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HOMEWORK / EXERCICES SESSION 4

Monomials and monomial order

Exercise 1. Let < be a monomial order, % and z? be two monomials in M,,. Show that
x®|xf implies = < xP.

Exercise 2. Let I be an ideal of K[z, ., z,], show that in(]):= <LT(I) >={LT(p)|pe I} is an
ideal (of course a monomial one).

Exercise 3. Find an instance of two monomial such that they do not form a Grobner basis of
the ideal they generate, i.e. find I = <x®, z? > such that {x®, P} is not a Grobner of I.

Exercise 4. Let I, Iy and I5 be three monomial ideals. Prove that (I3 + Io) N Is = (I; N I3) +
(IaN13).

Exercise 5. Let I; and I; be two monomial ideals, show that I3 N I3 is a monomial ideal (you
can use preecedings exercices).

Basics on Grobner basis

Exercise 6. Let fi=2%y+z and fo=xz+ycKlz,y, 2]
1. Compute a Grobner basis of < f1, fo > for lex order with = >y > z.

2. Dividing f = 2223 — zy? — zy® + 22 by the computed Grébner basis, show that f € < fi,
f2>. Would you be able to conclude without computing the Grobner basis ?

3. Determines ¢q; and g2 € K[z, y, 2] such that f=q f1+ g2 fo.
Exercise 7. Let I be an ideal of K[z, ..., z,] and G be a finite subset of I. Show that G is a

Grobner basis of I with respect to a given monomial order < if and only if for each f € I the
remainder of the division of f by G is 0.



