 0
0 oo 0 0 0 0 0
0 o T 1 C T
dy
0o o 0
z=| © ° ~lay ,
0o o 0
0o 0 0
0o o 0 —Ig, 0 0 0 0 0
0o o 0 0 0 0 0 0 Iq,,
0o o 0 0 0 0 0 0 0
0o o 0 0 0 0 0 0 0
, 0o o 0 0 ogt 052 0 o5 o5 ?
z = Z1 21 21
0o o 0 0 0 o, 0 o, —og
0o o 0 0 0 0 0 Ta, ~1g,
0o o 0 0 0 0 ~Iq, oo —og
0o o0 —Ig4 0 0 0 0 0 0
w
0o 0 0 0 0 0 0 0 0

As it was the case in Section III-A, Theorem 5 does
not imply that the implicit Roesser model obtained is
input / output equivalent to the original wave linear repetitive
process. Indeed, Equation (13) shows that this is surely not
the case.

In future work, we would be interested in investigating the
structural stability of a wave linear repetitive process using
the fact that the structural stability of the equivalent Roesser
model might be preserved by the equivalence transformation.
However, several preliminary questions have to be answered:
(i) What should be the definition of structural stability for
linear 2D system over the ring E? (ii) If a definition was found
and if the property was proved to be preserved, what would be
its exact meaning for the wave linear repetitive process? Would
it make sense? The answers seem to be far from obvious.
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