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FELIM 2014, Functional Equations in LIMoges

Monday, March 31

9:45-10:00 Welcome

10:00-10:30 L. Teyssier : Coprime families of formal power series.

10:30-11:00 Coffee break, Discussions

11:00-12:00 J.-C. Yakoubsohn: Approximation of multiple roots: continuation
and end?

12:00-14:00 Lunch break

14:00-15:00 J. Sanz: Flat functions, kernels and summability in Carleman ultra-
holomorphic classes of moderate growth.

15:05-15:35 S. Michalik: Integral means and summable solutions of some multidi-
mensional partial differential equations.

15:35-16h05 Coffee break, Discussions

16:05-16:35 C. Banderier: Functional equations in combinatorics.

16:35-17:05 A. Jalouli: Linear differential systems with coefficients in an exponen-
tial extension.
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FELIM 2014, Functional Equations in LIMoges

Tuesday, April 1

9:15-10:15 R. Gontsov: On the solvability of linear differential systems with small
exponents in the Liouvillian sens.

10:15-10:45 Coffee break, Discussions

10:45-11:15 T. Combot: Optimal representation of quasihypergeometric solutions
of recurrences.

11:15-11:45 S. S. Maddah: On the reduction of singularly-perturbed linear differen-
tial systems.

12:00-14:00 Lunch break

14:00-15:00 M. Rosenkranz: Integro-differential polynomials: differential algebra
with explicit integrals and initial conditions.

15:05-15:35 I. Boussaada: Traking the multiplicity of the zero spectral value at the
origin for Time-delay Systems: A missed link with Birkhoff incidence
matrices.

15:35-16:05 Coffee break, Discussions

16:05-16:35 C. Raab: Avoiding the explicit use of differential/difference equations.

20:00- Dinner
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FELIM 2014, Functional Equations in LIMoges

Wednesday, April 2

9:45-10:45 E. Hubert: Induced curvature flows and integrability.

10:45-11:15 Coffee break, Discussions

11:15-11:45 A. Bostan: Fast algorithms for the p-curvature of differential operators.

11:45-12:15 S. Abramov: On some algorithmic problems connected with systems
of LODE with formal power series coefficients.

12:00-14:00 Lunch break
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Abstracts of the talks
Monday, March 31

Loïc Teyssier (IRMA, Université de Strasbourg, France)

Title: Coprime families of formal power series
Abstract: A family (f1, . . . , fk) of elements of C [[x1, . . . , xn]] is composite (=not co-

prime) when all power series share a factor lying in the maximal ideal. In this talk, the
subset Ck of such coprime families (k ≥ 2) is shown to be a proper analytic set for the
projective topology on C [[x1, . . . , xn]]k. More precisely, C is the projective limit of algebraic
sets in the successive spaces C [x1, . . . , xn]≤d of d-jets, obtained by expressing rank deficiency
in a growing sequence of nested Macauley-like matrices. A program, halting in finite time if
and only if the family is coprime, is presented.

Jean-Claude Yakoubsohn (Université Paul Sabatier, Toulouse, France)

Title: Approximation of multiple roots: continuation and end?
Abstract: We propose and study a method to approximate multiple roots. It is based on

two operations: deflation and kernelling. The talk will be illustraded by numerical examples.

Javier Sanz (Universidad de Valladolid, Spain)

Title: Flat functions, kernels and summability in Carleman ultraholomorphic classes of
moderate growth

Abstract: Whenever the defining sequence M = (Mn)n∈N0 of a Carleman ultraholomor-
phic class is strongly regular (in the sense of V. Thilliez) and induces a Lindelöf’s proximate
order, flat functions in the class are constructed on sectors of optimal opening. As a conse-
quence, we obtain an analogue of Watson’s lemma in this general situation. Subsequently,
resting on the work of W. Balser on moment summability methods, kernels of M-summability
are introduced, and suitable Laplace and Borel-type transforms, both formal and analytic,
are considered in terms of which one may generalize to this framework the k-summability
theory developed by J.-P. Ramis. We will include a first application of this new tool to the
study of the summability properties of a normalized formal solution to a class of moment-
partial differential equations.
Joint work with A. Lastra and S. Malek.
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Slawomir Michalik (Cardinal Stefan Wyszynski University, Warszawa, Poland)

Title: Integral means and summable solutions of some multidimensional partial differ-
ential equations

Abstract: We will consider the Cauchy problem for some multidimensional linear partial
differential equations with constant coefficients

(∂t − P (∂z))U(t, z) = 0, U(0, z) = ϕ(z) ∈ O(DN),

where t ∈ C, z ∈ CN , P (∂z) ∈ C[∂z] is a partial differential operator of order K with complex
coefficients and DN is an N -dimensional complex disc with centre at the origin. The unique
formal power series solution

Û(t, z) =
∞∑

n=0

P n(∂z)ϕ(z)

n!
tn ∈ O(DN)[[t]]

is in general a Gevrey formal power series in t of order K − 1. Our main aim will be a
characterisation of (K − 1)−1-summability of Û(t, z) in terms of the Cauchy data ϕ(z). To
this end we will study the analytic continuation property of the function MÛ given by the
series

MÛ(t, z) =
∞∑

n=0

P n(∂z)ϕ(z)

m(n)
tKn,

where m(u) is a moment function of order K. We will show that for some operators P (∂z)

and moment functions m(u), the power series MÛ(t, z) are related to generalised solid or
spherical means of ϕ(z). In this way we will obtain a characterisation of summability of
Û(t, z) in terms of holomorphic properties of the generalised integral means of the Cauchy
data ϕ(z).

Cyril Banderier (Laboratoire d’Informatique de Paris-Nord, France)

Title: Functional equations in combinatorics.
Abstract: In combinatorics, many combinatorial structures (trees, graphs, words, tilings,

random walks, integer or set partitions, permutations . . .) have a natural notion of size (e.g.,
the number of nodes/atoms of the combinatorial structure), and such objects are typically
enriched with some constraints, which make their enumeration non trivial. Then, generating
functions F (z) =

∑
fnz

n (where fn counts the number of combinatorial structures of size n)
are a key tool to access to exact enumeration formulae for fn, and their asymptotics. This
approach is nicely illustrated by Philippe Flajolet and Robert Sedgewick in their book “an-
alytic combinatorics”, with many applications to average case analysis of algorithms. Quite
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often the combinatorial structures have a recursive definition, which allows to get a func-
tional equation for F (z). Via several natural combinatorial problems, I will illustrate several
paradigms of this type, where one gets an algebraic equation (e.g. via context-free grammars
or the kernel method), or a linear differential equation (via D-finite properties), or a q-analog
equation (when some “additive” parameters are taken into account), or a mixture of all of
this! The principal problem is then how to access to the asymptotics of fn, via this functional
equation. It is forcing us to make a analysis of the singularities of the function, for some
broad classes of equations (including some multivariate ones). A part of this analysis can be
dealed with computer algebra tools ; however, I will mention what are the limitations, and
the corresponding challenging questions in computer algebra.

Achref Jalouli (XLIM, Université de Limoges, France)

Title: Linear differential systems with coefficients in an exponential extension
Abstract: In this presentation, we study linear differential systems with coefficients in

an exponential extension of the field of formal meromorphic series C((z))

dy

dz
= A(z,X)y =

1

zp
(A0(X) + A1(X)z + · · · )y

where X is the transcendent element that satisfies the differential scalar equation

dX

dz
= (

a2

z2
+ · · ·+ aq+1

zq+1
)X,

i.e. X = exp(Q(1/z)), Q is a polynomial of degree q, A is a square matrix with coefficients
in the field C((z))((X)). In the first part, we study the case where p ≤ q and we prove that
the system can be reduced to a system with coefficients in C((z)). Some particular cases
will be studied. The second part will be devoted to the case where p = q +1 and vX(A) ≥ 1.
We will show that the system can be solved with series like

∑
k≥0

Tk(X)zk. Finally, we discuss

the problem of reducing the z-adic valuation of A to its minimal value.
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Abstracts of the talks
Tuesday, April 1

Renat Ravilevich Gontsov (Russian Academy of Sciences, Russia)

Title: On the solvability of linear differential systems with small exponents in the Liou-
villian sens

Abstract: The talk concerns the solvability of linear differential systems by quadratures,
which is one of the questions of differential Galois theory. We consider both systems with
regular singular points and those with (non-resonant) irregular ones. Some criteria of solv-
ability are proposed for such systems whose (formal) exponents are sufficiently small, and
corresponding examples may be given.

Thierry Combot (Université de Bourgogne)

Title: Optimal representation of quasihypergeometric solutions of recurrences
Abstract: Given a linear recurrence equation with polynomial coefficients, we present

a method to compute and represent quasihypergeometric solutions, i.e., interlacement of
hypergeomtric sequences. The purpose is not only to compute these solutions, but also to
write them down in an optimal way. We will call such expression faithful if the action of the
Galois group becomes evident, and minimal if the Picard-Vessiot field also becomes evident
(the expression uses the minimal number of transcendental sequences). Moreover, these
expressions can involve algebraic extensions of the constant field, and some representations
of them can be better than others.

Suzy S. Maddah (XLIM, Université de Limoges, France)

Title: On the reduction of singularly-perturbed linear differential systems.
Abstract: In this talk, we recover singularly-perturbed linear differential systems from

their turning points and reduce their parameter singularity’s rank to its minimal integer
value. Such systems have countless applications which are traced back to the year 1817 and
their study encompasses a vast body of literature (see, e.g. [McHugh(1971), Chen(1984),
Wasow(1985)] and references therein). However, their efficient symbolic resolution is still
open to investigation. Our treatment is Moser-based; that is to say it is based on the re-
duction criterion introduced for linear singular differential systems in [Moser(1960)]. Such
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algorithms have proved their utility in the symbolic resolution of the systems of linear func-
tional equations [Barkatou(1989), Barkatou et al.(2008), Barkatou et al.(2009)], giving rise
to the package ISOLDE [Barkatou et al.(2013)], as well as in the perturbed algebraic eigen-
value problem [Jeannerod et al.(1999)]. In particular, we generalize the Moser-based algo-
rithm described in [Barkatou(1995)]. Our algorithm, implemented in the computer algebra
system Maple [Maddah(2014)], paves the way for efficient symbolic resolution of singularly-
perturbed linear differential systems as well as further applications of Moser-based reduction
over bivariate (differential) fields [Barkatou et al.(2014)]. A complementary step to attain
the full formal reduction would be to proceed by an analysis of the Newton polygon as applied
to the scalar case in [Macutan(1999)] and to unperturbed systems in [Barkatou(1997)].
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Markus Rosenkranz (University of Kent, England)

Title: Integro-differential polynomials: differential algebra with explicit integrals and
initial conditions

Abstract: In some branches of algebra, free objects and polynomials are crucial as a
means of reasoning about equations and their solutions, in particular (non)commutative
polynomials for (non)commutative algebra, and analogously differential poly- nomials for
differential algebra. Since the latter are used to describe nonlinear differential equations,
which are often combined with initial conditions, it is natural to ask for a suitable notion
of polynomial that would include evaluation at initial points, as well as explicit integral
operators for linking the evalation to the derivation. The free object in the integro-differential
category, along with the related polynomial object, provides just that. We give an explicit
construction with canonical forms in the ordinary scalar case, along with some pointers
towards the general case.
This talk builds on joint work with Li Guo and Georg Regensburger.

Islam Boussaada (IPSA & L2S, CNRS-Supelec-UPSUD, France)
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Title: Traking the multiplicity of the zero spectral value at the origin for Time-delay
Systems: A missed link with Birkhoff incidence matrices

Abstract: Continuous-time dynamical systems with delays have a wide range of appli-
cation fields from biology and physics. This talk is particularly concerned by nonhyperbolic
time-delay systems. On the one hand, the center manifold theorem is a standard way allow-
ing to reproduce the main dynamics of a given nonhyperbolic time-delay systems by a finite
dimensional system of ordinary differential equation. The center variety is characterized by
the generalized eigenspace associated with the spectral values on the imaginary axis. The
central state dimension is none other than the dimension of the generalized eigenspace. One
of the most important type of such singularities is when the zero spectral value is multiple.
The simplest case in such a configuration is characterized by an algebraic multiplicity two
and a geometric multiplicity one known as Bogdanov-Takens singularity. Moreover, in some
cases the codimension of the zero spectral value exceeds the dimension of the delay-free
system of differential equations. Nevertheless, to the best of the authors? knowledge, the
bound of such a multiplicity was not deeply investigated in the literature. On the other
hand, Birkhoff interpolation problem consisting on the design (if possible) of a polynomial
P of degree d such that certain derivatives have specified values at specified points, which,
to the best of the authors knowledge, still an open problem. Our contribution is three-fold:
First, we emphasize the link between the multiplicity problem and Birkhoff incidence matri-
ces. Secondly, we establish an effective algorithm for LU-factorisation in different significant
classes of Birkhoff matrices. Finally, these two steps allow us to elaborate a constructive
bound for the zero spectral value multiplicity. By explicit examples, we show how the estab-
lished bound (taking into account the system structure) improves the Polya-Szego generic
bound (based only on the characteristic quasipolynomial degree).

Clemens Raab (Deutsches Elektronen-Synchrotron, Zeuthen, Germany)

Title: Avoiding the explicit use of differential/difference equations
Abstract: Frequently quantities depending on a parameter are computed using the

principle of creative telescoping. This involves constructing and solving (potentially large)
differential or difference equations. The computations associated to the explicit use of such
equations can be avoided in favor of simple rewrite rules if special structural properties are
present. These rewrite rules make implicit use of differential/difference equations. I will
illustrate how this can be done in the computation of certain generating functions, integral
transforms, and convolution integrals.
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Abstracts of the talks
Wednesday, April 2

Evelyne Hubert (INRIA Méditerranée, France )

Title: Induced curvature flows and integrability
Abstract: In this ongoing work with Peter van der Kamp (University of La Trobe)

we apply the algorithms developed for the study of the algebra of differential invariants of
a group actions to automatize the computations in the active field of geometric manifold
evolutions. We undertook the exploration of geometric evolution of curves in the plane.
Removing the non-stretching condition, previously imposed a priori, allows for interesting
new cases of integrability.

A geometric flow can be understood as an evolution equation ut = F [u], where F is
(nonlinear) differential operator, that admits a Lie group symmetry. The operator providing
the induced curvature flow can be computed from a complete set of syzygies for a generating
set of differential invariants of the Lie group action and differential elimination. Those
operations can be performed with the Maple packages AIDA [Algebraic Invariants and their
Differential Algebras] and diffalg (Differential Algebra). At the curvature level, we develop
a strategy to discover, and classify, induced integrable flows that can be lifted to integrable
geometric evolutions.

Alin Bostan (INRIA, Saclay Île-de-France, France)

Title: Fast algorithms for the p-curvature of differential operators.
Abstract: The p-curvature of a differential operator in characteristic p is a matrix that

measures to what extent the solution space of the operator has dimension close to its order.
The p-curvature is a useful tool in concrete applications to combinatorics and statistical
physics, where it serves for instance as an a posteriori certification filter for differential oper-
ators obtained by guessing techniques from power series expansions. We discuss theoretical
and algorithmic questions related to the p-curvature. We show that for equations of arbi-
trary order, the p-curvature can be computed in subquadratic time Õ(p1.79), and that this
can be improved to O(log(p)) for first order equations and to Õ(p) for large classes of second
order equations. We also address the problem of the efficient computation of the charac-
teristic polynomial of the p-curvature. We describe a recent algorithm for computing the
characteristic polynomial in time Õ(p0.5). The new algorithm allows to test the nilpotency
of the p-curvature for primes p of order 106, for which the p-curvature itself is impossible to
compute using current algorithms.
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Joint work with Xavier Caruso and Éric Schost.

Sergei Abramov (Computing Centre of the Russian Academy of Science, Russia)

Title: On some algorithmic problems connected with systems of LODE with formal
power series coefficients

Abstract: For systems of linear ordinary differential equations of arbitrary order with
formal power series coefficients we consider algorithmic decidability questions for the prob-
lems of computing the rank of a system, the dimension of its solution space, existence of
solutions belonging to some classes, the unimodularity testing for the system operator etc.
Power series are represented algorithmically: for each series a0+a1x+a2x

2+. . . , an algorithm
which computes ai for a given i is supposed to be known.
The results were obtained jointly with M. Barkatou, E. Pfluegel and D. Khmelnov.

13


