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1 Introduction and main results

Let Ω ⊆ R
N be bounded domain with smooth boundary Γ. In Ω, we consider the Reaction-

Diffusion systems of the form

(P )





u1t − d1 4w1 + R g(w1 − w2) = f1, w1 = ϕ1(u1) in Q := Ω × (0, T )

u2t − d2 4w2 −R g(w1 − w2) = f2, w2 = ϕ2(u2) in Q := Ω × (0, T )

∂~nw1 + z1 = 0, z1 ∈ γ1(w1) in Σ := Γ × (0, T )

∂~nw2 + z2 = 0, z2 ∈ γ2(w2) in Σ := Γ × (0, T )

u1(x, 0) = u01(x) u2(x, 0) = u02(x) in Ω,

where for i = 1, 2; di is a positive constant, ϕi is strictly increasing continuous function
with ϕi(0) = 0 and γi is maximal monotone graph in R × R such that 0 ∈ γi(0) and

(H1) D(γi) = R or D(γi) = {0}.

Many particular cases of ϕi correspond to problems that arise in many applications. For
instance, ϕi(r) = |r|miSign0(r), with mi > 1 describes a slow nonlinear diffusion ([2],
[15]); mi = 1 corresponds to the classical heat equations and 0 < mi < 1 is the fast
diffusion equation case. On the other hand, γi may be multivalued and this allows the
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boundary condition to include the Dirichlet (taking γi = {0} × R) and the Neumann
boundary condition (taking γi = R × {0}) as well as many other possibilities.

This kind of systems appears in numerous application with nondecreasing continuous
function g such that g−1{0} = 0 and nonnegative reaction rate. It was introduced in
[9] to describe some problems intervening in model of heat conduction in a composite
material, diffusion phenomena in a heterogeneous medium as fractured porous medium.
It arises also from modelling interacting evolution of two mobile species for the reversible
chemical reactions (cf. [8], [10], [2], [4], [14]). Roughly speaking, g describes the exchange
between the two components w1 and w2, and R is the rate of the exchange. For instance,
in modelling a diffusion processes within a medium composed of two components which
involves phase change, the term R g is related to the surface area common to the two
components and measure the homogeneity of the material (for more details concerning
the physical situations of system (P ), one can see [14]).

Existence and uniqueness of a solution for this kind of system is more or less well
known. For instance, in the case of Dirichlet boundary condition and ϕ2 = 0, existence
and uniqueness of a solution was established in [9] by using the H−1 theory. Then in [16]
and in [13] the authors show that the theory of nonlinear semigroups may be applied to
prove the existence of an unique mild solution (nonlinear semigroups solution). Among
our result in this paper, we extend these results to the case where R depends on space
(see Proposition 3.3) and we prove that mild solution is the unique weak solution of (P ).

In many situation changes due to reaction are very fast compared with diffusive effects.
This corresponds to large value for the rate R, and a natural question then is the passage
to the limit in the system by letting R → ∞. This kind of question is familiar in the context
of reaction-diffusion systems (see [14], [8] ). For the problem (P ) related situations was
studied in [16] and [8]. As expected, the two components w1 and w2 coincides in the limit
and satisfy the nonlinear heat equation.

Our main interest in this paper remains in the study of the case where the reaction is
very large in a localized region of Ω. More precisely, assume Ω0 ⊆ Ω and Ω1 = Ω \ Ω0,

R = Rk(x) = a(k)χΩ0
(x) + R1(x)χΩ1

(x) a.e. in Ω

and a(k) is a strictly positive function such that a(k) → ∞ as k → ∞. Let us denote by
(uk

1, u
k
2) the solution of the system

(P k)





u1t − d1 4w1 + Rk g(w1 − w2) = f1, w1 = ϕ1(u1) in Q := Ω × (0, T )

u2t − d2 4w2 −Rk g(w1 − w2) = f2, w2 = ϕ2(u2) in Q := Ω × (0, T )

∂~nw1 + z1 = 0, z1 ∈ γ1(w1) in Σ := Γ × (0, T )

∂~nw2 + z2 = 0, z2 ∈ γ2(w2) in Σ := Γ × (0, T )

u1(x, 0) = u01(x) u2(x, 0) = u02(x) in Ω,

In contrast, of the case where the reaction is large in all Ω, our situation is more
difficult. Indeed, by letting k → ∞, the components w1 and w2 coincide in Ω0, where they
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satisfy some nonlinear heat equation and in Ω1, (w1, w2) satisfies the reaction-diffusion
system with R1 g as a reaction term. But, in order to close the problem one needs to
add some conditions on the boundary of Ω0. To handle the problem, we introduce a new
notion of solution for the limiting problem which includes the condition on the solution
in all Ω. Moreover, notice that the limit is singular. Indeed, since in the limiting problem
ϕ1(u1) and ϕ2(u2) coincide in Ω0, then this needs to be true also for the initial data. So,
in the passage to the limit with non compatible initial data, it appears a boundary layer in
the neighborhood of t = 0. To overcame this difficulty, we use nonlinear semigroup theory
and our recent paper [12]. To summarize our main result, assume that Rk : Ω → R

+ is a
measurable function such that Rk ∈ BV (Ω) and we introduce the following set

K =
{

(ξ1, ξ2) ∈ L1(Ω) × L1(Ω) such that ξ1 = ξ2 a.e. in Ω0

}
and U0 := (u01, u02)

where

u01(x) =

{
u01(x) in Ω1

ũ01(x) in Ω0
u02(x) =

{
u02(x) in Ω1

ũ01(x) in Ω0
,

ũ01(x) := [I + ϕ−1
2 ◦ϕ1]

−1(u01 + u02) and ũ02(x) := [I + ϕ−1
1 ◦ϕ2]

−1(u01 + u02). As usual,
we denote by Tl the truncation function defined by Tl(s) = min ( max(s,−l), l), ∀ l > 0.
Our main result is

Theorem 1.1 Let U0 = (u01, u02) ∈ L∞(Ω)×L∞(Ω), (f1, f2) ∈ L∞(Q)×L∞(Q). Then
(P k) has a unique weak solution Uk := (uk

1, uk
2) (in the sense of Proposition 3.3). As

k −→ ∞, we have

Uk −→ U := (u1, u2) in C
(
(0, T ), L1(Ω) × L1(Ω)

)
,

where (u1, u2) is the unique solution in the following sense: U(0) = U0 and for i = 1, 2;

ui ∈ C
(
[0, T ]; L1(Ω)

)
∩ L∞(Q), ∃wi ∈ L2

(
0, T ; H1(Ω)

)
and ∃ zi ∈ L2(Σ) such that

wi = ϕi(ui) a.e. in Q, zi ∈ γi(wi) a.e. in Σ, and for any l > 0, we have

d

dt

∫

Ω

∫ u1

0
Tl(ϕ1(r) − ξ1)dr + d1

∫

Ω
Dw1DTl(w1 − ξ1) +

∫

Γ
z1Tl(w1 − ξ1)

+
d

dt

∫

Ω

∫ u2

0
Tl(ϕ2(r) − ξ2)dr + d2

∫

Ω
Dw2DTl(w2 − ξ2) +

∫

Γ
z2Tl(w2 − ξ2)

+

∫

Ω1

R1(x)g(w1 − w2)
(
Tl(w1 − ξ1) − Tl(w2 − ξ2)

)
≤

∫

Ω
f1Tl(w1 − ξ1)

+

∫

Ω
f2Tl(w2 − ξ2) in D′(0, T ),

for any (ξ1, ξ2) ∈
(
C1(Ω) × C1(Ω)

)
∩ K.

To use nonlinear semigroup theory and the results of [12], we begin by studying the
elliptic problem associated with (P k). This is the aim of the following section. Section 3
is devoted to the evolution problem; we also prove that the mild solution is the unique
weak solution of (P k) and state the convergence result. In section 4 we use the notion of
integral solutions to prove the uniqueness of solutions.
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2 Stationary problem

Through the implicit discretization in time arising in the theory of nonlinear semigroup,
the study of (P k) is closely connected to the associate stationary problem which is

Sk(f1, f2)





v1 − d1 4w1 + Rk(x)g(w1 − w2) = f1, w1 = ϕ1(v1) in Ω

v2 − d2 4w2 −Rk(x)g(w1 − w2) = f2, w2 = ϕ2(v2) in Ω

∂~nw1 + z1 = 0, z1 ∈ γ1(w1) in Γ

∂~nw2 + z2 = 0, z2 ∈ γ2(w2) in Γ.

Proposition 2.1 Let (f1, f2) ∈ L∞(Ω)×L∞(Ω), there exists a unique solution (v1, v2) ∈
L∞(Ω) × L∞(Ω) of Sk(f1, f2) in the sense that for i = 1, 2; there exists wi ∈ H1(Ω) and
zi ∈ L2(Γ) such that wi = ϕi(vi) a.e. in Ω, zi ∈ γi(wi) a.e. in Γ, and

di

∫

Ω
DwiDξi + (−1)i−1

∫

Ω
Rk(x)g(w1 − w2)ξi +

∫

Γ
ziξi =

∫

Ω
(fi − vi)ξi (1)

for any ξi ∈ H1(Ω). Moreover, we have the following estimates:

1. ||(v1, v2)||∞ ≤ ||(f1, f2)||∞ .

2.

∫

Ω
(|Dw1|

2 + |Dw2|
2) ≤ C ′, where C ′is a constant independent of k.

Lemma 2.2 Given (f1, f2) ∈ L∞(Ω)×L∞(Ω) and for i = 1, 2; we suppose that ϕi, ϕ−1
i , γ−1

i

and g are Lipschitz continuous functions, then there exist a unique solution of Sk(f1, f2)
in the sense of the proposition (2.1).

Proof. The proof follows the same manner as in [13].

Proof of Proposition 2.1. For i = 1, 2, let ϕλ
i , γλ

i and gλ be the Yoshida approximations
of ϕi, γi and g respectively, and we define ϕ̂λ

i (r) = ϕλ
i (r)+λr. It is clear that ϕ̂λ

i , (ϕ̂λ
i )−1, γλ

i

and gλ are Lipschitz continuous functions, so that by Lemma 2.2, there exists a unique
weak solution (vλ

1 , vλ
2 ) of the problem Sk(f1, f2), moreover we have

||(vλ
1 , vλ

2 )||∞ ≤ ||(f1, f2)||∞ (2)

and, since |ϕλ
i (r)| ≤ |ϕ0

i (r)|, then

||ϕ̂λ
i (vλ

i )||L∞(Ω) ≤ ||ϕ0
i (v

λ
i )||L∞(Ω) + λ||vλ

i ||L∞(Ω)

≤ ϕ0
i (||(f1, f2)||∞) + λ||(f1, f2)||∞,
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and for λ small enough, we have

||ϕ̂λ
i (vλ

i )||L∞(Ω) ≤ M1 (3)

where M1 is a constant depending only on Ω and ϕ0
i (||(f1, f2)||∞). A similar argument

shows that

||gλ(ϕ̂λ
1(vλ

1 ) − ϕ̂λ
2(vλ

2 ))||L∞(Ω) ≤ g(||ϕ̂λ
1(vλ

1 )||L∞(Ω) + ||ϕ̂λ
2(vλ

2 )||L∞(Ω))

and

||Rkg
λ(ϕ̂λ

1(vλ
1 ) − ϕ̂λ

2(vλ
2 ))||L∞(Ω) ≤ M2 (4)

where M2 is a constant depending only on Ω, g, M1 and ||Rk||∞. Now, taking wλ
i = ϕ̂λ

i (vλ
i )

as test function in the definition of solution of Sk(f1, f2), we get

di

∫

Ω
|Dwλ

i |
2 + (−1)i−1

∫

Ω
Rk(x)gλ(wλ

1 − wλ
2 )wλ

i +

∫

Γ
zλ
i wλ

i =

∫

Ω
(fi − vλ

i )wλ
i

where zλ
i = γλ

i (wλ
i ), so that by using the fact that γλ

i and ϕ̂λ
i are nondecreasing, we deduce

that

di

∫

Ω
|Dwλ

i |
2 ≤ (−1)i

∫

Ω
Rk(x)gλ(wλ

1 − wλ
2 )wλ

i +

∫

Ω
fiw

λ
i

≤ ||Rkg
λ(wλ

1 − wλ
2 )||L∞(Ω)||w

λ
i ||L1(Ω) + ||fi||L1(Ω)||w

λ
i ||L∞(Ω)

≤ M3

(5)

with M3 is independent of λ. Therefore (ϕ̂λ
1(vλ

1 ), ϕ̂λ
2(vλ

2 )) is bounded in H1(Ω) × H1(Ω),
hence weakly sequentially compact in L2(Ω) × L2(Ω). On the other hand, by Lemma 4.4
(see the appendix) we have

∫

Ω”
ψ(x)(|vλ

1 (x + y) − vλ
1 (x)| + |vλ

2 (x + y) − vλ
2 (x)|)

≤ max(d1, d2)

∫

Ω′

|∆ψ(x)|(|wλ
1 (x + y) − wλ

1 (x)| + |wλ
2 (x + y) − wλ

2 (x)|)+
∫

Ω′

ψ(x)(|f1(x + y) − f1(x)| + |f2(x + y) − f2(x)|)

+2

∫

Ω′

ψ(x)(|Rk(x + y) −Rk(x)||gλ(wλ
1 − wλ

2 )|)

where Ω′ and Ω” are open subsets of Ω such that Ω′ ⊆ Ω, Ω” ⊆ Ω′.

Using (5) and the fact that Rk ∈ BV (Ω), we obtain

lim sup
y→0 λ>0

∫

Ω”
(|vλ

1 (x + y) − vλ
1 (x)| + |vλ

2 (x + y) − vλ
2 (x)|) = 0. (6)



Localized large Reaction N. Igbida , F. Karami 6

Combining (2) and (6), then we deduce that (vλ
1 , vλ

2 ) is precompact in L1(Ω) × L1(Ω).

Moreover, by (4) we have gλ
(
ϕ̂λ

1(vλ
1 ) − ϕ̂λ

2(vλ
2 )

)
is weakly sequentially compact in L1(Ω).

Then, there exists λn → 0, such that




(vλn

1 , vλn

2 ) → (v1, v2) strongly in L1(Ω) × L1(Ω)

(ϕ̂λn

1 (vλn

1 ), ϕ̂λn

2 (vλn

2 )) → (w1, w2) strongly in L2(Ω) × L2(Ω)

(zλn

1 , zλn

2 ) → (z1, z2) weakly in L2(Γ) × L2(Γ)

gλn(ϕ̂λn

1 (vλn

1 ) − ϕ̂n
λn

2 (vλn

2 )) → h weakly in L1(Ω).

Then, by using a standard monotonicity argument, we deduce that h = g(w1 − w2) and
for i = 1, 2 wi = ϕi(vi) and zi ∈ γi(wi). Finally, passing to the limit in

di

∫

Ω
Dwλ

i Dξi + (−1)i−1

∫

Ω
Rk(x)gλ(wλ

1 − wλ
2 )ξi +

∫

Γ
zλ
i ξi =

∫

Ω
(fi − vλ

i )ξi

we obtain (1), and the first part of the proof is complete.
Now, to finish the proof we prove the estimates 1) and 2). Passing to the limit in (2), we
obtain 1).
To prove 2), we take wk

i as test function in (1), then we have

di

∫

Ω
|Dwk

i |
2 + (−1)i−1

∫

Ω
Rk(x)g(wk

1 − wk
2)wk

i +

∫

Γ
zk
i wk

i =

∫

Ω
(fi − vk

i )wk
i .

So we have γi and ϕi are monotones, whence it follows that vk
i wk

i ≥ 0 and zk
i wk

i ≥ 0.
Summing the equation satisfied for i = 1 and the equation satisfied for i = 2 we deduce

d1

∫

Ω
|Dwk

1 |
2 + d2

∫

Ω
|Dwk

2 |
2 +

∫

Ω
Rk(x)g(wk

1 − wk
2)(wk

1 − wk
2) ≤

∫

Ω
(f1w

k
1 + f2w

k
2)

whence it follows that

d1

∫

Ω
|Dwk

1 |
2 + d2

∫

Ω
|Dwk

2 |
2≤ ||f1||L1(Ω)ϕ

0
1(||v

k
1 ||L∞(Ω)) + ||f2||L1(Ω)ϕ

0
2(||v

k
2 ||L∞(Ω)).

This ends up the proof of proposition.

Proposition 2.3 Let (f1, f2) ∈ L∞(Ω) × L∞(Ω) and (vk
1 , vk

2 ) the solution of Sk(f1, f2).
Then, as k −→ +∞, we have, for i = 1, 2 vk

i −→ vi, in L1(Ω), zk
i −→ zi, in L1(Γ)-weak

and wk
i −→ wi in H1(Ω)-weak. The triplet (vi, wi, zi) ∈

(
L1(Ω), H1(Ω), L1(Γ)

)
satisfies:
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wi = ϕi(vi) a.e. Ω, zi ∈ γi(wi) a.e. Γ, w1 = w2 a.e. Ω0, and

∫

Ω
v1(w1 − ξ1) +

∫

Ω
v2(w2 − ξ2) + d1

∫

Ω
Dw1D(w1 − ξ1) + d2

∫

Ω
Dw2D(w2 − ξ2)

+

∫

Ω1

R1(x)g(w1 − w2)
(
(w1 − ξ1) − (w2 − ξ2)

)
+

∫

Γ
z1(w1 − ξ1)

+

∫

Γ
z2(w2 − ξ2) ≤

∫

Ω
f1(w1 − ξ1) +

∫

Ω
f2(w2 − ξ2)

(7)

for any ξ := (ξ1, ξ2) ∈
(
H1(Ω) × H1(Ω)

)
∩ K. Moreover, the couple (v1, v2) is unique.

First, we prove the following lemma.

Lemma 2.4 For any a, b, , â, b̂ ∈ R we have

(
g(a − b) − g(â − b̂)

)(
Tl(a − â) − Tl(b − b̂)

)
≥ 0 ∀ l > 0.

Proof. Let l > 0 and we set Il :=
(
g(a − b) − g(â − b̂)

)(
Tl(a − â) − Tl(b − b̂)

)
then if

a − â ≥ l and b − b̂ ≤ −l we have Il = 2l
(
g(a − b) − g(â − b̂)

)
≥ 0.

If a − â ≥ l and −l ≤ b − b̂ ≤ l then Il =
(
g(a − b) − g(â − b̂)

) (
l − (b − b̂)

)

︸ ︷︷ ︸
≥0

≥ 0.

If a − â ≤ −l and −l ≤ b − b̂ ≤ l then Il =
(
g(a − b) − g(â − b̂)

) (
− l − (b − b̂)

)

︸ ︷︷ ︸
≤0

≥ 0.

If a − â and b − b̂ are on the same area of Tl then Il = 0. The remaining cases result by
permuting a with −â and b with −b̂.

Proof of Proposition 2.3. Convergence: Let (f1, f2) ∈ L∞(Ω)×L∞(Ω) and (vk
1 , vk

2 ) the

solution of Sk(f1, f2), then for i = 1, 2 we have vk
i ∈ L∞(Ω), wk

i ∈ H1(Ω) and zk
i ∈ L2(Γ).

On the other hand, using Proposition 2.1, we deduce that wk
i is bounded in H1(Ω), vk

i

is bounded in L∞(Ω) and vk
i = ϕ−1

i (wk
i ) then by choosing a subsequence vk

i (respectively
wk

i ) if necessary, such that as k goes to +∞, we have vk
i converges strongly to vi, in L1(Ω)

and wk
i converges to wi, weakly in H1(Ω) and strongly in L2(Ω). Using (H1), we have zk

i

is bounded in L∞(Γ), therefore zk
i ⇀ zi, in L1(Γ). Now, by the Dominate Convergence

Theorem,
g(wk

1 − wk
2) −→ g(w1 − w2), in L1(Ω).

On the other hand, we multiply the equation (1) by [a(k)]−1 and we let k → +∞, we get

lim
k→∞

∫

Ω0

g(wk
1 −wk

2)ξi = 0 for all ξi ∈ H1(Ω). Since g(wk
1 −wk

2) converge to g(w1 −w2) in

L1(Ω), we deduce that |g(w1 −w2)|L2(Ω0) = 0; hence g(w1 −w2) = 0 and w1 = w2 a.e. Ω0.

Now, taking (wk
i − ξi) as test function in (1) and adding both expressions, we obtain



Localized large Reaction N. Igbida , F. Karami 8

∫

Ω
vk
1 (wk

1 − ξ1) +

∫

Ω
vk
2 (wk

2 − ξ2) + d1

∫

Ω
Dwk

1D(wk
1 − ξ1)

+d2

∫

Ω
Dwk

2D(wk
2 − ξ2) +

∫

Γ
zk
1 (wk

1 − ξ1) +

∫

Γ
zk
2 (wk

2 − ξ2)

+

∫

Ω
Θk(x) =

∫

Ω
f1(w

k
1 − ξ1) + f2(w

k
2 − ξ2)

(8)

for any ξ1, ξ2 ∈ H1(Ω), where Θk(x) = Rk(x)g(wk
1 −wk

2)
(
(wk

1 − ξ1)− (wk
2 − ξ2)

)
. Assume

now, that ξ := (ξ1, ξ2) ∈ K and we decompose the integral of Θk in the following way

∫

Ω
Θk(x) =

∫

Ω0

Θk(x) +

∫

Ω1

Θk(x). (9)

It is not difficult to see that

∫

Ω0

Θk(x) ≥ 0, so that

∫

Ω
Θk(x) ≥

∫

Ω1

Θk(x) and

∫

Ω
vk
1 (wk

1 − ξ1) +

∫

Ω
vk
2 (wk

2 − ξ2) + d1

∫

Ω
Dwk

1D(wk
1 − ξ1) + d2

∫

Ω
Dwk

2D(wk
2 − ξ2)

+

∫

Ω1

R1(x)g(wk
1 − wk

2)
(
(wk

1 − ξ1) − (wk
2 − ξ2)

)
+

∫

Γ
zk
1 (wk

1 − ξ1)

+

∫

Γ
zk
2 (wk

2 − ξ2) ≤

∫

Ω
f1(w

k
1 − ξ1) + f2(w

k
2 − ξ2)

(10)

for any (ξ1, ξ2) ∈
(
H1(Ω) × H1(Ω)

)
∩ K. Now, letting k → ∞ and using Fatou Lemma,

we deduce that
∫

Ω
v1(w1 − ξ1) +

∫

Ω
v2(w2 − ξ2) + d1

∫

Ω
Dw1D(w1 − ξ1) + d2

∫

Ω
Dw2D(w2 − ξ2)

+

∫

Ω1

R1(x)g(w1 − w2)
(
(w1 − ξ1) − (w2 − ξ2)

)
+

∫

Γ
z1(w1 − ξ1)

+

∫

Γ
z2(w2 − ξ2) ≤

∫

Ω
f1(w1 − ξ1) +

∫

Ω
f2(w2 − ξ2)

which end up the proof of existence.

Uniqueness: Let V := (v1, v2) and Ṽ := (ṽ1, ṽ2) be two solutions respectively in the sense
of (7). Taking ξi = w̃i − Tl(wi − w̃i) for i = 1, 2; as a test function in the inequalities
satisfied by (v1, v2), we get

∫

Ω
v1Tl(w1 − w̃1) + d1

∫

Ω
Dw1DTl(w1 − w̃1) +

∫

Γ
z1Tl(w1 − w̃1)

+

∫

Ω
v2Tl(w2 − w̃2) + d2

∫

Ω
Dw2DTl(w2 − w̃2) +

∫

Γ
z2Tl(w2 − w̃2)

+

∫

Ω1

R1(x)g(w1 − w2)(Tl(w1 − w̃1) − Tl(w2 − w̃2))

≤

∫

Ω
f1Tl(w1 − w̃1) + f2Tl(w2 − w̃2) ∀l > 0.

(11)
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Now, taking ξi = wi − Tl(w̃i −wi) for i = 1, 2; as test function in the inequalities satisfied
by (ṽ1, ṽ2)

∫

Ω
ṽ1Tl(w̃1 − w1) + d1

∫

Ω
Dw̃1DTl(w̃1 − w1) +

∫

Γ
z̃1Tl(w̃1 − w1)

+

∫

Ω
ṽ2Tl(w̃2 − w2) + d2

∫

Ω
Dw̃2DTl(w̃2 − w2) +

∫

Γ
z̃2Tl(w̃2 − w2)

+

∫

Ω1

R1(x)g(w̃1 − w̃2)
(
Tl(w̃1 − w1) − Tl(w̃2 − w2)

)

≤

∫

Ω
f̃1Tl(w̃1 − w1) + f̃2Tl(w̃2 − w2) ∀l > 0.

(12)

Adding the inequalities (11) and (12), we get

∫

Ω
(v1 − ṽ1)Tl(w1 − w̃1) +

∫

Ω
(v2 − ṽ2)Tl(w2 − w̃2)

+d1

∫

Ω
D(w1 − w̃1)DTl(w1 − w̃1) + d2

∫

Ω
D(w2 − w̃2)DTl(w2 − w̃2)

+

∫

Γ
(z1 − z̃1)Tl(w1 − w̃1) +

∫

Γ
(z2 − z̃2)Tl(w2 − w̃2)

+

∫

Ω1

Θ̃l(x) ≤ (f1 − f̃1)Tl(w1 − w̃1) + (f2 − f̃2)Tl(w2 − w̃2) ∀l > 0,

(13)

where

Θ̃l(x) = R1(x)
(
g(w1 − w2) − g(w̃1 − w̃2)

)(
Tl(w1 − w̃1) − Tl(w2 − w̃2)

)
.

Since γ1, γ2 are monotone then (zi − z̃i)Tl(wi − w̃i) ≥ 0 for i = 1, 2; and by lemma 2.4, we

get Θ̃l(x) ≥ 0 a.e. x ∈ Ω1. We multiply (13) by
1

l
and letting l → 0, we obtain

||v1 − ṽ1||L1(Ω) + ||v2 − ṽ2||L1(Ω) ≤ ||f1 − f̃1||L1(Ω) + ||f2 − f̃2||L1(Ω),

and the proof of the Proposition concludes.

3 The evolution problem

In order to rewrite (P k) in an abstract form, let X = L1(Ω) × L1(Ω) a Banach space
endowed with the natural norm |(u1, u2)|X = ||u1||L1(Ω) + ||u2||L1(Ω), for any (u1, u2) ∈ X.
By considering U = (u1, u2) as map from [0, T ] into X, the abstract Cauchy problem
associated to (P k) is

CP k(U0, f1, f2)





Ut + AkU 3 (f1, f2) in (0, T )

U(0) := U0 = (u01, u02),
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where Ak is the operator in X defined by:

F ∈ AkU ⇔ F := (f1, f2) ∈ X, U := (u1, u2) ∈ X, f1 ∈ Ak
g,1u1 and f2 ∈ Ak

g,2u2;

where for i = 1, 2; the operators Ak
g,i are defined by

fi ∈ Ak
g,iui ⇔





ui, fi ∈ L1(Ω), ∃wi ∈ W 1,1(Ω), ∃zi ∈ L1(Γ)

wi = ϕi(ui) a.e. Ω, zi ∈ γi(wi) a.e. Γ, and

di

∫

Ω
DwiDξi + (−1)i−1

∫

Ω
Rk(x)g(w1 − w2)ξi +

∫

Γ
ziξi =

∫

Ω
fiξi

for any ξi ∈ W 1,∞(Ω).

We equipped X with the usual partial ordering (f1, f2) ≤ (g1, g2) if and only if f1 ≤ g1

and f2 ≤ g2 a.e. in Ω.

Remark 3.1 Thanks to [13] the operator Ak is T-accretive in X, moreover the relation
between the resolvents of the operators Ak, A0,1 and A0,2 is: (v1, v2) = (I +εAk)−1(f1, f2)
if and only if for i = 1, 2; vi = (I + εA0,i)

−1(fi − (−1)i−1εRk(.)g(w1 − w2)).

Remark 3.2 The operator Ak is m-T-accretive in X. Indeed, from the Remark 3.1, we
have Ak is T-accretive in X then Ak is T-accretive, and by the Proposition 2.1 we have
L∞(Ω) × L∞(Ω) ⊆ R(I + λAk) so by density we obtain R(I + λAk) = X for all λ > 0.

3.1 Existence of solution for (P k)

Using the general theory of nonlinear semigroups and thanks to remark 3.2, for any f1, f2 ∈
L1(Q) and u01, u02 ∈ L1(Ω) the problem CP k(U0, f1, f2) has a unique mild solution. Let
us denote it by (u1, u2) and show that is also a weak solution of (P k), thus obtaining.

Proposition 3.3 Let (u01, u02) ∈ L∞(Ω)×L∞(Ω) and (f1, f2) ∈ L∞(Q)×L∞(Q), then

(u1, u2) is a weak solution in the sense: for i = 1, 2; ui ∈ C
(
[0, T ]; L1(Ω)

)
∩ L∞(Q),

there exists wi ∈ L2
(
0, T ; H1(Ω)

)
and zi ∈ L2(Σ) such that wi = ϕi(ui) a.e. in Q,

zi ∈ γi(wi) a.e. in Σ, and

d1

∫ ∫

Q

Dw1Dξ1 +

∫ ∫

Q

Rk(x)g(w1 − w2)ξ1 +

∫ ∫

Σ
z1ξ1 =

∫ ∫

Q

u1ξ1t

+

∫

Ω
u01ξ1(0) +

∫

Q

f1ξ1

d2

∫ ∫

Q

Dw2Dξ2 −

∫ ∫

Q

Rk(x)g(w1 − w2)ξ2 +

∫ ∫

Σ
z2ξ2 =

∫ ∫

Q

u2ξ2t

+

∫

Ω
u02ξ2(0) +

∫

Q

f2ξ2,
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for any ξ1, ξ2 ∈ C1
(
[0, T ]×Ω

)
such that ξ1(., T ) = ξ2(., T ) ≡ 0. Moreover, for any t ≥ 0,

we have

1. ||(u1(t), u2(t))||∞ ≤ ||(u01, u02)||∞ + T ||(f1, f2)||∞

2.

∫ t

0

∫

Ω
(|Dwk

1 |
2 + |Dwk

2 |
2) ≤ C

where ||(u1, u2)||∞ = sup
(
||u1||L∞(Q), ||u2||L∞(Q)

)
and C is a constant independent of k.

Proof. Let (uε
1, uε

2) be the ε- approximate solution, and for ε = t/n, i = 1, ..., n, we have





ui
1 − εd1 4wi

1 + εRk(x)g(wi
1 − wi

2) = ui−1
1 + εf i

1 wi
1 = ϕ1(u

i
1) in Ω

ui
2 − εd2 4wi

2 − εRk(x)g(wi
1 − wi

2) = ui−1
2 + εf i

2 wi
2 = ϕ2(u

i
2) in Ω

∂~nwi
1 + zi

1 = 0 zi
1 ∈ γ1(w

i
1) in Γ

∂~nwi
2 + zi

2 = 0, zi
2 ∈ γ2(w

i
2) in Γ.

(14)

For q = 1, 2, the function uε
q is given by uε

q(t) = ui
q, for t ∈]ti−1, ti], uε

q(0) = u0q and

f1
q , ..., fn

q ∈ L∞(Ω) with
n∑

i=1

∫ ti

ti−1

||fq(t) − f i
q||L1(Ω) ≤ ε. Then, by Proposition 2.1, we

have ||(ui
1, ui

2)||∞ ≤ ||(u01, u02)||∞ + ε
N∑

j=1

||(f j
1 , f j

2 )||∞, hence

||(uε
1, uε

2)||∞ ≤ ||(u01, u02)||∞ +

∫ T

0
||(f1, f2)||∞. (15)

On the other hand, we know that wε
q = ϕq(u

ε
q) then

||wε
q||L∞(Ω) ≤ ϕq(||(u

ε
1, uε

2)||∞) := M ′ (16)

where M ′ is a constant independent of ε. Now, we take wi
1 (respectively wi

2) as test
function in the first (respectively the second) equation of (14) and we sum the equations
obtained, we find

∫

Ω
(ui

1 − ui−1
1 )wi

1 +

∫

Ω
(ui

2 − ui−1
2 )wi

2 + εd1

∫

Ω
|Dwi

1|
2 + εd2

∫

Ω
|Dwi

2|
2 + ε

∫

Γ
zi
1w

i
1

+ε

∫

Γ
zi
2w

i
2 + ε

∫

Ω
Rk(x)g(wi

1 − wi
2)(w

i
1 − wi

2) = ε

∫

Ω
f i
1w

i
1 + ε

∫

Ω
f i
2w

i
2.

(17)
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Let jq : R → [0,∞] be a convex l.s.c function such that jq(r) =

∫ r

0
ϕq(s)ds, then we have

∫

Ω
(ui−1

q − ui
q)w

i
q ≤

∫

Ω
(jq(u

i−1
q ) − jq(u

i
q)),

and, by using the monotonicity of ϕq, γq and g in (17), we see that

∫

Ω
j1(u

i
1) +

∫

Ω
j2(u

i
2) + εd1

∫

Ω
|Dwi

1|
2 + εd2

∫

Ω
|Dwi

2|
2 ≤

∫

Ω
j1(u

i−1
1 )

+

∫

Ω
j2(u

i−1
2 ) + ε

∫

Ω
f i
1w

i
1 + ε

∫

Ω
f i
2w

i
2.

(18)

Summing (18) for i = 1 to n then

∫

Ω
j1(u

ε
1) +

∫

Ω
j2(u

ε
2) + d1

∫ t

0

∫

Ω
|Dwε

1|
2 + d2

∫ t

0

∫

Ω
|Dwε

2|
2 ≤

∫

Ω
j1(u01)

+

∫

Ω
j2(u02) +

∫ t

0

∫

Ω
f1w

ε
1 +

∫ t

0

∫

Ω
f2w

ε
2

(19)

and since j1, j2 ≥ 0, it is easy to see that

min(d1, d2)

∫ t

0

∫

Ω
|Dwε

1|
2 + |Dwε

2|
2 ≤

∫

Ω
(j1(u01) + j2(u02)) + ||wε

1||∞||f1||∞ + ||wε
2||∞||f2||∞.

(20)

It follows from (15) and (20) that wε
q is bounded in L2

(
0, T ; H1(Ω)

)
, then there exists

wq ∈ L2
(
0, T ; H1(Ω)

)
such that wε

q → wq weakly in L2
(
0, T ; H1(Ω)

)
. On the other

hand, since uε
q → uq in C

(
[0, T ]; L1(Ω)

)
, wε

q is bounded in L∞(Q) and ϕq is continuous,

then by the Dominate Convergence Theorem, we have wε
q → wq in L1(Q). By using (H1)

we have zε
q ∈ γq(w

ε
q) is bounded in L∞(Σ), so that there exists zq ∈ L∞(Σ) such that

zε
q → zq weakly in L2(Σ). Using the monotonicity argument (cf. Lemma G [6]) we deduce

that wq = ϕq(uq), zq ∈ γq(wq) a.e. in Q. Now, Let ũε
q be the function defined from [0, T ]

to L1(Ω), by ũε
q(ti) = ui

q, and ũε
q defined by (14) then

d1

∫ ∫

Q

Dwε
1Dξ1 +

∫ ∫

Q

Rk(x)g(wε
1 − wε

2)ξ1 +

∫ ∫

Σ
zε
1ξ1 =

∫ ∫

Q

ũε
1ξ1t

+

∫

Ω
u01ξ1(0) +

∫ ∫

Ω
f ε
1ξ1

d2

∫ ∫

Q

Dwε
2Dξ2 −

∫ ∫

Q

Rk(x)g(wε
1 − wε

2)ξ2 +

∫ ∫

Σ
zε
2ξ2 =

∫ ∫

Q

ũε
2ξ2t

+

∫

Ω
u02ξ2(0) +

∫ ∫

Ω
f ε
1ξ1
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for any ξ1, ξ2 ∈ C1((0, T ] × Ω) such that ξ1(., T ) = ξ2(., T ) ≡ 0. Taking a limit as ε goes
to 0 in (15), (20 ) and the preceding equalities, we obtain respectively 1) , 2) and

d1

∫ ∫

Q

Dw1Dξ1 +

∫ ∫

Q

Rk(x)g(w1 − w2)ξ1 +

∫ ∫

Σ
z1ξ1 =

∫ ∫

Q

u1ξ1t

+

∫

Ω
u01ξ1(0) +

∫ ∫

Ω
f1ξ1

d2

∫ ∫

Q

Dw2Dξ2 −

∫ ∫

Q

Rk(x)g(w1 − w2)ξ2 +

∫ ∫

Σ
z2ξ2 =

∫ ∫

Q

u2ξ2t

+

∫

Ω
u02ξ2(0) +

∫ ∫

Ω
f1ξ1

for any ξ1, ξ2 ∈ C1((0, T ] × Ω) such that ξ1(., T ) = ξ2(., T ) ≡ 0. And the proof finished.

3.2 The limit problem

As an immediate consequence of proposition 2.3, we have the following

Corollary 3.4 As k −→ ∞, the operator Ak converges in X, in the sense of resolvent,
to the T-accretive operator A∞ defined, by

(f1, f2) ∈ A∞(v1, v2) ⇔





For i = 1, 2; vi ∈ L1(Ω), wi := ϕ(vi) ∈ H1(Ω),

∃zi ∈ L1(Γ), zi ∈ γ(wi) a.e. in Γ, and

d1

∫

Ω
Dw1D(w1 − ξ1) + d2

∫

Ω
Dw2D(w2 − ξ2)

+

∫

Γ
z1(w1 − ξ1) +

∫

Γ
z2(w2 − ξ2)+

∫

Ω1

R1(x)g(w1 − w2)
(
(w1 − ξ1) − (w2 − ξ2)

)

≤

∫

Ω
f1(w1 − ξ1) +

∫

Ω
f2(w2 − ξ2)

for any ξ = (ξ1, ξ2) ∈
(
H1(Ω) × H1(Ω)

)
∩ K.

(21)

In particular, we deduce that R(I + εA∞) ⊇ L∞(Ω) × L∞(Ω). This implies that A∞ is
m-T- accretive and A∞ generates a nonlinear semigroup of order preserving contractions
in X. Moreover we have

Proposition 3.5 D(A∞) = {(u1, u2) ∈ X, such that ϕ1(u1) = ϕ2(u2), a.e. in Ω0} :=
Y

In order to prove this proposition, let us prove the following
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Lemma 3.6 Let (f1, f2) ∈ L∞(Ω) × L∞(Ω) and (v1, v2) be the solution of the problem
S∞(f1, f2) in the sense of Proposition 2.3. Then (v1, v2) is a weak solution of





v1 − d1 4w1 + R1(x)g(w1 − w2) = f1 in D′(Ω1)

v2 − d2 4w2 −R1(x)g(w1 − w2) = f2 in D′(Ω1)

(v1 + v2) − (d1 + d2) 4w = f1 + f2, w1 = w2 := w in D′(Ω0)

Proof. Thanks to Proposition 2.3, there exists (v1, v2) solution of the problem S∞(f1, f2)
in the sense of (7). It is clear that, for any ξ ∈ H1

0 (Ω1) ∩ H1
0 (Ω) the couple (w1 ± ξ, w2)

is an admissible test function in (7), so

∫

Ω1

v1ξ + d1

∫

Ω1

Dw1Dξ +

∫

Ω1

R1(x)g(w1 − w2)ξ =

∫

Ω1

f1ξ. (22)

Similarly, we get
∫

Ω1

v2ξ + d2

∫

Ω1

Dw2Dξ −

∫

Ω1

R1(x)g(w1 − w2)ξ =

∫

Ω1

f2ξ. (23)

Now, let ξ ∈ H1
0 (Ω) be such that ξ = w1 = w2 := w a.e. Ω0. Taking ξ1 = ξ2 = ξ a.e. Ω in

(7) and using the fact that R1(x)g(w1 − w2)(w1 − w2) ≥ 0 a.e. Ω1, we obtain

∫

Ω1

v1(w1 − ξ) + d1

∫

Ω1

Dw1D(w1 − ξ) +

∫

Ω1

v2(w2 − ξ) + d2

∫

Ω1

Dw2D(w2 − ξ)
∫

Ω0

v1(w − ξ) + d1

∫

Ω0

DwD(w − ξ) +

∫

Ω0

v2(w − ξ) + d2

∫

Ω0

DwD(w − ξ)

≤

∫

Ω1

f1(w1 − ξ) +

∫

Ω1

f2(w2 − ξ) +

∫

Ω0

f1(w − ξ) +

∫

Ω0

f2(w − ξ)

Using (22) and (23), we get

∫

Ω0

(v1 + v2)(w − ξ) + (d1 + d2)

∫

Ω0

DwD(w − ξ) ≤

∫

Ω0

(f1 + f2)(w − ξ).

Taking ξ = w ± η with η ∈ H1
0 (Ω0), we deduce that

∫

Ω0

(v1 + v2)η + (d1 + d2)

∫

Ω0

DwDη =

∫

Ω0

(f1 + f2)η.

and the proof is finished .

Proof of Proposition 3.5. By density and the definition of A∞ we have D(A∞) ⊆ Y . To

prove that Y ⊆ D(A∞), it is enough to prove that Y ∩
(
L∞(Ω)×L∞(Ω)

)
⊆ D(A∞). So let
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u := (u1, u2) ∈ Y ∩
(
L∞(Ω)×L∞(Ω)

)
and consider uε := (uε

1, u
ε
2) = (I + εA∞)−1(u1, u2).

Since (uε
1, u

ε
2) ∈ D(A∞), it is enough to prove that for i = 1, 2; uε

i → ui in L1(Ω). Taking
ξ1 = ξ2 = 0 as a test function in the definition of the operator A∞, we get

d1

∫

Ω
|Dwε

1|
2 + d2

∫

Ω
|Dwε

2|
2 +

∫

Γ
(zε

1w
ε
1 + zε

2w
ε
2)+

∫

Ω1

R1(x)g(wε
1 − wε

2)(w
ε
1 − wε

2)

≤
1

ε

( ∫

Ω
(u1 − uε

1)w
ε
1 +

∫

Ω
(u2 − uε

2)w
ε
2

)

and by the Proposition 2.3, we have

||(uε
1, u

ε
2)||∞ ≤ ||(u1, u2)||∞ and ||(wε

1, w
ε
2)||∞ ≤ C||(u1, u2)||∞.

Using the monotonicity of ϕi, γi and g, we get

d1

∫

Ω
|Dwε

1|
2 + d2

∫

Ω
|Dwε

2|
2 ≤

1

ε

( ∫

Ω
(u1 − uε

1)w
ε
1 +

∫

Ω
(u2 − uε

2)w
ε
2

)

≤
1

ε

( ∫

Ω
u1w

ε
1 +

∫

Ω
u2w

ε
2

)

≤
1

ε
C ′,

where C ′ is a constant depending on Ω, ||(u1, u2)||∞, ϕ1 and ϕ2. Hence, for i = 1, 2, and
ε small enough, we have εDwε

i is bounded in L2(Ω), then as ε goes to 0, εwε
i −→ 0, in

H1(Ω)-weak, and by (H2) we get zε
i is bounded in L∞(Γ) then zε

i → zi, in L2(∂Ω)-weak.
On the other hand, using Lemma 3.6, we have (uε

1, uε
2) satisfies





uε
1 − ε d1 4wε

1 + ε R1(x)g(wε
1 − wε

2) = u1 in D′(Ω1)

uε
2 − εd2 4wε

2 − ε R1(x)g(wε
1 − wε

2) = u2 in D′(Ω1)

(uε
1 + uε

2) − ε (d1 + d2)4wε = u1 + u2, wε
1 = wε

2 := wε in D′(Ω0).

(24)

Thanks to lemma 4.4, we have

∫

Ω”i

ψ(x)(|uε
1(x + y) − uε

1(x)| + |uε
2(x + y) − uε

2(x)|)

≤ εmax(d1, d2)

∫

Ω′
i

|∆ψ(x)|(|wε
1(x + y) − wε

1(x)| + |wε
2(x + y) − wε

2(x)|)+
∫

Ω′
i

ψ(x)(|u1(x + y) − u1(x)| + |u2(x + y) − u2(x)|)

+2iε

∫

Ω′
i

ψ(x)(|R1(x + y) −R1(x)| |g(wε
1 − wε

2)|)

where for i = 0, 1; Ω′
i and Ω”i open sets of Ωi and Ω′

i ⊆ Ωi, Ω”i ⊆ Ω′
i.

Now, using the fact that R1 ∈ BV (Ω1), we obtain

lim sup
y→0 ε>0

∫

Ω”i

(|uε
1(x + y) − uε

1(x)| + |uε
2(x + y) − uε

2(x)|) = 0,
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hence (uε
1, uε

2) is precompact in L1(Ωi) × L1(Ωi), and consequently we have (uε
1, u

ε
2) is

weakly sequential compact in L1(Ω) × L1(Ω). Then, there exist εn → 0 such that for
i = 1, 2; uεn

i → ũ1 strongly in L1(Ω), εnDwεn

i → 0 weakly in L2(Ω) and εng(wεn

1 −wεn

2 ) → 0
weakly in L1(Ω). Passing to limit as εn → 0 in (24) we get ũ1 = u1, ũ2 = u2 in Ω1,
ũ1 + ũ2 = u1 + u2 and ϕ1(ũ1) := ϕ2(ũ2) in Ω0, so that ũ1 = u1 and ũ2 = u2 in Ω.

To apply Theorem 2.2 (cf. [12]), we consider the operator Ãk defined by Ãk = [a(k)]−1Ak

and we consider the associated elliptic problem of Ãk

Sk
r (f1, f2)





v1 − d1 4w1 + R
′

k(x)g(w1 − w2) = f1, w1 = ϕk
1(v1) in Ω

v2 − d2 4w2 −R
′

k(x)g(w1 − w2) = f2, w2 = ϕk
2(v2) in Ω

∂~nw1 + z1 = 0, z1 ∈ γk
1 (w1) in Γ

∂~nw2 + z2 = 0, z2 ∈ γk
2 (w2) in Γ

where ϕk
i = [a(k)]−1ϕi, γk

i = [a(k)]−1γi and R
′

k is the positive function defined by

R
′

k(x) = χΩ0
(x) + [a(k)]−1R1(x)χΩ1

(x) a.e. Ω.

We have,

Lemma 3.7 Let (f1, f2) ∈ L∞(Ω) × L∞(Ω) and (vk
1, v

k
2) be the solution of Sk

r (f1, f2) in
the sense of Proposition 2.1. Then, as k goes to +∞, for i = 1, 2; we have vk

i −→ vi, in
L1(Ω) and the couple (v1, v2) satisfies :





v1 + g(ϕ1(v1) − ϕ2(v2))χΩ0
= f1, a.e. in Ω

v2 − g(ϕ1(v1) − ϕ2(v2))χΩ0
= f2, a.e. in Ω.

Moreover, (v1, v2) is unique.

Proof. Thanks to Proposition 2.1, there exist (vk
1, v

k
2) a unique solution of SRk(f1, f2)

in the sense of (1). For i = 1, 2; we have vk
i ∈ L∞(Ω), wk

i ∈ H1(Ω), and zk
i ∈ L2(Γ) with

wk
i = ϕi(v

k
i ) and zk

i ∈ γi(w
k
i ) . Using a similar argument of the Proposition 2.3, there

exists a subsequence that we denote again by vk
i , such that as k goes to ∞, vk

i → vi in
L1(Ω), zk

i ⇀ 0 in L1(Γ) and Dwk
i ⇀ 0 in L2(Ω). By the Dominate Convergence Theorem,

we deduce that R
′

k(x)g(wk
1 −wk

2) −→ g(w1 −w2)χΩ0
, in L1(Ω). Passing to the limit in the

weak formulation, for i = 1, 2; we obtain
∫

Ω
viξi + (−1)i−1

∫

Ω0

g(w1 − w2)ξi =

∫

Ω
fiξi.

As consequence of this Lemma we have the following corollary
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Corollary 3.8 As k −→ ∞, the operator Ãk converge in X to the T -accretive operator
Ã∞ defined by

(f1, f2) ∈ Ã∞(v1, v2) ⇔





v1, v2, f1, f2 ∈ L1(Ω)
f1 = f2 = 0 a.e. in Ω1 and
f1 = −f2 = g(ϕ1(v1) − ϕ2(v2)) a.e. in Ω0.

Proposition 3.9 Let (u01, u02) ∈ L∞(Ω) × L∞(Ω) then a mild solution of the problem





Ut + Ã∞ U 3 (0, 0) in (0, T )

U(0) = U0

(25)

is a solution of the ordinary differential systems :

ED(g, u01, u02)





c1t + g(ϕ1(c1) − ϕ2(c2))χΩ0
= 0, in (0, T )

c2t − g(ϕ1(c1) − ϕ2(c2))χΩ0
= 0, in (0, T )

c1(0) = u01, c2(0) = u02

in the following sense: for i = 1, 2; ci ∈ W 1,1
(
0, T ; L1(Ω)

)
and the system is satisfy for

a.e (t, x) ∈ Q with ci(0) = u0i. Moreover

lim
t→∞

(c1(t), c2(t)) = (u01, u02) in L1(Ω) × L1(Ω)

and

u01(x) =

{
u01(x) in Ω1

ũ01(x) in Ω0
u02(x) =

{
u02(x) in Ω1

ũ01(x) in Ω0

where, ũ01(x) := [I + ϕ−1
2 ◦ ϕ1]

−1(u01 + u02) and ũ02(x) := [I + ϕ−1
1 ◦ ϕ2]

−1(u01 + u02).

Proof. Recall that by corollary 3.8 the operator Ãk converge to Ã∞, then a mild solution
Uk of the problem





Ut + Ãk U 3 0 in (0, T )

U(0) = U0,

converges to U (mild solution of (25)). Using, Proposition 3.3, for i = 1, 2; uk
i ∈ L∞(Q),

there exists wk
i ∈ L2

(
0, T ; H1(Ω)

)
, zk

i ∈ L∞(Σ) such that wk
i = ϕi(u

k
i ) a.e. in Q,

zk
i ∈ γi(w

k
i ) a.e. in Σ, and
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[a(k)]−1di

∫ τ

0

∫

Ω
Dwk

i Dξ+(−1)i−1
∫ τ

0

∫

Ω
R

′

k(.)g(wk
1 − wk

2)ξ

+[a(k)]−1

∫ τ

0

∫

Γ
zk
i ξ =

∫ τ

0

∫

Ω
uk

i ξt +

∫

Ω
u0ξ(0).

(26)

Moreover, uk
i , wk

i and g(wk
1 −wk

2) are bounded in L∞(Q) , zk
i is bounded in L∞(Σ) and wk

i

is bounded in L2
(
0, T ; H1(Ω)

)
, then we have [a(k)]−1Dwk

i → 0 weakly in L2
(
0, T ; H1(Ω)

)

and [a(k)]−1zk
i → 0 weakly in L2(Σ). Passing to limit in (26), we deduce that

(−1)i−1
∫ τ

0

∫

Ω0

g(ϕ1(c1) − ϕ2(c2)) ξ =

∫ τ

0

∫

Ω
ci ξt +

∫

Ω
u0i ξ(0).

Since, g(ϕ1(c1) − ϕ2(c2)) ∈ L1
(
(0, T ) × Ω0

)
ci ∈ W 1,1

(
0, T ; L1(Ω)

)
and, for a.e. x ∈ Ω,





c1t + g(ϕ1(c1) − ϕ2(c2))χΩ0
= 0 in (0, T )

c2t − g(ϕ1(c1) − ϕ2(c2))χΩ0
= 0 in (0, T )

c1(0) = u01 c2(0) = u02.

and this finishes the first part of the proof. Thanks to [11] there exist a measurable couple
of functions (c1∞, c2∞) such that as t → ∞, we have c1(t) −→ c1∞ , c2(t) −→ c2∞ a.e.
Ω, and g(ϕ1(c1∞) − ϕ2(c2∞)) = 0 a.e. Ω0 which implies that ϕ1(c1∞) = ϕ2(c2∞) a.e. Ω0

. On the other hand, adding both equations, we see that c1t + c2t = 0 a.e. Ω0, therefore
c1∞ + c2∞ = u01 + u01 a.e. Ω0. Then we conclude that c1∞ = [I + ϕ−1

2 ◦ ϕ1]
−1(u01 + u02)

and c2∞ = [I + ϕ−1
1 ◦ ϕ2]

−1(u01 + u02) a.e. x ∈ Ω. Thus the Lemma follows.

Lemma 3.10 We suppose that U0 = (u01, u02) ∈ L∞(Ω) × L∞(Ω), (f1, f2) ∈ L∞(Ω) ×
L∞(Ω) and Uk = (uk

1, u
k
2) a mild solution of problem CP k(U0, f1, f2), Then, as k → ∞,

we have

Uk −→ U := (u1, u2) in C
(
(0, T ); X

)

where U is a mild solution of problem

CP∞(U0, f1, f2)





Ut + A∞U 3 (f1, f2) in (0, T )

U(0) = U0 := (u01, u02).

and u01, u02 are given by the the preceding proposition.

Proof. Let Uk be a mild solution of problem CP k(U0, f1, f2), thanks to Corollary 3.4
(respectively Corollary 3.8) the operator Ak (respectively Ãk) converges to A∞ (re-

spectively Ã∞), using proposition 3.9 we have lim
t→∞

e−t eA∞ = (u01, u02) and we see that
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(u01, u02) ∈ D(A∞). Then applying Theorem 2.2 (cf. [12]), the result of the lemma fol-
lows.

Now we show that this mild solution is also a weak solution of limiting problem, thus
obtaining

Proposition 3.11 Let (u1, u2) be the mild solution of the problem CP∞(U0, f1, f2) given
by lemma 3.10. Then (u1, u2) is a weak solution in the sense of Theorem 1.1.

Firstly, we need the following Lemma.

Lemma 3.12 Suppose that U := (u1, u2) is a solution of problem (P k) in the sense of
Theorem 3.3. Then, for i = 1, 2; we have

d

dt

∫

Ω

∫ ui

0
Tl(ϕi(s) − ξi)ds + di

∫

Ω
DwiDTl(wi − ξi) +

∫

Γ
ziTl(wi − ξi)

+(−1)i−1

∫

Ω
Rk(x)g(w1 − w2)Tl(wi − ξi) =

∫

Ω
fiTl(wi − ξi) in D′(0, T )

(27)

for any ξi ∈ H1(Ω).

Proof. This is an immediate consequence of the Chain rule Lemma (see for instance [1],
[3]).

Proof of proposition 3.11. Let (uk
1, u

k
2) a solution of problem (P k) in the sense of

Theorem 3.3 and for i = 1, 2 we set wk
i = ϕi(v

k
i ) then we have

||(wk
1(t), wk

2(t))||∞≤ ϕ1(||(u01, u02)||∞) + ϕ2(||(u01, u02)||∞)

and ∫ ∫

Q

|Dwk
1 |

2 +

∫ ∫

Q

|Dwk
2 |

2 ≤ C a.e. t ∈ (0, T ),

where C is a constant independent of k. So, for i = 1, 2 wk
i is bounded in L2

(
0, T ; H1(Ω)

)

and there exists wi ∈ L2
(
0, T ; H1(Ω)

)
and a subsequence that we denote again by wk

i such

that wk
i −→ wi in L2

(
0, T ; H1(Ω)

)
-weak. On the other hand, (uk

1, u
k
2) is a mild solution,

then thanks to proposition 3.10 we have uk
i −→ ui, in C

(
[0, T ], L1(Ω)

)
and (u1, u2) is a

mild solution of CP∞(U0, f1, f2). Since (u1, u2) ∈ D(A∞), then

w1 = w2 a.e. Ω0 × (0, T ).

Thanks to lemma 3.12
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d

dt

∫

Ω

∫ uk

1

0
Tl(ϕ1(s) − ξ1)ds + d1

∫

Ω
Dwk

1DTl(w
k
1 − ξ1) +

∫

Γ
zk
1Tl(w

k
1 − ξ1)

+
d

dt

∫

Ω

∫ uk

2

0
Tl(ϕ2(s) − ξ2)ds + d2

∫

Ω
Dwk

2DTl(w
k
2 − ξ2) +

∫

Γ
zk
2Tl(w

k
2 − ξ2)

+

∫

Ω
Θk(x, t) ≤

∫

Ω
f1Tl(w

k
1 − ξ1) +

∫

Ω
f2Tl(w

k
2 − ξ2) in D′(0, T ),

for any ξ1, ξ2 ∈ C1(Ω), where Θk(x, t) = Rk(x)g(wk
1 − wk

2)
(
Tl(w

k
1 − ξ1) − Tl(w

k
2 − ξ2)

)
.

Taking (ξ1, ξ2) ∈ K, we decompose the integral Θk(x, t) in the same way as in (28) as
follow

∫

Ω
Θk(x, t) =

∫

Ω0

Θk(x, t) +

∫

Ω1

Θk(x, t) for all t ∈ (0, T ) (28)

To treat the first term, we consider the following sets

E1 := {x ∈ Ω0, such that |wk
1(t) − ξ| ≤ l and |wk

2(t) − ξ| ≤ l for all t ∈ (0, T )},

E2 := {x ∈ Ω0, such that |wk
1(t) − ξ| ≤ l and |wk

2(t) − ξ| ≥ l for all t ∈ (0, T )}

and

E3 := {x ∈ Ω0, such that |wk
1(t) − ξ| ≥ l and |wk

2(t) − ξ| ≤ l for all t ∈ (0, T )}.

Then
∫

Ω0

Θk(x, t) =

∫

E1

Rk(x)g(wk
1 − wk

2)(wk
1 − wk

2)︸ ︷︷ ︸
≥0

+

∫

E2

Rk(x)g(wk
1 − wk

2)(wk
1 − ξ − l)

+

∫

E3

Rk(x)g(wk
1 − wk

2)(l − wk
2 + ξ) for all t ∈ (0, T )

For a.e. x ∈ E2 we have :

wk
1 − ξ − l ≤ 0 then wk

1 ≤ wk
2 and Rk(.)g(wk

1 − wk
2)(wk

1 − ξ − l) ≥ 0.

For a.e. x ∈ E3 we have :

l − wk
2 + ξ ≥ 0 and wk

1 ≥ wk
2 then Rk(.)g(wk

1 − wk
2)(l − wk

2 + ξ) ≥ 0.

Consequently,

∫

Ω
Θk(x, t) ≥

∫

Ω1

Θk(x, t) for all t ∈ (0, T )

so that
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d

dt

∫

Ω

∫ uk

1

0
Tl(ϕ1(s) − ξ1)ds + d1

∫

Ω
Dwk

1DTl(w
k
1 − ξ1) +

∫

Γ
zk
1Tl(w

k
1 − ξ1)

+
d

dt

∫

Ω

∫ uk

2

0
Tl(ϕ2(s) − ξ2)ds + d2

∫

Ω
Dwk

2DTl(w
k
2 − ξ2) +

∫

Γ
zk
2Tl(w

k
2 − ξ2)

+

∫

Ω1

R1(x)g(wk
1 − wk

2)
(
Tl(w

k
1 − ξ1) − Tl(w

k
2 − ξ2)

)

≤

∫

Ω
f1Tl(w

k
1 − ξ1) +

∫

Ω
f2Tl(w

k
2 − ξ2) in D′(0, T ).

(29)

On the other hand, since
∫

Ω
Dwk

i DTl(w
k
i − ξi) =

∫

Ω
|DTl(w

k
i − ξi)|

2 +

∫

Ω
DξiDTl(w

k
i − ξi) ∀ t ∈ (0, T ),

then, for t ∈ (0, T )

lim inf
k→∞

∫

Ω
Dwk

i DTl(w
k
i − ξi) ≥

∫

Ω
DwiDTl(wi − ξi)

and passing to the limit in (29) the result of the proposition follows.

4 Uniqueness of weak solution

To prove uniqueness we use the concept of integral solution (cf. [5], [7]). Since Ak

(respectively A∞ ) is accretive in X, it is well known that mild solutions and integral
solutions of problem (P k) (respectively limiting problem ) coincide.

Definition 4.1 A function U := (u1, u2) ∈ C([0, T ], X) is an integral solution of CP k(U0, f1, f2)
(respectively CP∞(U0, f1, f2)) if for every (f̂1, f̂2) ∈ Ak(û1, û2) (respectively (f̂1, f̂2) ∈
A∞(û1, û2)), we have

d

dt

∫

Ω
|u1(t) − û1| +

d

dt

∫

Ω
|u2(t) − û2| ≤

∫

[u1(t)=û1]
|f1(t) − f̂1| +

∫

[u2(t)=û2]
|f2(t) − f̂2|

+

∫

Ω
(f1(t) − f̂1)Sign0(u1(t) − û1) +

∫

Ω
(f2(t) − f̂2)Sign0(u2(t) − û2) in D′(0, T ),

and U(0) = U0 (respectively U(0) = U0).

Remark 4.2 Let (u1, u2) be a weak solution of the problem (P k). Then it is also a
solution in the sense of Theorem 1.1.

Proposition 4.3 Let (u1, u2) a solution of problem (P k) (respectively limiting prob-
lem ) in the sense of Theorem 1.1. Then (u1, u2) is an integral solution of problem
CP k(U0, f1, f2) ( respectively CP∞(U0, f1, f2)).
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Proof. The proof for (P k) and the limiting problem are similar. To avoid to duplicate
similar argument we prove this proposition only for limiting problem. For i = 1, 2, let

wi ∈ L2
(
0, T ; H1(Ω)

)
, zi ∈ L2(Σ) such that wi = ϕi(ui) a.e. Q and zi ∈ γi(wi) a.e. Σ,

given by Theorem 1.1, and ŵi ∈ H1(Ω), ẑi ∈ L2(Γ) such that ŵi = ϕi(ûi) a.e. Ω and
ẑi ∈ γi(ŵi) a.e. Γ in (3.4). Since (ŵ1, ŵ2) ∈ K then one can take (ŵ1, ŵ2) as test function
in the definition of the solution of Theorem 1.1, so

d

dt

∫

Ω

∫ u1

0
Tl(ϕ1(r) − ŵ1)dr + d1

∫

Ω
Dw1DTl(w1 − ŵ1) +

∫

Γ
z1Tl(w1 − ŵ1)

+
d

dt

∫

Ω

∫ u2

0
Tl(ϕ2(r) − ŵ2)dr + d2

∫

Ω
Dw2DTl(w2 − ŵ2) +

∫

Γ
z2Tl(w2 − ŵ2)

+

∫

Ω1

R1(x)g(w1 − w2)(Tl(w1 − ŵ1) − Tl(w2 − ŵ2)) ≤

∫

Ω
f1Tl(w1 − ξ1)

+

∫

Ω
f2Tl(w2 − ξ2) in D′(0, T ),

(30)

On the other hand, using definition of the operator A∞ hence

d1

∫

Ω
Dŵ1DTl(ŵ1 − ξ1) + d2

∫

Ω
Dŵ2DTl(ŵ2 − ξ2) +

∫

Γ
ẑ1Tl(ŵ1 − ξ1) +

∫

Γ
ẑ2Tl(ŵ2 − ξ2)+

∫

Ω1

R1(x)g(ŵ1 − ŵ2)
(
Tl(ŵ1 − ξ1) − Tl(ŵ2 − ξ2)

)
≤

∫

Ω
f̂1Tl(ŵ1 − ξ1) +

∫

Ω
f̂2Tl(ŵ2 − ξ2)

for any ξ = (ξ1, ξ2) ∈
(
H1(Ω) × H1(Ω)

)
∩ K. For a.e. (x, t) ∈ (0, T ) × Ω0 we have

w1(t) = w2(t) , then (w1, w2) is an admissible test function in the definition of the operator
A∞, hence

d1

∫

Ω
Dŵ1DTl(ŵ1 − w1) +

∫

Γ
ẑ1Tl(ŵ1 − w1) + d2

∫

Ω
Dŵ2DTl(ŵ2 − w2)

+

∫

Ω1

R1(x)g(ŵ1 − ŵ2)(Tl(ŵ1 − w1) − Tl(ŵ2 − w2)) +

∫

Γ
ẑ2Tl(ŵ2 − w2)

≤

∫

Ω
f̂1Tl(ŵ1 − w1) +

∫

Ω
f̂2Tl(ŵ2 − w2) for t ∈ (0, T ).

(31)

Adding (30) and (31), we find

d

dt

∫

Ω

∫ u1

0
Tl(ϕ1(r) − ŵ1)dr +

d

dt

∫

Ω

∫ u2

0
Tl(ϕ2(r) − ŵ1)dr +

∫

Ω1

Θ̂(x, t)dx

+

∫

Γ
(z1 − ẑ1)Tl(w1 − ŵ1) +

∫

Γ
(z2 − ẑ2)Tl(w2 − ŵ1)

+d1

∫

Ω
D(w1 − ŵ1)DTl(w1 − ŵ1) + d2

∫

Ω
D(w2 − ŵ2)DTl(w2 − ŵ2)

≤

∫

Ω
(f1 − f̂1)Tl(ŵ1 − w1) +

∫

Ω
(f2 − f̂2)Tl(ŵ2 − w2) in D′(0, T ),

(32)
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where Θ̂(x, t) = R1(x)(g(w1 − w2) − g(ŵ1 − ŵ2))(Tl(w1 − ŵ1) − Tl(w2 − ŵ2)).

Using the fact that Sign0(ϕi(r) − ϕi(ûi)) = Sign0(r − ûi), then as l tends to 0 we obtain∫ ui(x,t)

0

1

l
Tl(ϕi(r) − ŵi(x))dr converge to |ui(x, t)) − ûi(x)| a.e. (t, x) ∈ Q. By Lebesgue

dominate convergence Theorem, it follows that, the term
d

dt

∫ ui(x,t)

0

1

l
Tl(ϕi(r)− ŵi(x))dr

converge to
d

dt

∫

Ω
|ui(x, t)) − ûi(x)| and

∫

Ω

1

l
(fi − f̂i)Tl(ŵi − wi) converge to

∫

Ω
(fi −

f̂i)Sign0(ŵi − wi).

We multiply (32) by
1

l
, using lemma 2.4 and passing to limit as l goes to 0, we obtain

d

dt

∫

Ω
|u1(t) − û1| +

d

dt

∫

Ω
|u2(t) − û2| ≤ −

∫

Ω
(f1 − f̂1)Sign0(u1(t) − û1)

−

∫

Ω
(f2 − f̂2)Sign0(u2(t) − û2) +

∫

[u1(t)=û1]
|f1 − f̂1| +

∫

[u2(t)=û2]
|f2 − f̂2| in D′(0, T ).

This finishes the proof of the Proposition.

Appendix

Lemma 4.4 Let F := (f1, f2) ∈ L∞(Ω) × L∞(Ω). If V := (v1, v2) is the solution of
the problem Sk(f1, f2), then for y ∈ R

N , ψ ≥ 0 and ψ ∈ C2(Ω) of support Ω′ := {x ∈
Ω; distance(x,Γ) < |y|}, then we have

∫

Ω′

ψ(x)(|v1(x + y) − v1(x)| + |v2(x + y) − v2(x)|)

≤ max(d1, d2)

∫

Ω′

|∆ψ(x)|(|w1(x + y) − w1(x)| + |w2(x + y) − w2(x)|)

+

∫

Ω′

ψ(x)(|f1(x + y) − f1(x)| + |f2(x + y) − f2(x)|)

+2

∫

Ω′

ψ(x)(|Rk(x + y) −Rk(x)||g(w1 − w2)|)

(33)

Proof. Using a similar techniques in [16]. Let (v1, v2) be the solution of the problem
Sk(f1, f2) in the sense of Proposition 2.1, we have

d1

∫

Ω′

D(w1(x + y) − w1(x))Dξdx +

∫

Ω′

(v1(x + y) − v1(x))ξdx

+

∫

Ω′

[Rk(x + y)g(w1(x + y) − w2(x + y)) −Rk(x)g(w1(x) − w2(x))]ξdx

=

∫

Ω′

(f1(x + y) − f1(x))ξdx

(34)
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for all ξ ∈ H1(Ω′) such that support(ξ) ⊂⊂ Ω′. Let ψ ∈ C2(Ω′), ψ ≥ 0 taking ξ =
ψHε(w1(x + y) − w1(x)) as function test in (34) and let Iε

1 the left term of the equation
(34), then

Iε
1 : =

∫

Ω′

DW [DψHε(W ) + ψH′
ε(W )DHε(W )]

≥

∫

Ω′

DWDψHε(W )

= −

∫

Ω′

W∆ψHε(W ) −

∫

Ω′

WDψH′
ε(W )DHε(W ),

where W = w1(x + y) − w1(x) and Hε(s) = inf(s+/ε, 1) for ε > 0 and s ∈ R . On the
other hand, by the definition of Hε that, as ε → 0 we have

WH′
ε(W ) → 0 and |WH′

ε(W )| ≤ 1 a.e. Ω′.

Consequently

lim
ε→0

∫

Ω′

WDψH′
ε(W )DHε(W ) = 0.

By letting ε → 0 in (Iε
1), we get

lim
ε→0

Iε
1 = lim

ε→0

∫

Ω′

W∆ψHε(W ) ≥ −

∫

Ω′

|W ||∆ψ|. (35)

Therefore, using the fact that ϕi, ϕ
−1
i , are continuous strictly increasing we obtain

lim
ε→0

∫

Ω′

(v1(x + y) − v1(x))ψHε(W )dx ≥

∫

Ω′

|v1(x + y) − v1(x)|ψ. (36)

Passing to limit in (34) as ε goes to 0 and using (35) and (36), we deduce that

∫

Ω′

ψ(x)|v1(x + y) − v1(x)| +

∫

Ω′

t(x)ψ(x)Sign0(w1(x + y) − w1(x))

≤ d1

∫

Ω′

|∆ψ(x)|(|w1(x + y) − w1(x)|) +

∫

Ω′

ψ(x)(|f1(x + y) − f1(x)|)
(37)

where t(x) = Rk(x + y)g(w1(x + y) − w2(x + y)) − Rk(x)g(w1(x) − w2(x)). A similar
argument shows

∫

Ω′

ψ(x)|v2(x + y) − v2(x)| −

∫

Ω′

t(x)ψ(x)Sign0(w2(x + y) − w2(x))

≤ d2

∫

Ω′

|∆ψ(x)|(|w2(x + y) − w2(x)|) +

∫

Ω′

ψ(x)(|f2(x + y) − f2(x)|).
(38)

On the other hand, we have
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J : = t(x)
(
Sign0(w1(x + y) − w1(x)) − Sign0(w2(x + y) − w2(x))

)

≥
(
Rk(x + y) −Rk(x)

)
g(w1(x) − w2(x))

(
Sign0(w1(x + y) − w1(x))

−Sign0(w2(x + y) − w2(x))
)

≥ −2
(
|(Rk(x + y) −Rk(x))g(w1 − w2)|

)
.

(39)

Adding (37) and (38) and using (39), the result of lemma follows.
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