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Abstract We consider stability and stabilization issues for linear two-dimen-
sional (2D) discrete systems. We give a general definition of structural stability
for all linear 2D discrete systems which coincides with the existing definitions
in the particular cases of the classical Roesser and Fornasini-Marchesini dis-
crete models. We study the preservation of the structural stability by equiva-
lence transformations in the sense of the algebraic analysis approach to linear
systems theory. This allows us to use recent works both on the stabilization
of linear 2D Roesser models and on the equivalence of linear multidimen-
sional systems in order to develop a stabilization method for linear 2D discrete
Fornasini-Marchesini models.

Keywords System theory, algebraic approaches, multidimensional systems,
discrete systems, structural stability, stabilization methods

1 Introduction

Multidimensional models, also referred to as nD models have been challenging
researchers for now several decades [5,6,28,32]. The reason is to be found in
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the wide variety of applications where nD models provide a more complex rep-
resentation than the conventional 1D models. Among these applications, image
and signal processing [21,10], nD-filtering [4,36], network realizability [52,53],
interconnected systems [20], or even partial differential equations [46] can be
cited. A special emphasis is put on linear nD systems, and more particularly
on linear 2D models which are of special utility to describe Iterative Learning
Control (ILC) schemes or Linear Repetitive Processes (LRPs) [38,47]. This
paper deals with theoretical aspects related to linear 2D models for which the
information is discrete in both dimensions.

Among the main linear 2D discrete models proposed in the literature, two
models take the lion’s share, namely the Roesser model [48] and the Fornasini-
Marchesini model [22], the latter being generalized in [33,31,32]. It is now
known that one model can be transformed into the other [22,25,30] which
lead some researchers to claim that the models are “equivalent”. However the
word “equivalent” should be used with precaution since it is often not clearly
defined. In which sense should Roesser and Fornasini-Marchesini models be
equivalent?

In order to be more precise concerning the sense of “equivalence”, a no-
tion of strict equivalence has first been introduced in [23,58,7]. To rigorously
investigate the equivalence between models and to generalize the notion of
strict equivalence, one can exploit the formalism of the algebraic analysis or
behavioral approach to linear systems theory. Indeed, in the fashion of [55],
this theory provides a unified framework to express and study multidimen-
sional systems of functional equations encountered in control, engineering,
physics, and so on [37,49,39,11,14,45,56]. The above-mentioned Roesser and
Fornasini-Marchesini models can easily be revealed as special instances of lin-
ear systems studied by the algebraic analysis approach to linear systems the-
ory. Therefore, one can define the equivalence between two models in the
sense of algebraic analysis and then study under which conditions Roesser
and Fornasini-Marchesini models match this definition. This issue was inves-
tigated in [13] from which it can be deduced that usual transformations from
one model to another might not lead to an equivalent model. This argues in
favour of the algebraic approach which can provide a certificate of equivalence.

Besides the equivalence between models, an important matter is the stabil-
ity of the underlying systems. There are of course various definitions of stability
(asymptotic, exponential, bounded input-bounded ouput, . . . ), depending on
the considered model, on the considered norm, and so on. Unlike for the 1D
case, it is, in general, difficult to establish certificates of stability for 2D mod-
els. However a criterion is often highlighted. It consists in a condition on the
location of the roots of a bivariate characteristic polynomial. The question to
know whether this criterion is really a necessary and sufficient condition for
stability or not is studied in [29,22,43,54,51,42,57]. The answer is not clear
since it depends on the way stability is defined. Nevertheless, this property
of the characteristic polynomial is surely of importance and is referred to as
structural stability in [35].
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In the present paper, we aim at studying stability issues for linear 2D dis-
crete systems. Our first contribution revisits a general definition of structural
stability in the framework of the algebraic analysis approach to linear systems
theory. We then study under which conditions an equivalence transformation
in the sense of algebraic analysis preserves structural stability. We also con-
sider the problem of structurally stabilizing a given linear 2D discrete model
by applying a control law. We use the algebraic analysis approach again to
prove that a structurally stabilizing control law applied to one model can be
interpreted as a structurally stabilizing control law applied to another equiv-
alent model. The special case of a given Fornasini-Marchesini model and its
equivalent Roesser model is emphasized. In particular, we establish a stabiliz-
ing dynamic control law for a given Fornasini-Marchesini model by exploiting
a recent contribution [2,3] which enables the derivation of a stabilizing state
feedback control law for the equivalent Roesser model. Note that stability
and stabilization issues are also studied within the behavioral approach to
linear systems theory in [44,40,41] where the authors mainly emphasize on
input/ouput systems studied by means of their transfer matrix.

The article is organized as follows. Section 2 introduces the necessary back-
ground concerning the algebraic analysis approach to linear systems theory as
well as the notion of equivalence in this framework. The Roesser model and
the generalized form of a Fornasini-Marchesini model are encompassed as spe-
cial cases. Section 3 proposes a definition of structural stability in the present
context and shows that it is compliant with usual definitions of structural
stability encountered for the two special models under consideration. More-
over, this section investigates the stabilization problem: given two equivalent
models in the sense of algebraic analysis and a control law which structurally
stabilizes one of these models, it is shown that such a control law can be in-
terpreted as a stabilizing control law on the equivalent model. The special
case of a given Fornasini-Marchesini model and its equivalent Roesser model
is emphasized. Section 4 focuses on the structural stabilization of a Fornasini-
Marchesini model. We recall how a stabilizing state feedback control law for
a Roesser model can be computed and we apply the results of the previ-
ous section to establish a stabilizing dynamic control law for the equivalent
Fornasini-Marchesini model. A numerical illustration is presented.

Notation: In the whole paper, R ∈ Dd1×d2 means that R is a matrix with d1
rows and d2 columns whose entries are in (a ring) D. The symbol In denotes
the identity matrix of dimension n and 0 denotes a zero matrix with implicit
size. We denote diag(M1, . . . ,Mr) the block diagonal matrix whose diagonal
blocks are the matrices M1, . . . ,Mr. If D is a commutative ring, then the
Kronecker product A⊗B of A = (ai,j)i,j ∈ Dn×p and B ∈ Dq×r is the matrix
defined by:

A⊗B ,

 a1,1B . . . a1,pB
...

...
...

an,1B . . . an,pB

 ∈ Dnq×pr.
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Moreover M∗ denotes the transpose conjugate of a complex matrix M and if
M is a square matrix, then MH denotes M +M∗. Matrix inequalities M > 0
or M < 0 are considered in the sense of Löwner, i.e., in the sense of positive
or negative definiteness.
The set C = C ∪ {∞} denotes the extension of C in Alexandrov’s sense and

we define the following two subsets of C2
:

S2 :=
{

(z1, z2) ∈ C2 | ∀i = 1, 2, |zi| ≥ 1
}
,

D2
:=
{

(z1, z2) ∈ C2 | ∀i = 1, 2, |zi| ≤ 1
}
.

The ring Q[σi, σj ] denotes the commutative polynomial ring of partial (for-
ward) shift operators with rational constant coefficients, i.e., for a bivariate
sequence f(i, j), we have σi f(i, j) = f(i+ 1, j), σj f(i, j) = f(i, j+ 1), and we
further have σi σj = σj σi, where σi σj stands for the composition of operators
σi◦σj . An element P ∈ Q[σi, σj ] can be written as P =

∑
m,l γml σ

m
i σlj , where

γml ∈ Q, the sum is finite, and, for a bivariate sequence f(i, j), we thus have
P f(i, j) =

∑
m,l γml f(i+m, j + l).

2 Preliminaries

2.1 Classical linear 2D discrete systems

In the present paper, we deal with linear 2D discrete systems, i.e., systems of
linear equations whose dependent variables are discrete functions (sequences)
of two independent variables denoted by i and j. More precisely, we shall
mainly focus on two classical explicit models of such systems which are the
Roesser model ([48]) and the (generalized) Fornasini-Marchesini model ([22]).
Let us recall the particular form of these two systems and how structural
stability has been defined in both cases.

Roesser models: Roesser models have been introduced in [48]. They corre-
spond to linear 2D discrete systems for which the equations are written under
the (explicit) particular form:(

xh(i+ 1, j)
xv(i, j + 1)

)
=

(
A11 A12

A21 A22

)
︸ ︷︷ ︸

A

(
xh(i, j)
xv(i, j)

)
+

(
B1

B2

)
︸ ︷︷ ︸
B

u(i, j),
(1)

where xh (resp. xv) is the horizontal (resp. vertical) state vector of dimension
dh (resp. dv), u is the input vector of dimension du, A11 ∈ Qdh×dh , A12 ∈
Qdh×dv , A21 ∈ Qdv×dh , A22 ∈ Qdv×dv , B1 ∈ Qdh×du , B2 ∈ Qdv×du . A notion
of structural stability has been introduced for such particular models. See [3]
and references therein.
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Definition 1 A Roesser model (1) is said to be structurally stable if

∀(λ1, λ2) ∈ S2, det

(
λ1 Idh −A11 −A12

−A21 λ2 Idv −A22

)
6= 0. (2)

If a Roesser model (1) is not structurally stable, then this property may be
reached by applying to (1) a state feedback control law

u(i, j) = (K1 K2)︸ ︷︷ ︸
K

(
xh(i, j)
xv(i, j)

)
, (3)

where K1 ∈ Qdu×dh and K2 ∈ Qdu×dv . Plugging (3) into (1), we obtain the
new Roesser model(

xh(i+ 1, j)
xv(i, j + 1)

)
= (A+BK)

(
xh(i, j)
xv(i, j)

)
.

If the latter model is structurally stable, then we say that the state feedback
control law (3) stabilizes the Roesser model (1).

Fornasini models: These models take their origin in the work by Fornasini
and Marchesini, see for instance [22] and the references therein. They were
generalized by Kurek ([33]) and Kaczorek ([31,32]). In the present paper, we
call Fornasini model, a linear 2D discrete system for which the equations are
written under the (explicit) particular form:

x(i+ 1, j + 1) = F1 x(i+ 1, j) + F2 x(i, j + 1) + F3 x(i, j) +G1 u(i+ 1, j)

+G2 u(i, j + 1) +G3 u(i, j),
(4)

where x is the state vector of dimension dx, u is the input vector of dimension
du, F1 ∈ Qdx×dx , F2 ∈ Qdx×dx , F3 ∈ Qdx×dx , G1 ∈ Qdx×du , G2 ∈ Qdx×du ,
G3 ∈ Qdx×du . To our knowledge, a notion of structural stability for such
Fornasini models has been defined only in the particular case of models (4)
with F3 = 0 and G3 = 0. See [35,22,3] and references therein.

Definition 2 A Fornasini model (4) with F3 = 0 and G3 = 0 is said to be
structurally stable if

∀(λ1, λ2) ∈ D2
, det(Idx − λ1 F1 − λ2 F2) 6= 0. (5)

If a Fornasini model (4) with F3 = 0 and G3 = 0 is not structurally stable,
then this property may be reached by applying to (4) a state feedback control
law

u(i, j) = K x(i, j), (6)

where K ∈ Qdu×dx . Plugging (6) into (4) where F3 = 0 and G3 = 0, we obtain
the new Fornasini model

x(i+ 1, j + 1) = (F1 +G1K)x(i+ 1, j) + (F2 +G2K)x(i, j + 1).
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If the latter model is structurally stable, then we say that the state feedback
control law (6) stabilizes the Fornasini model (4) with F3 = 0 and G3 = 0.

The following straightforward lemma will be useful in Section 3 when we
will define a general notion of structural stability for every linear 2D discrete
system.

Lemma 1 With the above notation, the condition (5) is equivalent to:

∀(λ1, λ2) ∈ S2, det(λ1 λ2 Idx − λ1 F1 − λ2 F2) 6= 0. (7)

Proof For all (λ1, λ2) ∈ S2, we can define µ1 := 1/λ2 and µ2 := 1/λ1 so that

(µ1, µ2) ∈ D2
. Note that according to this definition, λ1 = ∞ ∈ C (resp.

λ2 = ∞ ∈ C) corresponds to µ2 = 0 ∈ C (resp. µ1 = 0 ∈ C). The lemma can
then be deduced from the equality

det(λ1 λ2 Idx − λ1 F1 − λ2 F2) = λdx1 λdx2 det(Idx − µ1 F1 − µ2 F2).

�

Remark 1 Note that the conditions (2) and (5) (or equivalently (7)) of struc-
tural stability can be effectively checked using the efficient algorithm recently
developed in [8] and implemented in the computer algebra system Maple.

2.2 Equivalence of systems in the framework of algebraic analysis

The algebraic analysis approach to linear systems theory: The algebraic analy-
sis (or behavioral) approach to linear systems theory is a unified mathematical
framework to study multidimensional systems of linear functional equations
appearing in control theory, engineering sciences, mathematical physics, . . . See
for example [37,39,56,11,14,45,13] and the references therein.

A linear system can always be written as

Rη = 0,

where R ∈ Dq×p is a q × p matrix with entries in a (noncommutative) ring
D of functional operators and η is a vector of p unknown functions which
belong to a functional space. We then introduce the finitely presented left
D-module ([50])

M := D1×p/(D1×q R).

If F is a functional space having a left D-module structure, we consider the
linear system (or behavior)

kerF (R.) := {η ∈ Fp | Rη = 0},

and we have Malgrange’s isomorphism ([37])

kerF (R.) ∼= homD(M,F),
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where homD(M,F) is the abelian group formed by the left D-homomorphisms
(i.e., left D-linear maps) from M to F . This shows that system properties of
kerF (R.) can be studied by means of module properties of M (and F). For
more details on the algebraic analysis approach to linear systems theory and on
the constructive algebraic techniques (e.g., constructive homological algebra
using (noncommutative) Gröbner basis computations) used to study/check
module properties of M , we refer to [11,14,45] and references therein.

Example 1 Let D = Q[σi, σj ]. Within the algebraic analysis approach to linear
systems theory:

1. The Roesser model (1) is written as Rη = 0 with

R =

(
Idh σi −A11 −A12 −B1

−A21 Idv σj −A22 −B2

)
∈ D(dh+dv)×(dh+dv+du),

η =

xhxv
u

 ,

and is studied by means of the D-module M = D1×p/(D1×q R), where
p = dh + dv + du and q = dh + dv,

2. The Fornasini model (4) is written as Rη = 0 with

R =
(
Idx σi σj − F1 σi − F2 σj − F3 −G1 σi −G2 σj −G3

)
∈ Ddx×(dx+du),

η =

(
x
u

)
,

and is studied by means of the D-module M = D1×p/(D1×q R), where
p = dx + du and q = dx.

Equivalence of systems: Using the framework of the algebraic analysis ap-
proach to linear systems theory, equivalent linear systems kerF (R.) correspond
to isomorphic modules M and the equivalence problem has been constructively
studied in the recent works [16,17,13,18]. Let us summarize part of the results
obtained in the latter works that will be useful in the sequel:

Lemma 2 Let D be a ring of functional operators, R ∈ Dq×p, R′ ∈ Dq′×p′ ,
and consider the associated factor left D-modules M = D1×p/(D1×q R) and
M ′ = D1×p′/(D1×q′ R′).

1. The existence of a homomorphism f ∈ homD(M,M ′) is equivalent to the
existence of two matrices P ∈ Dp×p′ and Q ∈ Dq×q′ satisfying the identity

RP = QR′. (8)

Then, f ∈ homD(M,M ′) is defined by f(π(λ)) = π′(λP ) for all λ ∈
D1×p, where π : D1×p → M and π′ : D1×p′ → M ′ denote the canonical
projections onto M and M ′.
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2. With the previous notation, f is an isomorphism, i.e., M is isomorphic to
M ′, which is denoted by M ∼= M ′, if and only if there exist four matrices
P ′ ∈ Dp′×p, Q′ ∈ Dq′×q, Z ∈ Dp×q, and Z ′ ∈ Dp′×q′ satisfying:

R′ P ′ = Q′R, P P ′ + Z R = Ip, P ′ P + Z ′R′ = Ip′ . (9)

Algorithms for computing homomorphisms of finitely presented leftD-modules
are given in [14] and have been implemented both in the Maple package Ore-
Morphisms [15] based on OreModules [12] and in the Mathematica package
OreAlgebraicAnalysis [19]. When D is commutative, which is the case for
the systems considered in the present paper (see Example 1), we can compute a
representation of all D-homomorphisms between finitely presented D-modules.
For more details, see [14]. Moreover, algorithms for deciding whether a given
homomorphism of finitely presented left D-modules is an isomorphism (and if
so, compute the matrices appearing in 2. of Lemma 2) are implemented in the
Maple package OreMorphisms [15].

Corollary 1 Let D be a ring of functional operators, R ∈ Dq×p, R′ ∈ Dq′×p′ ,
and consider the associated factor left D-modules M = D1×p/(D1×q R) and
M ′ = D1×p′/(D1×q′ R′). Let f ∈ homD(M,M ′) be an isomorphism given by
a matrix P ∈ Dp×p′ such that there exists Q ∈ Dq×q′ satisfying (8). Then,
with the notation of Lemma 2, if F is a left D-module, we have the following
isomorphism of linear systems:

P. : kerF (R′.) −→ kerF (R.)

η′ 7−→ η := P η′,

whose inverse is given by

P ′. : kerF (R.) −→ kerF (R′.)

η 7−→ η′ := P ′ η.

In other words, the (invertible) change of variables η = P η′ and η′ = P ′ η,
provides a 1-1 correspondence between F-solutions of Rη = 0 and F-solutions
of R′ η′ = 0, i.e., we have:

Rη = 0⇐⇒ R′ η′ = 0.

In [13], the above techniques are applied to study the equivalence problem
between Roesser models (1) and Fornasini models (4). In particular, it is proved
that a given Fornasini model (4) is always equivalent to a Roesser model (1).
Let us explicitly recall this equivalence which will be useful in the sequel.

Lemma 3 Let D = Q[σi, σj ] and consider a Fornasini model of the form (4),
the corresponding matrix of functional operators in D,

R =
(
Idx σi σj − F1 σi − F2 σj − F3 −G1 σi −G2 σj −G3

)
∈ Ddx×(dx+du),
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and the associated D-module M = D1×(dx+du)/(D1×dx R). Let us now consider
the Roesser model(
xh(i+ 1, j)
xv(i, j + 1)

)
=

 F2 F2 F1 + F3 F2G1 +G3

Idx F1 G1

0 0 0

 (
xh(i, j)
xv(i, j)

)
+

G2

0
Idu

 u′(i, j),

(10)

with xv(i, j) =

(
xv1(i, j)
xv2(i, j)

)
, the corresponding matrix of functional operators

in D,

R′ =

Idx σi − F2 −(F2 F1 + F3) −(F2G1 +G3) −G2

−Idx Idx σj − F1 −G1 0
0 0 Idu σj −Idu

 ∈ D(2 dx+du)×(2 dx+2 du),

and the associated D-module M ′ = D1×(2 dx+2 du)/(D1×(2 dx+du)R′). Then,
we have the following results:

1. The homomorphism f ∈ homD(M,M ′) defined by the matrix

P =

(
0 Idx 0 0

0 0 Idu 0

)
∈ D(dx+du)×(2 dx+2 du),

is an isomorphism so that M ∼= M ′.
2. The identities (8) and (9) of Lemma 2 are then satisfied by the following

matrices:

Q = (Idx Idx σi − F2 −G2) ∈ Ddx×(2 dx+du),

P ′ =


Idx σj − F1 −G1

Idx 0
0 Idu
0 Idu σj

 ∈ D(2 dx+2 du)×(dx+du),

Q′ =

Idx0
0

 ∈ D(2 dx+du)×dx ,

Z = 0 ∈ D(dx+du)×dx , Z ′ =


0 −Idx 0
0 0 0
0 0 0
0 0 −Idu

 ∈ D(2 dx+2 du)×(2 dx+du).

Corollary 1 implies that, if F is a Q[σi, σj ]-module, then kerF (R.) ∼= kerF (R′.),
i.e., there is a 1-1 correspondence between F-solutions of (4) and F-solutions

of (10). More precisely, if η(i, j) =

(
x(i, j)
u(i, j)

)
is a solution of the Fornasini

model (4), then

η′(i, j) =


xh(i, j)
xv1(i, j)
xv2(i, j)
u′(i, j)

 := P ′ η(i, j) =


x(i, j + 1)− F1 x(i, j)−G1 u(i, j)

x(i, j)
u(i, j)

u(i, j + 1)

 ,
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is a solution of the Roesser model (10). Conversely, if η′(i, j) =


xh(i, j)
xv1(i, j)
xv2(i, j)
u′(i, j)

 is

a solution of the Roesser model (10), then

η(i, j) =

(
x(i, j)
u(i, j)

)
:= P η′(i, j) =

(
xv1(i, j)
xv2(i, j)

)
,

is a solution of the Fornasini model (4).

3 Structural stability of linear 2D discrete systems

In this section, we introduce a general definition of structural stability for linear
2D discrete systems, we study the preservation of this notion by equivalence
transformations and we apply the obtained result to the particular case of
Fornasini and Roesser models.

3.1 Definition

The algebraic analysis approach to linear systems theory recalled in the pre-
vious section makes no distinction between the different variables of a linear
system Rη = 0, i.e., all the components of the vector η are treated in the
same way. Although, as soon as one is concerned with stability and stabiliza-
tion issues, the state variables and the input variables of a linear system do
not play the same role. Consequently, in the sequel, we still consider linear
systems written as Rη = 0, where R ∈ Dq×p but we split the vector η of p
unknown sequences into a subvector of state variables x of dimension dx and a
subvector of input variables u of dimension du (so that p = dx+du). By doing
so, we consider that the choice between the state and the input variables are
imposed by the system under study. In practice, u contains the exogenous sig-
nals and x contains the internal variables, as clearly expressed in the Roesser
and Fornasini models. Splitting the matrix R accordingly, i.e., R = (R1 R2),
with R1 ∈ Dq×dx , R2 ∈ Dq×du , we have:

Rη = 0⇐⇒ (R1 R2)

(
x
u

)
= 0⇐⇒ R1 x+R2 u = 0.

The linear system R1 x = 0 is then the input-free linear system associated to
Rη = 0. In practice, for the problem to be well-posed, the polynomial matrix
R1 ∈ Dq×dx should have full column rank so that R1 x = 0 also corresponds
to the autonomous linear system associated to Rη = 0.

Definition 3 Let D = Q[σi, σj ]. A linear system R1 x+R2 u = 0, where R1 ∈
Dq×dx and R2 ∈ Dq×du is said to be structurally stable if for all (λ1, λ2) ∈ S2,
the constant matrix R1 := R1(λ1, λ2) has full column rank.
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In Definition 3, the constant matrix R1 ∈ Cq×dx stands for the evaluation of

the polynomial matrix R1 ∈ Dq×dx at the point (λ1, λ2) ∈ C2
. The fact that

R1 has full column rank is then equivalent to the fact that R1 admits a left

inverse, i.e., there exists S1 ∈ Cdx×q such that S1R1 = Idx , or again to the

fact that
(
R1 ν = 0 =⇒ ν = 0

)
, for a vector ν ∈ Cdx . Moreover, if dx = q, then

R1 is a square matrix and the condition in Definition 3 is equivalent to: For

all (λ1, λ2) ∈ S2, det
(
R1

)
6= 0.

The following lemma shows that Definition 3 is then a generalization of the
existing definitions of structural stability for discrete Roesser and Fornasini
models recalled in Section 2.

Lemma 4 Definition 3 applied to the particular case of Roesser models (1)
(resp. Fornasini models (4) with F3 = 0 and G3 = 0) is equivalent to Defini-
tion 1 (resp. Definition 2).

Proof This can be straightforwardly checked. �

Remark 2 Let us give a module theoretic interpretation of Definition 3. We
consider the polynomial ring D′ := C[σ1, σ2] and M ′ := D′1×dx/(D′1×q R1)
theD′-module finitely presented by the matrix R1 ∈ D′q×dx . For (λ1, λ2) ∈ C2,
we define the maximal ideal m := (σ1 − λ1, σ2 − λ2) of D′ and the localization
M ′m := M ′/(mM ′) ∼= D′/m ⊗D′ M ′ of M ′ at m ([50]). In other terms, we
have M ′m = (D′/m)1×dx/

(
(D′/m)1×q R1

)
with the notation R1 := R1(λ1, λ2)

of Definition 3. Now, R1 has full column rank if and only if the D′-module
M ′m is zero, i.e., M ′m = 0. Let us now introduce the support Supp(M ′) of the
D′-module M ′ which is defined as follows:

Supp(M ′) := {p ∈ Spec(D′) |M ′p 6= 0},

where Spec(D′) denotes the set of all prime ideals of D′ ([34]). We can then
consider the set V (Supp(M ′)) given by

V (Supp(M ′)) := {(λ1, λ2) ∈ C2 | m := (σ1 − λ1, σ2 − λ2) ∈ Supp(M ′)}.

Thus, with the previous notation, a linear system R1 x + R2 u = 0 is struc-
turally stable in the sense of Definition 3 if and only if

V (Supp(M ′)) ∩ S2 = ∅.

Indeed for (λ1, λ2) ∈ C2,M ′m = 0⇔ m /∈ Supp(M ′)⇔ (λ1, λ2) /∈ V (Supp(M ′)).

Structural stability is thus an algebraic property which could seem to be far
from usual definitions of stability which rather involve bounded signals or con-
vergent trajectories. Actually, structural stability was connected to bounded
input-bounded output (BIBO) stability of digital filters in [29], and later ap-
peared as a sufficient condition for BIBO stability of multidimensional systems
in a more general context [41,51]. It was proved to be a necessary and sufficient
condition for asymptotic stability of Fornasini models (with F3 = 0) in [22]
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and for their exponential stability in [43]. But those definitions of stability
often depend on the way the boundary conditions are specified and the refer-
ence [54] gives very nice insights to connect structural stability and boundary
conditions to the convergence of signals. Anyway the question of the practical
meaning of structural stability, though crucial, goes beyond the scope of the
present contribution and would deserve a complete study.

We shall now consider the problem of the preservation of the notion of
structural stability introduced in Definition 3 by equivalence transformations
in the sense of algebraic analysis. We have the following result:

Theorem 1 Let D = Q[σi, σj ] and consider the following two linear 2D dis-
crete systems:

R1 x+R2 u = 0, R1 ∈ Dq×dx , R2 ∈ Dq×du , (11)

R′1 x
′ +R′2 u

′ = 0, R′1 ∈ Dq′×dx′ , R′2 ∈ Dq′×du′ . (12)

If the two input-free linear systems R1 x = 0 and R′1 x
′ = 0 are equivalent

in the sense of algebraic analysis, i.e., M1 := D1×dx/(D1×q R1) ∼= M ′1 :=
D1×dx′/(D1×q′ R′1), then (11) is structurally stable if and only if (12) is struc-
turally stable.

Proof From Corollary 1, if M1
∼= M ′1, then there is a 1-1 correspondence

between solutions of R1 η = 0 and solutions of R′1 η
′ = 0 via the explicit

change of variables η = P η′ and η′ = P ′η for two matrices P ∈ Ddx×dx′ and
P ′ ∈ Ddx′×dx , i.e., we have:

R1 η = 0

η′=P ′ η
=⇒
⇐=
η=P η′

R′1 η
′ = 0.

By evaluating the identities (8) and (9) of Lemma 2 applied to R1 (associated

to M1) and R′1 (associated to M ′1) at (λ1, λ2) ∈ C2
, we get:

∀(λ1, λ2) ∈ C2
, R1 ν = 0

ν′=P ′ ν
=⇒
⇐=
ν=P ν′

R′1 ν
′ = 0,

where, for (λ1, λ2) ∈ C2
and for any polynomial matrix T with coefficients in

D, T stands for the evaluation of T at the point (λ1, λ2) ∈ C2
. Now let us

assume without loss of generality that (11) is structurally stable. If (12) is not

structurally stable, then, for some (λ1, λ2) ∈ S2, there exists ν′ 6= 0 such that
R′1 ν

′ = 0. This implies that we have R1 (P ν′) = 0 for P ν′ 6= 0 (indeed from
the identity P ′ P + Z ′R′1 = Idx′ , we get that P ν′ = 0 implies ν′ = 0) which
contradicts the fact that (11) is structurally stable. �
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Remark 3 Theorem 1 claims that if the input-free partsR1 x = 0 andR′1 x
′ = 0

of (11) and (12) are equivalent, then (11) is structurally stable if and only if
(12) is structurally stable. Note however that the equivalence of the full linear
systems (11) and (12) does not necessarily imply that (11) is structurally
stable if and only if (12) is structurally stable because it does not necessarily
imply the equivalence of the corresponding input-free parts. This is due to the
fact that the change of variables associated to the equivalence transformation
may mix the state variables and the input variables. For example, the linear
systems

x(i+ 1, j) + u(i+ 1, j)− u(i, j) = 0,

and
x′(i+ 1, j)− x′(i, j) + u′(i+ 1, j) = 0,

are equivalent in the sense of algebraic analysis (e.g., take the equivalence
transformation sending the state variable x onto the input variable u′ and
the input variable u onto the state variable x′), the first one is structurally
stable but the second one is not structurally stable. Indeed the input-free linear
systems σi x = 0 and (σi−1)x′ = 0 are not equivalent in the sense of algebraic
analysis.

3.2 Stabilization by control laws

We shall now consider the stabilization problem for linear 2D discrete systems.
Let D = Q[σi, σj ] and consider a linear system R1 x + R2 u = 0, where

R1 ∈ Dq×dx , R2 ∈ Dq×du . If this system is not structurally stable, then this
property may be reached by applying a state feedback control law u = K x
with K ∈ Qdu×dx . Doing so, we obtain the linear input-free system

Rs xs = 0, Rs :=

(
R1 R2

−K Idu

)
∈ D(q+du)×(dx+du),

and if K is suitably computed, this closed-loop system can be structurally

stable in the sense of Definition 3, i.e., for all (λ1, λ2) ∈ S2, the constant
matrix Rs := Rs(λ1, λ2) has full column rank.

Remark 4 Notice that Rs now characterizes an input-free closed-loop model
since u is computed through the control law. Therefore, u is no longer a vector
of exogenous signals. Hence the structural stability of such a model should be
tested using the full matrix Rs.

In the particular case q = dx, the square matrix Rs has full column rank
if and only if det(Rs) 6= 0. Then, applying such a stabilizing state feedback
control law to the particular case of Roesser models (1) (resp. Fornasini models
(4) with F3 = 0 and G3 = 0) we find again the respective definitions of
stabilization by a state feedback control law recalled in Section 2.1.

In the sequel, we shall need a more general notion of stabilization by consid-
ering control laws that are not necessarily state feedbacks of the form u = K x
with K ∈ Qdu×dx .
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Definition 4 Let D = Q[σi, σj ]. We say that a linear system R1 x+R2 u = 0,
with R1 ∈ Dq×dx , R2 ∈ Dq×du is stabilized by the control law Tx x+ Tu u = 0
with Tx ∈ Ddu×dx and Tu ∈ Ddu×du if the linear input-free system

Rs xs = 0, Rs :=

(
R1 R2

Tx Tu

)
∈ D(q+du)×(dx+du)

is structurally stable in the sense of Definition 3, i.e., for all (λ1, λ2) ∈ S2,
the constant matrix Rs := Rs(λ1, λ2) has full column rank. If the control law
complies with the special form u = K x with K ∈ Qdu×dx , then R1 x+R2 u = 0
is said to be stabilized by the state feedback control law u = K x.

Let us now study the effect of applying a state feedback control law to a
linear system on an equivalent linear system.

Proposition 1 Let D = Q[σi, σj ] and consider the two linear 2D discrete
systems (11) and (12). Let us assume that (11) and (12) are equivalent in the
sense of algebraic analysis, and, using the notation of Lemma 2, let

P =

(
P11 P12

P21 P22

)
∈ D(dx+du)×(dx′+du′ ),

where P11 ∈ Ddx×dx′ , P12 ∈ Ddx×du′ , P21 ∈ Ddu×dx′ , P22 ∈ Ddu×du′ , de-
note the matrix defining the isomorphism between the D-modules respectively
associated to (11) and (12), and

P ′ =

(
P ′11 P

′
12

P ′21 P
′
22

)
∈ D(dx′+du′ )×(dx+du),

where P ′11 ∈ Ddx′×dx , P ′12 ∈ Ddx′×du , P ′21 ∈ Ddu′×dx , P ′22 ∈ Ddu′×du , denote
the matrix defining the inverse morphism. Then, we have the following results:

1. Applying the state feedback control law u = K x with K ∈ Qdu×dx to (11)
is equivalent to applying the control law (−K P11 + P21)x′ + (−K P12 +
P22)u′ = 0 to (12).

2. Applying the state feedback control law u′ = K ′ x′ with K ′ ∈ Qdu′×dx′ to
(12) is equivalent to applying the control law (−K ′ P ′11+P ′21)x+(−K ′ P ′12+
P ′22)u = 0 to (11).

Proof The proof is straightforward as

(
x
u

)
= P

(
x′

u′

)
and

(
x′

u′

)
= P ′

(
x
u

)
. �

The following useful corollary is a direct consequence of Proposition 1.

Corollary 2 With the notation and assumptions of Proposition 1, we have
the following results:
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1. The linear systems

Rs xs = 0, Rs =

(
R1 R2

−K Idu

)
∈ D(q+du)×(dx+du),

and

R′s x
′
s = 0, R′s =

(
R′1 R′2

−K P11 + P21 −K P12 + P22

)
∈ D(q′+du)×(dx′+du′ ),

are equivalent in the sense of algebraic analysis.
2. The linear systems

R′s x
′
s = 0, R′s =

(
R′1 R′2
−K ′ Idu′

)
∈ D(q′+du′ )×(dx′+du′ ),

and

Rs xs = 0, Rs =

(
R1 R2

−K ′ P ′11 + P ′21 −K ′ P ′12 + P ′22

)
∈ D(q+du′ )×(dx+du),

are equivalent in the sense of algebraic analysis.

Proof Let us explicitly give the equivalence announced in the corollary. From
Lemma 2, the equivalence of (11) and (12) implies that there exist matrices
P ∈ D(dx+du)×(dx′+du′ ), Q ∈ Dq×q′ , P ′ ∈ D(dx′+du′ )×(dx+du), Q′ ∈ Dq′×q,
Z = (ZT1 ZT2 )T ∈ D(dx+du)×q and Z ′ = (Z ′T1 Z ′T2 )T ∈ D(dx′+du′ )×q′ such
that (8) and (9) are satisfied with the matrices R = (R1 R2) ∈ Dq×(dx+du)

and R′ = (R′1 R′2) ∈ Dq′×(dx′+du′ ). Then one can check that we have the
following identities:

Rs P =

(
Q 0
0 Idu

)
R′s, R′s P

′ =

(
Q′ 0

K Z1 − Z2 Idu

)
Rs,

P P ′ +

(
Z1 0
Z2 0

)
Rs = Idx+du , P ′ P +

(
Z ′1 0
Z ′2 0

)
R′s = Idx′+du′ ,

which, from Lemma 2, proves the first assertion of the corollary1. The second
assertion can be proved similarly. �

Finally we get the following result which will be useful in Section 4 below.

Corollary 3 With the notation and assumptions of Proposition 1, we have
the following results:

1. The state feedback control law u = K x with K ∈ Qdu×dx stabilizes (11)
if and only if the control law (−K P11 + P21)x′ + (−K P12 + P22)u′ = 0
stabilizes (12).

1 Note that the isomorphism between the D-modules associated to Rs x = 0 and R′s x
′ = 0

is defined by the matrix P ∈ D(dx+du)×(dx′+du′ ) defining the isomorphism between the D-
modules associated to (11) and (12).



16 Olivier Bachelier et al.

2. The state feedback control law u′ = K ′ x′ with K ′ ∈ Qdu′×dx′ stabilizes (12)
if and only if the control law (−K ′ P ′11 + P ′21)x + (−K ′ P ′12 + P ′22)u = 0
stabilizes (11).

Proof This is straightforward from Corollary 2, Theorem 1 applied to the
equivalent input-free linear systems Rs xs = 0 and R′s x

′
s = 0 and Definition 4

of stabilization. �

3.3 Application to equivalent Fornasini and Roesser models

Lemma 3 shows that a Fornasini model (4) is always equivalent to the Roesser
model (10). Applying the results obtained above to this particular case of
equivalent systems, we get the following two theorems that can be used to
study stability and stabilization issues for Fornasini models (4).

Theorem 2 The Fornasini model (4) is structurally stable if and only if the
equivalent Roesser model (10) is structurally stable.

Proof From Definition 3, (4) is structurally stable if and only if

∀(λ1, λ2) ∈ S2, det(R1) 6= 0,

where
R1 = (Idx λ1 λ2 − F1 λ1 − F2 λ2 − F3) .

On the other hand, the Roesser model (10) is structurally stable if and only if

∀(λ1, λ2) ∈ S2, det(R′1) 6= 0,

where

R′1 =

Idx λ1 − F2 −(F2 F1 + F3) −(F2G1 +G3)
−Idx Idx λ2 − F1 −G1

0 0 Idu λ2

 .

Now,

det(R′1) = det

(
Idx λ1 − F2 −(F2 F1 + F3)
−Idx Idx λ2 − F1

)
det(Idu λ2),

and

det

(
Idx λ1 − F2 −(F2 F1 + F3)
−Idx Idx λ2 − F1

)
=

det ((Idx λ1 − F2) (Idx λ2 − F1)− Idx (F2 F1 + F3)) = det(R1),

since all the matrices are square and Idx commutes with every square matrix
of size dx. Finally we get,

det(R′1) = λdu2 det(R1), (13)

so that
∀(λ1, λ2) ∈ S2, det(R′1) 6= 0⇐⇒ det(R1) 6= 0

(because, for all (λ1, λ2) ∈ S2, λ2 6= 0). �
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Remark 5 Note that the input-free linear systems associated to (4) and (10)
are not equivalent so that the result of Theorem 2 can not be directly deduced
from Theorem 1. However, one can see in the proof of Theorem 2 above that
(10) is structurally stable if and only if the input-free linear system

R′1 x
′ = 0, R′1 =

(
Idx σi − F2 −(F2 F1 + F3)
−Idx Idx σj − F1

)
, (14)

is structurally stable. Now, the input-free linear system associated to (4) and
the input-free system (14) are equivalent. Indeed, using Lemma 2, one can
check that the corresponding isomorphism is explicitly given by the matrices

P =
(
0 Idx

)
∈ Ddx×2 dx , Q = (Idx Idx σi − F2) ∈ Ddx×2 dx ,

P ′ =

(
Idx σj − F1

Idx

)
∈ D2 dx×dx , Q′ =

(
Idx
0

)
∈ D2 dx×dx ,

Z = 0 ∈ Ddx×dx , Z ′ =

(
0 −Idx
0 0

)
∈ D2 dx×2 dx .

Consequently, Theorem 1 implies that (4) is structurally stable if and only if
(14) is structurally stable which is equivalent to (10) is structurally stable and
we find again the result of Theorem 2.

Theorem 3 Let us consider a Fornasini model (4) and the equivalent Roesser
model (10). The state feedback control law

u′ = K ′
(
xh

xv

)
, K ′ = (K ′1 K ′2), K ′1 ∈ Qdu×dx , K ′2 ∈ Qdu×(dx+du), (15)

stabilizes the Roesser model (10) if and only if the control law(
−K ′1 (Idx σj − F1)−K ′2

(
Idx
0

))
x+

(
K ′1G1 −K ′2

(
0
Idu

)
+ Idu σj

)
u = 0,

(16)
stabilizes the Fornasini model (4).

Proof From 2. of Corollary 3, the state feedback control law (15) stabilizes
(10) if and only if the control law (−K ′ P ′11 + P ′21)x+ (−K ′ P ′12 + P ′22)u = 0
stabilizes (4). Now from Lemma 3, the matrix P ′ ∈ D(2 dx+2 du)×(dx+du) is
given by

P ′ =


Idx σj − F1 −G1

Idx 0
0 Idu
0 Idu σj

 ,

which yields the desired result. �

Theorem 3 shall be used in the next section 4 to develop a method for stabi-
lizing linear 2D discrete Fornasini models.
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4 Stabilization of linear 2D discrete Fornasini models

4.1 The case of linear 2D Roesser models

Let D = Q[σi, σj ]. One of the questions implicitly raised by the previous
sections is as follows: given a linear system

Rη = 0⇐⇒ (R1 R2)

(
x
u

)
= 0⇐⇒ R1 x+R2 u = 0,

where R = (R1 R2) ∈ Dq×(dx+du), which is not structurally stable in the
sense of Definition 3, is it possible to find, by tractable numeric tools, a control
law complying with

Tx x+ Tu u = 0, Tx ∈ Ddu×dx , Tu ∈ Ddu×du ,

such that the induced closed-loop input-free linear model

Rs xs = 0, Rs =

(
R1 R2

Tx Tu

)
∈ D(q+du)×(dx+du)

is structurally stable? If considered in its whole generality, this problem is
surely very complicated to address. However, if it is restricted to particular
systems (e.g., Roesser models (1) or Fornasini models (4)), and if, moreover,
the control law is restricted to a special form, we may hope for an approach
to solve the problem. Nevertheless, it is still a difficult and open issue. To our
knowledge, only one special case can be solved, namely, the structural stabi-
lization of a Roesser model (1) using a static state feedback control law (3),
i.e.,

u = K

(
xh

xv

)
, K = (K1 K2) ∈ Rdu×(dh+dv).

The latter problem has been tackled in many works (see for instance [26,27])
where the techniques used rely on the numeric resolution of Linear Matrix In-
equalities (LMIs) [9], i.e., semi-definite programming. Software packages such
as [24] are now very popular to test the feasibility of given LMIs. However
nearly all the results proposed in the literature are conservative, i.e., they only
give sufficient conditions for structural stabilization by a static state feed-
back control law. In other words, if the conditions cannot be satisfied, it may
nonetheless exist a missed solution to the problem. Only one contribution
provides a necessary and sufficient condition for the existence of a stabilizing
state feedback control law and proposes a way to compute such a control law:
see [2]. The condition therein, inspired from the work in [1], is also expressed
in terms of a system of LMIs to be solved. Without providing all the details,
we recall the main result of [2]. For this purpose, we need to introduce a series
of matrices which will appear in the statement of Theorem 4 below. Let us
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consider a Roesser model (1), a nonnegative integer α ∈ N, and α+1 matrices
Qi ∈ Rdh×dh , i = 0, . . . α. We introduce the two positive integers

ν =

(
α (α+ 1)

2
+ 1

)
dh, δ = 2 (ν + dh + dv), (17)

the set of matrices(
A0 B0
C0 D0

)
=

(
0 0
0 Idh

)
∈ R2 dh×2 dh ,

(
A1 B1
C1 D1

)
=

(
0 Idh
Idh 0

)
∈ R2 dh×2 dh ,

∀i ∈ {2, . . . , α},
(
Ai Bi
Ci Di

)
=

 0 I(i−1) dh
0 0

0
Idh

Idh 0 0

 ∈ R(i+1) dh×(i+1) dh ,

and then AQ ∈ Rν×ν , BQ ∈ Rν×dh , CQ ∈ Rdh×ν , and DQ ∈ Rdh×dh such that

(
AQ BQ

CQ DQ

)
=



diag(A0, . . . ,Aα)

B0
B1
...
Bα

Q diag(C0, . . . , Cα) Q


D0

D1

...
Dα




∈ R(ν+dh)×(ν+dh),

where
Q = (Q0 Q1 · · · Qα) ∈ Rdh×(α+1) dh .

From this, we define J1 ∈ R(4 ν+2 dv)×δ and J3 ∈ R2 dh×δ as follows:

J1 =


Iν 0 0 0 0 0
0 Iν 0 0 0 0
0 0 Idv 0 0 0
AQ 0 0 0 0 BQ

0 AQ 0 BQ 0 0
0 0 0 0 Idv 0

 , J3 =

(
CQ 0 0 0 0 DQ

0 CQ 0 DQ 0 0

)
.

From the Roesser model (1), we also define A ∈ Rδ×(dv+dh) and B ∈ Rδ×du
given by:

A =


0 0
0 0
A22 A21

A12 A11

−Idv 0
0 −Idh

 , B =


0
0
B2

B1

0
0

 .

Finally, we consider X1, X2 ∈ R2×2 given by

X1 =

(
1 0
0 −1

)
, X2 =

(
−1 0
0 1

)
,
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as well as J2 ∈ R2 dh×δ and L ∈ C(dv+dh)×δ given by

J2 =

(
0 0 0 0 0 Idh
0 0 0 Idh 0 0

)
, L =

(
0 0 β2 Idv 0 −Idv 0
0 0 0 β1 Idh 0 −Idh

)
,

where β1, β2 are free parameters in C.

Theorem 4 Let us consider a given Roesser model (1) and let (β1, β2) ∈ C2

be chosen such that |βi| < 1, i = 1, 2. Then, there exists a state feedback
control law (3) which structurally stabilizes (1) if and only if there exists a

non-negative integer α ≤ dv (d2h+dh−2)
2 such that there exist matrices Qi ∈

Rdh×dh , i = 0, . . . , α as well as S1 ∈ R(dh+dv)×(dh+dv), S2 ∈ Rdu×(dh+dv),
P1 ∈ C(2 ν+dv)×(2 ν+dv), and P2 ∈ Cν×ν such that Pi = PTi > 0, i = 1, 2, and
which, using the above notation, further satisfy the following two LMIs:

J∗1 (X2 ⊗ P1) J1 + ((J∗2 (X1 ⊗ Idh) J3)
H

+ ((AS1 + BS2)L)
H
< 0, (18)(

CQ DQ

0 Idh

)∗ (
0 −Idh
−Idh 0

)(
CQ DQ

0 Idh

)
+

(
Iν 0
AQ BQ

)∗
(X2⊗P2)

(
Iν 0
AQ BQ

)
< 0. (19)

In this event, a structurally stabilizing gain is given by

K = (K1 K2) ∈ Rdu×(dh+dv), (K2 K1) = S2 S
−1
1 . (20)

Note that the complex numbers β1 and β2 appear as free parameters in the
matrix L. They might be tuned for other purpose but as far as structural
stability is concerned, they just have to be chosen inside the unit disc, with no
influence on the feasibility of the system of LMIs, at least from a theoretical
point of view. Nevertheless, the values of β1 and β2 close to the unit circle
should be avoided to prevent computational problems. For instance β1 = β2 =
0 is a possible convenient choice. The LMIs (18) and (19) together with P1 >
0 and P2 > 0 make up a system of LMIs which can be solved thanks to
appropriate toolboxes such as [24]. Computational trouble may occur for large
values of dh, dv and (mostly) α since the respective dimensions 2 ν + dv, ν, δ
and ν+dh of P1, P2 and the LMIs (18) and (19) significantly grow with dh, dv
and α (see (17)). Thus the research for simpler and more tractable conditions
is still of interest.

Theorem 4 does not extend to the Fornasini model (4). The structural sta-
bilization problem for a Fornasini model (4) is addressed in the next subsection
by means of equivalence transformations.

4.2 Stabilizing linear 2D discrete Fornasini models

In this subsection, we exploit the results of Section 3 and Subsection 4.1 to
revisit the problem of the structural stabilization of a Fornasini model and
improve existing results. Let us consider a Fornasini model (4) and its equiva-
lent Roesser model (10). From Theorem 3, applying a structurally stabilizing
static state feedback control law

u′(i, j) = K ′
(
xh(i, j)
xv(i, j)

)
,
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where
K ′ = (K ′1 K ′21 K ′22) ∈ Rdu×(2 dx+du),

K ′1 ∈ Rdu×dx , K ′21 ∈ Rdu×dx , K ′22 ∈ Rdu×du

to the Roesser model (10) amounts to applying the structurally stabilizing
dynamic control law

u(i, j+1) = K ′1 x(i, j+1)+(K ′21−K ′1 F1)x(i, j)+(K ′22−K ′1G1)u(i, j), (21)

to the Fornasini model (4). Indeed (21) is just a rewriting of (16) in the present
setting which emphasizes that this control law can be easily simulated. In other
words, we can compute u(i, j) without the knowledge of u(k, l), for k > i or
l > j. It does not only help simulation, but it can also make sense from a
physical point of view if the information propagates in only one way along one
dimension, typically along time.

The reasoning is straightforward (this is a direct consequence of Theorem 3)
and allows the exploitation of Theorem 4 to stabilize a Fornasini model (4).
Indeed, once the equivalent Roesser model (10) is computed, then the system of
LMIs formed by P1 > 0, P2 > 0 and (18-19) can possibly be solved for a given

value of α. Actually, we increase α from 0 to the upper bound
(dx+du) (d

2
x+dx−2)

2
until a solution is reached. If no LMIs system is found feasible, then there is no
solution to the problem, namely, the Roesser model (10) can not be stabilized
by a state feedback control law2. Otherwise, we deduce a suitable value of the
feedback matrix, which is denoted by K ′ here, thanks to (20). At last, with
this instance of K ′ at hand, the feedback control law (21) can be implemented
on the original Fornasini model (4).

Remark 6 While Theorem 4 makes up a criterion for stabilizability of a Roesser
model (1), the existence of a stabilizing control law (21) cannot be used as a
criterion for the structural stabilizability of a Fornasini model (4). Indeed, by
stabilizability, it is meant in the control community that the model can be
stabilized by a static state feedback. The structure of the control law (21) is
very particular and knowing whether there exists such a stabilizing control
law or not does not allow the designer to conclude about stabilizability.

It must be noticed that when we apply the control law (21) to (4), the ob-
tained closed-loop model is not a Fornasini model as introduced in the present
work, namely, is not of the form (4). More precisely, plugging (21) into (4)
yields the next implicit input-free Fornasini model(

Idx 0
0 0

)
xs(i+ 1, j + 1) =

(
F1 G1

0 0

)
xs(i+ 1, j) +

(
F2 G2

−K ′1 Idu

)
xs(i, j + 1)

+

(
F3 G3

−(K ′21 −K ′1 F1) −(K ′22 −K ′1G1)

)
xs(i, j),

(22)

2 Note however that this does not necessarily imply that the Fornasini model (4) cannot
be stabilized.
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where xs = (xT uT )T . The implicit expression could raise a doubt in the
designer’s mind who could wonder if such an implicit expression can have a
physical meaning (especially if time is one of the two dimensions). But it must
be kept in mind that this is equivalent to a Roesser model on which a simple
static state feedback control law is applied so the question does not arise.

We finally illustrate the purpose of this section with an example.

Example 2 Let us consider the Fornasini model (4) with dx = 3, du = 1 and
where the matrices of the model are given by the following exact instance:

(F1 |F2 |F3) =

 0.7815 0.8189 0.1054 0.3652 0.3623 0.0537 0.5008 0.0225 1.2194
0.3428 0.2393 0.2070 0.0596 0.6569 0.1596 0.6066 1.3271 0.4790
0.0480 0.0369 0.3624 0.3674 0.3029 0.8198 0.4145 0.5905 0.4698

 ,

(G1 |G2 |G3) =

 0.3922 0.7060 0.0462
0.6555 0.0318 0.0971
0.1712 0.2769 0.8235

 .

Applying the algorithm developed in [8] and implemented in Maple, we can
easily check that the above model is not structurally stable. Indeed, this
amounts to studying whether a bivariate (characteristic) polynomial of to-

tal degree 6, namely, det(λ1 λ2 I3 − F1 λ1 − F2 λ2 − F3) has roots in S2 or not
(see Definition 3 and the discussion after).
We then consider the Roesser model (10) which is equivalent to the given
Fornasini model. This Roesser model is used to build, for a given value of α,
the system of LMIs (18-19) with P1 > 0 and P2 > 0 (see Theorem 4). Here,

the upper bound for α is given by
(dx+du) (d

2
x+dx−2)

2 = 20. While the LMIs
system does not admit a solution for α = 0 and α = 1, it is found feasi-
ble with α = 2. From Theorem 4, the Roesser model can thus be stabilized
by a static state feedback control law and (20) yields the feedback matrix
K ′ = (K ′1 K ′21 K ′22) ∈ R1×7 defined by

(K ′1 |K ′21 |K ′22) =

(−0.9469 − 1.1764 − 0.8413 | − 1.3196 − 1.2745 − 0.8113 | − 1.4124) .

The latter feedback matrix is then used to build the dynamic control law (21)
which is applied to (4) in order to build the closed-loop model (22). Using
once again the algorithm developed in [8] and implemented in Maple, we can
easily check that the obtained model is structurally stable in the sense of Def-
inition 3.
In order to illustrate that the closed-loop system that we obtain could be imple-
mented, we shall perform a simulation. Starting from the boundary conditions
specified by

∀h ≥ 0, x(h, 0) = x(0, h) = 0.95h

1
1
1

 ,

we simulate the evolution of x(i, j). Note that the boundary conditions con-
verge to zero. To perform the simulation, at each step, i.e., at each computation
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of x(i+ 1, j + 1) thanks to the model (4), we need to compute u(i, j + 1) and
u(i + 1, j) from (21) and the previous computations. This requires to fix a
boundary condition on u at j = 0 which is here chosen as

∀i ≥ 0, u(i, 0) = 0.

This amounts to simulating the closed-loop system (22) with boundary con-

ditions on xs(i, j) =

(
x(i, j)
u(i, j)

)
defined by

xs(0, 0) =


1
1
1
0

 ,

and, for all h > 0,

xs(h, 0) =

 0.95h

 1
1
1


0

 ,

xs(0, h) =

 0.95h

 1
1
1


K′1 x(0, h) + (K′21 −K′1 F1)x(0, h− 1) + (K′22 −K′1G1)u(0, h− 1)

 .

We have collected the values of x(i, j) up to i = j = 200 and, for each couple
(i, j), we have computed the Euclidean norm ||x(i, j)||. The evolution of this
norm is depicted on Figure 1 below.

On this figure, it is interesting to observe the convergence of the norm
||x(i, j)|| towards 0. Indeed this lets us believe that the asymptotic stability
or at least the attractivity of the closed-loop model is obtained. The relation
between attractivity and structural stability of Fornasini models was estab-
lished in [22] in the particular case F3 = 0 (with one definition of asymptotic
stability). However the problem of knowing whether structural stability and
asymptotic stability are equivalent or not in the case of a Fornasini model (4)
with F3 6= 0 or, more generally, in the case of linear 2D discrete models of the
form R1 x + R2 u = 0, is another challenge and an underlying motivation of
the present work, for which [54] could bring much valuable information.

5 Conclusion and future works

In this article, we have studied the structural stability and stabilization of
linear 2D discrete models by means of equivalence transformations in the sense
of the algebraic analysis approach to linear systems theory.

We would like to point out that the continuous case can be handled in the

same way. Indeed, by replacing the stability region S2 by{
(z1, z2) ∈ C2 | ∀i = 1, 2, Re(zi) ≥ 0

}
,
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Fig. 1 Evolution of the norm ||x(i, j)||

the ring D = Q[σi, σj ] by Q[∂i, ∂j ], where the partial shifts become the par-
tial derivatives, all the results remain valid except Theorem 2 since Formula
(13) implies that the Roesser model (10) will never be structurally stable in
the continuous case. Note that it does not call into question the other results.
Moreover the procedure developed in [3] to compute a stabilizing state feed-
back for a discrete Roesser model can be straightforwardly adapted to the
continuous case (or even to the mixed continuous-discrete case).

As a perspective, we would be interested in connecting the notion of struc-
tural stability with other notions of stability (e.g., asymptotic, exponential,
bounded input-bounded output). If the discrete case offers several insights [54],
the continuous case deserves much more attention and the connections are per-
haps less obvious. At last, another investigation could concern the extension
(or generalization) from state feedbacks to dynamic output feedbacks.
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