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Abstract In our previous article [10], we have described a method for computing
regular solutions of simple linear difference systems. In the present paper, we de-
velop a new algorithm that transforms any first-order linear difference system with
factorial series coefficients into a simple system. Such an algorithm can thus be seen
as a first step toward the computation of regular solutions. Moreover, computing a
simple form can also be used to recognize the nature of the singularity at infinity: if
the singularity is regular, we are then reduced to a system of the first kind. For this,
we also devote a particular study to systems of the first kind and provide a direct
algorithm for computing a formal fundamental matrix of regular solutions of such
systems. This yields an alternative to the algorithm in [10] for computing regular
solutions in the case of a regular singularity. Finally, we note that the algorithms de-
veloped in the present paper have been implemented in MAPLE, thanks to our new
package for handling factorial series. We give examples illustrating our different
methods.

1 Introduction

Throughout this article, the variable z stands for a complex variable and τ is the
backward shift operator acting on a function f as follows τ( f (z)) = f (z− 1). The
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difference operator is denoted by ∆ and its action on a function f is defined by

∆( f (z)) = (z−1)( f (z)− f (z−1)).

For any two functions f and g of z, the operator ∆ satisfies the rule

∆( f g) = τ( f )∆(g)+∆( f )g.

We consider first-order linear difference systems having a singularity at z = ∞ of
the form

∆(y(z)) = B(z)y(z), (1)

where y(z) is the vector of unknowns and B(z) is an n× n matrix with generalized
factorial series entries, i.e.,

B(z) = zq

(
B0 +

∞

∑
k=1

Bk

z(z+1) . . .(z+ k−1)

)
,

with q ∈ Z and Bk ∈ Cn×n such that B0 6= 0. When q≥ 0, the integer q is called the
Poincaré rank of the system. As in the analytic theory of linear differential systems,
there exist two ways of classifying the singularity z = ∞ of System (1): the first kind
/ second kind classification and the regular / irregular classification. More precisely,
if q≤ 0, then the infinity is called singularity of the first kind and, otherwise (i.e., q≥
1), it is called singularity of the second kind. In the sequel, we shall shortly say that
System (1) is of the first / second kind. However, the regular / irregular classification
is not immediately apparent. Indeed, the singularity at infinity, resp. System (1), is
said to be regular, resp. regular singular, if System (1) has a formal fundamental
matrix of solutions of the form

S(z)zΛ ,

where Λ ∈Cn×n and S(z) is an n×n matrix with factorial series entries. Otherwise,
the singularity at infinity, resp. System (1), is said to be irregular, resp. irregular
singular. Any regular singular system of the form (1) admits a basis of n linearly
independent formal regular solutions which constitute the columns of a fundamental
matrix of solutions. Any regular solution can be written under the form

y(z) = z−ρ (y0(z)+y1(z) log(z)+ · · ·+ys(z) logs(z)) , (2)

where s < n, ρ ∈ C, and for i = 1, . . . ,s, yi(z) is a vector of factorial series.
Linear systems of difference equations having a singularity of the first kind at z=

∞ have been extensively studied and are known to be regular singular. There exists a
method [16, 3] which broadly follows the Frobenius method in the differential case
for computing a fundamental matrix of solutions of such systems. However, it may
also happen that systems of the second kind are regular singular. Indeed, it has been
shown that a necessary and sufficient condition for a linear difference system of the
form (1) to be regular singular is to be gauge equivalent to a system of the first kind
([3, 4]). In other words, System (1) is regular singular if and only if there exists a
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gauge transformation y(z) = T (z)w(z) with invertible matrix T (z) that transforms
System (1) into the new system

∆(w(z)) = B̃(z)w(z),

where
B̃(z) = (τ(T (z)))−1 (B(z)T (z)−∆(T (z)))

is a matrix with factorial series entries. Note that if z = ∞ is an irregular singularity
of System (1), a basis of solutions is composed of regular solutions as well as irreg-
ular solutions involving exponential parts.

In order to compute the formal regular solutions of System (1) having a regular or
irregular singularity at infinity, it happens to be more convenient to write System (1)
under the form

D(z)∆(y(z))+A(z)y(z) = 0, (3)

where D(z) and A(z) are two n× n matrices of factorial series such that D(z) is
invertible. One may classify the singularity z = ∞ of systems of the form (3) by
bringing them back to the form (1). Indeed, System (3) is said to be regular singular
(resp., irregular singular, of the first kind, of the second kind) if, written back in the
form (1), it is so. In particular, if D(z) = In (the n× n identity matrix) or if D(z) is
invertible at z = ∞, then System (3) is of the first kind.

We shall say that a system of the form (3) is simple (or, in simple form) if
det(D(∞)λ−A(∞)) 6≡ 0. The main contribution of the present paper is to provide an
algorithm that transforms any non-simple system of the form (3) into an equivalent
simple system. This algorithm can be seen as an alternative to Moser’s algorithm
for determining the minimal Poincaré rank and thus the nature of the singularity
at infinity. The computation of simple forms is crucial for the following two tasks.
First, it allows to detect the nature of the singularity. Indeed, as we shall see later,
a simple system of the form (3) is regular singular if and only if the matrix D(∞)
is invertible. Second, it is a first step toward the computation of regular solutions of
System (3) (see [10]).

For the sake of completeness, we shall recall here the approach that we have
proposed in [10] for computing a basis of the formal regular solutions of any simple
system. As the factorial series have been proved to be very well suited for studying
linear difference equations, we have defined in [10] a sequence of functions (φn)n∈N
(see Definition 1 below) which is more adapted than (logn)n∈N while working with
the difference operator ∆ . Then the method of [10] searches for regular solutions
written as

y(z) = ∑
m≥0

z−[ρ+m]ym(z), z−[ρ] =
Γ(z)

Γ(z+ρ)
,

where Γ stands for the usual Gamma function and ym(z) is a finite linear combina-
tion of the functions φi with constant vector coefficients. It reduces the problem of
computing such solutions to solving systems with constant coefficients.
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This method can be applied to any simple system of the form (3) whatever is the
nature of the singularity z = ∞. In particular, it can be applied to Systems (3) with
D(z) = In which are then of the first kind. Therefore, we get an alternative method
to the Frobenius-like method described in [3, 16] for computing regular solutions.
In the present paper, we shall also dedicate a particular study to systems of the
form (3) with D(z) = In. As for the differential case, we shall show that they are
gauge equivalent to systems with constant coefficients of the form

∆(w(z))+Λw(z) = 0,

whose fundamental matrix of solutions is given by

z−[Λ ] = ∑
k≥0

(−1)k

k!
φk(z)Λ k.

The rest of the paper is organized as follows. In Section 2, we recall some back-
ground information on factorial series and define functions φn which have been in-
troduced in our previous paper [10]. In Section 3, we treat linear difference systems
of the first kind and give a method for computing a formal fundamental matrix of so-
lutions. In Section 4, we recall the approach of [10] for computing regular solutions
of simple linear difference systems. In Section 5, we develop the main contribu-
tion of this paper: an algorithm that transforms any linear difference system into an
equivalent simple system. Finally, it is important to mention that we have imple-
mented our algorithm in MAPLE so we give some remarks on the implementation
and illustrate it with an example.

2 Preliminaries

In this section, we recall some definitions, notations and properties that are well-
known in the literature or that have been introduced or proved in our paper [10],
except Proposition 1 which is new. These notions are useful for the rest of the paper.
This section is basically divided into two parts: the first part concerns the factorial
series which have been shown to be well appropriate for studying linear difference
systems, and the second part treats the functions φn which will replace the powers
of the logarithm function in the computation of regular solutions.

For a complex variable z and ρ ∈ C, the notation z−[ρ] stands for

z−[ρ] =
Γ(z)

Γ(z+ρ)
,

where Γ denotes the usual Gamma function. Note that z−[ρ] is not defined when
z ∈ Z≤0, and if ρ = n ∈ N, then we have
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z−[0] = 1, and ∀n≥ 1, z−[n] =
1

z(z+1) · · ·(z+n−1)
.

A straightforward calculation shows that, for all n ∈ N, ∆(z−[n]) = −nz−[n] so that
the behavior of z−[n] with respect to ∆ is the same as the one of z−n with respect to
the Euler operator ϑ = z d

dz . This is one of the reasons for replacing power series by
factorial series when we deal with linear difference equations.

2.1 Factorial series

A factorial series is a series of the form ∑n≥0 an z−[n] where an ∈ C.
The domain of convergence of a factorial series is a half-plane Re(z)> µ , where

µ is the abscissa of convergence whose formula is given in [20, Section 10.09,
Theorem V]. Note that, in this paper, we only consider formal factorial series and
we do not address the problem of convergence of the factorial series involved in the
solutions.

The set R of factorial series can be equipped with a commutative unitary
ring structure. The addition of two factorial series of the form ∑n≥0 an z−[n] and
∑n≥0 bn z−[n] is defined by

∑
n≥0

an z−[n]+ ∑
n≥0

bn z−[n] = ∑
n≥0

(an +bn)z−[n].

As for the multiplication, we need to introduce the binomial-like coefficient Ck
x,y

which is defined for all k ∈ N, x,y ∈ C by

Ck
x,y =

x[k]y[k]

k!
,

where z[k] denotes the usual rising factorial z[k] = ∏
k−1
j=0(z+ j). The multiplication of

∑n≥0 an z−[n] and ∑n≥0 bn z−[n] is then given by

(
∑
n≥0

an z−[n]
)(

∑
n≥0

bn z−[p]
)

= ∑
s≥0

 ∑
n,p,k≥0

n+p+k=s

Ck
n,p an bp

z−[s].

The set R of factorial series endowed with the above addition and multiplication
is a ring which is isomorphic to the ring C[[z−1]] of formal power series in z−1(see
[12]). The isomorphism ϕ : C[[z−1]]→R and its inverse ϕ−1 are given by:

ϕ(1) = 1, ϕ

(
1
z

)
= z−[1]
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∀n≥ 1, ϕ

(
1

zn+1

)
= (−1)n (n−1)! ∑

k≥0
(−1)k s(n+ k,n)z−[n+k+1],

∀n≥ 1, ϕ
−1(z−[n]) = ∑

k≥0
(−1)k S(n+ k−1,n−1)

1
zn+k ,

where the constants s(n,k) (resp. S(n,k)) are the Stirling numbers of the first
(resp. second) kind (see [2, Sec. 24]).

The fraction field F of the ring R of factorial series is isomorphic to the field
C((z−1)) of meromorphic formal power series in z−1 and any nonzero element f of
F can be written of the form f = zkg where k ∈ Z and g ∈R such that g(∞) 6= 0.
We define the valuation val( f ) of f by val( f ) =−k.

We also recall the translation formula transforming any factorial series in z into
another factorial series in z+β with β ∈ C. We have

∀β ∈ C, ∑
n≥0

an z−[n] = a0 + ∑
p≥1

(
p

∑
k=1

Cp−k
β ,k ak

)
(z+β )−[p], (4)

and

∀m ∈ N∗, ∀β ∈ C, ∑
n≥0

an z−[n+m] = ∑
p≥0

(
p

∑
k=0

Cp−k
β ,k+m ak

)
(z+β )−[p+m].

Note that we have

∆

(
∑
n≥0

anz−[n]
)

= ∑
n≥1
−nanz−[n],

which implies that R is stable by ∆ . The relation ∆( f g) = τ( f )∆(g)+∆( f )g then
shows that ∆ is a τ-derivation of R.

We have implemented the arithmetic operations on R as well as the useful trans-
lation formula and the action of ∆ on factorial series in a MAPLE package called
FACTORIALSERIESTOOLS1. A truncated factorial series ∑

t
n=0 an z−[n] of precision

t is represented by the list of its t +1 coefficients [a0,a1, . . . ,at ].
Note finally that, in the sequel, if M(z) is a matrix with factorial series entries,

we shall often denote by M0 the matrix M(z) evaluated at z = ∞, i.e., M0 = M(∞).

2.2 Functions φn and properties

In order to adapt the method of [9] to the setting of difference equations we shall
replace the triple (ϑ = z d

dz ,z
−n, logn) used in the differential case and satisfying

1 A beta version is available upon request from the authors and it will be soon available.
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∀n ∈ N, ϑ(z−n) =−nz−n, ϑ(logn(z)) = n logn−1(z),

by a triple (∆ ,z−[n],φn) satisfying

∀n ∈ N, ∆(z−[n]) =−nz−[n], ∆(φn(z)) = nφn−1(z). (5)

The aim of this subsection is to introduce the sequence of functions (φn)n∈N which
will play a role analogous to the one played by (logn)n∈N in the differential case,
i.e., which will satisfy the last equality of (5).

2.2.1 Definition

For z∈C\Z≤0, we consider the function ρ ∈C 7→ z−[ρ] = Γ(z)
Γ(z+ρ) . As the reciprocal

1/Γ of the Gamma function is an entire function (see [2, Sec. 6] or [20, Ch. 9]), the
function ρ 7→ z−[ρ] is holomorphic at ρ = 0 and we define the functions φn from the
coefficients of the Taylor series expansion of ρ 7→ z−[ρ] at ρ = 0:

Definition 1 For n ∈ N and z ∈ C\Z≤0, we define

φn(z) = (−1)n ∂ n

∂ρn

(
z−[ρ]

)∣∣∣∣∣
ρ=0

, (6)

and the sequence of functions (φn)n∈N where, for n ∈ N, φn is the function of the
complex variable z defined by (6) for z ∈ C\Z≤0.

From (6), we have φ0(z) = 1 and φ1(z) = Ψ(z), where Ψ is the Digamma or Psi
function defined as the logarithmic derivative of the Gamma function Γ, i.e., Ψ(z) =
Γ′(z)
Γ(z) (see [2, Sec. 6] or [20, Ch. 9]).

The Taylor series expansion of the function ρ 7→ z−[ρ] at ρ = 0 can thus be written
as

z−[ρ] =
Γ(z)

Γ(z+ρ)
= ∑

n≥0

(−1)n

n!
φn(z)ρ

n.

Remark 1 The function z 7→ z−[ρ] is asymptotically equivalent, as z→ ∞, to the
function z 7→ z−ρ which has the Taylor series expansion at ρ = 0

z−ρ = e−ρ log(z) = ∑
n≥0

(−1)n

n!
logn(z)ρ

n.

This illustrates the close relations between the functions φn and logn which will be
more developed in Subsection 2.2.2 below.
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2.2.2 Properties

As we have seen above, the function φ1 coincides with the Digamma function Ψ

which satisfies the linear difference equation

∆(Ψ(z)) = 1,

and has the asymptotic expansion

Ψ(z)∼ log(z)− 1
2z
−∑

n≥1

B2n

2nz2n , z→ ∞, |arg(z)|< π,

where Bk represents the kth Bernoulli number ([2, Sec. 23]).
In our previous paper [10], we have extended the above two properties on Ψ to

handle any function φn for n≥ 1. Indeed, we have shown that

∆(φn(z)) = nφn−1(z), (7)

φn(z) =
n−1

∑
k=0

(−1)k
(

n−1
k

)
Ψ

(k)(z)φn−k−1(z), (8)

φn(z) = Ψ(z)φn−1(z)−
d
dz

(φn−1(z)) , (9)

φn(z) = (−1)n
Γ(z)

dn

dzn

(
1

Γ(z)

)
, (10)

φn(z)∼ logn(z)+
n−1

∑
i=0

Pn,i(z−1) logi(z), z→ ∞, |arg(z)|< π,

where Ψ(k) denotes the Polygamma function of order k and for i = 0, . . . ,n− 1,
Pn,i(z−1) ∈ C[[z−1]].

Note that one can also define the functions φn using the formula (10) (as it has
been done in [13]) from which one can easily recover (9), (8) and (7). However,
getting the expression (6) doesn’t seem to be straightforward.

For later use, we present below a new formula giving the nth derivative of z−[ρ]

with respect to ρ . Here also, we point out the resemblance with the formula of the
nth derivative of the power function z−ρ : ∂ n

∂ρn (z−ρ) = (−1)nz−ρ logn(z).

Proposition 1 For any integer n ∈ N, we have

∂ n

∂ρn

(
z−[ρ]

)
= (−1)nz−[ρ]φn(z+ρ).

Proof. We proceed by induction on n. The formula holds true for n = 0 since we
have φ0(z) = 1. Assuming that the statement holds for all integers m≤ n, we have
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∂ n+1

∂ρn+1 (z
−[ρ]) =

∂

∂ρ

(
∂ n

∂ρn (z
−[ρ])

)

=
∂

∂ρ

(
(−1)nz−[ρ]φn(z+ρ)

)
= (−1)n

(
∂

∂ρ
(z−[ρ])φn(z+ρ)+ z−[ρ]

∂

∂ρ
(φn(z+ρ))

)

= (−1)n
(
−z−[ρ]ψ(z+ρ)φn(z+ρ)+ z−[ρ]

∂

∂ρ
(φn(z+ρ))

)

= (−1)n+1z−[ρ]
(

ψ(z+ρ)φn(z+ρ)− ∂

∂ρ
(φn(z+ρ))

)
= (−1)n+1z−[ρ]φn+1(z+ρ),

using Property (9). This ends the proof.

3 Linear difference systems of the first kind

We recall that a necessary and sufficient condition for a linear difference system to
have a regular singularity at z = ∞ is to be gauge equivalent to a system of the first
kind of the form

∆(y(z))+A(z)y(z) = 0, (11)

where A(z) = ∑k≥0 Akz−[k] with Ak ∈ Cn×n. Therefore it is worth studying directly
the latter linear difference systems. In the literature, the structure of a formal funda-
mental matrix of solutions of systems of the first kind has been investigated in details
(see [16, 17, 18]). In particular, there exists a method, corresponding to the Frobe-
nius method for linear differential systems, for computing a fundamental matrix of
solutions of System (11) (see [16, 3]). This method produces a formal fundamental
matrix of solutions of the form

S(z)zΛ , (12)

where S(z) is an n×n matrix with factorial series entries and Λ ∈ Cn×n. Moreover,
the factorial series matrix S(z) converges whenever A(z) does so.

In this section, we handle linear difference systems (11) of the first kind but in a
different way than it has been done in [16]. We first consider the simplest case where
the matrix A(z) is a constant matrix, and give an expression of a formal fundamental
matrix of solutions in terms of the functions φn defined in Subsection 2.2. Then, we
show how the general case, where A(z) is a matrix of factorial series, can be reduced
to the first case using a gauge transformation, therefore a formal fundamental matrix
of solutions can be determined.
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3.1 Systems with constant coefficients

In the theory of differential equations, it can be easily checked that a first-order
linear differential system with singularity at infinity of the first kind of the form

z
d
dz

y(z)+Ay(z) = 0,

where A ∈ Cn×n, has a formal fundamental matrix of solutions given by z−A which
has the power series expansion

z−A = ∑
k≥0

(−1)k

k!
logk(z)Ak.

In an analogous manner, we shall define the matrix z−[A] by replacing logk(z) by
φk(z) in the latter power series expansion.

Definition 2 Given a constant square matrix A, we define the matrix z−[A] as

z−[A] = ∑
k≥0

(−1)k

k!
φk(z)Ak,

where the functions φk are defined in Equation (6).

Proposition 2 A formal fundamental matrix of solutions of the linear difference
system

∆(y(z))+Ay(z) = 0,

where A ∈ Cn×n, is given by z−[A].

Proof. A direct computation of ∆(z−[A]) using Definition 2 gives

∆(z−[A]) = ∑
n≥0

(−1)n

n!
∆(φn(z))An

= ∑
n≥1

(−1)n

n!
nφn−1(z)An

= ∑
n≥1

(−1)n

(n−1)!
φn−1(z)An

=−A ∑
n≥1

(−1)n−1

(n−1)!
φn−1(z)An−1

=−Az−[A],

which ends the proof.
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We shall now provide an efficient way to compute z−[A]. From Definition 2, we
remark that if the matrix A is block-diagonal, i.e., A = diag(A1, . . . ,As), then we
have z−[A] = diag(z−[A1], . . . ,z−[As]). We also notice that if P is an invertible constant
matrix, then z−[PAP−1] = Pz−[A]P−1. This allows us to reduce the computation of
z−[A] to the case where the matrix A is a Jordan block.

Proposition 3 Let Jρ,n = ρIn +N be a Jordan block of size n with ρ ∈ C, In the
identity matrix of size n, and N a nilpotent matrix. Then, we have

z−[ρIn+N] = z−[ρ](z+ρ)−[N],

where

(z+ρ)−[N] =



1 −φ1(z+ρ) . . . . . . (−1)n−1

(n−1)! φn−1(z+ρ)

0 1 . . . . . . (−1)n−2

(n−2)! φn−2(z+ρ)

...
. . .

...

...
. . . −φ1(z+ρ)

0 0 . . . 1


.

Proof. Using Definition 2, we have

z−[ρIn+N] = ∑
k≥0

(−1)k

k!
φk(z)(ρIn +N)k

= ∑
k≥0

(−1)k

k!
φk(z)

(
k

∑
j=0

(
k
j

)
ρ

k− jN j

)

=
n−1

∑
j=0

N j

(
∑
k≥ j

(−1)k

k!

(
k
j

)
φk(z)ρk− j

)

=
n−1

∑
j=0

1
j!

N j

(
∑
k≥ j

(−1)k

k!
k(k−1) . . .(k− j+1)φk(z)ρk− j

)

=
n−1

∑
j=0

1
j!

N j ∂ j

∂ρ j

(
∑
k≥0

(−1)k

k!
φk(z)ρk

)

=
n−1

∑
j=0

1
j!

N j ∂ j

∂ρ j

(
z−[ρ]

)
.

Finally, using Proposition 1, we get
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z−[ρIn+N] = z−[ρ]
n−1

∑
j=0

(−1) j

j!
φ j(z+ρ)N j = z−[ρ](z+ρ)−[N],

which ends the proof.

3.2 Systems with factorial series coefficients

We consider now the general case where the matrix A(z) in (11) is a factorial series
matrix not necessarily reduced to the constant matrix A0. The aim of this subsection
is to show that any system of the form (11) is gauge equivalent to a system with
constant coefficients. One can then apply Proposition 2 to obtain a formal funda-
mental matrix of solutions. To achieve this, we shall expose a method similar to the
one used in the differential case where the study depends on whether the distinct
eigenvalues of the matrix A0 are congruent or not modulo 1 (see [11, 24]).

Definition 3 A constant matrix A ∈ Cn×n is said to be non-resonant if any two
eigenvalues of A do not differ by a positive integer, that is, for every m ∈ N∗, the
two matrices A and A−mIn have no common eigenvalues. Otherwise, A is said to
be resonant.

Proposition 4 Given a linear difference system of the first kind of the form (11)
with a non-resonant matrix A0, one can compute a gauge transformation y(z) =
T (z)w(z), where T (z) = ∑m≥0 Tmz−[m], with T0 = In and Tm ∈ Cn×n, transforming
System (11) into the equivalent system

∆(w(z))+A0w(z) = 0.

Proof. We shall show how to compute the coefficient matrices Tm of T (z) in such
a way that the transformation y(z) = T (z)w(z) reduces System (11) to the gauge
equivalent system ∆(w(z))+A0w(z)= 0. It follows that the matrix T (z) must satisfy

A(z)T (z)+∆(T (z)) = τ(T (z))A0. (13)

Plugging T (z)=∑m≥0 Tmz−[m] and A(z)=∑k≥0 Akz−[k] in (13) and using the product
formula for factorial series, we obtain

∑
m≥0

 ∑
p,q,k≥0

p+q+k=m

Ck
p,q ApTq

z−[m]− ∑
m≥1

mTmz−[m]=T0A0+ ∑
m≥1

(
m

∑
k=1

Cm−k
1,k TkA0

)
z−[m].

Comparing the coefficients of z−[m] in each side of the latter equality yields

A0T0 = T0A0,

which implies that we can always choose T0 = In, and for m≥ 1, we get
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∑
p,q,k≥0

p+q+k=m

Ck
p,q ApTq−mTm =

m

∑
k=1

Cm−k
1,k TkA0.

Collecting the terms in Tm on the left-hand side, the latter equation can be written as

(A0−mI)Tm−TmA0 =− ∑
p,k≥0

0≤q<m
p+q+k=m

Ck
p,q ApTq +

m−1

∑
k=1

Cm−k
1,k TkA0, (14)

where the right-hand side depends only on Ak and Tk for k < m. Due to the assump-
tion on the eigenvalues of A0, the Sylvester equation (14) admits a unique solution
Tm (see [15]).

When A0 is a resonant matrix, it is well known (see [16, 3]) that System (11)
is gauge equivalent to a system satisfying the hypotheses of Proposition 4. For the
sake of completeness, we recall this result below.

Proposition 5 Let (11) be a linear difference system of the first kind with a resonant
matrix A0. One can construct a gauge transformation y(z) = T (z)w(z) with T (z) ∈
C[z−1]n×n, such that System (11) is equivalent to a linear difference system of the
first kind of the form

∆(w(z))+

(
∑
k≥0

Bkz−[k]
)

w(z) = 0,

with a non-resonant matrix B0 .

Proof. First, gather the eigenvalues of A0 into sets such that the elements of each
set are pairwise congruent modulo 1. Consider one of these sets and denote by
ρ1,ρ2, . . . ,ρq ∈C its distinct elements with multiplicity m1, . . . ,mq respectively. As-
sume that

Re(ρ1)> Re(ρ2)> · · ·> Re(ρq),

and set
ρi−ρi+1 = li ∈ N∗, ∀ i = 1, . . . ,q−1.

By means of a constant gauge transformation, one can assume without loss of gen-
erality that A0 is in the canonical form

A0 =

[
A11

0 0

0 A22
0

]
,

where A11
0 is an m1×m1 matrix in Jordan form with one eigenvalue ρ1. The gauge

transformation
y(z) =U(z)ỹ(z),

where U(z) = diag(z−1Im1 , In−m1), transforms System (11) into
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∆(ỹ(z))+ Ã(z)ỹ(z) = 0,

with

Ã0 =
[
τ(U−1(z))(A(z)U(z)+∆(U(z)))

]
z=∞

,

=

[
τ(U−1(z))

(
A0 +

A1

z

)
U(z)+ τ(U−1(z))∆(U(z))

]
z=∞

,

=

[
τ(U−1(z))

(
A0 +

A1

z

)
U(z)

]
z=∞

+diag(−Im1 ,0n−m1) .

Partitioning the matrix A1 into blocks of the same size as those of A0 as follows

A1 =

[
A11

1 A12
1

A21
1 A22

1

]
,

the matrix Ã0 can be written as

Ã0 =

[
A11

0 − Im1 A12
1

0 A22
0

]
,

and its eigenvalues are ρ1−1,ρ2, . . . ,ρq of multiplicity m1, . . . ,mq respectively. Re-
peating this process l1 times, the eigenvalues become

ρ1− l1 = ρ2,ρ2, . . . ,ρq.

Thus after l1 + l2 + · · ·+ lq−1 iterations, one can make the eigenvalues of this set
equal. Applying the same process to the other sets of eigenvalues, one can get a
non-resonant matrix B0 which ends the proof.

Combining Propositions 4 and 5, we get the following theorem:

Theorem 1 Given a linear difference system of the first kind of the form (11), one
can compute a gauge transformation y(z) = T (z)w(z), where T (z) is an invertible
matrix of factorial series, such that System (11) is equivalent to a linear difference
system with constant coefficients of the form

∆(w(z))+Λw(z) = 0,

where Λ ∈ Cn×n.

Consequently, using Proposition 2, we obtain:

Corollary 1 Any linear difference system (11) of the first kind admits a formal fun-
damental matrix of solutions given by

T (z)z−[Λ ], (15)

where Λ ∈ Cn×n and T (z) = ∑m≥0 Tmz−[m] with Tm ∈ Cn×n.
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Here also, we can show that if the factorial series matrix A(z) in (11) converges,
then the factorial series matrix T (z) of (15) does so. Therefore, every formal solution
is an actual solution.

Assuming that the matrix Λ in (15) is in Jordan form (see Proposition 3), each
column vector of the formal fundamental matrix of solutions (15) can be written
under the form

z−[ρ]
m

∑
k=0

fk(z)φk(z+ρ), (16)

where ρ ∈ C, m < n and for k = 0, . . . ,m, fk is a vector of factorial series. The vec-
tor given in (16) is then a solution of System (11) and it is called a formal regular
solution. Therefore, we have shown that any linear difference system of the first
kind admits a full basis of n C-linearly independent formal regular solutions. In the
following section, we shall consider a general class of systems which are not neces-
sarily of the first kind and see how their regular solutions can also be computed.

We end this section with an example illustrating the computation of a formal
fundamental matrix of solutions of linear difference systems of the first kind. We
recall that in our MAPLE implementation a (truncated) factorial series ∑

t
n=0 an z−[n]

of precision t is represented by the list of its t +1 coefficients [a0,a1, . . . ,at ].

Example 1 We consider the first-order linear difference system of the first kind of
the form (11) where matrix A(z) is given by the truncated matrix of factorial series

A(z) =


[1,−2,−1] [−1,−1,2] [0,1,1]

[1,0,−1] [3,2,1] [0,−1,2]

[−1,1,0] [−3+ i,−1,−1] [i,0,−1]


of precision t = 2 with i denoting the complex number

√
−1. The matrix A0 = A(∞)

given by

A0 =


1 −1 0

1 3 0

−1 −3+ i i


has two distinct eigenvalues, namely i of multiplicity 1 and 2 of multiplicity 2. So
we are in the case where matrix A0 is non-resonant. Applying Proposition 4 that
we have implemented using our package FACTORIALSERIESTOOLS, we find the
gauge transformation y(z) = T (z)w(z), where the matrix T (z) of factorial series is
computed with precision t = 2

T (z)=


[1,−2,− 107

8 −
i
8 ] [0,− 53

10 −
i

10 ,−
16829

680 −
463 i
680 ] [0,−

3
10 −

i
10 ,−

53
85 −

26 i
85 ]

[0,1, 47
8 + i

8 ] [1, 13
10 +

i
10 ,

6357
680 + 259 i

680 ] [0, 3
10 +

i
10 ,−

47
170 +

i
170 ]

[0,− 1
2 ,−

79
8 −

37 i
8 ] [0, 7

10 +
2
5 i,− 8159

680 −
6073 i
680 ] [1, 7

10 −
i

10 ,
43

340 +
151 i
340 ]

 .



16 Moulay Barkatou, Thomas Cluzeau and Carole El Bacha

This transformation reduced the original system to the system with constant coef-
ficients ∆(w(z)) +A0w(z) = 0. Therefore, by Proposition 2, a formal fundamen-
tal matrix of solutions (with precision t = 2) of the original system is given by
T (z)z−[A0]. Now, computing the Jordan form of A0, we find

J = P−1A0P =


i 0 0

0 2 1

0 0 2

 with P =


0 −1 1

0 1 0

1 −1 0

 ,
so that Proposition 3 yields

z−[A0] = Pz−[J]P−1 = P

 z−[i] 0 0
0
0 z−[2]

(
1 −φ1(z+2)
0 1

)P−1.

Finally, with the previous notation, a formal fundamental matrix of solutions (with
precision t = 2) of the initial system of the first kind is given by

Y (z) = T (z)P

 z−[i] 0 0
0
0 z−[2]

(
1 −φ1(z+2)
0 1

) .

4 Computation of the formal regular solutions

We consider now linear difference systems of the form

D(z)∆(y(z))+A(z)y(z) = 0, (17)

where D(z) and A(z) are two n× n matrices of factorial series such that D(z) is
invertible in F n×n.

In this section, we shall recall the method presented in [10] for computing the
formal regular solutions of Systems (17). This method is a generalization to the
difference case of the one proposed in [9] for computing regular solutions of linear
differential systems. It differs from the existing Frobenius-like methods given in
[17, 16, 3] which are restricted to difference systems of the first kind.

Remark that when D(z) = In in (17), we get systems of the first kind which
have been studied in the previous section. Hence, the approach provided below for
computing the regular solutions can be seen as an alternative way to the one that we
have described previously in this paper.

We stress the fact that the method of [10] only deals with systems of the form
(17) which are simple:
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Definition 4 A system of the form (17), or the associated linear difference operator
L defined by L = D(z)∆ +A(z), is said to be simple if the matrix pencil defined by
D0λ −A0 is regular, that is, det(D0 λ −A0) 6≡ 0.

Note however that the assumption that (17) is a simple system is not restrictive
since in Section 5 below we shall provide an algorithm that transforms a non-simple
difference system into a simple equivalent system (see Definition 5).

Instead of looking for regular solutions of the form (16), the idea behind the
method in [10] is to search for regular solutions written as

y(z) = ∑
m≥0

z−[ρ+m] ym(z), y0(z) 6= 0, (18)

where the ym(z), for m ≥ 0, are finite linear combinations with constant vector co-
efficients of the functions φi defined by (6), i.e., for all m≥ 0:

ym(z) = um,0 φ0(z)+ · · ·+um,lm φlm(z); lm ∈ N, um,i ∈ Cn, i = 0, . . . , lm.

Theorem 2 ([10], Theorem 1) With the above notation, the vector y(z) defined by
(18) is a regular solution of the linear difference system (17) if and only if the com-
plex number ρ and the vector y0 are such that

D0 ∆(y0)− (D0 ρ−A0)y0 = 0, (19)

and for m≥ 1, ym satisfies

D0 ∆(ym)− (D0 (ρ +m)−A0)ym = qm, (20)

where, for m ≥ 1, qm is a linear combination with constant coefficient matrices of
the yi and ∆(yi), for i = 0, . . . ,m−1, that can be effectively computed.

Theorem 2 reduces the problem of computing regular solutions of linear differ-
ence systems (17) to the resolution of the linear difference systems with constant
coefficient matrices given by (19) and (20).

We shall now state two results showing that System (19), resp. Systems (20) for
m≥ 1, can always be solved for y0, resp. ym for m≥ 1, of the desired form.

Proposition 6 gives a necessary and sufficient condition for System (19) to have
a nontrivial solution y0 as a finite linear combination of the functions φi defined by
(6) with constant vector coefficients.

Proposition 6 ([10], Proposition 2) With the above notation and assumptions, the
linear difference system with constant coefficient matrices (19) has a solution of the
form

y0(z) =
k

∑
i=0

(−1)i

i!
vi φi(z), (21)
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where v0, . . . ,vk ∈ Cn are constant vectors such that vk 6= 0, if and only if ρ

is an eigenvalue of the matrix pencil D0 λ − A0, i.e., det(D0 ρ − A0) = 0 and
vk,vk−1, . . . ,v0 form a Jordan chain associated with ρ (see [9, 15]).

Assuming now that ρ is an eigenvalue of D0 λ −A0 and y0 given by (21) is a
solution of (19), then, for m ≥ 1, ym satisfies a non-homogeneous linear difference
system with constant coefficient matrices whose right-hand side is a finite linear
combination of the yi and ∆(yi), i = 0, . . . ,m−1, with constant coefficient matrices.
The following proposition shows that such a system always admits a solution of the
desired form.

Proposition 7 ([10], Proposition 3) With the above notation and assumptions, let
further assume that the right-hand side qm of (20) is a linear combination of the
functions φ0, φ1, . . . , φd with constant vector coefficients. Then System (20) has a
solution ym expressed as a linear combination of φ0, φ1, . . . , φp with constant vector
coefficients such that{

d ≤ p≤ d +max{κi, i = 1, . . . ,mg(ρ +m)} if det(D0 (ρ +m)−A0) = 0,
p = d otherwise,

where mg(ρ +m) denotes the dimension of the kernel of the matrix D0 (ρ +m)−A0
and the κi, i= 1, . . . ,mg(ρ+m), are the partial multiplicities of the eigenvalue ρ+m
of the matrix pencil D0 λ −A0 (see [15, 9]).

Theorem 2, Propositions 6 and 7 and their constructive proofs (see [10]) pro-
vide an algorithm for computing regular solutions of simple first-order linear differ-
ence systems of the form (17). In particular, it relies on the computation of eigen-
values and Jordan chains of the matrix pencil D0 λ − A0 and determines a basis
of the formal regular solutions space whose dimension equals the degree in λ of
det(D0 λ −A0).

Remark 2 It is worth noticing that this algorithm can be applied to any simple
linear difference system (17) with either a regular or an irregular singularity at
infinity. Indeed, a simple system has a regular singularity at z = ∞ if and only if
det(D0 λ −A0) is of degree n in λ which holds only if the constant matrix D0 is
invertible. However, the latter condition about D0 is not necessary for the execution
of the algorithm which only requires that det(D0 λ −A0) 6≡ 0.

5 Reduction to simple forms

To System (17), we associate the linear difference operator L defined by

L = D(z)∆ +A(z). (22)

Using the terminology of [9], we shall say that System (17), or Operator (22), is
simple if the associated matrix pencil L0(λ ) defined by
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L0(λ ) = D0 λ +A0

is regular, i.e., det(L0(λ )) 6≡ 0. This definition of simple forms is equivalent to Def-
inition 4 given in the previous section since det(D0λ −A0) = (−1)n det(L0(−λ )).

The aim of this section is to provide a procedure that transforms any operator of
the form (22) into an equivalent simple operator where the terminology “equivalent
operator” is defined as follows:

Definition 5 A difference operator L′ = D′(z)∆ +A′(z) is said to be equivalent to
an operator L = D(z)∆ +A(z) if there exist two invertible matrices S(z) and T (z)
such that

L′ = S(z)LT (z),

that is,

D′(z) = S(z)D(z)τ(T (z)), and A′(z) = S(z)D(z)∆(T (z))+S(z)A(z)T (z).

In Definition 5, if the matrix T (z) is a constant matrix T (independent of z), then
the coefficients of L′ are simply given by D′(z) = S(z)D(z)T and A′(z) = S(z)A(z)T .

Computing simple forms of linear difference operators is not only useful for
computing regular solutions (as seen in Section 4 above). It can also be used to
determine the nature of the singularity z = ∞ in the regular / irregular classification
(see Remark 3 below).

In [7], the authors describe an approach for computing simple forms (and more
general forms called k-simple forms) of first-order linear differential operators. The
approach presented in [7] requires the leading coefficient matrix D(z) of the oper-
ator (or system) to be in Smith form. For linear difference operators, the method
that we present in this section broadly follows the main idea of [7], except that the
hypothesis considered on D(z) is now finer. Indeed instead of assuming that D(z) is
in Smith form, we suppose that the singular matrix D0 = D(∞) has the form

D0 =

[
Ir 0
0 0

]
, (23)

where r stands for the rank of D0.
Partitioning the matrix A0 = A(∞) into blocks of the same size as those of D0

A0 =

[
A11

0 A12
0

A21
0 A22

0

]
,

the matrix pencil L0(λ ) = D0λ +A0 can be written under the form

L0(λ ) =

[
Irλ +A11

0 A12
0

A21
0 A22

0

]
. (24)
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In what follows and using the terminology of [7], the rows of L0(λ ) of indices
r + 1 to n, that is, the rows of the submatrix

(
A21

0 A22
0
)
, will be referred to as the

λ -free rows of L0(λ ).
The singularity of the matrix pencil L0(λ ) may be partly due to the fact that its

λ -free rows are linearly dependent, that is, rank
(
A21

0 A22
0
)
< n−r. Eliminating these

dependency relations by means of performing row-operations on the operator, the
matrix pencil may turn to be non-singular. However this is not sufficient because it
may happen that the λ -free rows are linearly independent whereas the matrix L0(λ )
is singular. Therefore, we shall first explain how given a non-simple operator, we
can always manage to ensure that the λ -free rows of the matrix pencil are linearly
dependent (Lemma 1 and Proposition 8). This can be done without altering the val-
uation of the determinant of the leading coefficient matrix of the operator. After
that, we proceed to eliminate the dependency relations between the λ -free rows
(Proposition 9). At this stage, the manipulations that we perform can only drop the
valuation of the determinant of the leading coefficient matrix. Iterating this process
a finite number of times, we are sure that we shall end up with a simple (equivalent)
operator. Indeed, at worst case, the determinant of the leading coefficient matrix of
the operator that we get has valuation zero which means that the leading coefficient
matrix is invertible at z = ∞ so that the matrix pencil associated to the operator is
necessarily regular.

5.1 Description of the approach

As explained above, our first goal consists in making sure that the λ -free rows of
the matrix pencil are linearly dependent. To achieve this, we shall first perform the
following preliminary step in order to get an equivalent operator with a matrix pencil
in an appropriate form.

Lemma 1 Let L be a non-simple operator of the form (22) with a matrix pencil
L0(λ ) given by (24). One can compute two invertible constant matrices S and T in
Cn×n that transform L into the equivalent operator L′ = SLT whose matrix pencil
is of the form 

Iqλ +W 11 0 0

W 21 Ir−qλ +W 22 W 23

W 31 W 32 W 33

 , (25)

where 0≤ q≤ r (r being the rank of D0) and

rank
(
W 32 W 33

)
< n− r. (26)

Proof. Given the matrix pencil L0(λ ) of the form (24), if rank
(
A21

0 A22
0
)
< n− r,

then L0(λ ) is already of the form (25) with q = 0 and the condition (26) is satisfied
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so there is nothing to do. Otherwise, as the operator L is non-simple, L0(λ ) is then
singular for all λ ∈ C. In particular, for λ = 0, the matrix

L0(0) = A0 =

[
A11

0 A12
0

A21
0 A22

0

]

is singular as well. Swapping the rows and columns of L of index 1 to r, we can
suppose that there exists a nonzero row-vector of the form

(
1 u v

)
, where u ∈Cr−1

and v ∈ Cn−r, in the left nullspace of A0. Multiplying the operator L on the left by

S1 =

1 u v
0 Ir−1 0
0 0 In−r


yields the operator L = S1L = D(z)∆ + A(z), where D(z) = S1D(z) and A(z) =
S1A(z). It follows that the first row of A0 is equal to

(
1 u v

)
A0 = 0. Note here

that the leading coefficient matrix D0 of the matrix pencil L0(λ ) may not be of the
form (23) so we multiply L on the right by

T1 =

1 −u 0
0 Ir−1 0
0 0 In−r

 .
Denoting L̃ = LT1 = D̃(z)∆ + Ã(z), we have D̃0 = D0 given by (23) and the first
row of Ã0 is zero. The matrix pencil L̃0(λ ) associated with operator L̃ is then of
the form (25) with q = 1. We draw attention to the fact that L̃ is also non-simple
since L̃0(λ ) = S1 L0(λ )T1. Now, if the condition (26) is satisfied, then we are done.
Otherwise, we repeat the process on the submatrix of L̃(λ ) composed of rows and
columns of index 2 to n (which is necessarily singular due to the particular structure
of L̃(λ )) and we increment the value of q. Thus, after at most r successive iterations
of this process, we obtain an equivalent non-simple operator L̂ whose associated
matrix pencil is of the form (25) where either q < r and Condition (26) holds, or
q = r which means that L̂0(λ ) is of the form

L̂0(λ ) =

[
Ir λ +W 11 0

W 31 W 33

]
.

In the latter case, the matrix L̂0(λ ) is singular and the first diagonal block Ir λ +W 11

is regular. This implies that W 33 is necessarily singular which could be translated
to Condition (26). Finally, the matrices S and T of Lemma 1 are the product of
permutation matrices and upper triangular constant matrices.

It is important to mention that since the transformations S and T of Lemma 1
are constant, they surely do not alter the valuation of the determinant of the leading
coefficient matrix of the operator.
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We shall prove next that any non-simple difference operator with a matrix pen-
cil of the form (25) is equivalent to an operator such that the λ -free rows of its
associated matrix pencil are linearly dependent.

Proposition 8 Let L = D(z)∆ + A(z) be a non-simple operator having a matrix
pencil L0(λ ) = D0λ +A0 of the form (25) and satisfying Condition (26). One can
compute two invertible matrices S(z) and T (z) of the form

S(z) = diag(zIq, Ir−q, In−r) and T (z) = S−1(z)T1,

where T1 ∈ Cn×n is an invertible constant matrix, that transform L into the equiv-
alent operator L′ = S(z)LT (z) = D′(z)∆ +A′(z) such that the λ -free rows of the
matrix pencil L′0(λ ) = D′0λ + A′0 are linearly dependent. Furthermore, we have
val(det(D′(z))) = val(det(D(z))).

Proof. In what follows, and for sake of brevity, we shall omit the explicit reference
to the dependence of the matrices on z in the notations. First, we partition the co-
efficient matrices D and A of L into blocks of the same sizes as those of the matrix
given in (25), that is,

D =


D11 D12 D13

D21 D22 D23

D31 D32 D33

 and A =


A11 A12 A13

A21 A22 A23

A31 A32 A33

 ,
with D11 = Iq +O( 1

z ), D22 = Ir−q +O( 1
z ), and the other blocks Di j, A12 and A13

are at least of valuation 1. Multiplying the operator L on the left by the invertible
matrix S= diag(zIq, Ir−q, In−r) and on the right by S−1, we get an equivalent operator
L = D∆ +A, where D and A are respectively given by

D = SDτ(S−1) =


z

z−1 D11 zD12 D13

1
z−1 D21 D22 D23

1
z−1 D31 D32 D33

 (27)

and
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A = SD∆(S−1)+SAS−1

= SDdiag(−z−1Iq,0,0)+SAS−1

=


−D11 0 0

−z−1D21 0 0

−z−1D31 0 0

+


A11 zA12 zA13

z−1A21 A22 A23

z−1A31 A32 A33



=


A11−D11 zA12 zA13

z−1(A21−D21) A22 A23

z−1(A31−D31) A32 A33

 . (28)

Notice that these manipulations do not affect the valuation of the determinant of
the leading coefficient matrix of the operator, that is, val(det(D)) = val(det(D)),
since val(det(S)) = −q = −val(det(S−1)) = −val(det(τ(S−1))). However, the ma-
trix pencil associated to the operator is now of the form

L0(λ ) =


Iqλ +W 11− Iq [zD12]z=∞λ +[zA12]z=∞ [zD13]z=∞λ +[zA13]z=∞

0 Ir−qλ +W 22 W 23

0 W 32 W 33

 .
To get back the form (23) of the leading coefficient matrix of L0(λ ), we multiply L
on the right by the invertible constant matrix

T1 =


Iq −[zD12]z=∞ −[zD13]z=∞

0 Ir−q 0

0 0 In−r

 ,
which transforms L into the equivalent operator L′ = LT1 with matrix pencil

L′0(λ ) =


Iqλ +W 11− Iq ∗ ∗

0 Ir−qλ +W 22 W 23

0 W 32 W 33

 ,
where the ∗ stands for constant matrices of suitable dimensions. As we have
rank

(
W 32 W 33

)
< n− r, the λ -free rows of L′0(λ ) are then linearly dependent.

Now, the λ -free rows of the matrix pencil being linearly dependent, we proceed
to cancel these dependence relations. This operation will decrease the valuation of
the determinant of the leading coefficient matrix.

Proposition 9 Consider a non-simple operator L = D(z)∆ +A(z) having a matrix
pencil L0(λ ) of the form (24) with rank

(
A21

0 A22
0
)
< n− r. One can compute two
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invertible matrices T ∈ Cn×n and S(z) of the form

S(z) = S3diag(1, . . . ,1,z[γ],1, . . . ,1)S1,

where γ ∈ N∗, z[γ] = ∏
γ−1
j=0(z+ j), and S3, S1 ∈ Cn×n invertible constant matrices,

that transform L into the equivalent operator L′ = S(z)LT = D′(z)∆ +A′(z) with
val(det(D′(z)))< val(det(D(z))).

Proof. Let u be a non zero row-vector in the left nullspace of the matrix
(
A21

0 A22
0
)
.

Let i be the position of the first nonzero component of the vector u. Let S1 be the
constant matrix obtained from the identity matrix In by substituting its (r+ i)th row
by the n-dimensional row

(
0 . . . 0 u

)
. Multiplying the operator L on the left by S1

yields an operator L = S1L = D(z)∆ + A(z), where D = S1D and A = S1A. The
(r+ i)th row of the matrix A0 = S1A0 is zero and that of D0 is zero as well due to
the special forms of D0 and S1. Let γ be the minimum value among the valuation of
the (r+ i)th row of D and that of the (r+ i)th row of A. Let

S2 = diag( 1, . . . ,1︸ ︷︷ ︸
(r+i−1) times

,z[γ],1, . . . ,1),

where z[γ] = ∏
γ−1
j=0(z+ j), and multiply the operator L on the left by S2. Notice that

this operation may reveal in the entries of the (r + i)th row of the operator S2L,
factorial series in z+ γ which can be easily transformed to factorial series in z using
the translation formula. At this stage, the valuation of the determinant of the leading
coefficient matrix has been decreased since

val(det(S2D)) = val(det(S2))+val(det(D))

= val(det(D))− γ

< val(det(D))

= val(det(D)).

Finally, we draw attention to the fact that if the integer γ is equal to the valuation of
the (r+ i)th row of the matrix D, then we may need to multiply the operator by two
invertible constant matrices S3 on the left and T on the right in order to get the form
(23) of the leading coefficient matrix at z = ∞.

Lemma 1 together with Propositions 8 and 9 give rise to an algorithm that takes
as input (a truncation of) the coefficient matrices D(z) and A(z) of a non-simple
linear difference operator L = D(z)∆ +A(z) and returns (a truncation of) the coef-
ficient matrices D′(z) and A′(z) of a simple operator L′ = D′(z)∆ +A′(z), together
with two invertible matrices S′(z) and T ′(z) such that L′ = S′(z)LT ′(z). We summa-
rize its steps below.
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ALGORITHM SimpleForm

INPUT: The coefficient matrices D and A of operator L given by (22).
OUTPUT: Four matrices S′, T ′, D′ and A′ with S′ ∈ C[z]n×n and T ′ ∈ C[z−1]n×n

invertible in C[z,z−1]n×n, D′ = S′Dτ(T ′) and A′ = S′D∆(T ′)+S′AT ′

such that the operator D′∆ +A′ is simple.

INITIALIZATION: S′←− In, T ′←− In, D′←− D, A′←− A, L′←− D0 λ +A0;
While det(L′) = 0 do

1. Compute two constant matrices S and T of Cn×n as in Lemma 1;
2. Update D′←− SD′T , A′←− SA′T , S′←− SS′ and T ′←− T ′T ;
3. Compute two matrices S ∈ C[z]n×n and T ∈ C[z−1]n×n as in Proposition 8;
4. Update D′←− SD′ τ(T ), A′←− SD′∆(T )+SA′T , S′←− SS′

and T ′←− T ′T ;
5. Compute two matrices S ∈ C[z]n×n and T ∈ Cn×n as in Proposition 9;
6. Update D′←− SD′T , A′←− SA′T , S′←− SS′ and T ′←− T ′T ;
7. Let L′←− D′0 λ +A′0;

end do;
Return S′, T ′, D′, A′;

Remark 3 An important application of the SimpleForm algorithm above is that
it allows to recognize the nature of the singularity z = ∞ in the regular / irregular
classification. Indeed, as seen in Remark 2, the infinity is a regular singularity if and
only if the matrix D′(z) in the output of the algorithm is invertible at z = ∞. There-
fore, this algorithm can be considered as an alternative way of Moser’s algorithm
[3, 4] which computes the minimal Poincaré rank q of the system and therefore
determines the nature of the singularity.

Once the SimpleForm algorithm has been applied, one can always use the
method presented in Section 4 in order to compute a basis of the formal regular
solutions space of a simple system. Moreover, if z = ∞ is a regular singularity, i.e., if
D′0 is invertible, there is an alternative method for computing regular solutions: one
can write the system as ∆(y(z))+(D′(z))−1A′(z)y(z) = 0 which is now a system of
the first kind and then apply the method of Section 3 which is exclusively dedicated
to first-order linear difference systems of the first kind.

5.2 Implementation and example

The algorithm SimpleForm above has been implemented in MAPLE2 based on our
FACTORIALSERIESTOOLS package. In this subsection, we first give some remarks
concerning the implementation of some steps of the algorithm. Then, we illustrate
it on an example.

2 A beta version is available upon request from the authors and it will be soon available.
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In the proof of Proposition 8, some block entries of the matrices D and A given
respectively by (27) and (28), are obtained by multiplying factorial series by one
of the following rational functions: z

z−1 , 1
z−1 , z or z−1. We shall explain below how

these operations are performed in our implementation.
Let us consider a factorial series

a0 +
a1

z
+

a2

z(z+1)
+ · · ·+ at

z(z+1) · · ·(z+ t−1)
, (29)

given up to the precision t. We recall that in our implementation such a factorial
series is represented by the list of its coefficients [a0,a1,a2, . . . ,at ]. We must explain
both how to multiply a factorial series [0,a1,a2 . . . ,at ] by z+α and how to multiply
a factorial series [a0,a1,a2 . . . ,at ] by (z+α)−1, where α ∈ C.

To multiply a factorial series [0,a1,a2 . . . ,at ] by z+α with α ∈ C, we first use
the translation formula to transform it into a factorial series in z+α whose coeffi-
cients are given by a list [0,b1,b2, . . . ,bt ], where bi can be explicitly computed using
Formula (4). Then we multiply the latter factorial series by z+α which is equivalent
to shifting the elements of the list to the left so that we get [b1,b2, . . . ,bt ]. Finally,
we use again the translation formula (4) to get a factorial series [c0,c1, . . . ,ct−1] in
z. Note that the factorial series that we obtain is only known up to precision t− 1.
So performing the multiplication by (z+α) ,we lose one term in the precision of
the factorial series.

To multiply a factorial series [a0,a1,a2 . . . ,at ] by (z+α)−1 with α ∈ C, we first
make a translation in order to get a factorial series in z+α +1 whose coefficient list
is given by [b0,b1,b2 . . . ,bt ], where bi can be explicitly computed using Formula (4).
Then we divide the latter factorial series by z+α to get a factorial series in z+
α whose coefficients [0,b0,b1, . . . ,bt ] are obtained by shifting the elements of the
list to the right. Finally, using again the translation formula (4), we end up with
a factorial series [0,c1,c2, . . . ,ct+1] in z which is the result of multiplying (29) by
(z+α)−1. Note that here we obtain a factorial series of precision t +1.

A useful consequence of the explanations above is that, to multiply a factorial
series of precision t by a rational fraction of the form z+α

z+β
where α, β ∈ C, it is

better to start by the multiplication by (z+β )−1 followed by the multiplication by
(z+α) since doing so the precision is preserved, i.e., the result is a factorial series of
precision t. Moreover, from (27) and (28), we see that when we apply Proposition 8,
some block entries of the resulting matrices are obtained by multiplying factorial
series by z so that we lose one term of precision. For the same reason, applying
Proposition 9 implies the lost of γ terms (with the notation of Proposition 9) in
the precision of the factorial series involved in some coefficients of the operator
obtained.

Example 2 We shall explain the different steps of the algorithm SimpleForm
applied to the first-order linear difference operator L = D(z)∆ +A(z) with
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D(z)=


1+2z−[1]+2z−[2] 2z−[1] −z−[1]− z−[2]+ z−[3]

−2z−[3] −z−[1]−2z−[2]− z−[3] z−[2]+ z−[3]

2z−[1]− z−[2]+2z−[3] z−[1]+ z−[2]−2z−[3] −z−[1]+2z−[2]−2z−[3]


and

A(z)=


z−[1]+ z−[2]− z−[3] z−[1]− z−[2]− z−[3] 1−2z−[1]−2z−[2]−2z−[3]

z−[1]− z−[3] 2z−[2]− z−[3] 1+ z−[1]+2z−[2]+ z−[3]

1+ z−[1]+ z−[2] −2z−[1]+2z−[2]+ z−[3] 1− z−[1]+2z−[2]

 .
Note that the factorial series in the entries of the algorithm are then given up to
precision 3. In this example, we have chosen to write the factorial series in their ex-
panded representation instead of the list representation used in our implementation.
We first compute the matrix pencil L0(λ ) = D0λ +A0 associated to L

L0(λ ) =


λ 0 1

0 0 1

1 0 1

 .
The matrix L0(λ ) is singular so that L is a non-simple operator whereas the λ -free
rows of L0(λ ) are linearly independent. Consequently, our algorithm starts by ap-
plying Lemma 1 which implies multiplying the operator L on the left by the constant
invertible matrix

S(1) =


1 −1 0

0 1 0

0 0 1

 .
This yields the operator L(1) = S(1)L whose associated matrix pencil

L(1)
0 (λ ) = S(1)L0(λ ) =


λ 0 0

0 0 1

1 0 1


is of the form (25) with q= 1 and Condition (26) holds. We then apply the following
two transformations (see Proposition 8)

S(2)(z) =


z 0 0

0 1 0

0 0 1

 and T (2)(z) =


z−1 0 0

0 1 0

0 0 1


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on L(1). This gives arise to a new operator L(2) = S(2)(z)L(1)T (2)(z) whose coeffi-
cient matrices are given by

D(2)(z) =


1+3z−[1]+5z−[2] 3+2z−[1]− z−[2] −1−2z−[1]+2z−[2]

0 −z−[1]−2z−[2] z−[2]

2z−[2] z−[1]+ z−[2] −z−[1]+2z−[2]


and

A(2)(z) =


−1−2z−[1]− z−[2] 1−3z−[1]+3z−[2] −3−4z−[1]+ z−[2]

z−[2] 2z−[2] 1+ z−[1]+2z−[2]

z−[1]− z−[2] −2z−[1]+2z−[2] 1− z−[1]+2z−[2]

 .
As we have seen before, at this stage, we lose one term in the precision of the
factorial series matrices defining the operator L(2) compared to those defining L(1).
Indeed, some entries of D(2)(z) and A(2)(z) are only known up to precision 3−1 = 2
so that have removed all the terms in z−[3] in D(2)(z) and A(2)(z). Now the matrix
D(2)

0 = D(2)(∞) is not of the required form (23) so we multiply the operator L(2) on
the right by the constant invertible matrix

T (3) =


1 −3 1

0 1 0

0 0 1


to obtain the desired form. The matrix pencil associated to L(3) = L(2)T (3) is now
given by

L(3)
0 (λ ) = L(2)(λ )T (3) =

λ −1 4 −4
0 0 1
0 0 1

 ,
and its λ -free rows are then linearly dependent. Consequently, we shall apply Propo-
sition 9: we multiply the operator on the left by the constant invertible matrix

S(4) =


1 0 0

0 −1 1

0 0 1

 ,
in order to eliminate the linear dependence relation. This operation yields a zero row
in the matrix pencil of the new operator L(4) = S(4)L(3) whose coefficient matrices
are given by
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D(4)(z) =


1+3z−[1]+5z−[2] −7z−[1]−16z−[2] z−[1]+7z−[2]

2z−[2] 2z−[1]−3z−[2] −z−[1]+3z−[2]

2z−[2] z−[1]−5z−[2] −z−[1]+4z−[2]


and

A(4)(z) =


−1−2z−[1]− z−[2] 4+3z−[1]+6z−[2] −4−6z−[1]

z−[1]−2z−[2] −5z−[1]+6z−[2] −z−[1]−2z−[2]

z−[1]− z−[2] −5z−[1]+5z−[2] 1+ z−[2]

 .
The second row of both D(4)(z) and A(4)(z) are of valuation γ = 1 in z so we multiply
L(4) on the left by

S(5)(z) =


1 0 0

0 z 0

0 0 1

 ,
in order to decrease the valuation of the second rows and get rows of valuation 0.
Doing so we obtain a new operator L(5) = S(5)(z)L(4) given by

D(5)(z) =


1+3z−[1] −7z−[1] z−[1]

2z−[1] 2−3z−[1] −1+3z−[1]

0 z−[1] −z−[1]


and

A(5)(z) =


−1−2z−[1] 4+3z−[1] −4−6z−[1]

1−2z−[1] −5+6z−[1] −1−2z−[1]

z−[1] −5z−[1] 1

 .
The factorial series in the entries of D(5)(z) and A(5)(z) are now of precision 2−γ =
2− 1 = 1 and thus, all the terms in z−[2] have been omitted. The matrix pencil
associated to L(5) is

L(5)
0 (λ ) =


λ −1 4 −4

1 2λ −5 −λ −1

0 0 1

 ,
and turns out to be regular. Therefore, we can either stop because we have reached
our purpose of getting an equivalent simple operator or we can apply a final step in
order to obtain the required form (23) for D(5)

0 which could be provided by multi-
plying L(5) on the right by the constant invertible matrix
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T (6) =


1 0 0

0 1
2

1
2

0 0 1

 .
Finally, the matrices S(z) and T (z) that transform the original non-simple operator
L = D∆ +A into the simple operator L(6) = L(5)T (6) are given by

S(z) = S(5)(z)S(4)S(2)(z)S(1) =


z −z 0

0 −z z

0 0 1


and

T (z) = T (2)(z)T (3)T (6) =


z−1 − 3

2 z−1 − 1
2 z−1

0 1
2

1
2

0 0 1

 .
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