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Abstract This article deals with stability and stabilization issues for linear
two-dimensional (2D) discrete models. More precisely, we focus on repetitive
processes and Roesser models. Within the algebraic analysis approach to lin-
ear systems theory, we first show how a given linear repetitive process can be
transformed into an equivalent linear Roesser model. We then prove that the
structural stability is preserved by this equivalence transformation. This en-
ables us to design new approaches for stabilizing linear repetitive processes by
means of existing methods for computing a state feedback control law stabiliz-
ing a linear 2D discrete Roesser model. We also show that we can interpret the
stability along the pass of a linear repetitive process as its structural stability.
This implies that one of our new approaches can be applied to stabilize along
the pass a linear repetitive process which is only stable from pass to pass.
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1 Introduction

The wide variety of potential applications of multidimensional (or nD) mod-
els [10,11,33,37] have brought about a growing interest from the researchers.
Indeed, such models make sense to describe many processes encountered in the
field of engineering, e.g., in signal or image processing [28,51], nD-filtering [9],
network realizability [59], interconnected systems [26], or processes whose be-
havior complies with partial differential equations [50]. But one of the most
recurring application concerns 2D models: this is the control of linear repetitive
processes [53] which are particularly convenient to formulate iterative learning
control schemes [40,18,53,45,46]. Such schemes find their typical applications
in metal rolling or robotics but they also appear in many other fields. For a
better view on how the repetitive process setting is natural and can be effi-
ciently exploited, both on theoretical and practical aspects of iterative learning
control, the reader is invited to have a look to [47,54,48]. The present paper
makes a connection between 2D models and linear repetitive processes. It fo-
cuses on some new way to address the control of linear repetitive processes by
means of 2D models, more precisely the so-called Roesser models [34,52].

A now usual way to transform repetitive processes into Roesser models has
been clearly highlighted in, e.g., [44,45,53]. This reformulation has led many
authors to study the stability of linear repetitive processes as the stability
of the associated Roesser models. Stabilizing control laws were also obtained,
based upon the same transformation [32,31,45,53]. To be more precise, those
works rely on the fact that stabilizing the derived Roesser model, in the sense
of structural stability [38], amounts to stabilizing the original linear repetitive
process along the pass [53,45]. The purpose of the present article is to propose
an alternative approach to the now classic above-mentioned procedure. This
alternative is based upon the notion of equivalence of linear systems in the
sense of the algebraic analysis approach to linear systems theory. This work is
restricted to discrete models.

Various notions of equivalence of systems are considered in the literature.
For instance, the notion of strict equivalence has been introduced in [30,62,
12]. It is possible to rigorously investigate and further extend this notion by
considering the algebraic analysis approach, also called behavioral approach,
to linear systems theory. Actually, following the formalism introduced by [60],
a unified framework can be established, which enables the study of a wide
class of multidimensional (and therefore 2D) systems and to clearly define the
notion of equivalence between two systems [39,41,19,22,49,61]. Linear repeti-
tive processes as well as Roesser models can be expressed in such a framework.
Moreover, it is possible to prove that any linear discrete repetitive process can
be transformed into a linear discrete Roesser model which is equivalent in the
sense of algebraic analysis [1]. Notice that the same result but with a different
notion of equivalence is obtained in [13,14] and the equivalence between linear
repetitive processes and Fornasini-Marchesini models [29] is also considered
in [13]. The equivalence in the sense of algebraic analysis is exploited in the
present contribution.
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Indeed, one of the interests in considering equivalence in the sense of alge-
braic analysis is that it preserves some useful properties of the linear systems,
including (most of the time) structural stability. This issue was addressed in [4,
3]. Besides, it is also possible, as previously evoked, to connect the notion of
structural stability of linear 2D discrete models to that of stability along the
pass of linear discrete repetitive processes. In this paper, we study this possi-
ble relationship with the lens of algebraic analysis and the related concept of
equivalence. More precisely, we show that the stability along the pass of a lin-
ear repetitive process is nothing but its structural stability and we prove that
this structural stability is preserved when transforming this repetitive process
into some equivalent Roesser model. Moreover, we prove that a state feedback
control law which structurally stabilizes the equivalent Roesser model can be
interpreted as another control law which stabilizes the initial linear repetitive
process. This provides an alternative tool to existing ones which do not rely on
equivalence in the sense of algebraic analysis. We also discuss some differences
with those classic tools. The purpose of the article is thus to provide a new
light on the control of linear repetitive processes.

The article is organized as follows. In Section 2, we remind the reader of
the linear discrete Roesser model and the linear discrete repetitive process. In
Section 3, we recall few notions of the algebraic analysis approach, particu-
larly the notion of equivalence between two systems. Once the two considered
models are expressed in this framework, we propose two ways to transform
a linear discrete repetitive model into an equivalent linear discrete Roesser
model. In Section 4, we recall the notion of stability along the pass of a linear
repetitive process as well as that of structural stability of a linear 2D model.
We show that they coincide for the special case of linear repetitive processes.
We also show that structural stability is preserved while transforming a linear
repetitive process into a Roesser model. In Section 5, we recall the usual way
to stabilize a linear repetitive process, which does not rely on the notion of
equivalence in the sense of algebraic analysis. Then we propose an alterna-
tive approach which is based upon equivalence. We provide comments on the
differences between both approaches and we illustrate our new technique by
means of an example.

2 Roesser models and linear repetitive processes

In this section, we introduce the two linear 2D discrete models that we con-
sider in what follows.

The state-space representation of a Roesser model [34,52] can be written
as
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(
xh(i+ 1, j)
xv(i, j + 1)

)
=

(
A11 A12

A21 A22

)
︸ ︷︷ ︸

A

(
xh(i, j)
xv(i, j)

)
+

(
B1

B2

)
︸ ︷︷ ︸

B

u(i, j),

y(i, j) = (C1 C2)︸ ︷︷ ︸
C

(
xh(i, j)
xv(i, j)

)
+Du(i, j),

(1)

where xh (resp. xv) is the horizontal (resp. vertical) state vector of dimension
dh (resp. dv), u is the input vector of dimension du, y is the output vector of
dimension dy, and Aij , Bi, Ci (for i, j = 1, 2), D are matrices of appropriate
dimensions with constant entries in a field K (e.g., K = R, Q, C).

The state-space model of a linear repetitive process [45,53] is generally
written as

xk+1(p+ 1) = Axk+1(p) + B0 yk(p) + B uk+1(p),

yk+1(p) = C xk+1(p) +D0 yk(p) +D uk+1(p),
(2)

where x is the state vector of dimension dx, u is the input vector of dimension
du, y is the pass profile vector of dimension dy which serves as the output
vector, and A, B0, B, C, D0, D are matrices of appropriate dimensions with
constant entries in a field K (e.g., K = R, Q, C).

We refer to [45,53,13,14] and references therein for more explanations on
linear repetitive processes and their main differences with Roesser models, in
particular in the way initial conditions have to be specified to get a proper
system description. It is however interesting to mention that a linear repeti-
tive model is a 2D model which describes a process that is often intrinsically
not a 2D process. Indeed, in most of the applications, k and p do refer to the
same temporal dimension which is considered with two different scales. To be
more precise, the process makes a series of sweeps (termed passes) through a
set of dynamics over a time interval of finite duration. This duration is called
the path length and is denoted by T ∈ N in the sequel. An important feature
is that the pass profile yk(p), k ∈ N, p ∈ N with 0 ≤ p ≤ T , is used as a
forcing function on the next pass k+ 1, as shown by the equations in (2). The
designer of such a process can then be interested in these dynamics from pass
to pass (i.e., along the k-dimension) as well as in the dynamics along the pass
(i.e., along the p-dimension). As evoked in the introduction, iterative learning
control schemes [40,18] are a typical kind of processes which can be described
in such a way [45,35].

In the remainder of the paper, we investigate how a linear repetitive pro-
cess can be transformed into a Roesser model, and how a stabilizing control
law derived from this Roesser model can be interpreted as a stabilizing control
law to be applied to the linear repetitive process. This will require precise defi-
nitions of stability. Such a way of considering the stabilization of an associated
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Roesser model to stabilize a repetitive process already exists in the literature
(see. e.g. [45,53]). We here propose an alternative approach based upon the
notion of equivalence in the sense of algebraic analysis and we highlight some
differences with previous results.

3 Equivalence of models

3.1 The algebraic analysis approach to equivalence

The algebraic analysis (or behavioral) approach to linear systems theory can be
seen as a unified mathematical framework in which it becomes possible to study
a very large class of linear systems appearing in various fields of physics and en-
gineering. Those systems can be either continuous-time or discrete-time, they
can include delays, and they can also be multidimensional (nD) while still being
encompassed by the algebraic analysis framework. This theory can also handle
systems that are either determined, overdetermined or underdetermined. See
[39,41,61,19,49] and the references therein. In the present contribution, we are
interested in stabilizing some instances of linear 2D discrete models. Within
the algebraic analysis framework, every linear 2D discrete system is written
under the form

Rη = 0,

where R is a (rectangular) q× p matrix with entries in the commutative poly-
nomial ring D = Q[σ1, σ2] in two shift operators σ1 and σ2 and where η is a
vector composed of the dependent variables of the system, i.e., η contains the
state, input, and output variables. Namely, an element P =

∑
k,l pk,l σ

k
1 σ

l
2 of

the ring D, with pk,l ∈ Q and
∑

k,l is a finite sum, acts on a bivariate sequence
f(i, j) as P.f(i, j) =

∑
k,l pk,l f(i+ k, j + l).

In the sequel, when considering a linear repetitive process (2), we shall
replace the notation xk(p) by x(k, p) (similarly for uk(p), yk(p)) and we shall
also use the letters i, j instead of k, p for the independent variables. This al-
lows us to consider both Roesser and linear repetitive process models in the
same algebraic framework with consistent notations.

Using the latter approach, the Roesser model (1) can be written as Rη = 0,
where

R =

σ1 Idh
−A11 −A12 −B1 0

−A21 σ2 Idv
−A22 −B2 0

C1 C2 D −Idy

 ∈ Dq×p, η =


xh

xv

u
y

 , (3)

with q = (dh + dv) + dy and p = (dh + dv) + du + dy.
In a similar way, the model of a linear repetitive process (2) is written as

R η = 0, where
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R =

σ1 σ2 Idx
−Aσ1 −B0 −Bσ1 0

−C σ1 σ1Idy
−D0 −Dσ1 0

0 Idy 0 −Idy

 ∈ Dq×p, η =


x
y
u
z

 ,

(4)
with q = (dx + dy) + dy, p = (dx + dy) + du + dy, and where we explicitly add
the output equation z = y to (2) in order to encode the fact that the pass
profile vector y serves as the output vector.

If F is a D-module, then we can consider the linear system or behavior

kerF (R.) := {η ∈ Fp | Rη = 0}.

The main principle of the algebraic analysis approach is that the analytic
object kerF (R.) can be studied by means of algebraic techniques (e.g., module
theory, homological algebra) by considering the D-module

M = D1×p/(D1×q R),

finitely presented by the matrix R ∈ Dq×p. Indeed a standard result asserts
that we have the following Malgrange’s isomorphism [39]

kerF (R.) ∼= homD(M,F),

where homD(M,F) is the set of maps φ : M → F that are D-linear, i.e.,

∀d1, d2 ∈ D, ∀m1, m2 ∈M, φ(d1m1 + d2m2) = d1 φ(m1) + d2 φ(m2).

There is thus a dictionary between the analytic properties of the behavior
kerF (R.) and the algebraic properties of the D-module M which can be effec-
tively checked using computer algebra techniques (e.g., Gröbner/Janet basis
computations over non necessarily commutative rings).

Within the latter algebraic analysis framework, the natural definition of
equivalent systems is the following:

Definition 1 ([22,24]) Let R ∈ Dq×p and R′ ∈ Dq′×p′
be two matrices and

M = D1×p/(D1×q R), M ′ = D1×p′
/(D1×q′ R′) the associated D-modules. If F

is a D-module, then the linear systems kerF (R.) and kerF (R′.) are said to be
equivalent if the D-modules M and M ′ are isomorphic, i.e., M ∼= M ′.

Note that this notion of equivalence has the advantage to preserve the
invariants of the D-modules, e.g., homological invariants such as (projective)
dimensions, cancellation of ext’s modules,. . . [56] which has interesting conse-
quences in the study of systems properties [19]. Moreover, studying the equiv-
alence in the sense of Definition 1 between linear systems amounts to studying
isomorphisms between finitely presented D-modules for which we have the
following effective result:
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Lemma 1 ([22,24]) Let R ∈ Dq×p, R′ ∈ Dq′×p′
and consider the associated

D-modules M = D1×p/(D1×q R) and M ′ = D1×p′
/(D1×q′ R′).

1. The existence of a homomorphism f ∈ homD(M,M ′) is equivalent to the
existence of two matrices P ∈ Dp×p′

and Q ∈ Dq×q′ satisfying the identity:

RP = QR′. (5)

Then, the homomorphism f ∈ homD(M,M ′) is defined by f(π(λ)) =
π′(λP ), for all λ ∈ D1×p, where π : D1×p → M and π′ : D1×p′ → M ′

denote the canonical projections onto M and M ′.
2. With the previous notations, f is an isomorphism, i.e., M ∼= M ′ if and

only if there exist four matrices P ′ ∈ Dp′×p, Q′ ∈ Dq′×q, Z ∈ Dp×q, and
Z ′ ∈ Dp′×q′ satisfying:

R′ P ′ = Q′R, P P ′ + Z R = Ip, P ′ P + Z ′R′ = Ip′ . (6)

Remark 1 With the notations of Lemma 1, the invertible changes of variables
η = P η′ and η′ = P ′ η explicitly given by the isomorphism provide a one-to-
one correspondence between the F-solutions of Rη = 0 and the F-solutions
of R′ η′ = 0, i.e., we have: Rη = 0⇐⇒ R′ η′ = 0. It matters to draw attention
to the fact that the matrices P and P ′ (as well as all the matrices involved
in Lemma 1) have their entries in the ring D, meaning that the only opera-
tors allowed in the above-mentioned changes of variables are the forward shift
operators σ1 and σ2 (in particular, backward shift operators are not allowed).

Algorithms for computing homomorphisms of finitely presented left D-
modules are given in [22] and have been implemented both in the Maple
package OreMorphisms [23] based on OreModules [20] and in the Math-
ematica package OreAlgebraicAnalysis [25]. Moreover algorithms for de-
ciding whether a given homomorphism of finitely presented D-modules is an
isomorphism (and if so, compute all the matrices appearing in Lemma 1) are
implemented in the Maple package OreMorphisms [23].

3.2 Roesser models equivalent to a given linear repetitive process model

The main purpose of this paper is to transform a linear repetitive process into
an equivalent Roesser model in the sense of Definition 1, and to show how
a stabilizing state feedback control law applied to this Roesser model can be
interpreted as a stabilizing control law for the original linear repetitive process.

First, it matters to mention that there exists a “natural” way to transform
a given linear repetitive process model (2) into a Roesser model of the form (1)
that is commonly used in the literature: see, for instance, [45, §2.2.1 and §2.2.2,
page 27]. Let us recall this transformation. Given (2), it consists in considering
the following change of variables
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
xh(i, j) = y(i, j) = yk(p),
xv(i, j) = x(i+ 1, j) = xk+1(p),
u′(i, j) = u(i+ 1, j) = uk+1(p),
y′(i, j) = y(i, j) = yk(p),

(7)

from the variables x, u, y of (2) to new variables xh, xv, u′, y′. Through this
change of variables, we then find that the equations (2) yield the following
Roesser model for the new variables:(

xh(i+ 1, j)
xv(i, j + 1)

)
=

(
D0 C
B0 A

)
︸ ︷︷ ︸

A

(
xh(i, j)
xv(i, j)

)
+

(
D
B

)
︸ ︷︷ ︸

B

u′(i, j),

y′(i, j) = (Idy
0dy×dx

)︸ ︷︷ ︸
C

(
xh(i, j)
xv(i, j)

)
+ 0dy×du︸ ︷︷ ︸

D

u′(i, j).

(8)

Since in a Roesser model (1), the two dimensions i and j play the same role,
it is possible to switch i and j as well as xh and xv, and thus equivalently
consider the change of variables

xh(i, j) = xk+1(p),
xv(i, j) = yk(p),
u′(i, j) = uk+1(p),
y′(i, j) = yk(p),

(9)

which leads to the Roesser model(
xh(i+ 1, j)
xv(i, j + 1)

)
=

(
A B0
C D0

)
︸ ︷︷ ︸

A

(
xh(i, j)
xv(i, j)

)
+

(
B
D

)
︸ ︷︷ ︸

B

u′(i, j),

y′(i, j) = (0dy×dx
Idy

)︸ ︷︷ ︸
C

(
xh(i, j)
xv(i, j)

)
+ 0dy×du︸ ︷︷ ︸

D

u′(i, j).

(10)

This second instance (10) is most commonly used in the literature and shall
thus be privileged in the remainder of the paper.

The above transformations are not equivalences in the sense of algebraic
analysis, i.e., in the sense of Definition 1. Indeed, it is not possible to express
x, u and y in terms of xh, xv, u′, and y′ without involving the backward shift
operators. Therefore, following Remark 1, even if the change of variables (7)
provides a matrix P ′ with entries in D, the corresponding matrix P would not
have its entries in D. It could be possible to consider Laurent polynomials, i.e.
to change D, thus allowing the use of backward shift operators σ−11 and σ−12 .
However, by doing so, we would increase the risk to generate non causal models
(especially non causal control laws in Section 5). The above transformations
did fortunately not generate causality problems but in a general framework,
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we should be careful and avoid this possibility by restricting D to usual poly-
nomials in σ1 and σ2.

In what follows, we provide the first contribution of the present paper:
we prove that a given linear repetitive process model (2) is equivalent, in the
sense of algebraic analysis, to two distinct Roesser models of the form (1):
see Theorems 1 and 2 below. To achieve this, we proceed as in [21]: we start
from the model (2), through a well chosen change of variables, we construct
a special instance of a Roesser model of the form (1), and we prove that the
associated D-modules are isomorphic by explicitly providing the isomorphism
in terms of matrices as in Lemma 1. Starting from (2), let us introduce the
new vectors:

xh(i, j) =

xh1 (i, j)
xh2 (i, j)
xh3 (i, j)

 ,

xh1 (i, j) = x(i, j + 1)−Ax(i, j),
xh2 (i, j) = y(i, j)− C x(i, j),
xh3 (i, j) = u(i, j),

xv(i, j) = x(i, j),

u′(i, j) = u(i+ 1, j),

y′(i, j) = y(i, j).

Direct calculations using (2) then show that:

xh1 (i+ 1, j) = B0
(
xh2 (i, j) + Cxv(i, j)

)
+ B u′(i, j),

xh2 (i+ 1, j) = D0

(
xh2 (i, j) + Cxv(i, j)

)
+D u′(i, j),

xh3 (i+ 1, j) = u′(i, j),

xv(i, j + 1) = xh1 (i, j) +Axv(i, j),

y′(i, j) = y(i, j) = xh2 (i, j) + C xv(i, j).

This then yields a Roesser model of the form (1) for the vectors xh, xv, u′, y′

defined above and we derive the next theorem:

Theorem 1 The linear repetitive process model (2) is equivalent in the sense
of Definition 1 to the Roesser model

(
xh(i+ 1, j)
xv(i, j + 1)

)
=


0 B0 0 B0 C
0 D0 0 D0 C
0 0 0 0
Idx

0 0 A


︸ ︷︷ ︸

A

(
xh(i, j)
xv(i, j)

)
+


B
D
Idu

0


︸ ︷︷ ︸

B

u′(i, j),

y′(i, j) =
(

0 Idy
0 C
)︸ ︷︷ ︸

C

(
xh(i, j)
xv(i, j)

)
+ 0dy×du︸ ︷︷ ︸

D

u′(i, j).

(11)
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Proof We shall prove that the D-modules respectively associated with R given
by (4) and R given by (3) with the matrices A, B, C and D defined by (11)
are isomorphic. From Lemma 1, it is enough to verify that the matrices

P =


0 0 0 Idx

0 0
0 Idy

0 C 0 0
0 0 Idu 0 0 0
0 0 0 0 0 Idy

 , Q =

 Idx
0 −B σ1 Idx

0
0 Idy

−D 0 0
0 0 0 0 Idy

 ,

P ′ =


σ2 Idx

−A 0 0 0
−C Idy

0 0
0 0 Idu

0
Idx

0 0 0
0 0 σ1 Idu

0
0 0 0 Idy

 , Q′ =


Idx

0 0
0 Idy 0
0 0 0
0 0 0
0 0 0
0 0 Idy

 ,

Z =


0 0 0
0 0 0
0 0 0
0 0 0

 , Z ′ =


0 0 0 −Idx

0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 −Idu 0 0
0 0 0 0 0

 ,

satisfy the relations (5) and (6) with R = R given by (4) and R′ = R given
by (3) with the matrices A, B, C and D defined by (11), which can be straight-
forwardly checked. �

There is an alternative way of constructing a Roesser model equivalent to
a given linear repetitive process. Starting from (2), let us introduce the new
vectors:



xh(i, j) =

(
xh1 (i, j)
xh2 (i, j)

)
,

{
xh1 (i, j) = x(i, j + 1)−Ax(i, j)− B u(i, j),
xh2 (i, j) = y(i, j)− C x(i, j)−D u(i, j),

xv(i, j) =

(
xv1(i, j)
xv2(i, j)

)
,

{
xv1(i, j) = x(i, j),
xv2(i, j) = u(i, j),

u′(i, j) = u(i, j + 1),

y′(i, j) = y(i, j)

Direct calculations using (2) then show that:

xh1 (i+ 1, j) = B0
(
xh2 (i, j) + Cxv1(i, j) +D xv2(i, j)

)
,

xh2 (i+ 1, j) = D0

(
xh2 (i, j) + Cxv1(i, j) +D xv2(i, j)

)
,

xv1(i, j + 1) = xh1 (i, j) +Axv1(i, j) + B xv2(i, j),

xv2(i, j + 1) = u′(i, j),

y′(i, j) = y(i, j) = xh2 (i, j) + C xv1(i, j) +D xv2(i, j).



On the Stability and the Stabilization of Linear Discrete Repetitive Processes 11

This then yields another Roesser model of the form (1) for the new vectors
xh, xv, u′, y′ and we get the next theorem:

Theorem 2 The linear repetitive process model (2) is equivalent in the sense
of Definition 1 to the Roesser model

(
xh(i+ 1, j)
xv(i, j + 1)

)
=


0 B0 B0 C B0D
0 D0 D0 C D0D
Idx

0 A B
0 0 0 0


︸ ︷︷ ︸

A

(
xh(i, j)
xv(i, j)

)
+


0
0
0
Idu


︸ ︷︷ ︸

B

u′(i, j),

y′(i, j) =
(

0 Idy
C D

)︸ ︷︷ ︸
C

(
xh(i, j)
xv(i, j)

)
+ 0dy×du︸ ︷︷ ︸

D

u′(i, j).

(12)

Proof We can check that the relations (5) and (6) are satisfied with R = R
given by (4), R′ = R given by (3) with the matrices A, B, C and D defined
by (12), and with

P =


0 0 Idx

0 0 0
0 Idy

C D 0 0
0 0 0 Idu 0 0
0 0 0 0 0 Idy

 , Q =

 Idx
0 σ1 Idx

0 0
0 Idy

0 0 0
0 0 0 0 Idy

 ,

P ′ =


σ2 Idx

−A 0 −B 0
−C Idy

−D 0
Idx

0 0 0
0 0 Idu 0
0 0 σ2 Idu

0
0 0 0 Idy

 , Q′ =


Idx

0 0
0 Idu

0
0 0 0
0 0 0
0 0 Idy

 ,

Z =


0 0 0
0 0 0
0 0 0
0 0 0

 , Z ′ =


0 0 −Idx

0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 −Idu 0
0 0 0 0 0

 . �

In the next sections, we shall exploit this notion of equivalence in the sense
of algebraic analysis to investigate the stability analysis and the stabilization of
linear repetitive processes. Note that Section 5.4 will illustrate the fact that for
stabilization issues, both Roesser models (11) and (12) could be useful. Indeed,
in some cases, the approach that we propose for computing a stabilizing control
law for the linear repetitive process (2) using an equivalent Roesser model can
be applied with the model (11) but not with (12) and vice versa.
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4 Stability

4.1 Stability notions for linear repetitive processes

The stability of linear repetitive processes has been widely studied [55,53] and
the peculiarity of those models has led the authors to define several kinds of
stability. As previously mentioned, such a process evolves from pass to pass
and the most natural way to introduce a notion of stability is to express it
in the Bounded Input - Bounded Output (BIBO) sense: a linear repetitive
process is said to be BIBO-stable if an initial bounded pass profile y0(p) pro-
duces a sequence yk(p), k ∈ N, of bounded pass profiles. This occurs when the
sequence of pass profiles converges to a limit pass profile. Due to the finite
duration of the pass, this limit pass profile is bounded. Such a stability is also
termed asymptotic stability [53]. We here choose the following characterization
of asymptotic stability in matrix terms as a definition:

Definition 2 ([53]) The linear repetitive process (2) is said to be asymptot-
ically stable if

∀λ ∈ S, det(λIdy −D0) 6= 0, (13)

where S is the outside of the open unit disc, i.e.,

S = {z ∈ C, |z| ≥ 1},
with C = C ∪ {∞}.

Note that exploiting this characterization amounts to solving a very standard
test on the eigenvalues of D0. This is nothing but the so-called Schur-stability
of the input-free discrete 1D linear model xk+1 = D0 xk. This stability is
also called the pass-to-pass stability. It can make sense for a given finite value
of T . But in practical applications, the pass duration T may be changed
and it may influence the limit pass profile. Though bounded, this limit pass
profile, to which the convergence is ensured by the asymptotic stability, might
not be satisfactory as it might hide some instable behaviors in the along the
pass dynamics. That possible “inside” instability is in some way thwarted by
the finite duration of the pass. Consequently, a more sophisticated notion of
stability, for which the limit pass profile matches a stable behavior in the 1D
sense, has been introduced: it is the so-called stability along the pass [45,53].
All the details and technical stuff can be found in [53]. Once again, we choose
the following characterization in terms of matrices as a definition:

Definition 3 ([53]) The linear repetitive process (2) is said to be stable along
the pass if

i. for all λ ∈ S, det(λIdy
−D0) 6= 0 (stability from pass to pass);

ii. for all λ ∈ S, det(λIdx
−A) 6= 0;

iii. for all λ ∈ ∂S, det(G(λ)) 6= 0, where

G(λ) = C(λIdx −A)−1B0 +D0,

and ∂S = {z ∈ C, |z| = 1} denotes the unit circle.
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Conditions i. and ii. of Definition 3 considered together are the so-called prac-
tical stability [27]. They are easy to test. However, Condition iii. is somewhat
more complicated as it takes the 2D modeling of the linear repetitive process
into account; it is actually connected to the notion of structural stability which
is central in the forthcoming developments.

4.2 Structural stability of a linear 2D discrete system

Let us consider a linear 2D discrete system Rη = 0, where R is a matrix with
entries in D = Q[σ1, σ2] and η is a vector of unknown bivariate sequences. As
soon as stability issues are concerned, one has to make the distinction between
state x, input u and output y variables. Consequently, the vector η is split as
η = (xT uT yT )T and the matrix R is split accordingly1:

R =

(
T −U 0
V W −Idy

)
, (14)

with T ∈ Ddx×dx , U ∈ Ddx×du , V ∈ Ddy×dx , W ∈ Ddy×du . This corresponds
to the state-space representation of a linear system of the form{

T x = U u,
y = V x+W u.

Note that x here denotes the whole state vector. In particular, it stands

for (xh
T

xvT )T in the Roesser model (1) and for (xT yT )T in the linear
repetitive process (2). The notion of stability that we shall use in the sequel is
based on the matrix T of the splitting (14). In order to clarify the remainder
of the paper, let us exhibit this matrix for the different models under consid-
eration. For the linear repetitive process (2), the matrix R is given by (4), so
that we get

TR =

(
σ1 σ2 Idx

−Aσ1 −B0
−C σ1 σ1Idy −D0

)
. (15)

For the Roesser model (1), R is given by (3) so that we have

TR =

(
σ1Idh

−A11 −A12

−A21 σ2Idv
−A22

)
. (16)

In the particular cases of the Roesser models (11) and (12), we obtain respec-
tively:

TR =


σ1 Idx

−B0 0 −B0 C
0 σ1 Idy

−D0 0 −D0 C
0 0 σ1 Idu

0
−Idx 0 0 σ2 Idx −A

 , (17)

1 In a more general case, T can be a non-square matrix: see, e.g., [3]. Nevertheless, it
would bring nothing in the present article so T is here assumed to be square.
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and

TR =


σ1 Idx −B0 −B0 C −B0D

0 σ1 Idy −D0 −D0 C −D0D
−Idx

0 σ2 Idx
−A −B

0 0 0 σ2 Idu

 . (18)

Definition 4 ([3]) The linear 2D discrete system given by (14) is said to be
structurally stable if

∀(λ1, λ2) ∈ S2, det(T (λ1, λ2)) 6= 0,

where
S2 =

{
(z1, z2) ∈ C2 | ∀i = 1, 2, |zi| ≥ 1

}
.

We refer to [3] and the references therein for more explanations and justi-
fications concerning Definition 4.

Remark 2 The structural stability of the linear 2D discrete system given by (14)
and the structural stability of the same model but devoided of its output equa-
tion y = V x + W u, i.e., the structural stability of the model T x = U u, is
actually the same property. Indeed, they share the same matrix T . It means
that structural stability does not depend on the output equation.

In practice, checking the structural stability of a linear 2D discrete model

amounts to testing whether or not a bivariate polynomial has roots in S2.
This can be achieved using the algorithms developed in [15,16] that have been
implemented in the computer algebra software Maple.

Definition 4 can be proved to coincide with the notion of structural stability
defined in [38] in the restrictive case of Fornasini-Marchesini models [29], and
with the notion of spectral stability defined in [42,57,43]. It is known to be
strongly related to various other kinds of stability defined for 2D models [36,
29,57,43,2].

Using the particular forms of the matrix TR and TR given by (15) and (16),
we obtain the following definitions (or characterizations) of structural stability
for Roesser models and linear repetitive processes:

Definition 5 We have the following characterizations:

1. A linear repetitive process (2) is structurally stable if

∀(λ1, λ2) ∈ S2, det

(
λ1 λ2 Idx

− λ1A −B0
−λ1 C λ1 Idy −D0

)
6= 0. (19)

2. A Roesser model (1) is structurally stable if

∀(λ1, λ2) ∈ S2, det

(
λ1 Idh

−A11 −A12

−A21 λ2 Idv
−A22

)
6= 0.

Note that, generalizing the notion of asymptotic stability for 1D discrete mod-
els, this notion of structural stability for 2D discrete Roesser models has al-
ready been introduced: see [6] and the older references therein.
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4.3 Links between stability along the pass and structural stability for linear
repetitive processes

In this paragraph, we consider a linear repetitive process (2) and we connect
the notion of stability along the pass (Definition 3) to that of structural sta-
bility (1 of Definition 5).

We first reformulate Condition (19) in order to give the next lemma:

Lemma 2 The linear repetitive process (2) is structurally stable if and only
if the Roesser model (10) is structurally stable.

Proof Factoring the term λ1 in each of the first dx columns, Condition (19)
can be written as

∀(λ1, λ2) ∈ S2, λdx
1 det

(
λ2 Idx −A −B0
−C λ1 Idy

−D0

)
6= 0.

Since, for all (λ1, λ2) ∈ S2, λ1 6= 0, the latter condition holds if and only if

∀(λ1, λ2) ∈ S2, det

(
λ2 Idx

−A −B0
−C λ1 Idy −D0

)
6= 0.

Since λ1 and λ2 play the same role in this condition, they can be switched and
the condition 2 of Definition 5 is recovered with (10). �

Then, we recall another characterization of structural stability for a Roesser
model:

Lemma 3 ([6]) The Roesser model (1) is structurally stable if and only if

a. for all λ ∈ S, det(λIdh
−A11) 6= 0;

b. for all λ ∈ S, det(λIdv
−A22) 6= 0;

c. for all λ ∈ ∂S, det(G(λ)) 6= 0, where

G(λ) = A21(λIdh
−A11)−1A12 +A22.

Note that it is possible to rewrite Condition c. of Lemma 3 by switching
the role of both dimensions so that we obtain:

c’. for all λ ∈ ∂S, det(G′(λ)) 6= 0, where

G′(λ) = A12(λIdv −A22)−1A21 +A11.

The characterization of Lemma 3 can be found in several papers: see, e.g., [6]
and a proof can be found in [8]. The main ideas of the proof are the following:
the Schur complement argument is invoked to exhibit G(λ) and the maximum
modulus principle is used to justify that λ can be restricted to the unit cir-
cle ∂S.

Finally, we derive the following theorem:
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Theorem 3 The linear repetitive process (2) is stable along the pass if and
only if it is structurally stable.

Proof On one hand, the linear repetitive process (2) is stable along the pass
if the conditions i., ii. and iii. of Definition 3 are fulfilled. On the other hand,
Lemma 2 implies that the linear repetitive process (2) is structurally stable if
and only if the Roesser model (10) is structurally stable which can be charac-
terized by Lemma 3. It then remains to prove that Conditions a., b., and c. of
Lemma 3 applied to the Roesser model (10) match exactly Conditions i., ii.,
and iii. of Definition 3 which can be straightforwardly checked. �

Theorem 3 above shows that for linear repetitive processes, structural sta-
bility matches exactly the standard notion of stability along the pass. More-
over, by Lemma 2, it corresponds to the structural stability of the Roesser
model (10). In the next paragraph, we shall further prove that it also cor-
responds to the structural stability of the equivalent Roesser models (11)
and (12) considered in §3.2.

4.4 Structural stability of the equivalent Roesser models

We shall now prove that the notion of structural stability defined above (see
Definition 4) is preserved via the equivalence transformation given by Theo-
rems 1 or 2. Note that [3, Theorem 1] asserts that a sufficient condition for
this to be true is that the input-free linear systems TR xR = 0, where TR is
given by (15) and TR xR = 0, where TR is given by (17) or (18), are equivalent
in the sense of algebraic analysis. We refer to [3] for more details. Here, this
sufficient condition does not hold but we can still prove the following result:

Theorem 4 The linear repetitive process (2) is structurally stable (or, equiva-
lently, stable along the pass) if and only if the Roesser model (11) is structurally
stable.

Proof From Definition 4, the Roesser model (11) is structurally stable if for

all (λ1, λ2) ∈ S2, det(TR(λ1, λ2)) 6= 0, where TR is given by (17), i.e.,

TR(λ1, λ2) =


λ1 Idx −B0 0 −B0 C

0 λ1 Idy −D0 0 −D0 C
0 0 λ1 Idu

0
−Idx

0 0 λ2 Idx
−A

 .

Permuting first the last two block rows and then the last two block columns,
we get

det(TR(λ1, λ2)) = det


λ1 Idx

−B0 −B0 C 0
0 λ1 Idy

−D0 −D0 C 0
−Idx

0 λ2 Idx
−A 0

0 0 0 λ1 Idu

 ,
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so that

det(TR(λ1, λ2)) = λdu
1 det

λ1 Idx
−B0 −B0 C

0 λ1 Idy
−D0 −D0 C

−Idx 0 λ2 Idx −A

 .

Now multiplying the last block row by λ1 and adding to it the first block row
leads to:

det(TR(λ1, λ2)) = λdu−dx
1 det

λ1 Idx −B0 −B0 C
0 λ1 Idy −D0 −D0 C
0 −B0 λ1(λ2 Idx

−A)− B0 C

 ,

so that

det(TR(λ1, λ2)) = λdu
1 det

(
λ1 Idy −D0 −D0 C
−B0 λ1 λ2 Idx

− λ1A− B0 C

)
.

We then replace the last block column by itself minus the first block column
multiplied on the right by C to get:

det(TR(λ1, λ2)) = λdu
1 det

(
λ1 Idy

−D0 −λ1 C
−B0 λ1 λ2 Idx

− λ1A

)
.

Finally permuting the block rows and then the block columns, we obtain

det(TR(λ1, λ2)) = λdu
1 det

(
λ1 λ2 Idx

− λ1A −B0
−λ1 C λ1 Idy

−D0

)
.

We thus have: for all (λ1, λ2) ∈ S2,

det(TR(λ1, λ2)) 6= 0⇔ det

(
λ1 λ2 Idx − λ1A −B0

−λ1 C λ1 Idy
−D0

)
6= 0.

From 1 of Definition 5, this completes the proof. �

The proof of Theorem 4 given above can be easily adapted to prove the
analogous result for the Roesser model (12) by simply considering the matrix
TR given by (18) instead of (17). It leads to:

Theorem 5 The linear repetitive process (2) is structurally stable (or equiva-
lently, stable along the pass) if and only if the Roesser model (12) is structurally
stable.
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5 Stabilization of a linear repetitive process

5.1 An existing stabilization procedure for Roesser models

If a linear 2D discrete model

Rη =

(
T −U 0
V W −Idy

) xu
y

 = 0, (20)

is not structurally stable, then this property may be reached by applying to
it a control law of the form:

Kx x+Ku u = 0, Kx ∈ Ddu×dx , Ku ∈ Ddu×du . (21)

We can formulate the next definition:

Definition 6 The control law (21) stabilizes the linear model (20) if the
closed-loop input-free system(

T −U
Kx Ku

)
︸ ︷︷ ︸

Rs

xs = 0

is structurally stable, i.e., according to Definition 4, if for all (λ1, λ2) ∈ S2,
det(Rs(λ1, λ2)) 6= 0.

Remark 3 Actually, following Definition 4 and Remark 2, and noting that the
output vector is not involved in the control law (21), the structural stability of
the closed-loop model is only determined by Rs and is not influenced by the
output equation. Therefore, the above definition is just a natural adaptation
of [3, Definition 4] where no output was considered.

In general, given a linear 2D discrete system that is not structurally stable,
the problem of computing a stabilizing control law is known to be possibly com-
plicated. To our knowledge, although more sophisticated stabilizing control
laws have been considered (see the notable result on dynamic output feedback
control of Roesser models in [58]), the most studied case in the literature is the
computation of a stabilizing (static) state feedback control law for a Roesser
model of the form (1). We here refer to [5,6,7] for up to date contributions
on this kind of control. The so-called state feedback control law corresponds
to a particularly simple form of the control law (21) where Ku = −Idu

and
Kx = K ∈ Kdu×dx are static matrices so that the control law can be expressed
as u = K x. When applied to the special case of Roesser model (1), it can be
expressed as

u = K x, K = (Kh Kv), Kh ∈ Kdu×dh , Kv ∈ Kdu×dv , (22)
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and the induced closed-loop input-free Roesser model is(
xh(i+ 1, j)
xv(i, j + 1)

)
=

(
A11 +B1Kh A12 +B1Kv

A21 +B2Kh A22 +B2Kv

)(
xh(i, j)
xv(i, j)

)
,

y′(i, j) = (C1 +DKh C2 +DKv)

(
xh(i, j)
xv(i, j)

)
.

(23)

Therefore the stabilization problem for the Roesser model (1) consists in find-
ing K ∈ Kdu×(dh+dv) as in (22) such that the Roesser model (23) is structurally
stable. Many techniques exist to compute a stabilizing control law (22) for a
Roesser model and the reader is invited to refer to [5,6,7]. More precisely, in
[7, Theorem 4], the computation of K is based upon the resolution of Lin-
ear Matrix Inequalities (LMI) [17]. [7, Theorem 4] provides a sufficient, but
weakly conservative, condition to design a stabilizing state feedback control
law for linear 2D Roesser models which can be continuous, discrete or mixed
discrete-continuous. For the purpose of this paper, it suffices to specialize [7,
Theorem 4] to the purely discrete case. The LMIs involved in [7, Theorem 4]
are parameterized by a hierarchy level α. The higher α is, the less conservative
the condition is (it is useless to exceed the explicit bound dv

2 (d2h + dh − 2))
but the longer the computation time is. This result can be used to stabilize
any kind of Roesser model as, for instance, the Roesser models (8), (10), (11)
or (12). Thanks to the connections established above between the structural
stability of the latter Roesser models and that of a given linear repetitive pro-
cess, we will see, in what follows, that the result of [7, Theorem 4] provides
different strategies to stabilize a linear repetitive process.

5.2 A direct stabilization approach for linear repetitive processes

We here recall a classic approach to stabilize a linear repetitive process in the
sense of Definition 6.

Theorem 6 ([45]) The Roesser model (10) is stabilized by the control law (22)
with u = u′ if and only if the linear repetitive process (2) is stabilized by the
control law

uk+1(p) = Kh xk+1(p) +Kv yk(p). (24)

Proof On one hand, the Roesser model (10) is stabilized by the control law (22)
with u = u′ if the closed-loop input-free linear system(

xh(i+ 1, j)
xv(i, j + 1)

)
=

(
A+ BKh B0 + BKv

C +DKh D0 +DKv

)(
xh(i, j)
xv(i, j)

)
(25)

is structurally stable.
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On the other hand, from Definition 6, the linear repetitive process (2) is
stabilized by the control law (24) if the closed-loop input-free linear system

xk+1(p+ 1) = (A+ BKh)xk+1(p) + (B0 + BKv) yk(p),

yk+1(p) = (C +DKh)xk+1(p) + (D0 +DKv) yk(p)
(26)

is structurally stable. Indeed, plugging (24) into (2) directly yields (26). This
yields the announced result. �

Note that, through the change of variables (9), the control law (22) with
u = u′ gives (24).

From Theorem 3, the notions of structural stability and stability along the
pass coincide for linear repetitive processes. Consequently, in the latter proof,
the closed-loop input-free linear repetitive process (26) is structurally stable
equivalently means that (26) is stable along the pass.

Theorem 6 provides a first stabilization method for a given linear repetitive
process (2): we apply the technique developed in [7, Theorem 4] to the Roesser
model (10) to compute (if possible) a stabilizing state feedback control law (22)
with u = u′ for the Roesser model (10). Then, once K is known, we apply
the control law (24) to (2) to obtain the structurally stable (or, equivalently,
stable along the pass) linear repetitive process (26). See Example 1 below for
an illustration of this method.

5.3 Another stabilization approach via equivalent Roesser models

In this section, we shall provide an alternative stabilization approach for linear
repetitive processes to the one proposed in the previous paragraph. We shall
use the same strategy as in [4,3] to design an algorithm for the computation of
a stabilizing control law for a linear repetitive process. Starting from a linear
repetitive process, the idea consists in computing a state feedback control law
for an equivalent Roesser model and, using the explicit equivalence transfor-
mations, to deduce a stabilizing control law for the original linear repetitive
process. By “stabilizing”, it is meant structurally stabilizing for Roesser mod-
els and either structurally stabilizing or stabilizing along the pass for linear
repetitive models (see Theorem 3).

Our new approach is based on the following result inspired by [4,3]:

Lemma 4 Let us consider two linear systems Rη = 0 and R′ η′ = 0, with

R =

(
T −U 0
V W −Idy

)
, R′ =

(
T ′ −U ′ 0
V ′ W ′ −Idy′

)
, η =

xu
y

 , η′ =

x′u′
y′

 .

If the two systems are equivalent in the sense of Definition 1 and if the matrices
P and P ′ defining the isomorphism and its inverse have the following block
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structure2:

P =

Pxx′ Pxu′ 0
Pux′ Puu′ 0

0 0 Idy

 , P ′ =

P ′x′x P
′
x′u 0

P ′u′x P
′
u′u 0

0 0 Idy

 , (27)

then we have the following result: the state feedback control law u′ = K ′ x′,
with K ′ ∈ Kdu′×dx′ , stabilizes the linear system R′ η′ = 0 if and only if the
control law (−K ′ P ′x′x +P ′u′x)x+ (−K ′ P ′x′u +P ′u′u)u = 0 stabilizes the linear
system Rη = 0.

Proof The particular block structure of P and P ′ implies that the systems
obtained by omitting the output equation, i.e., T x = U u and T ′ x′ = U ′ u′

are equivalent in the sense of algebraic analysis. Then [3, Corollary 3] implies
that u′ = K ′ x′ stabilizes T ′ x′ = U ′ u′ if and only if (−K ′ P ′x′x + P ′u′x)x +
(−K ′ P ′x′u +P ′u′u)u = 0 stabilizes T x = U u. The result then follows from the
explanations given in Remarks 2 and 3. �

We can now state the following result:

Theorem 7 The state feedback control law

u′ = K ′
(
xh

xv

)
, K ′ = (K ′h1

K ′h2
K ′h3

K ′v),

where K ′h1
∈ Kdu×dx , K ′h2

∈ Kdu×dy , K ′h3
∈ Kdu×du , K ′v ∈ Kdu×dx , stabilizes

the Roesser model (11) if and only if the control law(
−K ′h1

(σ2 Idx
−A) +K ′h2

C −K ′v
)
x−K ′h2

y + (−K ′h3
+ σ1 Idu

)u = 0, (28)

stabilizes the linear repetitive process (2).

Proof It is a straightforward consequence of Lemma 4 using the explicit for-
mulas for P and

P ′ =


σ2 Idx

−A 0 0 0
−C Idy

0 0
0 0 Idu 0
Idx 0 0 0
0 0 σ1 Idu

0
0 0 0 Idy

 ,

given in the proof of Theorem 1, which match the particular structure given
in (27) with the following bocks:

P ′x′x =


σ2 Idx

−A 0
−C Idy

0 0
Idx 0

 , P ′x′u =


0
0
Idu

0

 , P ′u′x = (0 0), P ′u′u = σ1 Idu
. �

2 The dimensions of the blocks are naturally consistent with the splittings of η and η′. In
particular, this block structure implies y′ = y, i.e., the two systems have the same output.
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Note that using the original notations of the linear repetitive process (2), the
control law (28) can be written as:

uk+1(p) = K ′h1
xk(p+ 1) + (−K ′h1

A−K ′h2
C +K ′v)xk(p)

+K ′h2
yk(p) +K ′h3

uk(p).

(29)

Similarly, using the other equivalent Roesser model obtained in Theorem 2,
we derive the next theorem:

Theorem 8 The state feedback control law

u′ = K ′
(
xh

xv

)
, K ′ = (K ′h1

K ′h2
K ′v1 K ′v2),

where K ′h1
∈ Kdu×dx , K ′h2

∈ Kdu×dy , K ′v1 ∈ Kdu×dx , K ′v2 ∈ Kdu×du , stabilizes
the Roesser model (12) if and only if the control law

(−K ′h1
(σ2 Idx

−A)+K ′h2
C−K ′v1)x−K ′h2

y+(K ′h1
B+K ′h2

D−K ′v2+σ2 Idu
)u = 0,

(30)
stabilizes the linear repetitive process (2).

Proof The proof is the same as the proof of Theorem 7 but with

P ′ =


σ2 Idx

−A 0 −B 0
−C Idy

−D 0
Idx

0 0 0
0 0 Idu 0
0 0 σ2 Idu

0
0 0 0 Idy


as a new instance for P ′. �

Using the original notations of the linear repetitive process (2), the control
law (30) can be written as:

uk(p+ 1) = K ′h1
xk(p+ 1) + (−K ′h1

A−K ′h2
C +K ′v1)xk(p)

+K ′h2
yk(p) + (−K ′h1

B −K ′h2
D +K ′v2)uk(p).

(31)

Theorems 7 and 8 naturally provide two other approaches for stabilizing the
linear repetitive process (2) through the stabilization of the equivalent Roesser
models (11) and (12). Indeed, the latter problem can be tackled by solving the
LMI system given in [7, Theorem 4] as explained in the paragraph 5.1 above.
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5.4 Comments on the different methods for stabilizing a linear repetitive
process

We first draw the attention of the reader to the fact that, for one of the
approaches proposed in Theorems 7 and 8 to be successfully applied, we need
to be possibly able to compute a stabilizing state feedback control law for the
Roesser model (11) or (12). Moreover, we recall that Lemma 3 implies that a
necessary condition for any Roesser model of the form (1) to be (structurally)
stable is that both matrices A11 and A22 have their eigenvalues in the unit
disc.

Now let us consider the particular Roesser model (11) for which we have
A22 = A and B2 = 0dx×du

. Applying to it the state feedback control law
given in Theorem 7, the new A22 block will be A22 + B2K

′
v = A22 = A

(see (23)) whatever the matrix K ′v ∈ Kdu×dx is. Consequently, if A does not
have its eigenvalues in the unit disc, then the Roesser model (11) can not be
stabilized by a state feedback control law and thus, Theorem 7 can not be
used to stabilize the linear repetitive process (2).

Similarly, let us consider the particular Roesser model (12) for which we

have A11 =

(
0 B0
0 D0

)
and B1 =

(
0
0

)
. Applying to it the state feedback control

law given in Theorem 8, the new A11 block will be A11+B1 (K ′h1
K ′h2

) = A11

(see (23)) whatever the matrices K ′h1
and K ′h2

are. Consequently, if D0 does
not have its eigenvalues in the unit disc, then the Roesser model (12) can not
be stabilized by a state feedback control law and thus, Theorem 8 can not be
used to stabilize the linear repetitive process (2).

To summarize, it means that the use of Theorem 7 (resp. Theorem 8) to
stabilize the linear repetitive process (2) requires the matrix A (resp. D0) to be
stable in the 1D sense, i.e., to have its eigenvalues in the unit disc. Interestingly
enough, the case where D0 is stable corresponds to a linear repetitive process
which is asymptotically stable (see Definition 2) or, in other terms, stable
from pass to pass. Therefore, Theorem 8 can be applied to obtain the stability
along the pass of a linear repetitive process that is already stable from pass to
pass. Note that it is a quite usual situation when repetitive processes describe
iterative learning control schemes so that the assumption “D0 stable” is not
too restrictive.

From this point of view, it is clear that Theorems 7 and 8 suffer from the
comparison with usual approaches for which no assumption is required. It is
especially true for Theorem 7 since the stability of A has no particular reason
to be assumed in practice.

Another issue deserves the reader’s attention, namely, the comparison be-
tween the control law (24) obtained with the usual approach of the para-
graph 5.2 and the control laws (29) and (31) obtained in the previous para-
graph 5.3.

In the classic approach, the stabilizing control law (24) requires the previ-
ous pass profile yk(p), but, regarding the input vector u and the vector x which



24 Olivier Bachelier et al.

is part of the whole state vector (xT yT )T , it is static since only uk+1(p) and
xk+1(p) are involved.

In the new approach, there are two different cases:

1. The control law (29) also requires the previous pass profile yk(p). Regarding
the input vector u and the vector x, it is both dynamic from pass to pass
(both uk+1(p) and uk(p) are involved) and along the pass (both xk(p+ 1)
and xk(p) are involved). Even if this can appear as “non causal” along the
p-dimension due the term in xk(p+1), this is only an impression since this
term is taken from the previous pass k.

2. The control law (31) is different from (29) since it yields an expression for
uk(p + 1) instead of uk+1(p). It is then interesting since it is static from
pass to pass (no term with index k + 1 involved) and only dynamic along
the pass (both terms in .(p) and .(p+ 1) are involved). It does not require
information from the previous pass.
Let us make some more comments on the control law (31) which can be
written under the form

uk(p+ 1) = F xk(p+ 1) +Gxk(p) + H yk(p) + J uk(p),

where F ∈ Kdu×dx , G ∈ Kdu×dx , H ∈ Kdu×dy , and J ∈ Kdu×du are known
matrices. After applying a forward shift along the k-dimension, we get

uk+1(p+ 1) = F xk+1(p+ 1) +Gxk+1(p) + H yk+1(p) + J uk+1(p).

By taking the expressions of xk+1(p + 1) and yk+1(p) given by (2) into
account, this control law becomes

uk+1(p+ 1) = (F A+G+H C)xk+1(p) + (F B0 +H D0) yk(p)

+(F B +H D + J)uk+1(p).

Now consider the new vector Xk(p) = (xk(p)T uk(p)T )T . Then, by com-
bining the latter equation for uk+1(p+ 1) and (2), we get

Xk+1(p+ 1) = AXk+1(p) + B0 yk(p),

yk+1(p) = CXk+1(p) + D0 yk(p),
(32)

with

A =

(
A B

F A+G+H C F B +H D + J

)
, B0 =

(
B0

F B0 +H D0

)
,

C =
(
C D

)
, D0 = D0.



On the Stability and the Stabilization of Linear Discrete Repetitive Processes 25

The model (32) is an input-free closed-loop linear repetitive process. In other
words, when applying the control law (31) to the linear repetitive process (2),
we obtain a closed-loop model for which the structure of a linear repetitive pro-
cess is preserved. If the model (32) is structurally stable, then, from Theorem 3,
it is also stable along the pass. Therefore, if (31) structurally stabilizes (2),
then it also stabilizes it along the pass (since the model (32) obtained is still
a linear repetitive process). Notice that such a reasoning does not hold for the
control law (29). Indeed applying (29) to (2) does not lead to a linear repetitive
process. Therefore, if (29) structurally stabilizes (2), then it only provides an
input-free closed-loop model which is structurally stable.

From the above observations, we shall summarize the comparison between
the approaches as follows:

– For most of the cases, the classic approach leading to control law (24) is the
most advantageous. Its computation is a little simpler since the underlying
Roesser model is of lower order. It is static with respect to x and u which
helps the practical implementation.

– The application of Theorems 1 and 7, leading to control law (29), is prob-
ably not interesting in practice since it does not guarantee the stability
along the pass of the closed-loop model, for this closed-loop is not a linear
repetitive process. We consider this technique as mainly theoretical in a
context where structural stability would be the property to be studied.

– The application of Theorems 2 and 8, leading to control law (31), needs
an additional assumption on D0 but this assumption is usual when dealing
with iterative learning control. Although, the control law (31) seems at
first sight more sophisticated than the control law (24), it does not require
any information from the previous pass which can actually make its im-
plementation easier. Therefore, this is a possibly interesting alternative to
the classic approach in some cases.

Let us finally illustrate the techniques developed above for stabilizing a
linear repetitive process on a small example.

Example 1 We consider the linear repetitive process (2) defined by the follow-
ing matrices3:

(
A B0 B
C D0 D

)
=

 0.2059 0.4911 0.0144 0.4983
0.5398 0.7125 0 0.9597
0.1626 0.1189 0.8990 0.3403

 .

According to Definition 2, this model is asymptotically stable since |D0| < 1.
However, it is not stable along the pass since one can easily check that A
admits an eigenvalue which does not lie in the unit disc (see Definition 3).

3 All the numerical values given in the example can be considered as exact, i.e., neither
truncated nor rounded. It means that we consider K = Q.



26 Olivier Bachelier et al.

We shall first apply the classical technique explained in Paragraph 5.2 to
stabilize the latter linear repetitive process. We thus consider the associated
Roesser model (10) and we use the result of [7, Theorem 4] to compute (via the
resolution of a LMI system) a stabilizing state feedback control law u′ = K x
for the Roesser model (10). Here we get4

K = (Kh | Kv) =
(
−0.5260 −0.7540 −0.2436

)
.

Then, Theorem 6 implies that the control law

uk+1 = −
(
0.5260 0.7540

)︸ ︷︷ ︸
Kh

xk+1(p) − 0.2436︸ ︷︷ ︸
Kv

yk(p)

stabilizes the linear repetitive process.

Let us now apply the alternative technique explained in Paragraph 5.3 to
stabilize the latter linear repetitive process. Since the linear repetitive pro-
cess (2) considered in this example is asymptotically stable, it is possible to
apply Theorem 8 to try to stabilize it (see the discussion above). We thus
consider the associated equivalent Roesser model (12) and we use, once again,
the result of [7, Theorem 4] to compute (via the resolution of a LMI system)
a stabilizing state feedback control law for the Roesser model (12). We then
obtain the following matrix gain:

K ′ = (K ′h1
| K ′h2

| K ′v1 | K
′
v2),

=
(
−0.3418 −0.4437 −0.0029 −0.3207 −0.4861 −0.6175

)
.

Theorem 8 then shows that the control law (31) which is here given by

uk(p+ 1) = −
(
0.3418 0.4437

)
xk(p+ 1) −

(
0.01034258 0.00176096

)
xk(p)

+0.0029 yk(p) − 0.0203753uk(p)

stabilizes the linear repetitive process. The induced closed-loop model obeys
to the structure of the linear repetitive process given by (32) with

A =

 0.2059 0.4911 0.4983
0.5398 0.7125 0.9597

−0.31975692 −0.48541038 −0.61552626

 , B0 =

 0.0144
0

−0.00231482

 ,

C =
(
0.1626 0.1189 0.3403

)
, D0 = 0.899.

Since this closed-loop linear repetitive process is structurally stable, from The-
orem 3, it is stable along the pass.

4 The LMI solver works with floating-point numbers but the entries of the matrices ex-
posed here can be considered as (exact) rational numbers since we check the results by
performing an a posteriori stability analysis with the algorithms proposed in [15,16] and
dedicated to rational values.
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It must be noticed that when computing the matrix gains K and K ′ above by
solving the LMI system exposed in [7, Theorem 4], the hierarchy level α = 0
was sufficient. Therefore both computations of matrices K and K ′ were nearly
instantaneous.

Acknowledgements The authors are grateful to all the members of the ANR-13-BS03-
0005 (MSDOS).
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17. S. Boyd, L. El Ghaoui, E. Féron, V. Balakrishnan: Linear Matrix Inequalities in System
and Control Theory. SIAM Studies in Applied Mathematics, Vol.15, USA, 1994. 19

18. D. A. Bristow, M. Therayil, A. G. Alleyne. A Survey of Iterative Learning Control.
IEEE Control Systems, vol 26(3), p. 96-114, 2006. 2, 4

19. F. Chyzak, A. Quadrat, D. Robertz. Effective Algorithms for Parametrizing Linear
Control Systems over Ore Algebras. Appl. Algebra Engrg. Comm. Comput., 16, p. 319-
376, 2005. 2, 5, 6

20. F. Chyzak, A. Quadrat, D. Robertz. OreModules: A Symbolic Package for the Study
of Multidimensional Linear Systems. Springer, Lecture Notes in Control and Inform.
Sci., 352, p. 233-264, 2007.
http://pages.saclay.inria.fr/alban.quadrat/OreModules.html 7

21. T. Cluzeau. A Constructive Algebraic Analysis Approach to the Equivalence of Mul-
tidimensional Linear Systems. Proc. 9th International Workshop on Multidimensional
(nD) Systems (nDS’15), Vila Real, Portugal, September 2015. 9

22. T. Cluzeau, A. Quadrat. Factoring and Decomposing a Class of Linear Functional
Systems. Linear Algebra Appl., 428, p. 324-381, 2008. 2, 6, 7

23. T. Cluzeau, A. Quadrat. OreMorphisms: A Homological Algebraic Package for Factor-
ing, Reducing and Decomposing Linear Functional Systems. Springer, Lecture Notes in
Control and Inform. Sci., 388, p. 179-194, 2009. http://pages.saclay.inria.fr/alban.
quadrat/OreMorphisms.html 7

24. T. Cluzeau, A. Quadrat. Equivalence of Linear Functional Systems. Rapport de
Recherche INRIA (RR-9000), 2016. To appear in the Special Issue ”Algebraic and Sym-
bolic Computation Methods in Dynamical Systems” in the Springer series Advances in
Delays and Dynamics, 2018. 6, 7

25. T. Cluzeau, A. Quadrat, M. Tõnso. OreAlgebraicAnalysis: A Mathematica Package
for the Algorithmic Study of Linear Functional Systems. OreAlgebraicAnalysis project,
2015.
http://pages.saclay.inria.fr/alban.quadrat/OreAlgebraicAnalysis.html 7

26. R. D’Andrea, G. E. Dullerud. Distributed Control Design for Spatially Interconnected
Systems. IEEE Trans. on Automatic Control, vol. 48(9), p. 1478-1495, 2003. 2

27. P. Dabkowski, K. Ga lkowski, E. Rogers, A. Kummert. Strong Practical Stability and
Stabilization of Discrete Linear Repetitive Processes. Multidimensional Systems and
Signal Processing, 20(4), p. 311-331, 2009. 13

28. D. E. Dudgeon, R. M. Merseau. Multidimensional Digital Signal Processing. Prentice
Hall Signal Processing series, Prentice Hall, Englewood Cliffs, USA, 1984. 2

29. E. Fornasini, G. Marchesini. Doubly Indexed Dynamical Systems: State Space Models
and Structural Properties. Math. Systems Theory, 12(1), p. 59-72, 1978. 2, 14

30. P. A. Fuhrmann. On Strict System Equivalence and Similarity. International Journal
of Control, 25(1), p. 5-10, 1977. 2

31. K. Ga lkowski, W. Paszke, E. Rogers, S. Xu, J. Lam, D. H. Owens. Stability and Control
of Differential Repetitive Processes Using an LMI Setting. IEEE Trans. on Circuits and
Systems - II: Analog and Digital Signal Processing, 50, p. 662-666, 2003. 2

32. K. Ga lkowski, E. Rogers, S. Xu, J. Lam, D. H. Owens. LMIs - A Fundamental Tool in
Analysis and Controller Design for Discrete Linear Repetitive Processes. IEEE Trans.
on Circuits and Systems - I: Fundamental Theory And Applications, , 49(6), p. 768-778,
2002. 2

33. K. Ga lkowski, J. Wood. Multidimensional Signals, Circuits and Systems. Taylor and
Francis, London, 2001. 2

34. D. D. Givone, R. P. Roesser. Multidimensional Linear Iterative Circuits - General
Properties. IEEE Trans. on Comp., 21, p. 1067-1073, 1972. 2, 3

35. L. H ladowski, K. Ga lkowski, Z. Cai, E. Rogers, C. T. Freeman, P. L. Lewin. Experi-
mentally Supported 2D Systems Based Iterative Learning Control Law Design for Error
Convergence and Performance. Control Engineering Practice, 18(4), p. 339-348, 2010. 4

36. J. H. Justice, J. L. Shanks. Stability Criterion for N-Dimensional Digitlal Filters. IEEE
Trans. on Automatic Control, 18(3), p. 284–286, 1973. 14

37. T. Kaczorek. Two-Dimensional Linear Systems. Springer Verlag, 1985. 2
38. L. Li, L. Xu, Z. Lin. Stability and Stabilization of Linear Multidimensional Discrete

Systems in the Frequency Domain. International Journal of Control, 86(11), p. 1969-
1989, 2013. 2, 14

http://pages.saclay.inria.fr/alban.quadrat/OreModules.html
http://pages.saclay.inria.fr/alban.quadrat/OreMorphisms.html
http://pages.saclay.inria.fr/alban.quadrat/OreMorphisms.html
http://pages.saclay.inria.fr/alban.quadrat/OreAlgebraicAnalysis.html


On the Stability and the Stabilization of Linear Discrete Repetitive Processes 29
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