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Abstract: We study stability issues for linear two-dimensional (2D) discrete systems by means
of the constructive algebraic analysis approach to linear systems theory. We provide a general
definition of structural stability for linear 2D discrete systems which coincides with the existing
definitions in the particular cases of the classical Roesser and Fornasini-Marchesini models. We
then study the preservation of this structural stability by equivalence transformations. Finally,
using the same framework, we consider the stabilization problem for equivalent linear systems.
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1. INTRODUCTION

The algebraic analysis or behavioral approach to linear
systems theory is a unified mathematical framework to
study multidimensional systems of linear functional equa-
tions appearing in control theory, engineering sciences,
mathematical physics, . ... See for instance [20, 25, 21, 6, 9,
23, 27, 14] and the references therein. A linear system can
always be written as Rn = 0, where R € D?*P isa ¢ x p
matrix with entries in a (noncommutative) polynomial
ring D of functional operators and 7 is a vector of p
unknown functions which belongs to a functional space.
We then introduce the finitely presented left D-module
M := DY? /(D' 4 R). If F is a functional space having
a left D-module structure, we consider the linear system
or behavior kerg(R.) :== {n € FP | Rn = 0} and we
have Malgrange’s isomorphism kerz(R.) 2 homp (M, F)
(see [20]) which shows that system properties of kerz(R.)
can be studied by means of module properties of M (and
F). Moreover, we nowadays have constructive algebraic
techniques (e.g., constructive homological algebra using
(noncommutative) Grébuner basis computations) and their
implementations in several computer algebra systems at
our disposal to study/check module properties of M. See
for instance [6, 23] and the references therein.

The contribution of this paper consists in using the frame-
work of the constructive algebraic analysis approach to
linear systems theory to investigate stability and stabi-
lization issues for linear 2D discrete systems. Note that the
algebraic analysis approach has already been used to study
stability and stabilization problems for linear multidimen-
sional systems: see for instance [22] or more recently [26, 4]
and the references therein. In the present work, we provide
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general definitions of structural stability and stabilization
for linear 2D discrete systems which are coherent with the
existing definitions in the particular cases of the classical
Roesser and Fornasini-Marchesini models. Moreover, we
take advantage of the results in [11, 12, 8] which construc-
tively tackle the equivalence problem for linear systems in
order to focus on how structural stability and stabilization
properties are transmitted from a given linear system to
an equivalent one. In particular, we study the impact of
applying a state feedback control law to stabilize a system
on an equivalent system. Finally, all our results are applied
to the particular case of a generalized Fornasini-Marchesini
model and its equivalent Roesser model (see [8]).

The paper is organized as follows. In Section 2, we re-
call some useful facts concerning Roesser and general-
ized Fornasini-Marchesini models and the equivalence of
linear systems within the constructive algebraic analy-
sis approach to linear systems theory. In Section 3, we
introduce a general definition of structural stability for
linear 2D discrete systems and we study its preservation
via equivalence transformations. In Section 4, we consider
stabilization issues in the same framework. Finally, in
Section 5, we apply the previous results to the case of a
generalized Fornasini-Marchesini model and its equivalent
Roesser model.

Notation: We note Q (resp. C) the field of rational (resp.
complex) numbers. In the whole paper, R € D% %% means
that R is a matrix with d; rows and ds columns whose
entries are in (a ring) D and I,, denotes the identity matrix
of dimension n. If C = CU{oo} denotes the extension of C
in Alexandrov’s sense, then we introduce the following two
subsets of C: §° := {(z1,22) € (o Vi =1, 2, |z > 1},
and D := {(21,22) € (o |Vi=1,2, |z <1}

137



2. PRELIMINARIES
2.1 Classical linear 2D discrete systems

In the present paper, we shall focus on linear 2D discrete
systems, i.e., systems of linear equations whose dependent
variables are discrete functions (sequences) of two inde-
pendent variables denoted by ¢ and j. In particular, we
shall consider two classical explicit models of such systems
which are the Roesser model [24] and the (generalized)
Fornasini-Marchesini model [15]. Let us recall the partic-
ular form of these two models and how structural stability
has been defined in both cases.

Roesser models:  Roesser models have been introduced
n [24]. They correspond to linear 2D discrete systems
for which the equations are written under the (explicit)
particular form:

() - (i ) () + () o

where 2" (resp. zV) is the horizontal (resp. vertical) state

vector of dimension dj, (resp. d,), u is the input vector
of dimension d,, A1 € Qd”‘th, A € Qd”Xd”, Ay €
dexdh’ A22 c dexdv7 B1 c thxdu7 32 c dexdu' A
notion of structural stability has been introduced for such
particular models. See [19, 1, 3] and the references therein.

Definition 1. A Roesser model (1) is said to be structurally
stable if
=2 M1y — A11
V()\l, /\2) €S, det < _hA21

—A1z
A2 lg, — A22> 70
(2)

If (1) is not structurally stable, then applying the state
feedback control law

h(: .
;7)) — € (17])
iod) = (5 Ka) (T0)), 3
where K; € Q%> and K, € Q%> to (1), we obtain
the new Roesser model

z¥(i,5 + 1) Ao1 + Ba Ky Ao+ Ba Ko ) \ 2" (i, )

If the latter model is structurally stable, then we say that
the state feedback control law (3) stabilizes (1).

(mh(i—i— 1,j)> B (AH + B Ky Ay + By Kg) (xh(i,j)) .

Fornasini models: ~ These models take their origin in the
work by Fornasini and Marchesini. See for instance [15] and
the references therein. They were generalized by Kurek
[18] and Kaczorek [16, 17]. In the present paper, we call
Fornasini model, a linear 2D discrete system for which the
equations are written under the (explicit) particular form:
i+ 1, +1) = Fra(i+1,j) + Foa(i,j +1) + Fya(i, j)

(4)
where z is the state vector of dimension d,, u is the input
vector of dimension d,,, F; € Q¥%*% F, ¢ Q%4 F; ¢
@dmxdw’ Gl c dexdu7 Gz c @dmxdu’ G3 c dexdu’ To our
knowledge, a notion of structural stability for Fornasini
models (4) has been defined only in the particular case
F3; = G3 =0. See [15, 19, 3] and the references therein.
Definition 2. A Fornasini model (4) with F3 = G =0 is
said to be structurally stable if

YA, Ae) € D7, det(ly, — M Fy — Ao F) £0.  (5)

If a Fornasini model (4) with F5 = G3 = 0 is not struc-
turally stable, then applying the state feedback control law

u(i, j) = K z(i, j), (6)
where K € Q%*4= to (4), we obtain the new Fornasini
model
z(i+1, j+1) = (Fi+G1 K) z(i+1, j)+(Fo+Ga K) (i, j+1).
If the latter model is structurally stable, then we say that
the state feedback control law (6) stabilizes (4).

We have the following straightforward lemma:

Lemma 3. With the above notation, the condition (5) is
equivalent to:

V(A1 A2) €87, det(M Ao Ty, — A Fi — Ao Fy) £ 0. (7)
Remark 4. Note that the conditions (2), (5), and (7) of
structural stability can be effectively checked using the effi-
cient algorithm recently developed in [5] and implemented
in the computer algebra system Maple.

Let D = Q(oy,0;) denote the commutative ring of par-
tial (forward) shift operators with constant rational co-
efficients, i.e., for a bivariate sequence f(i,7), we have
gj f(’%]) = f(l + 17j)7 gj f(l7]) = f(%j + 1)u and we
further have o;0; = 0,04, where 0;0; stands for the
composition of operators o;00;. An operator P € D can be
written as P = P 07" ol, where p,,; € Q, the sum
is finite, and, for a bivariate sequence f(4,7), we thus have
P f(i,7) =, Pmi f(i+m,j+1). Within the algebraic
analysis approach to linear systems theory:

(1) The Roesser model (1) is written as Rn = 0, where
R € Dldntdo)x(dntdvtdu) and p are defined by

_ Idh, o — A —Aip —-B o :rv
R( —Any Iy, 05— An —By) T |7

u

It is then studied by means of the factor D-module
M = Dlx(dh+d,,+du,)/(Dl><(dh+dv) R),
(2) The Fornasini model (4) is written as Rn = 0, where
R € Ddx(datdu) i defined by
R= (Idwamj — Flai - FQCTj — F3 7G10’Z‘ - GQUj - Gg),

and n = (xT uT)T. It is then studied by means of the
D-module M = Dlx(dz"!‘du)/(Dlez R)

2.2 Equivalence in the framework of algebraic analysis

Using the framework of the algebraic analysis approach
to linear systems theory recalled in the introduction,
equivalent linear systems correspond to isomorphic left
D-modules and the equivalence problem has been con-
structively studied in the recent works [11, 12, 8]. Let us
summarize part of the results obtained in the latter works:
Lemma 5. Let R € DY*P R' € DY %P and consider
the associated left D-modules M = D'*?/(D'*4 R) and
M' = DY¥' /(DY*d' R,
(1) The existence of a homomorphism f € homp (M, M’)
is equivalent to the existence of P € DP*P' and
Q € D7%4 gatisfying the identity
RP=QR. (8)
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Then, the homomorphism f € homp (M, M’) is de-
fined by f(m()\)) = /(A P) for all A\ € D'*P_ where
7 DY™P — M and /' : DYP" — M’ denote the
canonical projections onto M and M’.

(2) With the previous notation, f is an isomorphism
meaning that M is isomorphic to M’ which is denoted
by M = M’ iff there exist P’ € DP'xp () € DI x4,
Z € DP*9 and Z' € DP' %9 satisfying

RP =QR PP+ZR=1, PP+Z' R =1,. (9)

Algorithms for computing homomorphisms of finitely pre-

sented left D-modules are given in [9] and have been

implemented both in the Maple package OREMORPHISMS

[10] based on OREMODULES [7] and in the Mathematica

package OREALGEBRAICANALYSIS [13]. When D is com-

mutative, which is the case of the ring Q(o;, 0;) considered
in the following, we can compute a representation of all

D-homomorphisms between finitely presented D-modules.

For more details, see [9]. Moreover algorithms for deciding

whether a given homomorphism of finitely presented left

D-modules is an isomorphism (and if so, compute the

matrices appearing in Lemma 5.(2)) are implemented in

the Maple package OREMORPHISMS [10].

Corollary 6. Let R € D?P R’ € D7*?P" and consider
the associated left D-modules M = D'*?/(D'*4 R) and
M’ = DY? /(D' R'). Let f € homp(M,M’) be an
isomorphism given by a matrix P € DP *P" such that there
exists @ € D79 satisfying (8). Then, with the notation
of Lemma 5, if F is a left D-module, we have the following
isomorphism of linear systems:

P.:kerr(R'.) — kerz(R.),
whose inverse is given by

P'.:kerz(R.) — kerz(R'.),
In other words, the invertible changes of variables n = P 7/
and ' = P’n provide a 1-1 correspondence between F-
solutions of Rn = 0 and F-solutions of R’/ = 0, i.e., we
have: Rp=0<«<= R'n/ =0.

n —n:=Pry,

nr+—n' =P

In [8], the above techniques are applied to study the
equivalence problem between Roesser models (1) and
Fornasini models (4). In particular, it is proved that (4)
is always equivalent to a Roesser model. Let us explicitly
recall this equivalence which will be useful in Section 5.
Lemma 7. Let R € D% *(d=+dv) he the matrix associated
to the Fornasini model (4) (see Subsection 2.1) and let
M = DY*(detdv) /(D1Xds R) be the associated D-module.
If we define the Roesser model

FQ‘F2F1+F3 F2G1+G3 (

hy- . hy. -
T (Z"‘lv])) - |7 J3 G z (%J))
<x”<z’,j+1) e 0 (i, j)
G2
+| 0 ) W 5),
1q,
(10)
where z%(i,j) = (2}(i,7)" xS(i,j)T)T, the associated

matrix R’ € D@datdu)x(2dat2du) given by

, <IdT CTi*Fg 7(F2F1 +F3) 7(F2G1+G3)
R

_IdI Idx O'j — F1 —Gl

,GQ
0,
0 0 Idu gj _Idu

and M’ = D'*(2det2du) /(D1 (2dstdu) RB') the associated
D-module, then we have the following results:

(1) The homomorphism f € homp(M,M’) defined by
the matrix

P 0 Idz 00 el)(dm_y.du)><(2dgc—i-Qdu)
00 Idu 0 ’

is an isomorphism so that M = M’.
(2) The identities (8) and (9) of Lemma 5 are then
satisfied by the following matrices:

Q= (Idz Ilg,0i—Fy — Gs) € DdIX(Qdm+du)7
Idw UJ - Fl _Gl
P = 1, 0 € D@dat2du)x(do+du)
0 Ia, ,
0 Iy, 0;

I, 0
Ql — ( 0 ) c D(2d1+du)><dz7 7 (0> c D(derdu)Xdz’
0

x

7 — € D2det2du)x(2de+du)

OO OO
OOO?

?OOO

u

Corollary 6 implies that, if F is a Q(o;, 0;)-module, then
kerz(R.) = kerz(R'.), i.e., there is a 1-1 correspondence
between F-solutions of (4) and F-solutions of (10). More
precisely, if we denote n(i,5) = (z(i, )" u(i,j)T)T, and

. R T
77/(7’7]) : (Ih(ZaJ)T 1’1(27.])T ‘T2(Z7J)T u,(za.])T> ’ then
if (7, 7) is a solution of (4), then

(i, j)

u(i, j)

u(i,j+1)

is solution of (10). Conversely, if 7/(¢,7) is a solution of
(10), then

n/(iaj) = Pln(iaj) =

n(i.g) = Pr'(i.4) = (ﬁ%g%) ,

is solution of (4).

3. STRUCTURAL STABILITY

From now on D = Q(o;,0,) denotes the commutative
polynomial ring defined in Subsection 2.1. For a matrix R
with entries in D, let us denote by R the matrix obtained
from R by replacing the shift operator o; (resp. o;) by a
new complex variable z; (resp. z3). The algebraic analysis
approach to linear systems theory recalled in the introduc-
tion makes no distinction between the different variables
of a linear system Rn = 0, i.e., all the components of the
vector 7 are treated in the same way. Although, as soon as
one is concerned with stability and stabilization issues, the
state variables and the input variables of a linear system
do not play the same role. Consequently, in the sequel,
we still consider linear systems written as R7n = 0, where
R € D?%P but we split the vector 7 of p unknown sequences
into a subvector of state variables x of dimension d, and a
subvector of input variables u of dimension d,, (so that

139



p = d, + d,). Splitting the matrix R accordingly, i.e.,
R= (R, Ry),with Ry € D% R, € D9*%: we have:

Rn=0<= (R1 R») (i) =0<= Riz+ Rou=0.

The linear system R; x = 0 is then the autonomous linear
system associated to Rn = 0.

Definition 8. A linear system Rjx + Rou = 0, where
R, € D%%% and Ry, € D9%% is said to be structurally
stable if

2 S—
V(A1 A2) €S7, (Ri(A,A)y=0=y=0). (11
Note that in (11), Ri(A1,A2) € T”™ stands for the
matrix R (21, 22) evaluated at the point (A1, \2) € §°. The
condition (11) is then equivalent to the fact that, for all
(A, A\2) € §2, the matrix R1(\1, A2) admits a left inverse,
i.e., for all (A, A2) € §2, there exists Ly, x, € T*" such
that Ly, x, R1(A1, A2) = Iy, . Moreover, if d, = ¢, then Ry
is a square matrix and (11) is also equivalent to:

Y(A1,Ao) € 87, det (Br(A, A)) # 0.
We thus have the following straightforward lemma:

Lemma 9. Definition 8 applied to the particular case of
Roesser models (1) (resp. Fornasini models (4) with F5 =
G3 = 0) is equivalent to Definition 1 (resp. Definition 2).

We shall now consider the problem of the preservation of
structural stability introduced in Definition 8 by equiva-
lence transformations.

Theorem 10. Let us consider the following two linear 2D
discrete systems:

Riz+ Rou=0, Rye€ D% Ry,ec DI — (12

12+ Ryu' =0, R, €DV Rye D> (13
If the autonomous linear systems Ry z = 0 and R} 2’ =
are equivalent, i.e., My = D4« /(DX9 Ry) = M :
DY¥dwr /(DY*4" R then (12) is structurally stable iff (13)
is structurally stable.

~—

I o

Proof. From Corollary 6, if M; = Mj, then there is a
1-1 correspondence between solutions of R1n = 0 and
solutions of R} 7' = 0 via the explicit changes of variables
n = P and 1 = P'n for two matrices P € D% X' and
P’ € D% %4 e we have:

n'=P'n

Rin=0 Rin' =o0.

P
n=prn’
As D is a commutative ring, we can replace the shift
operators o; and o; by the complex variables z; and 2
without affecting the equality in the identities (8) and (9)
of Lemma 5 applied to R; (associated to M;) and R
(associated to M7). We can then evaluate the obtained

identities at (A1, A2) € T’ so that we get: V(A1, A\g) € @2,

!
y'=P'(A1,A2)y
—

Ri (A1, A2)y = 0.

Rl()\l,)\g)y:O —
y=P(A1,x2) ¥’
Now let us assume w.l.o.g. that (12) is structurally sta-
ble. If (13) is not structurally stable, then, there exists
(A1, A2) € §” and y' # 0 such that R7 (A, \2)%y’ = 0. This
would imply that we have Rj(A1,A2) (P(A1,A2)y’) = 0

for P(A1,A2)y" # 0 (indeed from P’(A1, Ag) P(A1, A2) +
?()\17>\2) Rll()q, )\2) = Ida:/’ we get that ﬁ()q, )\g)yl =0
implies 3y’ = 0) which contradicts the fact that (12) is

structurally stable.

Remark 11. Theorem 10 claims that if the autonomous
parts Ry = 0 and R} 2’ = 0 of (12) and (13) are equiva-
lent, then (12) is structurally stable iff (13) is structurally
stable. Note however that the equivalence of the whole
linear systems (12) and (13) does not necessarily imply
that (12) is structurally stable iff (13) is structurally stable
because it does not necessarily imply the equivalence of the
corresponding autonomous parts. This is due to the fact
that the change of variables associated to an equivalence
transformation may mix the state variables and the input
variables. For example, the linear systems x(i+1, j)+u(i+
17.7)_11’(7’)]) =0 and $/(1+1,j)—SC/(Z7J)+U/(Z+1,]) = 07
are equivalent in the sense of algebraic analysis (e.g., take
the equivalence transformation sending the state variable
x onto the input variable v/ and the input variable u onto
the state variable z’), the first one is structurally stable
but the second one is not structurally stable. Indeed the
autonomous linear systems o;x = 0 and (0; — 1)2’ = 0
are not equivalent in the sense of algebraic analysis.

4. STABILIZATION

Definition 12. A linear system Rjx + Rou = 0, with
R, € D%%% and Ry, € D9%% is stabilized by the state
feedback control law v = Ka with K € Q%*% if the
linear autonomous system

_ _ (1 R (q+du) X (do+du)
Ry, =0, R,:= (K IdU) €D . (14)

is structurally stable in the sense of Definition &, i.e.,
YO A) €8, (Ba(M,da)y=0=y=0). (15)
Remark 13. In Definition 12, the notation x4 for the whole
variable in (14) aims at highlighting the fact that the
closed-loop model is autonomous. Indeed, x, is now the
closed-loop state vector with no input subvector. Hence

the structural stability of such a model should be tested
owing to the whole matrix R;.

As for Condition (11) in Definition 8, the characterization
(15) above can also be expressed in terms of the existence

. -5 —(g+du) X (dz+du .
of a left inverse for Rs(A1,A2) € (C(("{Jr )x(dat ), and, in
the particular case ¢ = d,, in terms of the non cancellation

of det(Rs(A1, \2)).

Lemma 14. Definition 12 applied to the particular case
of Roesser models (1) (resp. Fornasini models (4) with
F3; = G3 = 0) is equivalent to the corresponding notions
recalled in Subsection 2.1.

In the sequel, we shall need to consider control laws
that are not state feedbacks of the form u = K x with
K € Q%> We thus generalize Definition 15 to every
control law of the form T, z + T, u = 0 with T, € D% *d=
and T,, € D%« Note that T, and T,, can involve shift
operators so that such a control law may not be causal.
Definition 15. A linear system Rjx + Rou = 0, with
R, € D% and Ry, € D% is stabilized by the control
law Ty x + Tyu = 0 with Ty € DW>ds gnd T, € D% *du
if the linear autonomous system
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Ryxs = 0,

u

_ (R1 Ry (qrdu) % (dotdu)
R := (Tx T ) eD

is structurally stable in the sense of Definition 8, i.e.,

—2 —
V()\l,/\z) €S R (RS()\l,AQ)yZ()iy:O). (16)
Let us now study the impact of applying a state feedback
control law to a linear system on an equivalent one.

Proposition 16. Let us consider the two linear 2D discrete
systems (12) and (13). Let us assume that (12) and (13)
are equivalent, and, using the notation of Lemma 5, let

p— (Pn P12) c D(dm+du)X(d2/+du/),

where P;; € DdIXdl', Py € DdIXd“', Py € Dd“de',
Py, € D%*dw  denote the matrix defining the isomor-
phism between the D-modules respectively associated to
(12) and (13), and

Pl _ (Pé]_ P1:2> c D(dz/+du/)><(dm+du)
Py Py

where P, € D% *d= P/, ¢ Ddxdu pj ¢ Dduwxdz

Pj, € D% *du denote the matrix defining the inverse

morphism. Then, we have the following results:

(1) Applying the state feedback control law u = K = with
K € Q%Xds to (12) is equivalent to applying the
control law (—K P11 +P21) J,'/+(—K P12+P22) u =0
to (13).

Applying the state feedback control law v’ = K'ax’
with K’ € Q% >4’ to (13) is equivalent to apply-
ing the control law (=K' P, + Py;)x + (—K' P, +
Pi)u =0 to (12).

(2)

Proof. Applying the state feedback control law v = K z,
with K € Q%*d= to (12) amounts to adding the new

equations (—K  Iy,) (. ] =0 to (12). The result is then

straightforward since the change of variables associated
to the equivalence transformation is given by the relation

/
(i) =P (i,) , so that the new equivalent equations

on the variables ' and «’ to be added to (13) are then
/

given by (=K 1I;,) P (i,

(=K P11 + Py1) 2’ + (—K Pi3 + Ps2)u’ = 0. The second

assertion can be proved similarly.

= 0, which is equivalent to

We have the following consequence of Proposition 16:
Corollary 17. With the notation and assumptions of
Proposition 16, we have the following results:

(1) The linear autonomous systems

_ _ (R Rz
Ryx, =0, R,= (—K Idu)7

and
R R
/) / 1 2
Row, =0, R, = (_KPH + Py —K Pra + P22) ’
are equivalent in the sense of algebraic analysis.
(2) The linear autonomous systems

R, R,
/) /I 1 2

Ri(A1, A2) = (

and

- _ Ry Ry
Roro=0 o= (Lol g s )
are equivalent in the sense of algebraic analysis.

Proof. Let us explicitly give the equivalence announced
in the corollary. From Lemma 5, the equivalence of
(12) and (13) implies the existence of matrices P €
D(dm-ﬁ-du)x(dz/-i-du/)’ Q c Dq><q/7 P c D(dz/'i‘du/)x(dz"rdu)’
Q e DI, 7z = (zT zIT e DU=tdu)xa and 7/ =
(ZT Zi"\T e DUartdu)xd’ guch that (8) and (9) are
satisfied with the matrices R = (R, Ry) € D9*(dotdu)
and R’ = (R} R}) € D?*(@+du) Then one can check
that we have the following identities:
O / / / ! 0

R, P = (%2 Idu> Ry, R P = (Kle— Zs Idu> R,

U
PP+ (% 8> Ry =1q,44,, P' P+ <2 8> Ry =1la,4d,,

which, from Lemma 5, proves the first assertion of the
corollary. The second assertion can be proved similarly.

Finally we have the following result:

Corollary 18. With the notation and assumptions of
Proposition 16, we get that:

(1) The state feedback control law v = Kz with K €
Q%u*ds stabilizes (12) iff the control law (—K Pyj +
Py1) 2’ + (—K P2 + Pa2) v/ = 0 stabilizes (13).

(2) The state feedback control law v’ = K'z’ with K’ €
Q%w Xdar stabilizes (13) iff the control law (— K’ P{; +
Pi)z + (=K' P|y + Phy) u = 0 stabilizes (12).

Proof. This can be straightforwardly deduced from Corol-
lary 17, Theorem 10 applied to the equivalent autonomous
linear systems R, s = 0 and R/, x/, = 0 and Definitions 12
and 15 of stabilization.

5. FORNASINI AND ROESSER MODELS

Lemma 7 shows that a Fornasini model (4) is equivalent to
the Roesser model (10). Using the results obtained above,
we then get the following two theorems:

Theorem 19. The Fornasini model (4) is structurally sta-
ble iff the equivalent Roesser model (10) is structurally
stable.

Proof. From Definition 8, (4) is structurally stable iff

VA1, de) € 87, det(Rr(A, A2)) # 0, where By (A, Ao) =

(Idw )\1 AQ — F1 )\1 7F2 )\2 7F3). On the other hand, (10) is
)

structurally stable iff V(A1, A2) € §2, det(Ry (A1, A2)) # 0,
where

Ii, M — Fy —(Fy Fy + F3) —(F, G1 + G3)
-1, Ig, Ao — Iy -Gy
0 0 I, Ao

Now,
det(RY (A1, A2)) = det(U (A1, X)) det(Ig, A2),
where

Ig, M\ — F —(Fy Fy + F3)>

U(Ala)\Q) = ( 7](11 IdT AQ o F,1
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and det(U (A1, A2)) is equal to
det ((Idx )\1 — Fg) (Idz )\2 — Fl) - IdI (F2 F1 + Fg)) s

since all the matrices are square and I;, commutes with
every square matrix of size d,. We then get
det(Rf (A1, A2)) = AJ" det(Ri(A1, A2)),

so that, for all (A1, A2) € §2, det(R7 (A1, \2)) # 0 is equiva-
lent to det(R1 (A1, A2)) # 0 (because, for all (A, \g) € §2,
A2 # 0).

Theorem 20. Let us consider a Fornasini model (4) and the
equivalent Roesser model (10). The state feedback control

law
u/ _ K/ Jih
x’U b

with K/ = (K| K}), K| € Qluxd K} ¢ Qux(detdu)
and Ky = (K3, Kj,) with K3, € Q4*% Kf, € Qtux,
stabilizes the Roesser model (10) iff the control law

(=K1 (Ia, 05 — F1) = K3) a+(K1 G1 = Kop + [a, o) u =0,
stabilizes the Fornasini model (4).

(17)

Proof. From Corollary 18.(2), the state feedback control
law (17) stabilizes (10) iff the control law (—K'Pj; +
P} )z + (=K' P{y + Pj;)u = 0 stabilizes (4). Now using
the formula for P’ € DEdet2du)x(detdu) provided in
Lemma 7.(2), we get the desired result.

Putting together Theorem 20 and the recent results ob-
tained in [1] allows us to develop a new method for stabi-
lizing linear 2D discrete Fornasini models. See [2].
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