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Introduction Xiim W % @

1+z+ 22

] 5 = 14 22 4 422 + 623 + 102 4 162° + O(z)
—r—x

Indeed:
(1—2— 23 (1 + 22 + 42% + 623 + 102* + 162°) =
=1+a2+2"—262%—1627.

14 piz + poz?

m = ltaz+ 02-7’12 + CSJJS + (34.774 + 053;5 + O(l‘G)
1 2

where ¢1, ¢o, 3, ¢y, c5 are (polynomial) functions of pi, po, q1, go.

4 parameters, 5 target coefficients = 1 relation ?
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Introduction Xlim W o @
From the equality modulo z% one gets

1 =P —qQ1

o =pig— a4 — 2+ @

c3=p1ai — ¢ — p1@2 — P21 + 2102

ca=pig; — qf — 2010142 — P24t + 341q2 + p2g2 — 45

s = pigi — @) — 3016702 — P24 + 447 g2 + 165 + 220102 — 3103

eliminating the parameters, one gets the cubic equation:

ci1c3C5 — clci — 0305 + 2coc3ey — cg =0

C5 C4 C3
det |c4 ¢33 co| = cre3es — clci — c%cs + 2coc3c4 — c§ =0
C3 Cy (C
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Taylor varieties Xlim W @

Fix n variables © = (x1,...,2,), and degrees (d,e) and m:

Px) 7‘ —
(C(:U)BQ(x) = Mzg:m(m//av7 + (x1,...,2Tn)

with Q(0,...,0) = 1.

n+m
The (Zariski) closure in IP’( s of the set of all Taylor polynomials of

degree < m of rational functions of degree < (d,e) in n variables is called

the Taylor variety and denoted 7', ..

Main questions: dimension, defining equations, hypersurfaces...
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Main motivation: Padé Approximation

Central question of Approximation Theory and Computer Algebra.

Given a function f, known through its Taylor approximation up to some order
m, find two polynomials p, ¢ of degree d, e, such that

& f mod z™t!

More generally given fi,..., fs, find (p1,...,ps) such that

pifi+--+psfs=0 mod [ ~+ syzygy modules

The geometry of Taylor varieties is related to
® existence of solutions: is there such a rational function approximation?

® uniqueness/identifiability: how many rational function approximations?
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Dimension

The Taylor variety 77", ,,, C P s irreducible, as (closure of the)
image of the following morphism:

(U C(njird)x(c(me) - e
(P,Q) — T:= Z ey

[v]<m

Its dimension is bounded by the expected dimension:

dim(77% ) < expdim(7% ,,,) ;= min <n ;m> . <njl—d> N (nl—e) _2

ambient dimension number of parameters

!

this inequality can be strict when n > 2.
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Univariate case (n = 1) Xtim B o @

Fix d,e €N, and let T'= 1+ ¢z + co2® + - - - + ¢, 2™ € Clz).
We define the (m — d) x (e + 1) (univariate) Padé Matrix:

Cm Cm—1 - Cm—e
Cm—1 Cm—2 ' Cm—e—1
My =
(:d+2 CdJrl e (/’d,eJrQ
Cd+1 Cd st Cd—et1

B The Taylor variety 7;,,, C P™ has the expected dimension min{d + e,m}

M If d+e > m, then 7:11,e,m = P™ (in words, every degree-m polynomial is a Taylor
polynomial of a rational function of degree < (d, ¢))

B If d + e < m, its defining ideal is the (prime) ideal of e + 1 minors of My, and it
equals some secant variety of the rational normal (moment) curve of degree m
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Multivariate Padé Matrix
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Define My 1, = monomials® in = of degree between d + 1 and m.

The Padé Matrix M constructed before is the matrix of the linear map

C[x]ﬁe — (C[x]ﬁe-i—m — C{Md+1,m}7
QT restricted to Myi1 .

Q —

For instance for (n,d,e,m) =

C30
C21

1 c12
Q= |qo1| — |co3

q10 €20
c11
Co2

QT

0
€20
C11
Co2

C10
Co1

qo1
q10

TTTTTTT

coeff.
coeff.
coeff.
coeff.
coeff.
coeff.
coeff.

(2,1,1,3) the linear map is

of 23 of P:=QT
of 2%y

of .’17}/2

of 3

of 22

of zy

of ;1/2

'These coefficients of Q1" must vanish if 7" is the Taylor polynomial of some P/Q.
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Example (n,d,e,m) = (2,1,1,3) (continued) ~XUim B % @

The variety 7% 5 C PY contains ternary cubics that are (order 3) Taylor
polynomials of rational functions of degree (1,1):

1+ prox + pory

= 1+cpr+c —|--.._|_c:x2—|—c; 3+ z, !
1+ qior + g1y 10 01y 122Y 03Y {z,y)

The ideal I3(M7) of maximal minors of My has the expected codimension
5, but it is not prime: it has two components, one of which is the (prime)
ideal of 7'{27173.

Conclusion: For n > 2, taking maximal minors of the Padé Matrix is not

sufficient to get the equations of 7', .
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Defective cases
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The variety 7'2%2’3 C P has codimension 2 (expected to be a hypersurface)

c300 O 0
c210 0 c200
c201 c200 O
ci20 0 ci10
€111 €110 €101
det c102 cio1 O
co30 0 co20
€021 €020 CO11
€012 €011 €002
co03 coo2 0

€200
€110
c101
€020
cot1
€002
0
0
0
0

oo OoOo

€100

0
€010
€001

0 0 0 0 C100

0 0 0 cio0 cot0

0 0 cioo 0 coo1
cip0 0 co10 coo1 O 0

0 0 coo1

0 coio 0O O
co10 coor 0 0
coor O 0 0

0 0 0 0

oo o0o

The variety T35 g C P*¥ is a hypersurface (expected to fill the whole P?9)

Indeed, the maximal minors of the Padé Matrix have one common factor.

Conjecture

- For n. =2, all Taylor varieties 77, ,,

are non-defective.

- For n > 3 there are only finitely-many defective cases.
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Hessians
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The variety 71271,2 is known as the Perazzo® cubic surface. It has vanishing
Hessian: the determinant of Hessian matrix is identically zero.

co0 cio O 2‘;20
—C11
Mp = |ci1 co1 cio| and H =
—C10
c2 0 co1 2¢o1
thus det(H) = 0.
Let n > 2. If 7%, is a hypersurface, then it has
Conjecture.

—c11 0 —ci0 2co1
2co2 2c10 —co1 O

2c10 0 0

—co1 O 0

0
0 0 0 0

vanishing Hessian.

7;11’67d+e+1 has zero Gaussian curvature, for every d > 1,e > 2, that is, its
Hessian determinant is a multiple of the defining polynomial of 7:11’6,d+e+1.

2U. Perazzo, Sulle varietd cubiche la cui hessiana svanisce identicamente. G. Mat.
Battaglini 38 (1900), 337-354
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Taylor varieties are defined as set of Taylor polynomials of rational functions
Classical well-known varieties for n = 1 (secants to rational normal curve)

Interesting phenomena for n > 2 : defectivity, vanishing Hessians...

Available on arXiv/2304.00712
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