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ABSTRACT
We present an algorithm for factoring differential systems
with coefficients in Fp(z). Such an algorithm has already
been given by van der Put in [20], [24, 13.1] and [22]. We
recast his ideas to handle systems directly and we add some
comparisons of strategies, an implementation in Maple1 and
a complexity analysis. The central tool for factoring in char-
acteristic p is the p-curvature. We prove the links between
the p-curvature and the eigenring and we show how to use
these to obtain another algorithm following the exposition
of Barkatou in [1].

Categories and Subject Descriptors
I.1.2 [Computing Methodologies]: Symbolic and Alge-
braic Manipulation—Algebraic Algorithms

General Terms
Algorithms, Experimentation, Theory

Keywords
Differential Systems, Characteristic p, Factorization, p-curva-
ture, Eigenring

Introduction.
The problem of factoring scalar differential equations or
more generally, linear homogeneous differential systems Y ′ =
AY where A ∈ Mn(Q(z)), the set of square matrices of size
n with coefficients in Q(z), is an important and non trivial
problem in modern computer algebra. Nowadays, there es-
sentially exist three types of methods to tackle this problem:
Beke’s algorithm ([24, 4.2.1]), a local to global approach
([13, 12] for the scalar case, [2] for systems) and the eigen-
ring method ([1, 2] and [24, 4.2.2]).
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As modular methods give rise to the fastest algorithms for
factoring polynomials with coefficients in Q (see [14] for ex-
ample), we could think that a similar approach might be
satisfactory in our case. Furthermore, in practice, the exist-
ing algorithms are limited by the dimensions of the problem;
in fact, except in [9], we do not have a complexity analysis.
These two points constitute the main motivation for modu-
lar methods in the differential case. This paper is a first step
in that direction: we are here merely interested in factoring
differential systems with coefficients in Fp(z).
The theory of differential equations in characteristic p takes
its roots in pioneering works such as [17, 10, 3]. More re-
cently, van der Put has given in [20] (see also [24, 13.1])
a classification of differential modules in characteristic p.
This naturally provides a complete algorithm (see [22]) to
factor differential operators in characteristic p based on the
fact that the rational Jordan form of the p-curvature gives
all factorizations of the operator. In these proceedings (see
[8]), Giesbrecht and Zhang present methods to find factor-
izations and lclm-decompositions of Ore polynomials (a class
containing differential operators) with coefficients in Fp(z).
Their algorithms rely on relevant zero divisors and idem-
potents in the eigenring; they show how to compute such
elements and how to deduce factorizations of the Ore poly-
nomial.
The first contribution of our paper is a comparison of dis-
tinct strategies together with an implementation and a com-
plexity analysis. Then, following the approach of [1] which
does not depend on the characteristic, our algorithm recasts
the ideas of [22] to handle systems directly using links be-
tween the p-curvature and the eigenring that we first estab-
lish. We also contribute to improve van der Put’s method:
once the isotypical decomposition of the operator has been
computed then, in contrast to van der Put’s algorithm, we
use the entire eigenring to prevent from working in alge-
braic extensions. This leads to rational ways to obtain both
a maximal decomposition and a maximal reduction of the in-
decomposable blocks. While the more general work of Gies-
brecht and Zhang in [8] contains algorithms to compute a
factorization and a lclm-decomposition, our algorithm com-
putes directly both maximal decompositions and maximal
reductions of indecomposable factors.
The paper is organized as follows. In the first part, we recall
some vocabulary about factorization of differential systems
and we detail the structure of the base field. Then we study
the complexity of computing rational solutions in character-
istic p. The third section deals with the p-curvature, the
eigenring and the connections between these two. Here, we



also provides a complexity analysis. Section 4 contains our
algorithm to find a maximal decomposition of a differential
system. It is achieved in two steps: first we compute an iso-
typical decomposition recasting the ideas of [22] and then
we refine it into a maximal one. Finally, we develop our
rational alternative to van der Put’s algorithm to obtain a
maximal reduction of the indecomposable blocks.

1. PRELIMINARIES
In this preliminary section, we recall the vocabulary needed

concerning factorization of differential systems and we intro-
duce the base differential field.

1.1 Vocabulary
The notions defined here do not depend on the character-

istic; therefore in this subsection, K stands for any arbitrary
differential field.
As in [1], we shall denote the system Y ′ = AY with A ∈
Mn(K) by [A]. As usual, n is called the dimension of the
system.
Let P ∈ GLn(K). The substitution Y = PZ in [A] leads to
the system Z′ = P−1(AP − P ′)Z: this justifies the defini-
tion:

Definition 1.1. Two systems [A] and [B] with A,B ∈
Mn(K) are said to be equivalent over K if there exists P in
GLn(K) such that

B = P−1(AP − P ′).

In the sequel, to simplify, we will set

P [A] := [P−1(AP − P ′)].

Let us define now what we mean by a factorization, a de-
composition and a reduction of [A].

Definition 1.2. Factoring the system [A] over K will
mean either finding an equivalent system [B] where the ma-
trix B has block-triangular or block-diagonal form or show-
ing that such an equivalent system does not exist.

Definition 1.3. A system [A] is said to be reducible over
K if it is equivalent to a system [B] with B of the form

„

B[1] B[3]

0 B[2]

«

,

where each B[i] (i = 1, 2) is a square matrix of size ni < n.

In this case [B[2]] is a factor of [A]. If [A] is not reducible,
then it is said to be irreducible over K.

Definition 1.4. A system [A] is said to be decomposable
over K if it is equivalent to a system [B] with B of the form

„

B[1] 0

0 B[2]

«

,

where each B[i] (i = 1, 2) is a square matrix of size ni < n.
In the following, we will note

[B] =

2
M

i=1

[B[i]].

In that case, [B[1]] and [B[2]] are both factors of [A]. If [A] is
not decomposable, then it is said to be indecomposable over
K.

1.2 The differential field of characteristic p

In this paper, K will denote a differential field of charac-
teristic p > 0 satisfying [K : Kp] = p. Let z ∈ K r Kp:
K can thus be viewed as a p-dimensional vector space over
Kp; more precisely

K ∼=

p−1
M

i=0

Kpzi. (1)

We will see that this simple fact is useful because, for exam-
ple, it can be used to compute in an easy way the rational
solutions of a differential system in characteristic p. The
derivation ′ := d

dz
on K is then defined by

(y0 +y1z + · · ·+yp−1zp−1)′ = y1 +2y2z + · · ·+(p−1)yp−1zp−2,

and Kp is the constant field of (K,′ ).
In the sequel, we will note C := Kp.
For our algorithms, we will always use K = C(z) with
C = Fp or Fp; in this case, C = C(zp).
With the differential system [A], we can associate the dif-
ferential operator ∆A = d

dz
− A acting on Kn. We verify

easily that ∆A is C-linear and satisfies the Leibniz condition:
∀ (a, v) ∈ K × Kn, ∆A(av) = a∆A(v) + a′v.

2. RATIONAL SOLUTIONS
Computing rational solutions in characteristic p is very

easy. Indeed, the structure, given by (1), of K over its con-
stant field C allows us to view ∆A as a linear map from Cnp

to Cnp. Consequently, computing a basis of rational solu-
tions of a n-dimensional differential system [A] reduces to
solving a linear homogeneous system of dimension np.

Proposition 2.1. Let a denote a bound for the degree of
A. We can find rational solutions of [A] in O(n3 max(a, p)2p)
field operations.

Proof. From [19, Theorem 6.1], the kernel of an n × m
(with n ≥ m) polynomial matrix with degree bounded by
a can be computed in O(n3a2) field operations. Here, the
square matrix that interests us has size np and entries in
C. So if a ≥ p, one can consider its entries as polynomials
in the variable zp with the bound a

p
for the degree of the

entries; then, its kernel can be computed in O(n3a2p) field
operations. On the other hand, if a < p, we can not do that,
otherwise the bound a

p
being 0 would lead to a null complex-

ity, so the complexity is in O(n3p3) field operations.

If we apply this strategy to compute rational solutions of a
differential operator L viewed as a linear map acting on Cp,
we obtain a complexity in O(max(l, p)2p) field operations
where l is here a bound on the degrees of the coefficients of
L.
Consequently, one may think that it could be worth trying
to compute rational solutions of a system by transforming
it, with a cyclic vector (see for example [4]), into a linear dif-
ferential operator. In characteristic p, with p > n otherwise
cyclic vectors may not exist ([4, section 6]), computing a
cyclic vector Λ costs O(n5) field operations ([4, section 4]);
furthermore, if the degrees of Λ and A are bounded by λ
and a (note that it is known that we can choose λ ≤ n− 1),

we obtain easily a bound of the form nλ + a n(n+1)
2

for the
degree of the coefficients of L. Now suppose that p > a and
that p is also greater than the degree of the coefficients of



the cyclic vector. In that case computing rational solutions
via a cyclic vector costs O(n5 + p3) whereas a direct com-
putation (on the system) costs O(n3p3). Consequently, we
can conclude that the cyclic vector method is more efficient
only when p is much larger than n. When p and n have the
same order of magnitude or when p is smaller than n, then
a direct computation is better.

Remark 2.2. In characteristic p, the existence of ratio-
nal solutions is equivalent to the existence of both polynomial
(clear) and series ([10]) solutions.

3. P -CURVATURE AND EIGENRING

3.1 The p-curvature

3.1.1 Definition and computation

Definition 3.1. We recall that ∆A is defined as the dif-
ferential operator d

dz
−A acting on Kn. Then the p-curvature

of the system [A] is the operator

∆p
A = (

d

dz
− A)p : Kn → Kn.

It is well known that the p-curvature is a K-linear map.
In [18], Katz proposes an algorithm to compute the p-curvatu-
re: define the sequence (Ai)i≥0 (sometimes called the Lie
sequence) by

A0 = I and ∀ i ≥ 0, Ai+1 = A′
i − AAi,

compute A2, A3, . . . , Ap and Ap is the matrix of the differ-
ential operator ∆p

A in the canonical basis of Kn that is the
p-curvature. In the sequel, we do not make any distinction
between ∆p

A and Ap.
One can improve this method by adapting these formulas
in order to obtain denominator free computations; indeed,
if we note d a polynomial such that Ã := dA ∈ Mn(C[z])
(recall that for all our algorithms K = C(z) with C = Fp or

Fp) then ∀ i, Ãi := diAi ∈ Mn(C[z]) and we obtain easily
the induction formulas

Ãi+1 = dÃ′
i − (d′i + Ã)Ãi. (2)

Proposition 3.2. Let ω be such that the product of two
matrices in Mn(K) can be done in O(nω) products in K.
Let a denote a bound on the degree of A.
Then, computing the p-curvature of a differential system of
dimension n can be done in O(nωa log(a)p2) field operations.

Note that, for example, Strassen’s matrix multiplication cor-
responds to ω = log2 7 (see [7, 12.1]).

Proof. From (2), computing the p-curvature requires p
products of polynomial matrices with coefficients of degrees
bounded by a, 2a, . . . , (p − 1)a. This can thus be done in
O(nωp) products of polynomials. Now using that the FFT
([7, section 8]) allows to compute the product of two polyno-
mials with degree bounded by a and ia in O(ia log(a)) field
operations, the result becomes clear.

Note for comparison that computing the p-curvature (with
p > n) of a scalar differential operator with coefficients’ de-
grees bounded by l with the recursive formulas given in [24,
13.2.2, p.335] leads to a complexity in O(n2l log(l)p) field op-
erations. Once again let us make the comparison between

direct system computation and computation with a cyclic
vector. As we have already said, if a is a bound for the
degree of A, a bound for the degree of the coefficients of L

computed with a cyclic vector is b = nλ+a (n+1)n
2

(λ bound
for the degree of the coefficients of the cyclic vector). Thus
using a cyclic vector computation, the p-curvature is com-
puted in O(n5 +n2b log(b)p) field operations. Consequently,
the computation using a cyclic vector is better only when
p is much larger than n. Conversely, when p and n have
the same order of magnitude or when p is smaller than n, a
direct computation on the system is more efficient.

3.1.2 Systems with null p-curvature
A central interest of the p-curvature is the following stan-

dard result (see [21, Lemma 2.1] or [17]) and its connection
with the Grothendieck conjecture. For a statement and an
history of this conjecture, we refer to [23].

Lemma 3.3 (Cartier). The differential system [A] has
a fundamental matrix of solutions in Kn if and only if its
p-curvature Ap is zero.

It is also clearly equivalent to the fact that Y ′ = AY is
equivalent to the system Y ′ = 0. Indeed, one takes for P
a fundamental matrix of rational solutions of [A] and then
P [A] = [0].

3.1.3 Systems with scalar p-curvature
In this part, we recall some technical lemmas that lead

to the rationality result of Theorem 3.7 which constitutes
our contribution of the section. The content of this part
is interesting when we concentrate on computing first order
factors (see [5]). We say that [A] has a scalar p-curvature if
Ap = λI with λ ∈ C2.

Lemma 3.4. Let A and B be two matrices such that ∀ k ∈
N, [A(k), B] = [A, B(k)] = 0 where [., .] denotes the Lie bracket

and A(k) the k-th derivative of A. Noting S := A + B, we
have then:

∀ i ∈ N, Si =

i
X

k=0

„

i
k

«

AkBi−k

where Si, Ai and Bi stand for the Lie sequences. In partic-
ular, for i = p, Sp = Ap + Bp.

Proof. Easy induction on i.

This lemma applies in particular when S = A + µI with
µ ∈ K; it implies that Sp = Ap + (µp + µ(p−1))I since from

[21, Lemma 2.2], µp + µ(p−1) is the p-curvature of the 1-
dimensional system y′ = µy.
Following [20], we define now the map

τ : K → C, y 7→ yp + y(p−1).

Some developments on the equation τ (y) = c include [24,
13.2.1], and [22, 4.2]. A non algorithmic approach can be
found in [20, 1.4 and 1.5].
In the remaining part of this section, let C denote either Fp

or Fp.

Lemma 3.5 ([24], 2.1). The scalar differential equation
τ (y) = c with c ∈ C(zp) always has a solution in C(z).

2Generally, λ ∈ K but here, the fact that ∆A commutes
with ∆p

A implies that λ ∈ C.



The following technical lemma derives easily from the clas-
sification of differential modules given in [20] and [24, 13.1].

Lemma 3.6. Let A ∈ Mn(C(z)). The p-curvature of [A]
is scalar if and only if [A] is equivalent to [µI] with µ ∈ C(z).

Proof. Assume that Ap = −λI for some λ ∈ C(zp). Let
µ ∈ C(z) be a rational solution of the equation τ (y) = λ (it
exists by the previous lemma). Then, as we have already
remarked, setting B = A + µI, Lemma 3.4 leads to Bp =
Ap + λI = 0. Now [B] has a zero p-curvature and thus [B]
is equivalent to [0]. Thus there exists P ∈ GLn(C(z)) such
that P−1(BP − P ′) = 0 and replacing B by A + µI, we
obtain P−1(AP − P ′) = −µI. The converse statement is
obvious so that the result becomes clear.

We now give a rational improvement of Lemma 3.6:

Theorem 3.7. Let A ∈ Mn(C(z)). If p does not divide
n, the p-curvature of [A] is scalar if and only if [A] is equiv-
alent to [µI] with µ ∈ C(z).

Proof. We have Ap = −λIn and we know that there
exists P ∈ GLn(C(z)) such that P [A] = P−1AP −P−1P ′ =

−µIn with µ ∈ C(z) and τ (µ) = λ. Thus tr(A) − det(P )′

det(P )
=

−nµ and for p not dividing n (note that generally, we choose

p > n), we have µ = − 1
n
tr(A) + 1

n

det(P )′

det(P )
; this implies (see

[[20, Lemma 1.4.2]) that
− 1

n
tr(A) ∈ C(z) is a solution of τ (µ) = λ.

This rationality result gives a rational and algorithmic method
to factor (over K) systems with scalar p-curvature. It also
provides an algorithmic generalization of the trick given by
van der Put in [22, 2.11].

3.1.4 Space of rational solutions and p-curvature
We now recall a result, attributed to Katz (see [17]), link-

ing the rational solutions space with the p-curvature. We
reproduce the proof of Katz not only for the convenience of
the reader, but also for its algorithmic character. Note that
this result also follows from the equivalence of category of
[20] and [24, 13.1].
Set SA := {y ∈ Kn | y′ = Ay}; it is clear that SA ⊂ ker(Ap).

Theorem 3.8 (Katz). ker(Ap) = SA ⊗C K, and in
particular, dimC SA = dimK ker(Ap).

Proof. We verify easily that the projection map Pr: v 7→

Pr(v) :=
Pp−1

i=0
(−z)i

i!
∆i

A(v) sends ker(Ap) into SA, while

the map Ta : v 7→ Ta(v) :=
Pp−1

k=0
zk

k!
Pr(∆

k
A(v)) induces

the identity on ker(Ap). Since v ∈ ker(Ap) implies that all
∆i

A(v) ∈ ker(Ap), hence all Pr(∆
i
A(v)) ∈ SA by the first

formula and the second formula shows that every element of
ker(Ap) is a K-linear combination of elements of SA. Thus,
ker(Ap) = SA ⊗C K.

Remarks 3.9. This theorem implies Lemma 3.3.
The proof given here exhibits an explicit formula to com-
pute a fundamental matrix of rational solutions when the
p-curvature is zero.

We give now a first procedure called ScalpCurv (Scalar p-
Curvature) that diagonalizes systems having a scalar p-curva-
ture. We recall that in our algorithms K = C(z) with
C = Fp or Fp.

Procedure ScalpCurv
Input: A ∈ Mn(K) satisfying Ap = −λI and p.
Output: [fI] = P [A] with f ∈ K.

1- Compute µ := − tr(A)
n

.
2- Set B := A + µI and compute its Lie sequence Bi.

3- Let P :=
Pp−1

i=0
(−z)i

i!
Bi.

4- Return P [A] = [−µI].

The correctness of this algorithm follows directly from the
proof of Lemma 3.6, Theorems 3.7 and 3.8.
In step 2, one can use Lemma 3.4 to compute the Bi.

3.2 The eigenring

3.2.1 Definition and computation

Definition 3.10. The eigenring E(A) of [A] is defined as

E(A) = {P ∈ Mn(K) |P ′ = AP − PA}.

The eigenring is a C-algebra of dimension less than or equal
to n2 and in particular, it contains the identity matrix (see
[1]). Consequently, the minimal (and characteristic) polyno-
mial of an element of the eigenring will have its coefficients
in the field of constants C.
An algorithm for computing the eigenring of a system with
coefficients in F (x) where F is a field of characteristic zero
can be found in [2] and for scalar equations we refer to [11].
In characteristic p, computing the eigenring is easier: one
can first remark that if Z denotes the n2-dimensional vector
formed by the rows of P then

P ′ = AP − PA ⇔ Z ′ = (A ⊗ I − I ⊗ tA)Z.

Consequently, finding a basis of the eigenring reduces to
computing a basis of rational solutions of the n2-dimensional
differential system Z ′ = (A⊗I−I⊗ tA)Z; it reduces then to
solving a linear homogeneous system of dimension n2p (see
section 2) so that from Proposition 2.1, we can state:

Proposition 3.11. Let a denote a bound for the degree of
A. The eigenring of [A] can be computed in O(n6 max(a, p)2p)
operations in the base field.

A similar method to compute in an easy way the eigenring
of an Ore polynomial in characteristic p is also observed by
Giesbrecht and Zhang in [8].

3.2.2 Eigenring and p-curvature
Another useful way to view the eigenring of [A] consists

in considering it as the set of K-linear maps from Kn to Kn

which commute with ∆A. Consequently, we easily see that

Lemma 3.12. The p-curvature Ap belongs to the eigen-
ring. More precisely, letting Com(Ap) be the set of all matri-
ces in Mn(K) that commute with Ap, we have the following
inclusions of sets:

C[Ap] ⊆ E(A) ⊆ Com(Ap).

Proof. ∆p
A is K-linear and obviously commutes with

∆A. The first inclusion is clear and the second comes from
the fact that T ∈ E(A) implies ∆AT = T∆A so that ∆p

AT =
T∆p

A and thus ApT = TAp.



Remarks 3.13. It follows that, in contrast to the char-
acteristic zero case, we can compute a single element of the
eigenring without computing it fully.
Lemma 3.12 leads to another way to effectively compute the
eigenring; compute the set Com(Ap) and for T ∈ Com(Ap)
test if T ′ = AT − TA.

Now, we refine the last lemma by proving the following use-
ful result. This result can also be seen as a consequence of
the equivalence of category given in [20] and [24, 13.1].

Theorem 3.14. Com(Ap) = E(A) ⊗C K and in particu-
lar, dimC(E(A)) = dimK(Com(Ap)).

Proof. Once again, we consider the differential system
Z′ = (A ⊗ I − I ⊗ tA)Z := AZ. By Theorem 3.8, we know
that ker(Ap) = SA ⊗C K where SA denotes the space of
rational solutions of [A]. Furthermore, we know that we
have E(A) ∼= SA and Com(Ap) ∼= ker(Ap ⊗ I − I ⊗ tAp) thus
we only have to prove that Ap = Ap ⊗ I − I ⊗ tAp. This
follows from the fact that taking the p-curvature is a functor
which commutes with constructions on differential modules.
For a more pedestrian proof, with the standard notation
A∗ for the adjoint matrix −tAp of Ap, we apply Lemma
3.4 to A ⊗ I and I ⊗ A∗. An immediate verification shows
that these matrices satisfy the hypothesis of the lemma and
thus, we have Ap = (A ⊗ I)p + (I ⊗ A∗)p. It remains then
to remark that ∀ i ∈ N, (A ⊗ I)i = Ai ⊗ I in order to prove
that Ap = Ap ⊗ I + I ⊗ (A∗)p. Finally an easy computation
shows that (A∗)p = −tAp and the proof ends.

Corollary 3.15. If χ(Ap) = χmin(Ap) where χ and χmin

stand respectively for the characteristic and minimal polyno-
mial, then E(A) = C[Ap].

Proof. From the previous theorem, we have
Com(Ap) = E(A)⊗C K. Moreover we clearly have K[Ap] =
C[Ap] ⊗C K. It follows thus that if K[Ap] = Com(Ap), then
E(A) = C[Ap] (since C[Ap] ⊂ E(A)). We end the proof
using that (see [15, Ex. 7 p. 202 and Corollary of Theorem
3.16 p. 207]), K[Ap] = Com(Ap) is equivalent to χ(Ap) =
χmin(Ap).

4. MAXIMAL DECOMPOSITION
In the sequel, let χ(M) and χmin(M) denote respectively

the characteristic and minimal polynomial of a matrix M .
The goal of this section is to provide an algorithm to com-
pute a maximal decomposition of [A], that is to find [B] =

P [A] =
Lr

i=1[B
[i]] with the [Bi] indecomposable. As it has

been established by van der Put in [20] (see also [24, 13]),
the rational Jordan form (i.e., the Jordan form over K) of
the p-curvature gives the complete factorization (over K) of
the differential module associated to [A]. This can be made
algorithmic in two steps: the first one consists in comput-
ing an isotypical decomposition of [A] that is decomposing

[A] =
Lr

i=1[A
[i]] where χ((A[i])p) = F m with F irreducible

in C[X] and m ≥ 1. Second, we refine this factorization to
obtain a maximal decomposition. As this second step could
require high cost computations in algebraic extensions, we
will propose an alternative method with the eigenring.

4.1 Isotypical decomposition
We give an algorithm to compute the isotypical decompo-

sition of [A]. This algorithm recasts the ideas of the classifi-
cation given in [20] and [24, 13.1] to handle systems directly.
For this we adapt [1, Theorem 2] for our purpose.

Theorem 4.1. The following algorithm provides an iso-
typical decomposition of [A]:

Procedure IsoDec (Isotypical Decomposition):
Input: A ∈ Mn(K), Ap and p.

Output: [B] = P [A] with [B] =
Lr

i=1[B
[i]] and

χ((B[i])p) = F mi

i with Fi irreducible and gcd(Fi, Fj) = 1.
1- Compute and factor (over C) χ(Ap).
(Let χ(Ap) = F m1

1 . . . F mr

r with gcd(Fi, Fj) = 1 and
the Fi irreducible)
2- If r = 1 and m1 = 1 then Return “Irreducible”.
3- For i = 1, . . . , r, compute a basis ei1, . . . , eini

of
ker(F mi

i (Ap)).
4- Construct P ∈ Mn(K) with the eij as columns.

5- Return P [A] =
Lr

i=1[A
[i]].

Proof. Step 2 follows directly from the classification given
in [20] and [24, 13.1]. Indeed if χ(Ap) is irreducible then the
rational Jordan form of [A] contains only one diagonal block
that is further not block-triangularizable so that [A] is irre-
ducible. Now, in the decomposable case, our method to
effectively find the factors follows directly from the follow-
ing proposition coming from [1, Theorem 2] adapted from
characteristic zero and applied to the particular element Ap

of E(A).

Proposition 4.2. If there exists P ∈ GLn(K) with

P−1ApP =

„

T [1] 0

0 T [2]

«

and gcd(χ(T [1]), χ(T [2])) = 1,

then P [A] =
L2

i=1[A
[i]] and χ((A[i])p) = χ(T [i]).

Example 4.3. Take p = 3, K = Fp(z) and consider the
system Y ′ = AY of dimension n = 4 with

A =

„

A11 A12

A21 A22

«

where

A11 =

2

6

6

4

(z+1) z

(z+2)2

2 z4+2 z+1

(z+2)2

(z3+z2+z+2) (z+1)

(z+2)2 z

2 z5+2 z6+2 z3+1

(z+2)2 z

3

7

7

5

,

A12 =

2

6

6

4

2
2 z4+2 z+1

(z+2)2
2

z4+z3+z2+2 z+2

(z+2)2

z4+z5+z2+z+1

(z+2)2
2

2 z4+2 z3+z5+2 z+1

(z+2)2

3

7

7

5

,

A21 =

2

6

6

4

2
(z+1)3 (z2+2 z+2)

(z+2)2 z
2

(z+1) z2 (z2+2 z+2)

(z+2)2

2
z (z3+2 z+1)

(z+2)2

2 z3+2 z2+2 z4+z+1

(z+2)2

3

7

7

5

,

A22 =

2

6

6

4

(z3+2 z+1)2

(z+2)2 z

z4+2 z6+2 z3+z+2

(z+2)2 z

2
2 z3+2 z2+2 z4+z+1

(z+2)2

z (z2+1)

(z+2)2

3

7

7

5

.



We first compute the p-curvature Ap with our procedure
LiePol which computes it, following our denominator free
method.

> A_p := evalm(LiePol(A,n,p));

Ap = u

2

6

6

6

6

6

4

2 2 z z 2 z

2 (z + 1) 2 (z + 1) z (z + 1) z 2 (z + 1) z

z + 1 2 z2 z2 2 (z + 1)2

2 z 2 z z 2

3

7

7

7

7

7

5

with u = (z +1)3 (z + 2)2. Here the characteristic polyno-
mial of Ap is

(X + 2 z6 + 1)2 X2,

consequently, our procedure IsoDec finds a decomposition
into two factors of dimension two.

> evalm(IsoDec(A,A_p,3));

2

6

6

6

6

6

6

6

6

6

6

4

z4+2 z2+2

(z+2)2
2

(z3+z2+z+2) z

(z+2)2
0 0

z2+1

(z+2)2

(z3+z2+2 z+1) (z+1)

(z+2)2
0 0

0 0
1

z

1

z+2

0 0 0
1

(z+2) z

3

7

7

7

7

7

7

7

7

7

7

5

.

Note that both these computed factors are decomposable
(see Example 4.5) so that this is not a maximal decomposi-
tion of [A].

4.2 The cases χ(Ap) = F m

We are now reduced to the case of systems [A] which have
a p-curvature with characteristic polynomial of the form
F m with F irreducible and m ≥ 2. We further know that
χmin(Ap) = F d with 1 ≤ d ≤ m.
Here, the fact that the rational Jordan form of the p-curvature
gives the full factorization of the system can be interpreted
as follows: first, we have the following criterion of indecom-
posability:

Proposition 4.4. Let [A] satisfying χ(Ap) = F m with F
irreducible and m > 1. Then [A] is indecomposable if and
only if χmin(Ap) = χ(Ap).

Proof. From the equivalence of category of [24, 13.1], [A]
is indecomposable if and only if the rational Jordan form of
Ap has only one indecomposable block. This is equivalent
to the fact that Ap has only one elementary divisor (see [15,
3.10] or [6, section 7]) over K which in this case is equivalent
to χmin(Ap) = χ(Ap).

In fact, since each elementary divisor of Ap matches an inde-
composable block in its rational Jordan form (see [6, section
7]), the classification of van der Put further implies that the
number of indecomposable factors of [A] equals the num-
ber of elementary divisors of Ap. Here is briefly, how it
is made algorithmic in [22]: let a denote the image of X
in C+ := C[X]/F and f denote the degree of F (clearly,
n = fm). We have F m = (X − a)mQm

a so that running
IsoDec over K+ := K[X]/F , gives us the decomposition

[A] = [A+] ⊕ [A[2]] where [A+] is defined over K+, has di-
mension m and satisfies χ((A+)p) = (X − a)m. Now let
b ∈ K+ be a solution of τ (b) = a (b ∈ K+ since a trick
analogous to Theorem 3.7 can be applied). Shift by b (as in

the proof of Lemma 3.6) to obtain a new system [Ã+] with

the same dimension and satisfying further χ((Ã+)p) = Xm

(χmin((Ã+)p) = Xd). Then, compute the kernel of ∆
Ã+

in K+ + K+l + · · · + K+ld−1 where l′ = 1/z. It clearly
has dimension m. Deduce a basis of the differential mod-
ule associated to [Ã+] in which the system has maximal
block triangular form (to construct the relevant basis, one

can compute the elementary divisors of (Ã+)p). Finally, do
the inverse shift and transform the basis of the differential
module of dimension m over K+ into a basis of a differential
module of dimension n = fm over K: the system written in
this basis is the maximal factorization of [A].

Example 4.5. We continue the factorization of Example
4.3. We have computed a first decomposition of the system
into two diagonal blocks of dimension 2. Here, the minimal
polynomial of the first block A[1] is X + 2z6 + 1 and that of
the second block A[2] is X. This implies that the elementary

divisors of A
[1]
p are X +2z6 +1 and X +2z6 +1 and those of

A
[2]
p are X and X. Consequently each factor is decomposable

and we can find P such that P [A] = [−z2] ⊕ [−z2] ⊕ [0] ⊕

[0]. Remark that −z2 = − tr(A[1])
2

is a solution of the scalar

differential equation τ (y) = 2z6 + 1 (Cf. Theorem 3.7 and
the remark following it).

If deg(F ) > 1, a /∈ C so that we have to work in algebraic
extensions of K. This motivates our choice to propose a
distinct and rational approach to obtain a maximal decom-
position when deg(F ) > 1: this method follows the lines of
[1] and is based on a clever use of the whole eigenring.
We first recall that Proposition 4.2, stated for the p-curvature,
is a general result of [1] that remains true for every element
of the eigenring. Consequently, we have:

Proposition 4.6. If, for T ∈ E(A), χ(T ) = F1 . . . Fr

with the Fi ∈ C[X] and ∀ i 6= j, gcd(Fi, Fj) = 1, then we
can effectively find (use the same method as in Algorithm

IsoDec) P ∈ GLn(K) such that P [A] =
Lr

i=1[A
[i]].

Furthermore, the following proposition shows that the eigen-
ring contains an element “of maximal spectrum”: this means
that when used in the previous proposition, it provides di-
rectly a maximal decomposition of [A].

Proposition 4.7. Let [A] be equivalent to
Ls

i=1[A
[i]], then

there exists T ∈ E(A) such that χ(T ) = F1 . . . Fs with the Fi

in C[X] and gcd(Fi, Fj) = 1 for i 6= j.

Proof. It is easy to see that, given c1, . . . , cs with ci ∈ C
and ci 6= cj , the eigenring of [A] contains an element T
similar to

0

B

@

c1In1 0
. . .

0 csIns

1

C

A
.

In practice, such an element is often found by picking an
element randomly in the eigenring. This is how most algo-
rithms for lclm-decomposition in characteristic zero work.



However, this random approach is only a heuristic in char-
acteristic p so if it fails use Theorem 4.10 (and its refinement
in [8]) or van der Put’s method (after Proposition 4.4).

Remark 4.8. Proposition 4.7 does not use the fact that
the isotypical decomposition has already been computed so
that using it at the beginning could allow us to compute a
maximal decomposition of [A] in only one step. However, as
the isotypical decomposition is quite easy to compute from
the p-curvature, it seems better to compute it first since we
will then have to compute eigenrings of smaller systems.

Example 4.9. We can obtain directly the maximal de-
composition of the system given in Example 4.3. Here, we
manage to find an element E1 in the eigenring of [A] whose
characteristic polynomial is

2 X (2 z3 + X + 2) (z3 + X + 1) (z3 + X).

We deduce then in one step the maximal decomposition of
our system

P [A] = [
z3+z2+1

z+1
] ⊕ [

z5+z4+2z2+z+2

z3+z2+1
] ⊕ [

1

z2+2z
] ⊕ [

1

z2+2z
].

Note that this system is not the same as that obtained in
Example 4.5, but they are equivalent.

Here is another way to use the eigenring to factor our system.
The following theorem (compare to [16, Proposition 3.1 p.
111]) gives a criterion of indecomposability.

Theorem 4.10. Let A ∈ Mn(K), A 6= 0. Then [A] is
indecomposable if and only if E(A) contains no idempotent
different from 0 and I.

Proof. Suppose [A] decomposable. There exists then

T ∈ E(A) similar to

„

In1 0
0 0

«

. It is then clear that T 6= 0,

T 6= I and T 2 = T .
On the other hand, if E(A) contains an idempotent T dif-
ferent from 0 and I, then by Proposition 4.2, [A] is decom-
posable.

Consequently, computing recursively (i.e., until computed
factors are indecomposable) idempotents in the eigenring
also leads to a maximal decomposition of [A]. A method
to compute relevant idempotents in the eigenring is given
by Giesbrecht and Zhang in [8] where this approach is that
used to decompose Ore polynomials.

5. THE INDECOMPOSABLE CASE
In this section, we give a rational alternative to van der

Put’s method to handle the case when the system [A] is
indecomposable i.e., χ(Ap) = χmin(Ap) = F m with F irre-
ducible and m > 1 (recall that if m = 1, then [A] is irre-
ducible). We show how we can effectively compute a max-
imal reduction that is how we can obtain a system equiva-
lent to [A] in block-triangular form with irreducible diagonal
blocks. Our result is the following:

Proposition 5.1. If χ(Ap) = χmin(Ap) = F m with F
irreducible and m > 1, then [A] is reducible and a maximal
decomposition can be carried out effectively

Proof. Let v := F (Ap). We have vm = 0 and for all
i ∈ {1, . . . , m − 1}, vi 6= 0. Let Ei := ker(vi) for all i ∈
{1, . . . , m}. We have Em = Kn and Ei ⊂ Ei+1 so that (Ei)i

is a flag of Kn. The matrix of v in a basis of Kn adapted to
this flag (i.e., a basis computed from a basis of E1 extended
to a basis of E2, . . .) is block-triangular. Furthermore, it
follows from v(Ei) ⊂ Ei−1 that the diagonal blocks are zero.
In other words, there exists P ∈ Mn(K) such that P−1vP =
S where S is block-triangular and has zero diagonal blocks.
Now we can remark that all the vi are non zero and non
invertible elements of the eigenring so for the same reasons
as in the proof of [1, Theorem 1], a direct computation shows
that B := P [A] has block triangular form. Furthermore the
diagonal blocks Bii of B satisfy χ((Bii)p) = F and they are
thus irreducible.

Note that the previous proposition applies to any element of
the eigenring and not only to the p-curvature. Consequently,
reducing the system can be done by finding non trivial zero
divisors in the eigenring; this is the method of Giesbrecht
and Zhang in [8].

Conclusion
For the problem of factoring differential systems in charac-
teristic p, we have developed and implemented an algorithm
based on the ideas of both [20, 22] and [1] which presents the
advantage to handle systems directly. We have also provided
both some comparisons of strategies and a complexity anal-
ysis. This algorithm follows naturally the classification of
differential modules in characteristic p of [20] which implies
that the rational Jordan form of the p-curvature gives all the
factorizations of the system. However, this method could
lead to work in algebraic extensions. Taking advantage of
more elements of the eigenring as in [1], we propose dis-
tinct heuristics that can prevent from working in algebraic
extensions. The combination of this and the techniques of
Giesbrecht and Zhang in [8] may lead to further refinements.

The fact, observed in [21], that a factorization in char-
acteristic zero can be reduced modulo p for almost all p
implies that our algorithm can be usefully used as filter:
for example, if we have no order one right hand factors in
characteristic p, then we have no exponential solutions in
characteristic zero. An algorithm using modular methods
to compute exponential solutions in characteristic zero will
appear in [5].
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