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Abstract

In this paper, we consider evolution problems

dt

d
{ B 4t S Fon(eyum) 0 (0,7),
Um (0) = uom

where for m = 1,2,...00, A,, are m-accretive operators in a Banach
space X, F, : (0,7) x D(A,,) — X are Caratheodory functions
satisfying some assumptions, ug,, € D(A;,) and u,, the mild solu-
tion of the problems. Assuming that, as m — oo, A4, — Ay in
the sense of resolvent and F,, — F, in the natural sense, we prove
that if e_tAmuOm — e_tAoou()Oo fort > 0, then wu,; — U in
C((0,7); X). And, we apply this result to the limit as m — oo, of the
solution u,, of

up = Au™ +g(.,,u) on (0,T) x €,
u™ =0on (0,7) x 992, u(0,.)=f >0on Q.
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1 Introduction.

Consider the following problem

u = Au" 4+ g(u) on Q= (0,7) x Q
(Pn) u™ =0 on ¥ = (0,T) x 09
u(0,x) = f(x) on

where Q is a bounded open set in RY, f € L>=(Q), f > 0and g: Ry — R
is continuous with

d
(1.1) 9(0) 20, L <K inD(0,00),
r
with K € C(IRy) ; the time 7" > 0 is such that the solution of the o.d.e

M= g(M), g(0) = [Ifll

is defined on [0,T"). Then for every m > 1, there exists a unique solution of
(Py,) in the sense

we([0,7);L4) n L5, ([0,7) x Q) ,u >0, u(0,.) = f,
12 {um €L}, ([O,T); H&(Q)) , Uy = Au™ + g(u) in D'(Q).
Let denote this solution by u,, ; one has
(1.3) 0<u, <M ae on@Q forevery m>1.
In the case g = 0, it has been proved in [4] (see also [11], [13]) that
Un(t) = f = [Xtw=0) + X0 in L'(Q) for any t € (0,7),

where w is the unique solution of the ‘mesa problem’

w € Hy(Q), Aw € L=(), w >0,
0<Aw+ f<1, w(Aw+ f—1) =0 a.e Q.

We extend this result for any function ¢ satisfying the assumptions above,
and prove that
U = o 0 C((0,7); L1(Q))
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where u, is the unique solution of

loc

(P.) Uso(0,.) = £, Fwne € L2, ([0,7); Hy(Q)) , weo >0,

oo € C ([0,7); LNQ)) N L35, ([0,7) x Q) , 0 < uge < 1,

loc

Weoo(Uoo — 1) = 0 and aaugo = Awe + g(us) in D'(Q),

with i defined above.

Let u be the solution of the o.d.e

?j =g(u) on Q, u(0,.)= fonQ.

Notice that u is well defined on (), u > 0 and that
u<lon@ <& Ux=wuonQ.
This is in particular the case if g(1) < 0. In other words, if g(1) < 0 then
Up —u  inC ((O,T),Ll(Q)) as m — 00.

This last convergence has been shown in [14] for g(u) = —u?, by proving
again in the perturbed problem all the estimates of the case ¢ = 0. Our
approach is completely different .

We will obtain the results above in an abstract framework of perturbation
of nonlinear problem in a Banach space X. We consider evolutions problems

ds;" + At 3 Fp(yum) in (0,7T),

Um (0) = ugp,

for m = 1,2, ...00, where A,, are m-accretive operators in X, F,,, : (0,7) x
D(A,,) — X are Caratheodory functions satisfying assumptions, made pre-
cise below (corresponding to (1.1) in the concrete case above) and uq,, €
D(A;,). Our main result is : assume that, as m — oo, A,, = A in the
sense of resolvent and F,, — F,, in the natural sense (made precise be-

low), if e_tAmUOm — e_tAOOUOOO in X fort > 0, then u,, = Uy in
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C((0,7); X).

The asumptions and the main result in the abstract framework are pre-
sented in section 2. In section 3, we show how it applies for the concrete
problems (P,,) and in section 4, we made present other examples which will
be developed in [15].

2 Abstract framework.

Let X be a Banach space with norm |.| and braket [.,.] defined by :

et Ayl — e
S
If A is a m-accretive operator in X, i.e A : X — P(X) has a nonexpansive
resolvent Ji* = (I + AA)~" everywhere defined in X for every A > 0, then for
ug € D(A) (the closure in X of the effective domain D(A) = {z € X ; Ax #
0}) and f € Ly, ([0,T), X), the evolution problem

d
di:+Au9f on (0,7)

u(0) = ug
is well posed in the sense of mild solution (or integral solution) (see [3], [5],
[12]). If f =0, this solution is given by the exponential formula
— t \ "
u(t) =e tAuo = lim <I—|— A) Up.
n

n—oo

In general one has :

Lemma 1 . Let A be m-accretive in X, ug € D(A) and F : (0,T)xD(A) —
X satisfy

i) F is Caratheodory , i.e. t — F(t,x) is measurable for any x € D(A),
and x — F(t,x) is continuous for a.a. t € (0,7T)

ii) [z —2,F(t,x) — F(t,2)] < k(t)|z — 2|, for every x & € D(A),
and a.a. t € (0,T) with k € L,,.([0,7T))

ii) |F(t,z)| <c(t), for any x € D(A) and a.a. t € (0,T), with
¢ € L1,.([0,7)).



Then there exists a unique u € C ([0,T); X') mild solution of

du

P(A, F, ug) E‘FAUBF(.,U) on (0,7),
u(0) = uy.

Notice that, by the assumptions, F(.,u) € L}, (0, T, X) forany u € C ([0,7); X) .
Lemma 1 is well known if F(t,z) = f(t) + Fo(x) (since then A — Fy + kI is
m-accretive) ; we will give a proof of the general case at the end of this section.

We state the main result of this section :

Theorem 1 . For m = 1,2,...00, let A,, be m-accretive operators in X,

uom € D(An), Fi : (0,T) x D(Ay,) — X satisfy the assumptions i), 1), 1i1)
of Lemma 1 with k,c independent of m and u,, € C([0,T); X) be the mild
solution of P(Ap,, Fin, Uom). Assume that, as m — oo,

a) I+ A, 'e— (I+A) e in X for any x € X,
b) Fo(t,xm) — Fu(t,z) in X for a.a. t € (0,T) and
(zm)€ ]I (Am) such that zoo = lim xp,,

m=1,2...00

c) e_tAmu()m — e_tAOOUOOO in X fort>D0.

Then Uy — us i C((0,7); X) as m — oo.
Proof of Theorem 1. Let first assume, instead of ¢) ; that
Ugm — Ugse 1N X as m — 00 ;
as it is well known (see [9]), this assumption (together with a)) implies c),
more generally (see [3], [5]) : let f € L}, (0,7, X) and, for m = 1,2, ...00, vy,
be the mild solution of
dv,,

e +Apvn > f on (0,7),

Um(0) = Uom ;
then v, — vy in C([0,7);X) as m — oo. We apply this result with
| = Fuo(., us) such that v, = us. We have (see [3], [5])
d
dt

IN

[um - UmyFm('aum> - Foo(a”oo)]
Eltm — vm| + | Fon(yvm) — Fao(i, uso)|  in D'(0,T)

|um - vm|

IN
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where we have used the assumption 7). Then
t t
[Uum () — v (1)] < / els Hodre (s)ds
0

with €, = [Fin(.,vm) — Fso(., Uso)|. Since v, — us in C ([0,7); X), thanks
to b) and #4i), one has ¢,, — 0 in L, .([0,T)), and then  wu,, — v, — 0 in

loc

C ([0,7); X). The conclusion u,, = us in C ([0,7"); X) follows.

We prove now the result with the general assumption ¢) ; for 6 € (0,7),
set

Fo(t,x) = X EFm(t, )
and let u®, be the mild solution of P(A,,, tugm, F?2). Clearly

ud (t) = e tAmy,  fort e [0, 4],

5
m
and then by assumption c)

ul () — u’ () asm — oo.

m

Applying the first part of the proof on the interval (0,T"), one has
w —ul, inC([6,T),X) as m — oo.

On the other hand, using i), #ii), we have

4
dt

|um - ng|

S [Um - ufm Fm(-u um) - ng(? ufn)]
< X0, 6] + k|, — Ufn‘X((S, T) in D'(0,7),
such that
t(r)d 6
[ (t) — ul, (t)] < els H) T/ c(s)ds fortel[s,T).
0
Then for 0 < 0 <t <ty < T,

to §
lmsup  |um(t) — us(t)| < 2¢)s k(T)dT/ c(s)ds,
0

m—o0, t€[t1,t2]



such that the conclusion  w,, — us in C((0,7); X) follows.
g

Proof of the Lemma 1. Uniqueness is clear since, if u, @ are two mild

solutions of P(A, F,uy), one has

d
£|u—a\ < [u—1a,F(,u)— F(.,u)]

< klu—a| inD'((0,T)),

and then v = u. To prove existence we may assume 7' < oo and k,c €
LY(0,7).

Let X be the Banach space L' (0, T, pdt, X) with the weight p(t) = e~ Jo Qtk(m)ar
and A be the operator in X defined by

feAu &  feL'(0,T,X), ueC([0,T);X) is a mild solution of

{Z+Au(k+1)u9f on (0,T)

u(0) = uy.
The operator A is m-accretive in X ; indeed for f € Au, f € Ad
A d

p[u_ﬂaf_f] Zp%|u—ﬁ|+p'|u—ﬂ| n D,<O>T>7

such that
A~ T A o
wif-fly = [ [o—if - flod
> p(D)|u(T) —a(T)| = 0 ;

on the other hand for f € L' (0,7, X), using Banach fixed point Theorem,

u
one proves the existence of a mild solution of — 4 Au > ku+ f on (0,7,

dt
u(0) = ug, and then R (I +A) = X.
Let B be the map defined on

D(A) c {ue X ; u(t) e D(A) aa t(0,1)},

by  Bu(t) = k(t)u(t) — F(t,u(t)) ; using iz), B is accretive and, thanks to
i) and 7i7), B is continuous in X. Then A+ B is m-accretive (see [1], [5]) and
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there exists u € D (A) satisfying u + Au+ Bu 3 0, that is a mild solution
of P(A, F,uy).
g

Remarks. The assumption 7i7) in Lemma 1 may be relaxed : for instance
with the same proof, one has existence of a mild solution to P(A, F,ug) only
with 7),4i) and

[F(t, )] < colz +e, co € Ry, e € Li([0,T)).

Notice that one could also take multivalued perturbations F;, in Theorem
1 : see [15] for such examples.

3 An application.

Let Q be a bounded open set in RY, f € L®(Q) with f >0, T > 0, Q =
(0,7) x 2, and g : @ x Ry — IR satisfy
i) g(t,x,r) is continuous in r € R, for a.a. (¢,z) € Q,
i) g(.,r) €L, ([O,T) X ﬁ) for any r € Ry,
dg

i11) a—(t,x, ) < K in D'(0,00) for a.a. (t,7) € Q with K € C(R,),
r

iv) ¢(.,0) >0 a.e. on @,
v)  there exists M € W,,!([0,T)) such that
M'(t) > g(t,x, M(t)) foraa.. (t,z)€ Q and M(0) > ||f|lco-

Notice that these assumptions implies

g(.,u) € Ly, ([O,T) X Q) for any u € L. ([0, T) x Q)

loc
since
g(,R)— K(R).R< g(.,r) < g(,0)+K(R).R for0<r<R,
where K(R) = max K.
>

[0,R]
1, we consider the problem

u = Au" 4+ g(.,u) on Q
(Pn) u=0 on ¥ = (0,7) x 09
u(0,.) = f on €).



One has :

Lemma 2 . Under assumptions above, for any m > 1 there exists a unique
solution of (Py,) in the sense

ue L3S, (10,7) x Q) ne ([0,7); LNQ)), u >0, u(0,.) = f(.),

um™ € L}, ((O,T); Hl(Q)) and ?Z = Au™ + g(.,u) in D'(Q).

(3.1)

Moreover uw < M a.e. on Q.

This result follows from the general theory of porous medium problem. We
will below relate it to Lemma 1.

As m — oo, the problem (P,,) formally tends to

({;;L =Aw+ g(.,u) on @,
(Py) 0<u<l,w>0, (u—1w=0 onQ,
w=20 on X,
u(0,.) = f on €,

where f = fXw=0] + X[w>0], With w the unique solution of the ‘mesa problem’

w € Hy(Q), Aw e L™(Q), w >0,
0<Aw+ f<1, w(Aw+ f—1) =0 a.e .

One has

Theorem 2 . Under assumptions above, for m > 1, let u,, be the solution
of (Py), given in Lemma 2. Then,
1) Up —ux nC ((O,T); Ll(Q)> as m — 00.
2) Assuming g(.,1) < g in D'(Q) with § € L, ([O,T),H‘l(ﬂ)) , there
exists a unique (u,w) solution of (Px) in the sense

wel(0.7):2'(Q), we Lf, ((0.7). Hy(9).
(3.2) uw0,.)=f(), 0<u<1l, w>0, (u—1Lw=0

ou

and T Aw + g(.,u) in D'(Q),



and we have Uy = U.
3) Assuming g(.,1) <0 a.e. on Q, usx = u where u is the solution of
the o.d.e

?: =g(t,z,u) on Q, u(0)=f on Q.

Proof of Theorem 2. To apply the result of Theorem 1, let X = L'(Q)
and consider L the (linear) Dirichlet-Laplace operator in L'(Q) : Lu = Au,

with D(L) = {u € W' (Q) ; Au € L*(Q) and / ulAv = / vAu for any v €
Q Q
Hy(Q)NL>®(Q) with Av € L=(2)} ; notice that if © has a smooth boundary,
then D(L) = {u € Wy''(Q) ; Aue L*(Q)} (see [10]).
For m > 1, we define the singlevalued operator A,, in X by
Apu==A(lu|" "), D(Ay) ={ue L™(Q) ; [u""'u € D(L)}.
For m = oo, we define the multivalued operator A, in X by

Aju={—Aw ; w € D(L), u € sign(w) a.e. on Q}.

Thanks to [10], A,, is m-accretive in X for m € [1, 00| ; and, thanks to [6],
we have

(3.3) (I+A,) 'u— I+ Ag) v in X as m — oo for any u € X.
At last, thanks to [4], we have
(3.4) e_tAmf — e_tAOOi in X for any ¢t > 0.

As in the proof of Lemma 1, we may assume without loss of generality that
T < oo and the function M(t) is bounded on [0, 7).
Let R > %z%;)cM, and define F': (0,7) x X — X by

F(t,u) = g(t,.,u” AR), fora.a.tc (0,T)and any u € L'(Q).

Thanks to the assumptions on g, F' satisfies the assumptions of Lemma 1,
with k(t) = K(R) and c(t) = ||g(t,.,0)" |1 + |lg(t, ., B)"|ls + |2 RK (R). The
relation between problems (P,,) and the abstract framework is given by the
next Lemma
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Lemma 3 . For m > 1, the unique mild solution u (see Lemma 1) of

d
(3.5) diz + Apus F(,u) on (0,T), u(0)=f
is caracterised by (3.1) of Lemma 2 (and in particular independent of R >
o M

This Lemma 3, together with Lemma 1, proves Lemma 2. Also using
Lemma 3 together with (3.3), (3.4) the part 1) of the Theorem 2 follows
immediatly from Theorem 1 : actually

U = Use 0 C((0,7); LY(Q))
where 1, is the mild solution of

dus
% + Astine D F(.,us) on (0,7),

Uoo (0> = i

The part 3) of Theorem 2 is an immediate consequence of the part 2) :
if g(.,1) < 0 a.e. on @, since 0 < f < 1, the solution of the o.d.e satisfies
0 <u < 1 such that (u,0) is the solution of (3.2).

At last since uy, € C g[O,T);Ll(Q)) and 0 < uy < 1, the part 2) of
Theorem 2 follows clearly from the next Lemma. This will end the proof of
the results.

Lemma 4 . Letu e C ([O,T);Ll(Q)>, 0<u<1ae onQ andh € L'(Q)

with hxu=1y < § in D'(Q) where j € L? (O,T; H_I(Q)). Then u is a mild
solution of

d
(3.6) A ush  on(0,T)

dt
if
Juw € L2 <O,T; Hol(Q)) L w>0, wu—1)=0

and (Z: = Aw + h in D'(Q).
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Proof of Lemma 3. First we show that the mild solution u of (3.5),

satisfy 0 < uw < M ; as a consequence the mild solution is independent of

R > r[%z%( M. Recall that A,, is T-accretive. We have

g [ < /[o>u<t>1(0 - )
< [(=gt..00*" =0,

and then u > 0 a.e. on Q. On the other hand v = M € Wh! <0, T, LI(Q)> is

d
a supersolution of d—: + A,v > M’ in the sense of [2] ; then we have

IN

& [ty — o) (Pt u(t)) — M'(1)*

/[U(t)zM(t)]
J gt M @) = MO)F + k() [ (u(t) = M)
< k() [t - M@)*

and the conclusion u < M follows.

IN

Denote by H the Hilbert space H () with the scalar product (.,.), =
< (=A)'.,. >, where < .,. > is the duality between H;(Q) and H (),
and ¢ : H — [0,00) be the convex Ls.c functionnal defined by

o) = —— [P o D(9) = 1" (@)
One has (see [8])

Op(u) = —A(|u|™ 'u) on
D(9¢) = {u e L™ Q) ; [ul"'u e Hy(Q)} ;

in particular d¢ N (L' () x L*(Q)) = A,, N (H x H). Denote by Y the space
LY(Q) + H () endowed with the norm

lully = inf {[Jusllps + sl 5w € LHQ), uy € HHQ) ;

U = Uy +u2}.
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We have Tmy = %Y, and by classical interpolation, this operator denoted
by B is m-accretive in Y.

Now let u be solution of (3.1). Since h = g(.,u) € L*(Q) and u™ €

d
L*(0,T; Hy(Q)) , we have u € W' (0,7, L}(Q) + H'(Q)) and di;@) +
0o(u(t)) o h(t) for a.e. t € [0,7) ; then w is mild solution (in Y) of

d d
ditL + Bu > h ; since the mild solution (in X) of dizf + Au 3 h, u(0) = f is

d
clearly mild solution (in Y') of ditL + Bu > h it follows that u is actually mild

d
solution (in X) of d—l; + Anu S h. We may assume R > ||u||o, such that
h = F(.,u) and then w is the mild solution of (3.5).

To end up the proof we show that the mild solution u of (3.5) satisfies
(3.1). We already know that u € L™(Q), u > 0, h := F(.,u) = g(.,u). Set
hni = (h An)V (—I) and let u,; be the mild solution of

dun l
dt

We have up; | u, as I T oo and u,, T u as n 1 oo. Since h,; € L>(Q) C

+Amunl > hnl 5 un,l(o) = f

duy
L? (0, T; H_l(Q)> , Up, is solution (in H) of Ztﬁl +0¢(uny) 2 hny, that
is
Wy = |ty ™ Ty € L? (O,T; H&(Q)) and
(3.7)
afg:’l = Awml + hn,l iIl DI(Q)

First, since (u,},)" € L? (O,T; H&(Q)) , we have

m 1 m m
Ve < [t [ bty

//hnl ut) <//h+An ¢//h+An ™ as 14 00
//(/ﬁm <//h+um<||h|| R™,

13

since

and



we deduce that
lim sup lim sup // IV (u) )" ? < o0,

n—o0 l—o0

and then u™ = u*"™ € L? (O,T; H&(Q)) :
On the other hand integrating (3.7) in time,

—A(/OT (w1 (s,.)ds) = f—uny(T,.) + /OT hna(s,.)ds

is bounded in L'(€2), and then / Wy, 1s bounded ; by monotone convergence

Theorem, it follows that w,; — w, = [, ™y, in LY(Q) as [ — oo and
0

w, — u™ in L'(Q) ; passing to the limit in (3.7), we get 871; = Au™ + h in

D'(Q). O

Proof of Lemma 4. To proof the ‘only if’ part, we exactly follow the

second part of the proof of Lemma 3, using the l.s.c convex functionnal ¢ on
H = H™*(Q), defined by

¢(u) =0 on  D(@)={uec L¥(Q); |u| <1}.

We have,
08(u) = { — Aw s w e Hy(Q), u€ sign(w)]
and as in the proof of Lemma 3 : d¢ N (L'(Q) x L'(Q)) = Ao N (H x H),
B=A4." = 8725}/ is m-acretive in Y. For h € L'(Q), if u € C ([O,T); Ll(Q))
satisfies
Jw e L? (O,T; HS(Q)) , u € sign(w) a.e. on @Q and
ou

E = AU} + h in D/(Q),

d
then w« is mild solution in Y of d—? + Bu © h and then it is mild solution in
X of (3.6).

d
Conversly let u be mild solution of d%ﬁb + Au > hwith 0 < u <1

and hxp—1 < g € L? <O,T; H_l(Q)). As in the proof of Lemmma 3, let

14



hni = (h An)V (=) and u,,; the corresponding solution ; there exists wy; €
L? (0, T; H&(Q)) such that
Up, € sign(wy,) a.e. on @, and

ag:’l = Awm + hn,l in D/(Q>

Wy, is unique and actually

wny =w— L* (0,5 Hy(Q)) — mlgnww<m>

n,l

where u%) and w%) are the solution of (3.7) with um)([)) = f ; indeed

au(m)
ufﬁ) — Upy in C ([O,T); Ll(Q)) as m — oo and { (,;;J ;m > 1} is bounded
in L* (O,T; H’I(Q)> since
2 2
Oy 2 Oy
| 8157 HL2(0,T,H—1(Q) < mal + HhmlH%?(O,ﬂH*l(Q)HT{H :

L2(0,T,H-1(Q)

It follows that w,; | w, as [ 1 oo and w, T w as n 1 oo ; we have u,, €
sign(w,) and u € sign(w) ; then in particular w;’ = 0 on [u < 1] and w > 0.

We have
[[1vwil = [[ o,
< n//w:{l

It follows that w;, € L? (O,T; H&(Q)) , (hAn)wy, € L'(Q) and

[[1vwte < [[oamut, ://[ | (amp,
//[ _l]hw;l << g,wl; >

< CHVU};ZHL%O,T,H&(QW

IN

then w € L? (0, T; Hé(Q)) . Exactly like in the proof of Lemma 3, we have
ou

i Aw + h in D'(Q) and this end up the proof. O
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4 Remarks.

Similar results may be obtained for other boundary value problems. Let us
mention the following cases developped in [15] :

a) Neuman boundary conditions : We assume that €2 has a sufficiently
smooth boundary, g and f being as in section 3. For m > 1 there exists a
unique wu,, solution of

m

:Aum—}—g(.,u)onQ,aau—OonE u(0,.) = f on ,

in the sense

uec(p, )-Ll(Q)) N L([0,T) x Q), u>0, u™ € L}, ([0,7), H'(Q))

and // +//g //VumV£+/f€ ), Ve € C*(Q)

with supp(f) 0,7) x Q.

In the case g = 0, it is shown in [4] that w, — f inC ((O, T); Ll(Q)> as
m — 00, Where

F=1 1f—/f
- Q|
1
— o+ X 'f—/ 1,
S = [Xw=0] + Xw>0] 1 Q) Qf<

with w the unique solution of the variationnal problem

weHQ),w>0,0<Aw+ f <1,

w(Aw+ f—1)=0a.e Q andg::OonZ.

With the same technics, the corresponding conclusion of Theorem 2 holds :

1) Uy — Us in C ((O T)'Ll(Q)> as m — 0.
o = e+ S

16
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supp(€) € [0,T) x Q, with go...g, € L, ([O,T) X ﬁ) , then there exists a
unique (u,v) solution of

weC([0,7); 1) N L5.(0,T) x Q), we L?OC ([0, 1), Hl(Q)) ,

0<u<l, w>0, w(u—l)—oand// +//9

/ / VwvVe + / £€0,.), VE € C(Q) with supp(€) C [0,T) x Q.

and we have uy =
iii) If g(., 1) <0, then Us = u where u is the solution of the o.d.e

ou

5 — 9t zu)on @, u(0)=fonQ

b) Cauchy problem : Let Q = RY and g, f satisfies the assumptions
of section 3 with moreover g(.,0) € L*(Q,) for any 7 € (0,T) where Q, =
[0,7) x RY and f € L'(IRY). Then for any m > 1, there exists a unique
solution w,, of

ueC([0,7); L}(9)) N L=(Q-) for any 7 € (0,T), u >0,

u(0,) = £(), gl u) € LY(Q.) for any 7 € (0,T), and

g;b = Au™ + g(.,u) in D(Q).

As m — 00, Uy, — Us in C <(0, T); Ll(Q)) , where u, is the unique solution
of

oo € C([0,T); L)), 0 < e < 1, ue(0,.) = £, 9., ts0) € L}(Qr)
for any 7 € (0,T), Jws € L'(Q,) for any 7 € (0,T) s.t. we > 0,

Weo(Usw — 1) = 0 and ?Z = Aw + g(.,u) in D'(Q),

where f = fXjw—0] + X[w>0], @ is the unique solution of the mesa problem

we H*(Q), w>0,0< Aw+ f <1,
and w(Aw + f —1) =0 a.e RY.

17



The case g = 0 is shown in [4] (see also [11]). In the case ¢g(.,1) <0, uw = u
the unique solution of the o.d.e :

ou

e =g(t,z,u) on Q, u(0)= fon R".

a) Nonlinear diffusion : Let €2, g and f as in b) and 1 < p < oo. For
any m > 1, there exists a unique solution u,, of

up = Apu™ + g(.,u) on @, u(0,.) = f on RY,
in the sense
ueC ([ ,T); L (Q)) N L>(Q,) for any 7 € (0,7), u >0,
u(0,.) = f(.), g(.,u) € L*(Q,) for any 7 € (0,T),

e
u™ e L, ( Wl’p(]RN)) and (21: = Apu™ + g(.,u) in D'(Q).

Assuming that f is radial nonincreasing, i.e. f(z) = f(|z|) with f : RY —
R, nonincreasing, then  u, — usx inC ((O,T); LI(IRN)> as m — oo. If
moreover ¢(.,1) <0, then u, = u the unique solution of the o.d.e.

ou

o = g(t,z,u) ae. Q, u(0) = fX[u|<a] + X[Jz>q) o0 R,

with a the unique positive number such that

/01 f(ar)dry =

The case g = 0 is shown in [7] (see also [15]).

References

[1] V. BARBU. Nonlinear Semigroups And Differential Equations in Banach
Spaces. Norodorff Internationnal Publishing, 1976.

[2] L. BARTHELEMY and Ph. BENILAN. Subsolution for Abstract Evolution
Equations. Potentiel Analysis, 1:93-113, 1992.

18



3]

[4]

[10]

[11]

[12]

[13]

Ph. BENILAN. Equation d’Evolution Dans Un Espace de Banach Quel-
conque et Applications. Thesis, Orsay, 1972.

Ph. BENILAN , L. BocCARDO, and M. HERRERO . On The Limit of
Solution of u; = Au™ as m — oo. In M.Bertch et.al., editor, in Some
Topics in Nonlinaer PDE’s, Torino, 1989. Proceedings Int.Conf.

Ph. BENILAN, M.G. CRANDALL, and A. PAazy. Evolution Equation
Governed by Accretive Operators. (book to appear).

Ph. BENILAN, M.G. CRANDALL, and P. SACKS. Some L! Existence And

Dependence Result For Semilinear Elliptic Equation Under Nonlinear
Boundary Conditions. Appl. Math. Optim., 17:203-224, 1988.

Ph. BENILAN and N. IGBIDA. Sur la Limite Singuliere de u; = A, |u|[™ u
lorsque m — oco. C. R. Acad. Sci. Paris, Ser. t, 321:1323-1328, 1995.

H. BREZ1S. Monotonicity Methods in Hilbert Space And Some Appli-
cations to Nonlinear Partial Differential Equations. In E.Zarantonello,

editor, Contribution to Nonlinear Functionnal Analysis. Acad. Press,
1971.

H. Brezis and A. Pazy. Convergence And Approximation of Semi-

groupes of Nonlinear Operators in Banach Spaces. J. Func. Anal., 9:63—
74, 1972.

H. BrREziS and W. STRAUSS. Semilinear Elliptic Equations in L'. J.
Math. Soc. Japan, 25:565-590, 1973.

L.A. CAFFARELLI and A. FRIEDMAN. Asymptotic Behavior of solution
of uy = Au™ as m — oco. Indiana Univ. Math. J., pages 7T11-728, 1987.

M.G. CRANDALL. An Introduction to Evolution Governed by Accretive
Operators. In J.Hale J.LaSalle L.Cesari, editor, Dynamical Systems-An
Internationnal symposium, pages 131-165, New York, 1976. Academic
Press.

C.M. ErLrior, M.A. HERRERO, J.R. KING, and J.R.OCKENDON. The
Mesa Patterns for v, = V(u"Vu) as m — oco. IMA J.Appl. Math.,
37:147-154, 1986.

19



[14] K.M. Hul. Singular Limit of Solutions of the Porous Medium Equation
With Absorption. (preprint).

[15] N. IGBIDA . Limite Singuliére de Problémes d’Evolution Non Linéaires.
These de doctorat, Université de Franche-Comté, (in preparation).

20



