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Abstract. In this paper, we provide a new approach for computing reg-
ular solutions of first-order linear difference systems. We use the setting
of factorial series known to be very well suited for dealing with difference
equations and we introduce a sequence of functions which play the same
role as the powers of the logarithm in the differential case. This allows
us to adapt the approach of [5] where we have developed an algorithm
for computing regular solutions of linear differential systems.

Introduction

Let z be a complex variable and ∆ the difference operator whose action on a
function f is defined by

∆(f(z)) = (z − 1) (f(z)− f(z − 1)).

In the present paper, we consider first-order systems of linear difference equa-
tions of the form

D(z)∆(y(z)) +A(z) y(z) = 0, (1)

where D(z) and A(z) are given n×n matrices with factorial series entries of the
form

∑
i≥0 ai z

−[i] with ai ∈ C and

z−[0] = 1, ∀ i ≥ 1, z−[i] =
1

z(z + 1) · · · (z + i− 1)
,

and y(z) is an n-dimensional vector of unknown functions of the complex variable
z. We further assume that the matrix D(z) is invertible so that System (1) can
be written as

∆(y(z)) = zq B(z) y(z), (2)

where q ∈ Z and B(z) is an n × n matrix whose entries are factorial series and
B(∞) 6= 0. When q < 0, System (2) has a fundamental matrix of factorial series
solutions. In the particular case q = 0, System (2) is said to be of the first kind
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and it has been shown in [15] that it admits a basis of n formal solutions of the
form

y(z) = z−ρ
(
y0(z) + y1(z) log(z) + · · ·+ ys(z) logs(z)

)
, (3)

where s < n, ρ is a complex number and the yi(z) are vectors of factorial series.
Solutions of the form (3) are called (formal) regular solutions. A method (close
to that of Frobenius in the differential case) for computing a basis of regular
solutions of System (2) with q = 0 has been developed in [15, 14, 3]. It general-
izes the method of [21] restricted to scalar equations in order to handle systems
directly. In [11], the authors consider systems of the first kind and give another
approach to establish the existence of regular solutions of the form (3) where the
powers of the log function are replaced by other functions. When q ≤ 0, the fac-
torial series involved in the solutions are convergent whenever those involved in
the entries of the system are so (see [14, 12, 11]). Finally, when q > 0, in addition
to potential regular solutions, System (2) may also have non-regular solutions.

In a previous work [5], we have provided an efficient algorithm for computing
regular solutions of systems of linear differential equations with formal power
series coefficients. The goal of the present paper is to adapt the method devel-
oped in [5] in order to give a new approach for computing regular solutions of
systems of linear difference equations of the form (1). Note that although the
theory of difference equations have close similarities with the theory of differen-
tial equations, the generalization of results and algorithms from the differential
case to the difference case are in general not totally straightforward (see, e.g.,
[21, 14–16, 10, 3, 4, 12, 6, 7]).

The method developed in [5] consists in writing a regular solution of a linear
differential system D(z)ϑ(y(z)) + A(z) y(z) = 0, where ϑ = z d

dz denotes the
Euler operator and D(z) and A(z) are n× n matrices with power series entries,
as a series y(z) of the form

y(z) =
∑
m≥0

zρ+m wm(z), (4)

where wm(z) is a polynomial in log(z) with constant vector coefficients. Roughly
speaking, it proceeds by plugging the ansatz y(z) defined by (4) into the sys-
tem and identifying the coefficients of the resulting series to zero. This reduces
constructively the problem to the simpler problem of computing appropriate so-
lutions of linear differential systems with constant coefficients for which we have
results on the existence of solutions of the desired form and algorithms for com-
puting them. This approach mainly relies on the good behavior of the powers of
z and log(z) with respect to the Euler operator ϑ, namely, we have

∀n ∈ N, ϑ(zn) = n zn, ϑ(logn(z)) = n logn−1(z).

The latter relations are not preserved when we replace the Euler operator ϑ by
the difference operator ∆. Therefore, in order to apply the strategy of [5] in the
setting of difference equations, we must replace power series by factorial series
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(i.e., zn is replaced by z−[n]), and we introduce a sequence of functions (φn)n∈N
which plays a role analogous to (logn)n∈N so that we have

∀n ∈ N, ∆(z−[n]) = −n z−[n], ∆(φn(z)) = nφn−1(z).

Note that factorial series have been proved to be very well suited for studying
linear difference equations: see [21, 14–16, 10, 3, 4, 12, 6, 7]. They are also useful
for solving linear differential equations (see, e.g., [22]). Then, instead of using
the form (3), we search for regular solutions of System (1) written as

y(z) =
∑
m≥0

z−[ρ+m] ym(z), z−[ρ] =
Γ(z)

Γ(z + ρ)
,

where Γ stands for the usual Gamma function and ym(z) is now a finite linear
combination of the functions φi with constant vector coefficients. For example,
within this setting, the system of two linear difference equations given by

∆(y(z)) +

(
ρ −1
0 ρ

)
y(z) = 0,

where ρ is a given complex number, admits two linearly independent regular
solutions written as

y1(z) = z−[ρ]

(
1
0

)
φ0,

and

y2(z) = z−[ρ]
((0

1

)
φ0 +

(
1
0

)
φ1

)
+
∑
m≥0

z−[ρ+m+1]

(
ρ (ρ+1) ··· (ρ+m)

m+1

0

)
φ0.

The rest of the paper is organized as follows. In Section 1, we recall some
background information on factorial series that are needed in the sequel. Then,
in Section 2, we introduce the functions φn and give some of their properties.
Finally, in Section 3, we develop the main contribution of the paper, i.e., our new
approach for computing regular solutions of first-order linear difference systems.
An appendix provides the detailed proofs of two results of the paper.

1 Factorial series

In the theory of linear difference equations, factorial series are often used instead
of the power series classically used in the theory of linear differential equations:
see [21, 14–16, 10, 3, 4, 12, 6, 7]. Indeed, some interesting results of the theory of
linear differential equations in connection with power series remain valid in the
theory of linear difference equations when factorial series are involved.
We refer to [18, Chap. 10] or [19–21, 14, 17, 10, 3, 12, 7] for more details on the
basic facts concerning factorial series that are recalled in this section.
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1.1 Definition

Before defining factorial series, let us introduce a useful notation that we shall
use in the rest of the paper. For a complex variable z and ρ ∈ C, we denote

z−[ρ] =
Γ(z)

Γ(z + ρ)
.

Note that z−[ρ] is not defined when z ∈ Z≤0 and if ρ = n ∈ N, then we have

z−[0] = 1, ∀n ≥ 1, z−[n] =
1

z(z + 1) · · · (z + n− 1)
.

A straightforward calculation shows that, for all n ∈ N, ∆(z−[n]) = −n z−[n] so
that the behavior of z−[n] with respect to ∆ is the same as the one of zn with
respect to the Euler operator ϑ = z d

dz . This is one of the reasons for replacing
power series by factorial series when we deal with linear difference equations.

Definition 1. A factorial series is a series of the form
∑
n≥0 an z

−[n] where
an ∈ C.

Note that in the literature, factorial series defined as in Definition 1 are
sometimes called inverse factorial series.

The domain of convergence of a factorial series is a half-plane <(z) > µ, where
µ is the abscissa of convergence whose formula is given in [18, Section 10.09,
Theorem V] and <(z) denotes the real part of the complex z. The convergence
is uniform in the half-plane <(z) > µ′ + ε where µ′ = max(µ, 0) and ε > 0.

1.2 Ring structure

The set of factorial series is endowed with a ring structure for the addition and
the multiplication defined below. The addition is naturally defined by∑

n≥0

an z
−[n] +

∑
n≥0

bn z
−[n] =

∑
n≥0

(an + bn) z−[n].

The multiplication of factorial series is not as simple as the multiplication of
power series but a solution has been found by Nielsen [19] (see also [18, Chap.
10]). We first investigate the product of two monomials z−[n] and z−[p] for which
we have

z−[n] z−[p] =
∑
k≥0

Ckn,p z
−[n+p+k], n, p ∈ N,

where the constants Ckx,y are defined by

Ckx,y =
x[k]y[k]

k!
, (5)
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for all x, y ∈ C and k ∈ N with z[k] denoting the usual rising factorial given by

z[k] =
k−1∏
j=0

(z + j).

A multiplication formula for factorial series can then be deduced as follows: the
product of two factorial series

∑
n≥0 an z

−[n] and
∑
p≥0 bp z

−[p] is defined as the
factorial series

∑
s≥0 ds z

−[s] given by

ds =
∑

n,p,k≥0
n+p+k=s

Ckn,p an bp.

Note that if both
∑
n≥0 an z

−[n] and
∑
p≥0 bp z

−[p] are convergent series, then
their product converges at least in the smallest of their convergence domains.
The ringR of factorial series endowed with the above addition and multiplication
is isomorphic to the ring C[[z−1]] (see [10]). The isomorphism ϕ : C[[z−1]]→ R
and its inverse ϕ−1 are given by: ϕ(1) = 1, ϕ−1(1) = 1, and

ϕ

„
1

z

«
= z−[1], ∀n ≥ 1, ϕ

„
1

zn+1

«
= (−1)n (n− 1)!

X
k≥0

(−1)k s(n+ k, n) z−[n+k+1],

∀n ≥ 1, ϕ−1(z−[n]) =
∑
k≥0

(−1)k S(n+ k − 1, n− 1)
1

zn+k
,

where the constants s(n, k) (resp. S(n, k)) are the Stirling numbers of the first
(resp. second) kind (see [2, Sec. 24]).

1.3 Translation z 7→ z + β

With the notation (5), we have the formula

∀β ∈ C, z−[n] =
∑
k≥0

Ckβ,n (z + β)−[n+k],

which can be used to express any series in z−[n] as a series in (z + β)−[n]. We
deduce the following translation formula for factorial series

∀β ∈ C,
∑
n≥0

an z
−[n] = a0 +

∑
p≥1

(
p∑
k=1

ak Cp−kβ,k

)
(z + β)−[p].

Moreover, for all m ∈ N∗, we have

∀β ∈ C,
∑
n≥0

an z
−[n+m] =

∑
p≥0

(
p∑
k=0

ak Cp−kβ,k+m

)
(z + β)−[p+m].
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2 The functions φn

In order to adapt the method of [5] to the setting of difference equations we shall
replace the triple (ϑ = z d

dz , z
n, logn) used in the differential case and satisfying

∀n ∈ N, ϑ(zn) = n zn, ϑ(logn(z)) = n logn−1(z),

by a triple (∆, z−[n], φn) satisfying

∀n ∈ N, ∆(z−[n]) = −n z−[n], ∆(φn(z)) = nφn−1(z). (6)

The aim of this section is to introduce the sequence of functions (φn)n∈N which
will play a role analogous to the one played by (logn)n∈N in the differential case,
i.e., which satisfy the last equality of (6).

2.1 Definition

For z ∈ C \ Z≤0, let us consider the function ρ ∈ C 7→ Γ(z)
Γ(z+ρ) , where Γ denotes

the well-known Gamma function. As the reciprocal 1/Γ of the Gamma function
is an entire function (see [2, Sec. 6] or [18, Ch. 9]), the function ρ 7→ Γ(z)

Γ(z+ρ) is
holomorphic at ρ = 0 and we define the functions φn from the coefficients of the
Taylor series expansion of ρ 7→ Γ(z)

Γ(z+ρ) at ρ = 0:

Definition 2. For n ∈ N and z ∈ C \ Z≤0, we define

φn(z) = (−1)n
∂n

∂ρn

(
Γ(z)

Γ(z + ρ)

) ∣∣∣∣∣
ρ=0

, (7)

and the sequence of functions (φn)n∈N where, for n ∈ N, φn is the function of
the complex variable z defined by (7) for z ∈ C \ Z≤0.

The Taylor series expansion of the function ρ 7→ Γ(z)
Γ(z+ρ) at ρ = 0 can thus be

written as
Γ(z)

Γ(z + ρ)
=
∑
n≥0

(−1)n

n!
φn(z) ρn.

From (7), we have φ0(z) = 1 and φ1(z) = Ψ(z), where Ψ is the Digamma or
Psi function defined as the logarithmic derivative of the Gamma function Γ, i.e.,
Ψ(z) = Γ′(z)

Γ(z) (see [2, Sec. 6] or [18, Ch. 9]).

Remark 1. The function z 7→ Γ(z)
Γ(z+ρ) is asymptotically equivalent to z−ρ which

has the following Taylor series expansion at ρ = 0

z−ρ = e−ρ log(z) =
∑
n≥0

(−1)n

n!
logn(z) ρn.

This illustrates the close relations between the functions φn and logn (see also
Lemma 2 below).
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2.2 Properties

As we have seen above, the function φ1 coincides with the Digamma function Ψ
which satisfies the following:

Lemma 1. The Digamma function Ψ satisfies the linear difference equation

∆(Ψ(z)) = 1,

and has the asymptotic expansion

Ψ(z) ∼ log(z)− 1
2 z
−
∑
n≥1

B2n

2n z2n
, z →∞, | arg(z)| < π, (8)

where Bk represents the kth Bernoulli number ([2, Sec. 23]).

Proof. The first equality can be checked by a straightforward calculation. We
refer to [2, Sec. 6.3] or [18, Ch. 9] for the asymptotic expansion (8).

We now give some properties of the functions φn, namely, the action of ∆ on
each function φn which generalizes the first statement of Lemma 1 and three
distinct formulas for φn:

Proposition 1. For n ≥ 1, the functions φn satisfy

∆(φn(z)) = nφn−1(z), (9)

φn(z) =
n−1∑
k=0

(−1)k
(
n− 1
k

)
Ψ(k)(z)φn−k−1(z), (10)

φn(z) = Ψ(z)φn−1(z)− φ′n−1(z), (11)

φn(z) = (−1)n Γ(z)
dn

dzn

(
1

Γ(z)

)
, (12)

where f (k) (resp. f ′) denotes the kth order (resp. 1st order) derivative of a
function f with respect to the complex variable z.

Proof. For completeness, a proof of Proposition 1 is provided in the appendix
(Section 4.1) at the end of the paper.

Note that the formula (10) yields an expression of φn in terms of the Polygamma
functions Ψ(k) (see [2, Sec. 6] or [18, Ch. 9]) and the previous φi, for i < n.
One can also define the functions φn using the formula (12) (as it has been done
in [11]) from which one can easily recover (11), (10) and (9). However, getting
the expression (7) doesn’t seem to be straightforward.

We now show that φn is asymptotically equivalent to the nth power of the
log function.
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Lemma 2. For n ∈ N∗, there exists Pn,i(z−1) ∈ C[[z−1]], i = 0, . . . , n− 1, such
that the function φn has the asymptotic expansion

φn(z) ∼ logn(z) +
n−1∑
i=0

Pn,i(z−1) logi(z), z →∞, | arg(z)| < π.

Proof. Using the properties of the asymptotic expansions of holomorphic func-
tions (see [22, Chap. 3]), the result can be proved by induction from the asymp-
totic expansion of the Digamma function Ψ given by (8) and Formula (11).
For n = 1, we have φ1 = Ψ so that P1,0(z−1) = − 1

2 z −
∑
n≥1

B2n

2n z2n . For
n > 1, Pn,i(z−1) satisfies the recurrence Pn,i = P1,0 Pn−1,i−P ′n−1,i+Pn−1,i−1−
i+1
z Pn−1,i+1, where for all n ∈ N, Pn,n = 1, and Pn,i = 0, for i > n or i < 0.

3 Regular solutions of linear difference systems

In this section, we develop our new approach for computing regular solutions of
first-order linear difference systems of the form (1). This method is a generaliza-
tion to the difference case of the method described in [5] for computing regular
solutions of linear differential systems. It differs from the existing Frobenius-like
methods given in [15, 14, 3] for computing regular solutions of linear difference
systems of the form (2). Indeed, instead of looking for regular solutions of the
form (3), we shall search for regular solutions written as

y(z) =
∑
m≥0

z−[ρ+m] ym(z), y0(z) 6= 0, (13)

where ρ ∈ C is a complex number to be determined and the ym(z), m ≥ 0,
are unknown finite linear combinations with constant vector coefficients of the
functions φi defined by (7), i.e., for all m ∈ N:

ym(z) = um,0 φ0(z) + · · ·+ um,lm φlm(z), lm ∈ N, um,i ∈ Cn, i = 0, . . . , lm.

The matrix coefficients D(z) and A(z) of System (1) can be written as

D(z) =
∑
i≥0

Di z
−[i], A(z) =

∑
i≥0

Ai z
−[i],

where, for i ≥ 0, Di, Ai ∈ Cn×n are constant square matrices of size n.
We shall furthermore suppose that the matrix pencil D0 λ−A0 is regular, that
is, its determinant does not vanish identically, i.e., det(D0 λ−A0) 6≡ 0 (see [13,
5]). This will be crucial in order to determine the possible values for ρ in (13):
see Proposition 2 below.

Remark 2. The condition det(D0λ−A0) 6≡ 0 is not restrictive since it can always
be ensured by applying, if necessary, the algorithms developed in [1, 9, 3]. In a
future work, we shall also adapt to the difference case the algorithm developed
in [8] for the differential case.
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Theorem 1. With the above notation, y(z) defined by (13) is a regular solution
of the linear difference system (1) if and only if the complex number ρ and the
vector y0 are such that

D0∆(y0)− (D0 ρ−A0) y0 = 0, (14)

and for m ≥ 1, ym satisfies

D0∆(ym)− (D0 (ρ+m)−A0) ym = qm, (15)

where, for m ≥ 1, qm is a linear combination with constant matrix coefficients
of the yi and ∆(yi), i = 0, . . . ,m− 1, that can be effectively computed.

Proof. A detailed proof of Theorem 1 with explicit formulas for the qm, m ≥ 1,
is provided in the appendix (Section 4.2) at the end of the paper. The proof
can be sketched as follows: we plug the ansatz y(z) defined by (13) into the
linear difference system (1). Then, using the product and translation formulas
for factorial series recalled in Section 1, we manage to write each term of the
equation D(z)∆(y(z)) + A(z) y(z) = 0 in such a way that we can identify co-
efficients to get the equations (14) and (15) for the coefficients of the ansatz y(z).

Theorem 1 reduces the problem of computing regular solutions of linear differ-
ence systems (1) to the resolution of the linear difference systems with constant
matrix coefficients given by (14) and (15).

We shall now state two results showing that System (14), resp. Systems (15)
for m ≥ 1, can always be solved for y0, resp. ym for m ≥ 1, of the desired form.

Proposition 2 gives a necessary and sufficient condition for System (14) to
have a non trivial solution y0 as a finite linear combination of the φi defined by
(7) with constant vector coefficients.

Proposition 2. With the above notation and assumptions, the linear difference
system with constant matrix coefficients (14) has a solution of the form

y0(z) =
k∑
i=0

(−1)i

i!
vi φi(z), (16)

where v0, . . . ,vk ∈ Cn are constant vectors such that vk 6= 0, if and only if ρ
is an eigenvalue of the matrix pencil D0 λ − A0, i.e., det(D0 ρ − A0) = 0 and
vk,vk−1, . . . ,v0 form a Jordan chain associated with ρ (see [13, 5]).

Proof. Plugging the ansatz (16) for y0(z) into (14), we obtain

(−1)k+1

k!
(D0 ρ−A0) vk φk(z)+

k−1∑
i=0

(−1)i

i!

(
−D0 vi+1−(D0 ρ−A0) vi

)
φi(z) = 0,

which is equivalent to the k + 1 linear algebraic systems{
(D0 ρ−A0) vk = 0,
(D0 ρ−A0) vi = −D0 vi+1, ∀ i = k − 1, . . . , 0. (17)
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The first system of (17) admits a non-trivial solution vk if and only if ρ is chosen
as an eigenvalue of D0 λ − A0. In this case, a Jordan chain vk,vk−1, . . . ,v0

associated with the eigenvalue ρ forms a solution of (17). See [13, 5].

Assuming now that ρ is an eigenvalue of D0 λ − A0 and y0 given by (16)
is a solution of (14), then, for m ≥ 1, ym satisfies a non-homogeneous linear
difference system with constant matrix coefficients whose right-hand side is a
finite linear combination of the yi and ∆(yi), i = 0, . . . ,m − 1, with constant
matrix coefficients. The following proposition shows that such a system always
admits a solution of the desired form.

Proposition 3. With the above notation and assumptions, let us further as-
sume that the right-hand side qm of (15) is a linear combination of the func-
tions φ0, φ1, . . . , φd with constant vector coefficients. Then System (15) has a
solution ym expressed as a linear combination of φ0, φ1, . . . , φp with constant
vector coefficients with p ∈ N such that{

d ≤ p ≤ d+ max{κi, i = 1, . . . ,mg(ρ+m)} if det(D0 (ρ+m)−A0) = 0,
p = d otherwise,

where mg(ρ+m) denotes the dimension of the kernel of the matrix D0 (ρ+m)−A0

and the κi, i = 1, . . . ,mg(ρ+m), are the partial multiplicities of the eigenvalue
ρ+m of the matrix pencil D0 λ−A0 (see [13, 5]).

Proof. The proof of this proposition is similar to the one of [5, Proposition 1].

Theorem 1, Propositions 2 and 3 and their proofs provide an algorithm for
computing regular solutions of first-order linear difference systems of the form
(1). In particular, it relies on the computation of eigenvalues and Jordan chains
of the matrix pencil D0 λ−A0.

4 Appendix

4.1 Proof of Proposition 1

For completeness, we provide here the proof of Proposition 1. We recall that the
functions φn are defined from the Taylor series expansion of the holomorphic
function ρ 7→ Γ(z)

Γ(z+ρ) at ρ = 0 given by

Γ(z)
Γ(z + ρ)

=
∑
n≥0

(−1)n

n!
φn(z) ρn. (18)

Proof. 1. Applying ∆ on both sides of (18), we get

−ρ Γ(z)
Γ(z + ρ)

=
∑
n≥0

(−1)n

n!
∆(φn(z)) ρn.
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Using again (18) to rewrite the left-hand side of the above equation as a
power series in ρ, we find∑

n≥1

(−1)n

(n− 1)!
φn−1(z) ρn =

∑
n≥0

(−1)n

n!
∆(φn(z)) ρn.

Identifying the coefficients of ρn in the above equality yields (9).
2. By differentiating both sides of (18) with respect to ρ, we obtain

−Ψ(z + ρ)
Γ(z)

Γ(z + ρ)
=
∑
n≥1

(−1)n

(n− 1)!
φn(z) ρn−1. (19)

Using the Taylor series expansion of ρ 7→ Ψ(z + ρ) at ρ = 0 and performing
the Cauchy product with the expansion of Γ(z)

Γ(z+ρ) given by (18), we get

Ψ(z + ρ)
Γ(z)

Γ(z + ρ)
=
∑
n≥0

(
n∑
k=0

Ψ(k)(z)
k!

(−1)n−k

(n− k)!
φn−k(z)

)
ρn.

Now identifying the coefficients of ρn−1 in both sides of (19) leads to

n−1∑
k=0

Ψ(k)(z)
k!

(−1)n−k

(n− k − 1)!
φn−k−1(z) =

(−1)n

(n− 1)!
φn(z),

which yields (10).
3. We now proceed by differentiating both sides of (18) with respect to z and

we write the result as a power series in ρ. For the left-hand side, we have

∂

∂z

(
Γ(z)

Γ(z + ρ)

)
=

Γ′(z)
Γ(z + ρ)

− Γ(z)Γ′(z + ρ)
Γ(z + ρ)2

,

=
Γ(z)

Γ(z + ρ)
(Ψ(z)−Ψ(z + ρ)) ,

=

∑
n≥0

(−1)n

n!
φn(z)ρn

−∑
n≥1

Ψ(n)(z)
n!

ρn

 ,

= −ρ

∑
n≥0

(−1)n

n!
φn(z)ρn

∑
n≥0

Ψ(n+1)(z)
(n+ 1)!

ρn

 ,

=
∑
n≥0

(
n∑
k=0

Ψ(k+1)(z)
(k + 1)!

(−1)n−k+1

(n− k)!
φn−k(z)

)
ρn+1,

and for the right-hand side we obtain

∂

∂z

∑
n≥0

(−1)n

n!
φn(z) ρn

 =
∑
n≥0

(−1)n

n!
φ′n(z) ρn.
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Thus, identifying the coefficients of ρn−1 in both series, we get

(−1)n−1

(n− 1)!
φ′n−1(z) =

n−2∑
k=0

Ψ(k+1)(z)
(k + 1)!

(−1)n−k−1

(n− k − 2)!
φn−k−2(z),

and then,

−φ′n−1(z) =
n−2∑
k=0

(−1)k−1

(
n− 1
k + 1

)
Ψ(k+1)(z)φn−k−2(z),

=
n−1∑
p=1

(−1)p
(
n− 1
p

)
Ψ(p)(z)φn−p−1(z).

Finally, we notice that Ψ(z)φn−1(z) coincides with the term of the latter
sum for the index p = 0 so that

Ψ(z)φn−1(z)− φ′n−1(z) =
n−1∑
p=0

(−1)p
(
n− 1
p

)
Ψ(p)(z)φn−p−1(z).

Using (10), we can thus conclude that (11) holds.
4. Dividing (11) by Γ(z) and using Ψ(z) = Γ′(z)

Γ(z) , we get that, for n ≥ 1, we
have:

φn(z)
Γ(z)

= − d

dz

(
φn−1(z)

Γ(z)

)
.

By iteration, we then obtain

φn(z)
Γ(z)

= (−1)n
dn

dzn

(
φ0(z)
Γ(z)

)
,

which yields (12) since we have φ0(z) = 1.

4.2 Proof of Theorem 1

We provide here a detailed proof of Theorem 1 which yields explicit formulas for
the right-hand sides qm of (15).

Proof. We first investigate the action of the difference operator ∆ on one term
of the series involved in the ansatz y(z) defined by (13), i.e., z−[ρ+m] ym. Using
the formula ∆(f(z) g(z)) = f(z − 1)∆(g(z)) +∆(f(z)) g(z), we obtain

∆
(
z−[ρ+m] ym

)
= (z − 1)−[ρ+m]∆(ym)− (ρ+m) z−[ρ+m] ym. (20)

A straightforward computation shows that

(z−1)−[ρ+m] =
1

z − 1
z−[ρ−1] (z+ρ−1)−[m], z−[ρ+m] = z−[ρ−1] (z+ρ−1)−[m+1].
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Thus, we can factor out the term z−[ρ−1] in the right-hand side of (20) to get

∆
“
z−[ρ+m] ym

”
= z−[ρ−1]

„
(z + ρ− 1)−[m]

z − 1
∆(ym)− (ρ+m) (z + ρ− 1)−[m+1] ym

«
.

We shall now express ∆
(
z−[ρ+m] ym

)
as a factorial series in z. Applying twice

the translation formula for factorial series (see Section 1), we have

(z + ρ− 1)−[m]

z − 1
=
∑
k≥0

Ck−ρ+1,m

z−[m+k]

z − 1
,

=
∑
k≥0

Ck−ρ+1,m (z − 1)−[m+k+1],

=
∑
k≥0

(
k∑
p=0

Cp−ρ+1,m Ck−p1,m+1+p

)
z−[m+1+k],

=
∑
k≥0

Ek−ρ+1,m z
−[m+1+k],

where, in order to simplify the expressions below, we define the new constant

Ek−ρ+1,m =
k∑
p=0

Cp−ρ+1,m Ck−p1,m+1+p = (m+ k)!
k∑
p=0

Cp−ρ+1,m

(m+ p)!
∈ C.

Note that E0
−ρ+1,m = 1. Using again the translation formula, we get

(z + ρ− 1)−[m+1] =
∑
k≥0

Ck−ρ+1,m+1 z
−[m+1+k].

Hence, the action of ∆ on a term z−[ρ+m] ym can be written as

∆
“
z−[ρ+m] ym

”
= z−[ρ−1]

X
k≥0

“
Ek−ρ+1,m∆(ym)− (ρ+m) Ck−ρ+1,m+1 ym

”
z−[m+1+k].

Applying the latter equality on each term of the sum in the ansatz y(z) defined
by (13) yields

∆(y(z)) = z−[ρ−1]
∑
m≥0

∑
k≥0

(
Ek−ρ+1,m∆(ym)−(ρ+m) Ck−ρ+1,m+1 ym

)
z−[m+1+k],

which can be rewritten as

∆(y(z)) = z−[ρ−1]
∑
m≥0

F−ρ+1,m z
−[m+1],

where we set

F−ρ+1,m =
m∑
k=0

(
Ek−ρ+1,m−k∆(ym−k)− (ρ+m− k) Ck−ρ+1,m−k+1 ym−k

)
. (21)
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It is useful to notice that F−ρ+1,m = (∆(ym)− (ρ+m) ym) + F̃−ρ+1,m, where
F̃−ρ+1,m depends only on the ∆(yi) and yi for i = 0, . . . ,m− 1.
We now compute the product D(z)∆(y(z)). Using the multiplication formula
for factorial series recalled in Section 1, we find that

D(z)∆(y(z)) = z−[ρ−1]

∑
i≥0

Di z
−[i]

 ∑
m≥0

F−ρ+1,m z
−[m+1]

 ,

= z−[ρ−1]
∑
m≥0

D0 F−ρ+1,m +
∑

(s,p,k)∈Jm+1

Cks,pDs F−ρ+1,p−1

 z−[m+1],

(22)

where
Jm+1 = {(s, p, k) ∈ N3 | s, p ≥ 1 and s+ p+ k = m+ 1}.

By convention, the corresponding sum is zero when Jm+1 is the empty set, i.e.,
m = 0. In a similar way, we show that the product A(z) y(z) can be expressed
as

A(z) y(z) = z−[ρ−1]
∑
m≥0

A0 G−ρ+1,m +
∑

(s,p,k)∈Jm+1

Cks,pAs G−ρ+1,p−1

 z−[m+1],

(23)
where we set

G−ρ+1,m =
m∑
k=0

Ck−ρ+1,m−k+1 ym−k. (24)

Notice that G−ρ+1,m is a linear combination of y0, . . . ,ym with constant coeffi-
cients in C and the coefficient of ym equals 1.
Now, combining Equations (22) and (23) and equating the coefficients of z−[m+1]

to zero, for all m ∈ N, we find that y(z) defined by (13) is a solution of System
(1) if and only if, for all m ∈ N, we have:

D0 F−ρ+1,m+A0 G−ρ+1,m+
∑

(s,p,k)∈Jm+1

Cks,p (Ds F−ρ+1,p−1 +As G−ρ+1,p−1) = 0, (25)

where F−ρ+1,m and G−ρ+1,m are respectively defined by (21) and (24).
Note that for a triple (s, p, k) ∈ Jm+1, since s ≥ 1 and s + p + k = m + 1,

we necessarily have p ≤ m so that F−ρ+1,p−1 and G−ρ+1,p−1 contain terms in yi
and ∆(yi) only for i = 0, . . . ,m−1. This implies that for m ∈ N, ym and ∆(ym)
only appear in first two terms of the left-hand side of (25). Finally, using the
two observations made after the definitions of the terms F−ρ+1,m and G−ρ+1,m

above, we can conclude that (25) yields (14) and (15) which ends the proof.
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20. N. E. Nörlund. Leçons sur les Séries d’Interpolation. Gauthiers Villars et Cie,
Paris (1926) 170-227.
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