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Abstract

Most algorithms for computing local or global solutions of linear differential systems handle
only the case of square systems. However, in many applications such as control theory, systems
that appear are generally non-square. In this paper, we use a constructive algebraic analysis
approach to reduce the integration of a rectangular linear ordinary differential system to that
of a square system. In this way, algorithms for computing a given type of solutions of square
systems can also be used to provide analogous solutions of rectangular systems. This method
has already been sketched in [4] for computing regular formal solutions. An implementation
is provided.

1 Algebraic analysis approach to linear systems theory

A linear functional system (e.g., linear system of ODEs, PDEs, OD time-delay equations, difference
equations) can always be written as Rη = 0 where R ∈ Dq×p is a q×p matrix with coefficients in a
noncommutative polynomial ring D of functional operators (e.g., OD or PD operators, time-delay
operators, shift operators, difference operators) and η is a vector of unknown functions. More
precisely, if F denotes a left D-module, namely,

∀ d1, d2 ∈ D, ∀ η1, η2 ∈ F : d1 η1 + d2 η2 ∈ F ,

then we can consider the linear functional system

kerF (R.) = {η ∈ Fp | Rη = 0},

i.e., the abelian group formed by the solutions in F of the linear system Rη = 0. The algebraic
analysis approach to mathematical systems theory (see [5, 10, 13] and references therein) is based
on the fact that the linear functional system kerF (R.) can be studied by means of the left D-module
M = D1×p/(D1×q R) given by the following finite presentation:

D1×q .R−→ D1×p π−→ M −→ 0
λ = (λ1 . . . λq) 7−→ λR.
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Indeed, Malgrange’s remark ([13]) asserts that the following abelian group isomorphism holds:

kerF (R.) ∼= homD(M,F) = {f : M −→ F , f is left D-homomorphism}.

This isomorphism can be used to develop a “dictionary” between the systemic properties of
kerF (R.) and the module properties of the finitely presented left D-module M (see, e.g., [6,
8, 15, 16, 17, 20]). Properties of M can be checked using techniques of homological algebra
which have recently been made constructive using noncommutative Gröbner/Janet bases (see,
e.g., [6, 8, 12, 15, 16, 17, 20] and references therein). The corresponding algorithms have been
implemented in different computer algebra systems such as Maple (OreModules [7], OreMor-
phisms [9]), Singular:Plural ([11, 12]), GAP 4 (homalg [1]). . .

The goal of this paper is to show how these constructive techniques can be used to reduce the
integration of rectangular linear ordinary differential systems to that of square linear ordinary dif-
ferential systems. By integration we mean computing a given type of local or global solutions (e.g.,
polynomial, rational, exponential, formal powers series,. . . ). This yields an automatic method to
use all the existing algorithms devoted to the computation of solutions of square linear ordinary
differential systems to handle non-square systems.

2 Module theory

2.1 Basic definitions

Definition 1 ([21]). A family (Mi)i∈Z of left D-modules together with a family (δi)i∈Z of left
D-homomorphisms δi : Mi −→ Mi−1 is called a complex if δi ◦ δi+1 = 0 for all i ∈ Z, i.e.,
im δi+1 ⊆ ker δi for all i ∈ Z. We note this complex by:

. . . −→Mi+1
δi+1−−−→Mi

δi−→Mi−1 −→ . . .

This complex is said to be exact at Mi if im δi+1 = ker δi. More generally, it is said exact if
im δi+1 = ker δi for all i ∈ Z. We call a short exact sequence an exact sequence of the form

0 −→M ′
f−→M

g−→M ′′ −→ 0,

i.e., f is injective, g is surjective and im f = ker g.

Definition 2 ([21]). Let D be a left noetherian domain and M a finitely generated left D-module,
namely, M can be generated by a finite family of elements of M as a left D-module.

1. M is free if there exists r ∈ N = {0, 1, . . .} such that M ∼= D1×r. Then, r is called the rank
of the free left D-module M and is denoted by rankD(M).

2. M is stably free if there exist r, s ∈ N such that M ⊕D1×s ∼= D1×r. Then, r − s is called
the rank of the stably free left D-module M .

3. M is projective if there exist r ∈ N and a left D-module N such that M ⊕N ∼= D1×r, where
⊕ denotes the direct sum of left D-modules.

4. M is torsion-free if the torsion left D-submodule of M , namely,

t(M) = {m ∈M | ∃ d ∈ D \ {0} : dm = 0},

is reduced to 0, i.e., if t(M) = 0.

The next lemma is very classical in module theory and homological algebra.
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Lemma 1 ([21]). Let 0 −→M ′
f−→M

g−→M ′′ −→ 0 be a short exact sequence of left D-modules.
If M ′′ is a projective left D-module, then the above short exact sequence splits, namely, we have:

M ∼= M ′ ⊕M ′′.

In the proof of our main result (Theorem 3), we need the following so-called Stafford’s theorem.

Theorem 1 ([22]). If D is the Weyl algebra An(k) or Bn(k), namely, the ring of partial differential
operators with polynomials or rational coefficients over a field k of characteristic zero, then every
finitely generated projective left D-module is stably free and every finitely generated stably free left
D-module of rank at least 2 is free.

2.2 Syzygy module computations

Let D be a noncommutative polynomial ring of functional operators which is a left and a right
noetherian domain and R ∈ Dq×p. In what follows, .R and R. will respectively denote the left
D-homomorphism and the right D-homomorphism defined by:

.R : D1×q −→ D1×p

λ = (λ1 . . . λq) 7−→ λR,
R. : Dp −→ Dq

η = (η1 . . . ηp)T 7−→ Rη.

Since D is a noetherian domain, there exist two matrices Q ∈ Dp×m and R2 ∈ Dr×q such that:

kerD(R.) = QDm, kerD(.R) = D1×r R2.

This yields the following two complexes of respectively right and left D-modules

Dq R.←− Dp Q.←− Dm,

and
D1×r .R2−−→ D1×q .R−→ D1×p, (1)

which are respectively exact at Dp and D1×q.

Such matrices Q and R2 can be computed by means of noncommutative Gröbner/Janet bases
computations for some classes of noncommutative polynomial rings D ([6, 11, 12]). For instance,
an implementation is available in the Maple library OreModules ([7]) and in Plural ([11, 12]).

In the sequel, we sometimes need to consider solutions of linear systems in a given left D-
module F . To achieve this, we apply the contravariant functor homD( · ,F) to the exact sequence
(1): this provides the following complex of abelian groups

Fr R2.←−− Fq R.←− Fp,

where R. : Fp −→ Fq is defined by (R.)(η) = Rη for all η ∈ Fp and similarly for R2.. This above
complex is generally not exact at Fq, i.e., we generally only have the inclusion RFp ⊆ kerF (R2.).

However, if the left D-module F is injective (see, e.g., [21]), then the exact sequence (1) stays
exact after applying homD( · ,F). In this case, kerF (R2.) = RFp, i.e., the general solution ζ ∈ Fq
of the linear system R2 ζ = 0 is given by ζ = Rη for all η ∈ Fp.

We recall the definition of an injective left D-module and the property that we shall use.

Definition 3 ([21]). A left D-module F is injective if for every injective left D-homomorphism
f : A −→ B from a left D-module A to a left D-module B and for every ψ ∈ homD(A,F), there
exists a left D-homomorphism φ ∈ homD(B,F) such that ψ = φ ◦ f .

Theorem 2 ([21]). A left D-module F is injective if and only if the contravariant functor
homD( · ,F) is exact.
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3 Monge parametrizations of linear systems

Let D be a ring of functional operators which is a noetherian domain, F a left D-module, R ∈ Dq×p

and let us consider the following linear functional system:

kerF (R.) = {η ∈ Fp |Rη = 0}.

In [17], the authors provide an algorithm for computing a parametrization of kerF (R.). Indeed,
they show how to compute four matrices Q ∈ Dp×m, R′′ ∈ Dq×q′ , R′2 ∈ Dr′×q′ and S ∈ Dp×q′

such that:

kerF (R.) =
{
S θ +Qξ |

(
R′′

R′2

)
θ = 0, ξ ∈ Fm

}
.

Note that, integrating the system Rη = 0 is then reduced to integrating
(
R′′

R′2

)
θ = 0.

Let us summarize their method. We first compute (see Subsection 2.2) two matrices Q ∈ Dp×m

and R′ ∈ Dq′×p such that:

kerD(R.) = QDm, kerD(.Q) = D1×q′ R′.

In particular, we have RQ = 0 which implies D1×qR ⊆ kerD(.Q) = D1×q′ R′ and proves the
existence of a matrix R′′ ∈ Dq×q′ such that:

R = R′′R′.

It can then be proved ([6]) that we have

M/t(M) = D1×p/(D1×q′ R′), t(M) = (D1×q′ R′)/(D1×q R) ∼= D1×q′/
(
D1×(q+r′) (R′′T R′2

T )T
)
,

(2)
where the matrix R′2 ∈ Dr′×q′ is such that kerD(.R′) = D1×r′ R′2. Since kerD(.R′) = D1×r′ R′2,
we get following exact sequence of left D-modules:

D1×r′ .R′
2−−→ D1×q′ .R′

−−→ D1×p .Q−→ D1×m.

Hence, M/t(M) = cokerD(.R′) ∼= D1×pQ ⊆ D1×m. Then, applying the contravariant functor
homD( · ,F) to the above exact sequence, we obtain the following complex of abelian groups:

Fr
′ R′

2.←−− Fq
′ R′.←−− Fp Q.←− Fm. (3)

In particular, we get R′ Fp ⊆ kerF (R′2.). This yields:

Rη = 0 ⇔ R′′R′ η = 0 ⇔


R′ η = θ,

R′′ θ = 0,
R′2 θ = 0.

We can now consider the following inhomogeneous linear system:

R′ η = θ, θ ∈ kerF

((
R′′

R′2

)
.

)
.

Its general solution is given by the sum of the general solution ηg ∈ Fp of the homogeneous
system R′ ηg = 0 and a particular solution ηp ∈ Fp of the inhomogeneous system R′ ηp = θ. If
F is an injective left D-module (see Definition 3), then the complex (3) is exact (see Theorem 2)
and the matrix Q ∈ Dp×m defined by kerD(.Q) = D1×q′ R′ further satisfies kerF (R′.) = QFm.
It is then called a parametrization of the parametrizable linear system kerF (R′.) ([6, 15]). The
general solution of the homogeneous system R′ ηg = 0 is thus given by Qξ, for all ξ ∈ Fm. Let
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θ ∈ kerF

((
R′′

R′2

)
.

)
and let us now consider the problem of computing a particular solution ηp

of R′ ηp = θ. In [17], the authors prove that such a particular solution can be chosen as ηp = S θ

when two matrices S ∈ Dp×q′ and V ∈ Dq′×q exist and satisfy the relation R′ − R′ S R′ = V R.
Indeed, we then have

R = R′′R′ ⇒ R′ −R′ S R′ = V R′′R′ ⇒ (Iq′ −R′ S − V R′′)R′ = 0,

which yields
D1×q′ (Iq′ −R′ S − V R′′) ⊆ kerD(.R′) = D1×r′ R′2,

and thus there exists W ∈ Dq′×r′ such that:

Iq′ −R′ S − V R′′ = W R′2.

Then, we get

R′ S + (V W )
(
R′′

R′2

)
= Iq′ ,

which proves that R′ (S θ) = θ, i.e., ηp = S θ ∈ Fp is a particular solution of the inhomogeneous
linear system R′ ηp = θ. Constructive algorithms for checking the existence of such matrices S
and V and computing them, when they exist, have been developed in [16] and are implemented in
the OreModules package ([7]). Finally, we have obtained the following Monge parametrization
([16, 17, 19]) of the linear system kerF (R.)

kerF (R.) =
{
S θ +Qξ |

(
R′′

R′2

)
θ = 0, ξ ∈ Fm

}
,

under the following two hypotheses:

1. F is an injective left D-module.

2. The matrix R′ ∈ Dq′×p admits a generalized inverse S ∈ Dp×q′ modulo R, i.e., there exists
S ∈ Dp×q′ and V ∈ Dq′×q such that R′−R′ S R′ = V R. It can be proved that this relation
is equivalent to the fact that M ∼= t(M) ⊕ M/t(M) (see [17, 19]), which is particularly
satisfied when the torsion-free left D-module M/t(M) is projective (see [17, 19]).

An algorithm for computing such a parametrization has been implemented in the OreModules

package ([7]). A direct consequence is that kerF (R.) can be obtained by computing kerF

((
R′′

R′2

)
.

)
.

Note that, in the case of a torsion-free module M = D1×p/(D1×q R), i.e., t(M) = 0, we get the
parametrization kerF (R.) = {Qξ | ξ ∈ Fm} which will not be an interested case for our problems.

4 Main result

We shall now give our contribution which is a specialization of the previous results in the case
of a system of linear ordinary differential equations with polynomial coefficients, i.e., in the case
D = A1(k) = k[x]〈∂〉, where k = R or C and ∂ x = x ∂ + 1. The usual spaces of local or global
solutions of linear differential systems considered in the literature (e.g., regular formal solutions,
polynomial, rational or exponential solutions. . . ) are non-injective as left D-modules. However,
thanks to the strong properties of the ring D which is a left (and right) hereditary ring ([14, 21]),
the result of the previous section can be generalized.

Definition 4 ([14, 21]). A ring D is left (right) hereditary if every left (right) ideal of D is
projective.

Lemma 2 ([14]). If k is a field of characteristic zero, then A1(k) is a left and a right hereditary
ring.
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The important properties of hereditary rings on which is based the proof of Theorem 3 are
given by the following lemma:

Lemma 3 ([14, 21]). 1. A ring D is left (right) hereditary if and only if every submodule of a
projective left (right) D-module is projective.

2. If D is left (right) hereditary, then every torsion-free left (right) D-module is projective.

We can now state the main result of the paper.

Theorem 3. Let k = R or C, D = A1(k) be the first Weyl algebra over the field k and let
us consider a rectangular system of linear differential equations given by a full row-rank matrix
R ∈ Dq×p, i.e., kerD(.R) = {λ ∈ D1×q | λR = 0} = 0. Assume that q ≥ 2. Let F be a given space
of functions (e.g., regular formal power series, polynomial, rational or exponential functions. . . )
having a left D-module structure. Then, there exist Q ∈ Dp×m, a full row-rank matrix R′ ∈ Dq×p,
a square matrix R′′ ∈ Dq×q and S ∈ Dp×q satisfying:

R = R′′R′, kerF (R′.) = QFm, R′ S = Iq.

Moreover, we have:
kerF (R.) = {S θ +Qξ | R′′ θ = 0, ξ ∈ Fm}.

Proof. Let Q ∈ Dp×m be such that kerD(R.) = QDm. Using (2) and kerD(.Q) = D1×q′ R′, we
get the following short exact sequence of left D-modules:

0 −→ kerD(.Q) i−→ D1×p σ−→M/t(M) −→ 0. (4)

By definition, M/t(M) is a torsion-free left module over a left hereditary ring D so, by Lemma 3,
M/t(M) is projective. Then, according to Lemma 1, the above short exact sequence splits, i.e.,
D1×p ∼= kerD(.Q)⊕M/t(M), which proves that kerD(.Q) is a projective left D-module since D1×p

is a projective left D-module and a direct summand of a projective module is projective (see, e.g.,
[21]). Moreover, since D is a noetherian domain, we can then define the left field of fractions K of
D (see [14]) and the rank of a finitely generated left D-module M by rank(M) = dimK(K⊗DM),
where ⊗ denotes the tensor product (see, e.g., [14, 21]). Using the exactness of the covariant
functor K⊗D · coming from the fact that K is a flat right D-module (see, e.g., [14, 21]), the short
exact sequence (4) yields the following split exact sequence of left K-modules

0 −→ K ⊗D kerD(.Q) idK ⊗ i−−−−→ K1×p idK ⊗σ−−−−→ K ⊗D M/t(M) −→ 0,

i.e., K1×p ∼= (K ⊗D kerD(.Q))⊕ (K ⊗D M/t(M)), and thus:

rank(kerD(.Q)) = rank(D1×p)− rank(M/t(M)).

Then, from the canonical short exact sequence

0 −→ t(M) −→M −→M/t(M) −→ 0,

we get the following short exact sequence of left K-modules

0 −→ K ⊗D t(M) −→ K ⊗D M −→ K ⊗D M/t(M) −→ 0,

which implies rank(M) = rank(t(M)) + rank(M/t(M)). Now, if m ∈ t(M), then there exists
d ∈ D\{0} such that dm = 0, which yields d−1 (dm) = m = 0 in K⊗D t(M), i.e., K⊗D t(M) = 0,
and thus rank(M) = rank(M/(t(M)). By hypothesis, R has full row-rank, i.e., kerD(.R) = 0, and
thus the short exact sequence 0 −→ D1×q .R−→ D1×p π−→ M −→ 0 yields rank(M) = p − q.
Finally, we obtain rank(kerD(.Q)) = p − (p − q) = q ≥ 2. Then, from Theorem 1, kerD(.Q) is
a free left D-module of rank q. So, computing a basis of kerD(.Q), we can find a full row-rank
matrix R′ ∈ Dq×p such that kerD(.Q) = D1×q R′. With the notations of Section 3, this implies
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R′2 = 0. Moreover, the matrix R′′ satisfying that R = R′′R′ is then a square matrix of size q.
Now, we have

cokerD(Q.) = Dp/(QDm) ∼= RDp ⊆ Dq.

From Lemma 3, cokerD(Q.) is then a projective right D-module of finite type which implies that
Q admits a generalized inverse (see, e.g., [15]). As a consequence, the left D-module cokerD(.Q)
is also projective and the long exact sequence

0 −→ D1×q .R′

−→ D1×p .Q−→ D1×m −→ cokerD(.Q) −→ 0,

splits, i.e., there exist two matrices X ∈ Dp×q and Y ∈ Dm×p such that Ip = X R′ + QY (see
[15]). Hence, for every ν ∈ kerF (R′.), we get ν = X R′ ν +QY ν = Q (Y ν), i.e., ν ∈ QFm which
proves that kerF (R′.) = QFm since we clearly have QFm ⊆ kerF (R′.). To end the proof, we need
to show the existence of a right inverse S ∈ Dp×q of R′ ∈ Dq×p. Since M/t(M) is a torsion-free
module, then by Lemma 3, it is projective so that R′ admits a generalized inverse S ∈ Dp×q (see
[15]) satisfying R′ − R′ S R′ = (Iq − R′ S)R′ = 0. Finally, since R′ has full row-rank, this yields
R′ S = Iq and proves that R′ admits a right inverse.

The result of Theorem 3 is entirely constructive since we can compute bases of free left modules
over D = A1(k) where k is a constructible field of characteristic zero (see [18]).

In Theorem 3, we can replace D = A1(k) by D = kJxK〈∂〉, where k is a field of characteristic
zero, or by D = k{x}〈∂〉, where k = R or C, since, in [20], the authors prove that the corresponding
rings D have the required algebraic properties. A direct consequence is that computing a given
type of solutions of a full row-rank rectangular system of linear ordinary differential equations with
either formal power or locally convergent series coefficients, and at least two linearly differentially
independent equations, reduces to computing solutions of a square linear ordinary differential
system.

Another approach for computing such a reduction in the ordinary differential case is proposed
in [3] where the authors show how the (square) differential part and the algebraic part of a
rectangular system can be uncoupled.

Furthermore, when D = A1(k), kJxK〈∂〉, where k is a field of characteristic zero, or k{x}〈∂〉,
where k = R or C, and R ∈ Dq×p, then the Jacobson normal form of R can be computed
by considering the injection of D into the simple principal left ideal domain D′, where D′ is
respectively B1(k), kJxK[x−1]〈∂〉 and k{x}[x−1]〈∂〉. Therefore, there exist V ∈ GLq(D′), W ∈
GLp(D′) and e ∈ D′ such that V RW = diag(1, . . . , 1, e, 0, . . . , 0) which can be used for integrating
the linear differential system. However, this method has the drawback that singularities may have
been introduced in e, V and W .

5 Implementation and applications

An algorithm performing this reduction has recently been implemented in Maple using the Ore-
Modules package ([7]). On the other hand, we dispose of implementations of many algorithms
for computing global or local solutions of square linear differential systems. For example, the
Maple package Isolde ([2]) contains implementations of algorithms computing polynomial, ra-
tional, exponential solutions as well as formal power series or regular solutions of square linear
differential systems. Gathering our implementation with Isolde then provides implementations
of algorithms computing different kind of solutions of rectangular linear differential systems.

As we have already said, it is important to have implementations of algorithm handling the
integration of rectangular systems and not only square systems since they naturally appear in many
applications such as control theory. Another useful application is the computation of the ring of
endomorphisms (or eigenring) of a linear control system of the form ẏ = E y+F u with E ∈ An×n
and F ∈ An×m where A is a domain. Indeed, computing elements of this endomorphism ring
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requires the computation of rational solutions of rectangular linear ordinary differential systems.
Note that computing this endomorphism ring is useful for computing factorizations, reductions
and decompositions of a linear ordinary differential system (see [8] and references therein).
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[13] B. Malgrange. Systèmes à coefficients constants. Séminaire Bourbaki 1962/63, 1–11.

[14] J. C. McConnell and J. C. Robson. Noncommutative Noetherian Rings, American Mathe-
matical Society, Providence, Rhode Island, 2001.

8

http://wwwb.math.rwth-aachen.de/homalg/
http://isolde.sourceforge.net/
http://wwwb.math.rwth-aachen.de/OreModules
http://www-sop.inria.fr/members/Alban.Quadrat/OreMorphisms/index.html
http://www-sop.inria.fr/members/Alban.Quadrat/OreMorphisms/index.html
http://www.singular.uni-kl.de/index.php/singular-download.html
http://www.singular.uni-kl.de/index.php/singular-download.html


[15] J.-F. Pommaret and A. Quadrat. Generalized Bézout identity. Appl. Algebra Engrg. Comm.
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