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We consider generalized Liénard polynomial differential systems of the form ẋ = y, ẏ =−g(x)− f (x)y, with
f (x) and g(x) two polynomials satisfying deg(g) ≤ deg( f ). Llibre and Valls have shown that, except in some
particular cases, such systems have no Liouvillian first integral, see [1, 2]. In this letter, we give a direct and
shorter proof of this result.
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1. Introduction

We consider generalized Liénard polynomial differential systems of the form{
ẋ = y,
ẏ =−g(x)− f (x)y,

(1.1)

where f (x) and g(x) are two polynomials in the variable x with complex or real coefficients and dot
denotes the derivative with respect to the time variable t.

Liénard equations have been first introduced with g(x) = cx, where c is a constant in [3] where
Liénard studies the description of relaxation oscillations. They contain as a particular case, the well-
known van der Pol equations which correspond to f (x) = µ (x2−1), where µ is a constant. In [4],
Levinson and Smith have introduced a more general description of relaxation oscillations given by
the generalized Liénard equations (1.1) considered in the present paper. Since then, generalized
Liénard equations have been well studied. In particular, a lot of results have been published on limit
cycles and periodic solutions of generalized Liénard equations: see for example [5] and references
therein.
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An important and difficult problem in the study of polynomial vector fields ẋ = A(x,y), ẏ =
B(x,y), where A and B are two polynomials, consists in studying the existence of first integrals,
that is, the existence of functions which level sets correspond to solutions of the vector field. The
existence of first integrals is known to be related to the existence of invariant algebraic curves:
for example, see Theorem 2.1 below. In [6, 7], Odani shows that if deg(g) ≤ deg( f ) and if we
avoid some trivial situations, the generalized Liénard polynomial differential system (1.1) has no
invariant algebraic curve and thus no elementary first integral, i.e., no first integral which is a finite
composition of algebraic functions, exponentials and logarithms. Then, Żoł ↪adek follows this study
by characterizing the existence of invariant algebraic curves of generalized Liénard equations for
all values of deg( f ) and deg(g) (see [8]).

More recently, in [1, 2], Llibre and Valls classify Liouvillian first integrals for Liénard poly-
nomial differential systems of the form (1.1) in the case deg(g) ≤ deg( f ). Roughly speaking,
Liouvillian functions are functions which can be obtained by quadratures of elementary functions
(see [9] for a definition). They prove that, if we avoid some trivial situations, System (1.1) with
deg(g) ≤ deg( f ) has no Liouvillian first integral. The contribution of the present letter is to pro-
vide a direct and shorter proof of this result. Indeed, the approach proposed here avoids both the
characterization of exponential factors and a recombination process, see Section 3.

2. Preliminaries

We recall here some definitions and theorems useful to understand the sequel.

Given two polynomials A, B ∈ K[x,y], where K = R or C, we consider a planar polynomial
vector field {

ẋ = A(x,y),
ẏ = B(x,y),

(2.1)

and the associated derivation D = A(x,y)∂x +B(x,y)∂y, where ∂x = ∂

∂x and ∂y = ∂

∂y .

Definition 2.1. A polynomial P ∈ C[x,y] is an invariant algebraic curve of (2.1) if there exists a
polynomial Λ ∈ C[x,y] such that D(P) = ΛP.
An exponential factor of (2.1) is a function of the form E = exp(P/Q), where P and Q are
polynomials in C[x,y] such that there exists a polynomial Γ ∈ C[x,y] with total degree at most
max(deg(A),deg(B))−1 satisfying D(E) = ΓE.
A function F is a first integral of (2.1) if it satisfies D(F) = 0.

In the literature, invariant algebraic curves are sometimes called Darboux polynomials or eigen-
polynomials. We can remark that the curve P = 0, where P is an invariant algebraic curve, is com-
posed of orbits of the differential system.

A useful tool in the study of first integrals of differential systems is the integrating factor.

Definition 2.2. A function R is an integrating factor of the polynomial vector field (2.1) if D(R) =
−
(
∂x(A)+∂y(B)

)
R.

If R is an integrating factor of (2.1), then we have ∂x(RA) = −∂y(RB). This means that the
differential form ω = −RBdx + RAdy is closed. Thus, this form has locally a primitive which is
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a first integral of (2.1). This explains why integrating factors are important in the study of inte-
grability of differential systems of the form (2.1). In [10], Prelle and Singer have given a structure
theorem about integrating factors of polynomial differential systems with elementary first integrals.
In [9], Singer gives the same kind of result for polynomial differential systems with Liouvillian first
integrals. We recall here this latter result as it will be used in the following.

Theorem 2.1 (Singer). If System (2.1) has a Liouvillian first integral, then there exists an integrat-
ing factor of (2.1) of the form

exp
(

P
Q

)
∏

i
Qλi

i ,

where Q and the Qi’s are invariant algebraic curves of (2.1), P is polynomial in C[x,y] and the λi’s
are complex numbers.

The statement of Theorem 2.1 in this form is due to Christopher: see [11].

Theorem 2.1 shows that Liouvillian first integrals are related to invariant algebraic curves. In
the situation of the generalized Liénard polynomial differential system (1.1) considered here, the
associated derivation is given by DL = y∂x−

(
g(x)+ f (x)y

)
∂y. Using the particular form of this

derivation, in [6], Odani proves the following result concerning invariant algebraic curves of (1.1).

Theorem 2.2 (Odani). If deg(g) ≤ deg( f ), f (x) 6= 0, g(x) 6= 0, and g(x) 6= α f (x) for a complex
number α , then the generalized Liénard polynomial differential system (1.1) has no invariant alge-
braic curve.

3. Main result

In [1, 2], the authors study the existence of Liouvillian first integrals of the Liénard polynomial
differential system (1.1) when deg(g) ≤ deg( f ). Their approach consists in first computing all
exponential factors, and then, trying to recombine them in order to get an integrating factor of
the form given in Theorem 2.1. They prove that System (1.1) has no Liouvillian first integral
under the hypotheses of Theorem 2.2 with deg(g)≤ deg( f ). The purpose of this letter is to give
a direct proof which avoids the recombination problem of exponential factors. Instead of computing
first exponential factors, we consider directly the equation defining an integrating factor, namely
D(R) = −

(
∂x(A)+ ∂y(B)

)
R for a system of the general form (2.1). We take advantage of the fact

that for the generalized Liénard polynomial differential system (1.1), we have the following partic-
ular form of the divergence: ∂x(A)+ ∂y(B) = − f (x). Then, using both Theorems 2.1 and 2.2, we
reduce the problem to the study of polynomial solutions P(x,y) of the equation DL(P) = f (x).

The result can be stated as follows:

Theorem 3.1. Consider the generalized Liénard differential system (1.1) with the condition
deg(g)≤ deg( f ). If we further assume f (x) 6= 0, g(x) 6= 0, and g(x) 6= α f (x) for a complex number
α , then System (1.1) has no Liouvillian first integral.

This provides a complete classification of Liouvillian first integrals of the generalized Liénard
differential system (1.1) with deg(g)≤ deg( f ) since we have:

(i) if f (x) = 0, then (1.1) admits the first integral H(x,y) = y2 +2
∫

g(x)dx,
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(ii) if g(x) = 0, then (1.1) admits the first integral H(x,y) = y+
∫

f (x)dx,
(iii) if g(x) = α f (x), where α is a complex number, then (1.1) admits the first integral H(x,y) =

y+
∫

f (x)dx−α log(y+α) (see [7]).

Note that we can check by straightforward calculations that the first integrals given above are
correct, i.e., that in each case DL(H) = 0.

We shall now give a direct proof of Theorem 3.1.

Proof. From Theorem 2.2, we know that under the hypotheses of Theorem 3.1, System (1.1) has
no invariant algebraic curve. Consequently, Theorem 2.1 implies that, if (1.1) has a Liouvillian first
integral, then there exists a polynomial P ∈ C[x,y] such that DL(exp(P)) = f (x) exp(P) which is
equivalent to DL(P) = f (x). The latter equality can be written:

(?) y∂x
(
P(x,y)

)
−
(
g(x)+ f (x)y

)
∂y
(
P(x,y)

)
= f (x).

The following is close to what is done in a slightly different context in [6] to prove Theorem 2.2.
We set P(x,y) = ∑

n
i=0 Pi(x)yi, with Pn(x) 6= 0 and we note P′i (x) = ∂x(Pi(x)).

If n = 0, then (?) yields yP′0(x) = f (x) which is not possible since f (x) 6= 0.
If n≥ 1, then by identifying the coefficients in yi for i = n+1, . . . ,0 in the left-hand side of Equation
(?), we get the following system of equations for the Pi’s:

P′n(x) = 0,

P′n−1(x) = n f (x)Pn(x),
P′n−2(x) = (n−1) f (x)Pn−1(x)+ng(x)Pn(x),

...
P′n− j(x) = (n− j +1) f (x)Pn− j+1(x)+(n− j +2)g(x)Pn− j+2(x),

...
P′1(x) = 2 f (x)P2(x)+3g(x)P3(x),
P′0(x) = f (x)P1(x)+2g(x)P2(x),

0 = f (x)+g(x)P1(x).

(3.1)

If n = 1, then the equation P′1(x) = 0 implies that P1(x) = β is a non zero constant, but then the last
equation of (3.1) yields f (x) =−β g(x) which does not satisfy the hypotheses of Theorem 3.1.
We now assume n ≥ 2 and we are going to compute the degrees of polynomials Pi(x) satisfying
System (3.1).
The first equation of (3.1), P′n(x) = 0, implies that Pn(x) is a non zero constant. Then, from P′n−1(x) =
n f (x)Pn(x), we get that Pn−1 is a polynomial of degree deg( f )+1. Using deg(g)≤ deg( f ), the next
equation giving P′n−2 in terms of f , g, Pn and Pn−1 implies deg(Pn−2) = 2(deg( f )+1). By an easy
induction, we obtain:

deg(Pn− j) = j (deg( f )+1), j = 0, . . . ,n.

In particular, we have deg(P1) = (n−1)(deg( f )+1).
Now, we consider the last equation f (x) =−g(x)P1(x) of (3.1). Comparing the degrees in each side,
we obtain deg( f ) = deg(g)+ (n−1)(deg( f )+ 1) which is impossible since n ≥ 2. In conclusion,
we have shown that, under the conditions of Theorem 3.1, Equation (?) has no polynomial solution.
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This implies that there does not exist a polynomial P ∈C[x,y] such that DL(exp(P)) = f (x) exp(P)
so that, finally, System (1.1) has no Liouvillian first integral.

References
[1] J. Llibre and C. Valls, Liouvillian first integrals for Liénard polynomial differential systems, Proc. Amer.

Math. Soc. 138(9) (2010) 3229–3239.
[2] J. Llibre and C. Valls, Liouvillian first integrals for generalized Liénard polynomial differential systems,

To appear in Adv. Nonlinear Stud., (2013).
[3] A. Liénard, Étude des oscillations entretenues, Revue générale de l’électricité 23(21) (1928) 901–912.
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