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Complete log-concavity

f € Rlz,...,zp) is log-concave on RZ, if f =0 or
f(x) >0 forall x € RS, and log(f) is concave on RZ,.

Forv=(vi,...,vn) €R", let D, =3 1 v,-g—zfi.

f € R[z1,...,z,] is completely log-concave (CLC) on RZ if
forall k €N, vi,..., v, € RL,

Dy, - -+ Dy, f is log-concave on RZ,.
Example: f =[[L,(z+r) = log(f)" =39, ﬁ <0

Equivalent Def: CLC = strongly log-concave = Lorentzian
(Gurvits) (Brandén-Huh)
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Example: stable polynomials

f € R[zy,...,2z4]q is stable if
f(tv+ w) € R[t] is real rooted
for all v € R34, w € R™.

= D, f stable for v € Rgo ~—
= log(f) concave on RZ, (Giiler) N S~
= f is completely log-concave

Example: det(}_"_; zjA;) where A; = 0, e.g.

z1+ z Z
det [ 3 3 = 2120+ 2123 + 2p23
z3 2+ Z3

Example: ex(z1,...,2,) = ¢ (D(L._yl))”_k [Tz
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Stable polynomials & supports

Example: vq,...,v, € R —
det(27:1 Z,'V,'VI-T) = ZIE([Z]) det(v,- NS /)2 H,-E/Z,'

Choe, Oxley, Sokal, Wagner: If f = ZIE([H]) ci [ ;e zi is stable,
d
then supp(f) = {/ : ¢, # 0} are the bases of a matroid on [n].

Brandén: If f € R[z1,...,zp]q is stable, then supp(f) = PNZ"
where P is M-convex.
(i.e. all edges of P parallel to e; — ¢;)

Brandén: Fano matroid # support of a stable polynomial f
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Matroids

A matroid on ground set [n] = {1,..., n} is a nonempty collection
B of subsets of [n] (“bases”) for which

Ps = conv{lg : Be B} C [0,1]"
is M-convex (has edges parallel to e; — ¢j for i, € [n]).

“Independent sets” Z = {/ : | C B for some B € 5}

Examples:

» linear independence of vectors vi,. .., v, € RY

» cyclic independence of n edges in a graph
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Characterization of CLC

Theorem (Anari, Liu, Oveis Gharan, V.): For f € R>o[zi, ..., 4|4,
f is completely log-concave

supp(f) = PN Z" where P is M-convex, and
for all |a| = d — 2, quadratic 9%f = zT @,z with X\2(Q,) < 0

a testable condition!
Cor. (Gurvits/ALOV) For f = EZ:O crydkzk,

{k : ¢k # 0} has no gaps, and
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Matroid polynomials are CLC

Theorem (Anari, Liu, Oveis Gharan, V.): For any matroid with
bases B and independent sets Z,

fB:ZHZI and gzzzyn_“‘HZ/

BeBieB IeT icl

are completely log-concave.
(quadratic derivatives — rank-two matroids)

Cor: YR _oZky" ¥z¥ is CLC where Iy = #{l € I : |I| = k}
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Cor: <k> > kol kel (Mason's conjecture)
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Other results
Let B = bases of a matroid with rank r.

Anari, Oveis Gharan, V: The solution to the concave program
n
_ oo L — D 1
To= max ;p, log L + (1 — pi) log 125

can be computed in polynomial time and 8 = €7 satisfies

2013 < #B < B.



Other results
Let B = bases of a matroid with rank r.

Anari, Oveis Gharan, V: The solution to the concave program
T = max Zp,-log%+(1 —p,-)logl%pi
i_

can be computed in polynomial time and 8 = €7 satisfies
2013 < #B < B.

Anari, Liu, Oveis Gharan, V: There is a Markov chain on B with
uniform stationary distribution that mixes quickly:

min{t € N: |[|P{(B,-) — n||1 < €} < r’log(n/e)

where P = transition matrix.
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Sum up: completely log-concave polynomials

> log-concavity of polynomial as functions
= log-concavity of coefficients

» many matroid polynomials are completely log-concave

» much of the theory of stable polynomials extends to CLC

= 1 ! Thanks!




References

»  Karim Adiprasito, June Huh, Eric Katz, Hodge theory for combinatorial geometries, Annals of Mathematics
188(2), 2018.

»  Nima Anari, Shayan Oveis Gharan, Cynthia Vinzant, Log-Concave Polynomials I: Entropy and a
Deterministic Approximation Algorithm for Counting Bases of Matroids, arXiv:1807.00929

»  Nima Anari, KuiKui Liu, Shayan Oveis Gharan, Cynthia Vinzant, Log-Concave Polynomials II:
High-Dimensional Walks and an FPRAS for Counting Bases of a Matroid, arXiv:1811.01816

»  Nima Anari, KuiKui Liu, Shayan Oveis Gharan, Cynthia Vinzant, Log-Concave Polynomials Ill: Mason's
Ultra-Log-Concavity Conjecture for Independent Sets of Matroids, arXiv:1811.01600

P Petter Brindén, Polynomials with the half-plane property and matroid theory, Advances in Mathematics
216(1), 2007.

P Petter Brandén, June Huh, Hodge-Riemann relations for Potts model partition functions, arXiv:1811.01696
P Petter Brandén, June Huh, Lorentzian Polynomials, arXiv:1902.03719

»  Young-Bin Choe, James Oxley, Alan Sokal, David Wagner, Homogeneous multivariate polynomials with the
half-plane property, Advances in Applied Mathematics, 32(1-2), 2004.

P Leonid Gurvits, On multivariate Newton-like inequalities, Advances in combinatorial mathematics, 61-78,
2009.

»  June Huh, Benjamin Schréter, Botong Wang, Correlation bounds for fields and matroids, arXiv:1806.02675



