Kalman example

Generic study (without defining parameters)

Let denote K = Q (R1, R2, L, C) and let us define the Ore algebra A = K(t){d), where 9 is differential
operator defined by of(t) = f'(t).

A = OreAlgebraf[Der[t]]

K(t)[D; 1, O]

We consider the system defined by the matrix R € A%*3 given by
1
Lo, --L1,
R1C R1C

MatrixForm[R = ToOrePolynomial [{{Der[t] +

{o. perrer+ = -2}, 4]]

1 1
D+ cre 0 -tw
R2 1

0 Dy -

that is the system defined by:

Thread [ApplyMatrix[R, {x;[t], Xo[t], u[t]}] == O]

{-u[t] +X1[t] +CRL X" [t] o, —ut] +R2Xp[t] +Lxp [t] }
CR1 L

and the left A-module, finitely presented by R, is M = AP3 /AP2 R,
Let us compute the adjoint of the system

MatrixForm[Radj = Involution[R, A]]

1
Dy O
0 —D(+Q
L
1 1
CR1 L

MatrixForm /e ({Ann, Rp, Q} = Exti[Radj, A, 1])

{(1 0), ( 0 -LD -R2 1), cLR?Sﬁzl
0 1) [-CRID -1 0 YVilclrmps Licrir) D <R

Since the first matrix is identity matrix, we know there is generically no autonomous element
(because M is generically torsion free), where the term generically means for almost all values of
the parameter R1, R2, C and L. This will be explained below.

Let us compute a flat output £(t) of the system

MatrixForm[T = LeftInverse[Q, A]]

CR1 L
( -L+CR1IR2 L-CRLR2 0 )
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£ = ApplyMatrix[T, {X¢[t], Xo[t], u[t]}]

~CRL X [t] +Lxo[t]
{ L-CRLR2 }

Let us now study the particular case when L-C R1 R2 =0. For this let us define a new Ore algebra
B, in which we add the relation L-C R1 R2 =0 between parameters.

B = OreAlgebra[Der[t], CoefficientNormal -> (Expand[# //.L ->CR1R2] &)]
K(t)[D; 1, D]

The new matrix of the system is then

_ . 1 1
Matrleorm[S = ToOrePolynomial [{{Der[t] + s 0, - m}
fo. perper+ = -2}, 8]]
D+ Clﬁ 0 _CiRl
0 D+ - 1

CRL CRIR2
the new system is defined by

Thread [ApplyMatrix[S, {X;[t], Xo[t], u[t]}] = 0]

{7u[t] +X1[t] +CRLXy [t ] 0 —Ut] +R2 (Xp[t] +CRLX, [t ]) }
CR1 Y CRLR2 N

and the new left B-module, finitely presented by S, is N = B>® /BY? S,

Let us compute the adjoint of the system

MatrixForm[Sadj = Involution[S, B]]

1
Dm0
1
0 Drcwm
I
CR1 CR1R2

MatrixForm /e ({Ann, Sp, Q} = Exti[Sadj, B, 1])

{(_CRloD[_l 2) (_01 CR1R2R2D+R2 _01)'

Rf}}

CRIRD +R2

Since the first matrix is not identity, the system is not controllable (N is not torsion free) and we have
one autonomous element, defined by the first row of Sp, namely 6, defined by

ApplyMatrix[{Sp[[1]11}, {Xi[t], X2[t], u[t]}]
{(-x1[t] +R2Xz[t]}

Moreover, 6 satisfies the equation
Thread[ApplyMatrix[{{Ann[[1, 11]1}}, {e[t]1}] == O]
(-e[t] -CRLe'[t] ==0}

Finally, this result can be obtained directly by means of the command AutonomousElements



Kalmanl.nb 3

AutonomousElements[S, {x;[t], Xo[t], u[t]}, 6, B]

{{6[11[t] » -xa[t] +RZX2[t], O[2][t] > -u[t] +R2 (Xz[t] +CRLX"[t])},
(-0[1][t]-CRLO[1]'[t] =0, ©[2][t] =0}}



