New LMI conditions for the stability of 2D discrete Roesser models
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Abstract— This paper proposes a new LMI condition for
the structural stability of 2D discrete Roesser models. The
condition is necessary and sufficient. Unlike previous ones, it
does not involve a hierarchy level. More precisely, if many of
the LMI conditions encountered in the literature are dependent
on a hierarchy level which has to tend to infinity or at least
to be very large to hope for necessity, the here-presented test
is based upon a straightforwardly expressed LMI system in
which no hierarchy level has to be guessed.
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I. INTRODUCTION

Mutlidimensional systems (for short nD systems [1], [2],
[3]) have been receiving a large amount of attention from the
scientific community for the last years. It is due to the large
field of potential applications in science and engineering,
such as, e.g., image processing [4], [5], network realiz-
ability [6], repetitive processes possibly describing iterative
learning control (ILC) schemes [7], [8], [9], [10]. They can
also be used to study or to approximate partial differential
equations [11], [12] or to model interconnected systems [13],
[14]. Hence a growing interest in their study.

Among the nD systems, the 2D systems, in which the
information propagates along two independent dimensions,
are of special importance, for they can be used e.g. to model
ILC schemes, which are popular in robotics and other engi-
neering domains. When the underlying dynamics are linear,
the most frequently used models are the Roesser models and
the Fornasini-Marchesini models [15], [16]. In the present
contribution, for the sake of conciseness, we focus on linear
discrete 2D Roesser models, though the approach can be
adapted to other cases of 2D Roesser models (i.e. continuous
ones [17], or mixed continuous/discrete ones [18]).

As for all the systems, stability is a major property to be satis-
fied, and thus to be tested. However, there are several ways to
introduce and define stability (bounded input-bounded output
(BIBO) stability, exponential stability, asymptotic stability).
If they coincide to each other and to the criterion of the
roots (i.e. the Schur-stability of the state matrix) in the linear
1D case, the 2D case is somewhat more delicate. Indeed,
the Schur stability of the state matrix can be extended, in
the 2D case, to the so-called structural stability [19], also
called spectral stability [20]. It consists in checking the root-
location of a bivariate characteristic polynomial outside of
the unit bi-disc. To know whether this polynomial-based
criterion is really a necessary and sufficient condition for
stability or not is not so easy because it depends on the
kind of stability to be tested and on the way the boundary
conditions are defined (see [16], [21], [22], [20], [23] for
more details). But whatever those discussions may conclude,
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structural stability is with no doubt strongly connected to the
convergence of the state trajectories, and might often be the
property to be analysed. Indeed, it has often been the subject
of investigation [24], [25], [26], [27], [28], [29], [30].

The polynomial-based criterion is not easily verified.
Polynomial-based procedures to test structural stability ex-
ist [31] but most of them are very heavy from the computa-
tional point of view. Nevertheless, thanks to recent progresses
in symbolic calculation, the most effective test at the moment
is the one described in [32], [33].

An alternative to those tests consists in relaxing the
polynomial-based tests by providing conditions on the ma-
trices of the state-space model, most generally in terms of
linear matrix inequalities (LMI). But the question is to know
if the relaxation is conservative or not. There are plenty of
sufficient LMI conditions for testing the structural stability
of 2D systems but very few of them are necessary. To our
knowledge, the first one was introduced in [34] and concerns
the discrete 2D Roesser models. Later, the case of Fornasini-
Marchesini discrete 2D models was successfully addressed
in [35]. The mixed Roesser models were tackled in [18], [36],
[37]. The discrete Roesser or Fornasini-Marchesini models
were dealt with in [38] and all the cases of Roesser models
were taken into account in [39]. (Note that some of them
led to control synthesis methods [38], [40], [37]). Most of
the previously cited conditions are based on a hierarchy of
relaxations. It means that they depend on a parameter (here
called the hierarchy level) which has to be chosen and the
necessity is reached only for some sufficiently large value of
this hierarchy level (for instance, the degree of a polynomial
Lyapunov matrix as in [39]). The problem is that the greater
the hierarchy level is, the more cumbersome the LMI system
to be solved becomes and the longer the computation is. The
only exception is [35] where no hierarchy level is required.
Here, the purpose is to provide necessary and sufficient LMI
conditions for the structural stability of 2D discrete Roesser
models which are devoided of a hierarchy level.

Notations: I,, is the identity matrix of dimension n. 0 is the
zero matrix of appropriate dimension. Matrix inequalities are
considered in the sense of positive or negative definiteness.
M’ is the transpose conjugate of matrix M (just transpose
if M is real) whereas M is simply the conjugate of M. C
stands for € U {oco}, D stands for the open unit disc and
D¢ stands for its complementary region i.e. the outside of
the disc (including the unit circle C). Symbol ® denotes the
Kronecker product. Finally,

A B

A*{ c D ] =D+C(I-AA)'AB

is the well-known explicit Linear Fractional Representation
(LFR) while

A B
Ax| C D |=D+C(E-AA)YAB-F)
E F

is an implicit (i.e. generalised) LFR.



II. STRUCTURAL STABILITY OF 2D DISCRETE
ROESSER MODELS

The discrete input-free 2D Roesser model is given by [15]

zi(k+1,1) = Anai(k 1) + Apx(k,l), )
zo(k,l+1) = Anxi(k1) + Axpx(k,l),

where the state vector, divided into two subvectors z; € R™
and zo € R™? and where this information x propagates along
two independent dimensions (i.e. the k— axis and the [-axis).
We are here interested in the structural stability of Model (1)
which can be formulated in different equivalent fashions.

Definition /: The Roesser model (1) is structurally stable
if one of the following equivalent statements holds:

i)

V(A1, A2) € D x DY, det ([ Ménl

Ay As

where A = { Aoy Aoy ]

ii) For any A € D, the well-posed matrix G(\) = Ay +
Aa1 (ML, — Ay1) "t A is Schur-stable (i.e. have their
eigenvalues inside D).

iii) The matrix A7 is Schur-stable and for any A € C, the
matrix G(\) = Agg + Aa1 (A, — A11) 1 Aqs is also
Schur-stable.

See the references [19], [24], [25], [26], [27], [28], [41], [22],

[21], [20], [42] to understand the equivalence between those

statements and their connection to more natural definitions

of stability. The equivalence between ii) and iii) can be
proven by invoking the maximum modulus principle. Those
various definitions are now well established in the realm of
2D systems and we focus on iii) in the remainder of the
article. It is a standard test to check the Schur stability of

Ajq; and Aso. The main challenge lies in testing the Schur-

stability of G(\). Before to proceed, we use the change of

variable § = A\~! which is such that when )\ describes C, so
does § and the other way around. We also get

Aﬁw ] 7A> #0

G()\) = H((S) = A22 + A21 (Inl - 51411)_151412
A A
| Az Az }

2
In other words, we will focus on the Schur-stability of the
above LFR when § describes C. To do so, we introduce a
definition, a lemma and a theorem.

Definition 2: [43] Given a set S C €, a matrix M is S-
regular if none of its eigenvalues lies in the set S. Otherwise,
it is S-singular.

Lemma /: Let a square matrix M(H) be defined,
through another square matrix H, by

M(H)=—1I,+H®H. (3)
If H is C-singular then M(H) is singular i.e.
det(M(H)) = 0.

Moreover, if det(M(H)) = 0, then H is D-singular (i.e.
not Schur-stable).

Proof. To prove the first statement, it suffices to invoke the
work by Stéphanos which, as a special case, straightfor-
wardly enables the deduction of the eigenvalues of M (H)
from those of H [44]: indeed, the eigenvalues of M(H) are
of the form —14\;\; where \; and \;, (i,4) € {1,...,n2}2,
are eigenvalues of H. If H is C-singular then there exists
ie{l,..,na}: —14+ M\ =0, meaning that M is singular.
Now, let us focus on the second statement. If det(M (H)) =
0, it means that there exist (i,j) € {1,...,n2}? such that
-1+ /\z/\g =0 = /\z/\g = 1. It implies |)\1||)\J| = 1.
Therefore, whether |A;| = |A;| =1 and then H is at least C-
singular, or, with no loss of generality, |\;| < 1 < |A;| = /\%I
and at least one eigenvalue of H is outside the disc D. b

Theorem /: System (1) is structurally stable if and only
if the three following statements hold:

a) The matrix Aq; is Schur-stable;

b) The matrix H(4*) is Schur-stable for a given value 6° €

C, where H(.) is defined in (2);
¢) V§ € C, det(M(H(J))) # 0 where M(.) is defined
in (3).

Proof. Necessity: If (1) is structurally stable, then from
Definition 1 (the statement ii) or iii)), the matrix A is
Schur-stable and a) is satisfied. Moreover, from iii) in the
same definition, H(d) = G(\) is Schur-stable over C.
Consequently, any § in C can play the role of * and b)
is satisfied. At last, since, once again, H () is Schur-stable
over C, then det(M(H(J))) # 0,V € C, otherwise the
second statement in Lemma 1 is contradicted. Thus c) is
satisfied.
Sufficiency: Now assume that a), b), and c) are true but
that (1) is not structurally stable. From a), A;; is Schur-
stable so, from iii) in Definition 1, instability can only be
due to the existence of §° € C such that H(0°) is not Schur-
stable. However, from b), there exists 6* € C such that
H(0°®) is Schur-stable. Since Aj; is Schur-stable, it is also
C-regular and the LFR H () is well-posed over C. Therefore,
its entries are well-defined and continuous w.r.t. § as well as
its eigenvalues. By continuity over the arc of C which goes
from ¢° to §°, there exists 6° € C such that H(6°) is C-
singular. Therefore from the first statement in Lemma 1, it
can be infered that det(M(H(6°))) = 0 where §° € C. It
contradicts ¢). [J
Owing to the previous theorem, we convert the test of Schur-
stability of H(§) into a test on the determinant of M(H (9)).

ITI. NON CONSERVATIVE LMI RELAXATION

We state the main theorem.

Theorem 2: System (1) is structurally stable if and only
if there exist matrices P, = P{ > 0, P, = Py > 0 and
Ps = Py such that

—P1 + A/11P1A11 < O, (4)
—P,+H*P,H® <0, Q)

[ Cu Dy }/[CM Dy |+



Ev Fy 1 [-P 0 Eyv Fy
<0, (6
[ Ay Bu ] 0 b Ay Bu ©
where H® = Aoy + Aa1(I,, — A11) tA12 and
Ay | By
Cv | Du | =
Ey | Fu
Al ®In, A2 ® Ao A1z ® Aao
0 Inim, 0
Aot @1, A ®Ax | Ao ® Az — 12 | . ()
In1n2 0 0
0 L, ® A1y I, ® Arg

Proof. Inequality (4) is just Stein’s inequality i.e. a stan-
dard test to assess whether A7 is Schur-stable or not. It is
then a test of the statement a) in Theorem 1. In the same
way, (5) is a standard tests to assess whether H® = H (1) is
Schur-stable or not. Since §* = 1 belongs to C, it is a way to
assess the statement b) in Theorem 1. The main relaxation
is that of the statement ¢) in Theorem 1. It consists of (6).
Indeed, this statement holds if only and if

Vo ecC, —M(H(6)M(H()) <O0. ®)

Recalling that M(H (8)) = —12, + H(5) ® H(J), we now
build the implicit LFR of M (H(J)). First note that

M(H () = I3, + (H(8) @ Iny)(In, ® H(3)).

Besides, from (2), it is rather straightforward to see that

A1 ® In, | A12 ® I,
H(é) 4 In2 = 6In1n2 * A21 X In2 AQQ [ In2
Inins 0

With noticing that
H(5) = Agp + Aoy (In, — A11) 1Az,
and that, over C, § checks § = §~1, then it comes

ﬁ(é) A22 + A21 (Inl - 5_11411)_16_11412
Ago + A2y (01, — All)_1A12
= A+ A (All - 5In1)_1(50 - Alg)

I, 0
= 5In1 * A21 A22
A | Aro
Thus, it also comes
5 Inin, 0
I’n.2 ® H((S) - 61’!7.177,2 * In2 ® A21 I’ﬂg ® A22 )
In, ® A1 | In, ® A1
and therefore
Ay | Bu
M(H((S)) = 52711"2 * ﬂ Dy
Eyn | Bp

with Ayr, By, Cuy, Dy, Ey and Fyy given by (7).
Inequality (8) rewrites

N'ON <0
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Fig. 1. Eigenvalues of H(8) for v = 0 when & describes C.
where / / ,
o= 5 Jom| 5]
and
N — [ (B — 5AM)I_1(5BM — Fu) }
n3

By virtue of the well-known S-procedure [45], the above
inequality is equivalent to (6). [

IV. EXAMPLES AND CONCLUDING DISCUSSION

Theorem 2 provides a necessary and sufficient condition
for the structural stability of a 2D discrete Roesser model. It
consists of an LMI system to be solved, hence it is tractable
from a computational point of view. We here propose a little
example to illustrate the efficiency of the algorithm. Let the
model (1) be instantiated by

A Az _

A21 A22 -
—0.5 0.75 | 0.3895 +~ 0.0389 + v
0 0 ‘ Y Y
0.1423 0 —0.4 0.02
—0.0342 0 ‘ 0.6 0.03

v is a parameter introduced to deflect the model. The case
v = 0 corresponds to a model introduced in [34]. For this
value, the LMI system (4-6) is rather straighforwardly found
feasible. It is possible to plot the eigenvalues of H(J) and
those of M(H (0)) when ¢ describes C. These eigenvalue-
locii are given by figure 1 and 2.

But as it can be seen on these figures, the model is far
from instability since the eigenvalues of H(¢) are far from
reaching the unit circle in dotted line. It leads to a matrix
M(H(9)) that is far from singularity. To further test our
technique, we increase the parameter ~ till the LMI system
is found infeasible. The limit for acceptable values of + is
~* = 6.4186. For this value the eigenvalue-locii of H () and
M(H(9)) are given by figures 3 and 4.
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Fig. 2. Eigenvalues of M(H(5)) for v = 0 when § describes C.
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Fig. 3. Eigenvalues of H(§) for v = v* when § describes C.

It can be seen that the eigenvalues of H () nearly reach

the unit circle in dotted line and that M(H(J)) is at the
limit of singularity.
It must be understood that unlike the tests provided in,
e.g., [34] or [42], [38], [46], [40], there is no need of a
hierarchy level. The complexity of the test is always the
same. More precisely, the number of decision variables is
always the same (42 for the present example). It means that
the computation is almost instantaneous for this example.
When using the LMI test provided in [40], we obtain the
same rather straightforward results. When testing the model
with v > ~* and [40], infeasibility occurs whatever the
hierarchy level may be (i.e. whatever the computational
complexity is) but we cannot conclude to instability. It
might mean that the hierarchy level is not sufficiently large.
With the test presented in this article, infeasibility amounts
to instability. In other words, the necessity of the condition
means that if the LMI system has no solution, then the
system is unstable. This is a major difference.
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Fig. 4. Eigenvalues of M(H(5)) for v = v* when § describes C.

a=1|a=2 | a=3 | a=4
(401 0.03s 0.12s 1.68s 26.4s
Theorem 2 3.68s
TABLE I

COMPUTATION TIMES FOR 8 = 0.1027 (STABILITY).

Another example is borrowed form [42]:

0.9013 — 3 —0.5411 0.6356
A= | 13846 — 8 —1.3046 0.7011 |,
—0.5362 —0.5367 —0.6903 + 3
—0.4676 0.6602 —0.1458  0.4746
Aip = | —1.2755 1.8207 —0.3093  0.6363 |,
—1.0236 1.1555 —0.2934 —0.3041
3.6845 —1.6641  1.5261
Aoy — 0.2680  0.3320  0.2665
21 = 47401 —4.0596  1.2972 |°
—0.6527  0.0727 —0.3462
—1.0970  2.8982  0.8117  0.9472
Ao, — | 03834 02811 0.2272  0.0980
2271 —0.3793  2.9251 0.4560 1.0280
0.5138 —0.2429 —0.2874 —0.1384

B > 0 is again a parameter introduced to make the system
tend to instability. We know from [42] (or its improved
version in [40]) that the model is structurally stable in the
range (0;0.1027). The present test concludes the same. If one
wants to compare the computation times induced by [40] and
the present technique, the hierarchy level a required in [40]
must be taken into account. The comparison is made for the
extreme value preserving stability, i.e. 5 = 0.1027 and is
summarized by Table I.

Of course, this table shows that @ = 1 suffices to assess
stability and therefore, the technique in [40] is very efficient
(note that « = 0 is too conservative for this value of (3
and leads to infeasibility). However, for § = 0.1028, all



a=1|a=2 | a=3| a=4
[40] 0.18s | 057s | 6.07s | 90.00s
Theorem 2 3.88s
TABLE II

COMPUTATION TIMES FOR 3 = 0.1028 (INSTABILITY).

the values of a used in [40] will lead to infeasibility and
one may be tempted to increase « to reduce a possibly
existing conservatism, leading to much larger computation
times. The present technique will also lead to infeasibility but
in a reasonable time and once again, the major difference is
that with this new technique, infeasibility means instability.
The computations were perfomed using the LMI CONTROL
TooLBOX of MATLAB [47] on an PC/Intel Core i5-4570 at
3.20GHz running with Ubuntu 16.04 LTS. The correspond-
ing computation times are given by Table II.

a=1
1357

a=3
520

a=1|a=2
[40] 79 184
Theorem 2 316

TABLE III
NUMBER OF DECISION VARIABLES IN THE LMI SYSTEM

As well-known, the computation time is strongly linked
to the number of decision variables in the LMI system. This
number is given by Table III for the evoked cases.

To conclude about this new LMI condition, it can be said that
it is rather competitive with existing ones. The computation
time is not too large, although some sufficient conditions
may be more efficient from this point of view, as illustrated
above. However, in case of instability, it indeed allows to
conclude to instability, unlike other LMI conditions in the
literature which show the seeds of doubt. In that sense, it is
a counterpart to what was obtained for Fornasini-Marchesini
models in [35].

The question to know whether this new condition can be effi-
ciently exploited for design purpose is still to be investigated.
It does not seem obvious, at least at first sight.
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