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Renormalized solution for Stefan type
problems: existence and uniqueness
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Abstract. We consider a class of nonlinear degenerate problems of Stefan
type:

ur — Aw — VF(U,U)) = g('au)v w e ﬂ(u)
where 3 is a maximal monotone graph in R?, with homogenous Dirichlet

conditions and initial conditions. Under rather general assumptions on
F and g, we prove existence and uniqueness of renormalized solutions.
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1. Introduction

Let © be a bounded open domain of RV with smooth boundary, 7' > 0. For
given function g, and uy € L' () we consider the evolution problem
up — Aw — VF(u,w) = g(t,z,u), wepu) in Q:=(0,T)xQ
w=0 on X:=(0,T) x9N
u(0,.) = uo(.) in  Q
(Euo,g)
under the assumptions:

{3 is a maximal monotone graph such that 0 € 3(0), (Hq)

F(Tl,TQ) = Fl(’l“g) +7r FQ(T2) for any ri,7re € R

i) g(t,z,r) is continuous in r and measurable in (¢, x)
i7) @(t,x,r) <CinD(R), CeR" (H3)

or
ZZZ) |g(t,ﬂ?,T)| < Ol(t,$)|7"| + 02(t7x)
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with C1, Cy € L'(Q), There is an extensive literature on this type of problems,
since it serves as a mathematical model for a large class of physical problems
(see [1,20] and the references therein). A large field of applications corresponds
to the case of maximal montone graph § (not continuous) such that 671 is
continuous. for which there exists a large number of references. In particular,
E(ug,g) models in this case free boundary problems involving a solid-liquid
phase change of Stefan type for which there exists a large number of refer-
ences. Among them, let us mention the earlier works [1,17,19]. A complete
bibliography may be found in [30]. The structure condition (Hz) includes in
particular the Stefan problem with a temperature dependent convective term
(see for instance [31,32]).

The problem of establishing uniqueness of solutions of E(ug, g) seems to
be complicated in general. The equation in E(ug, g) has a hyperbolic character
in the set where w = 0, and we say that E(ug,g) is of parabolic-hyperbolic
type; in general, uniqueness of a weak solution as well as uniqueness of renor-
malized solution do not hold. In [15], Carrillo proves that problems of type
E(ug,g) are well posed using the concept of “entropy solutions”, which are
weak solutions that satisfy some additional conditions called entropy condi-
tions. However, under the additional structure condition (Hz), it is well known
by now (see [4,15,21,22]) that Problem E(ug,g) is expected to admit at most
one weak solution which, by definition, is a function v € L'(Q) such that
w € L*(0,T; H3(Q)) and satisfies the equation in D'(Q). As to the existence
of a weak solution, this requires additional assumptions on the data ug and
g, for instance ug € L*(Q2) and g € L°°(Q). In this paper, we consider the
case where all the right hand side data belongs to L!. This means that all the
sources should have finite energy, which is a physically reasonable requirement.

In order to solve E(ug,g) for general L'-data one needs a more general
notion of solution. The framework of renormalized solution, which was orig-
inally introduced in [18] for study the Boltzmann equation, has proved to be
a powerful approach to study a large of class of problems, see, among others,
[3,6,11-14,25,27,29].

In the case where 57! is a nondecreasing continuous function, problem
E(ug,g) is a particular case of the so-called elliptic-parabolic problem, and
has been studied extensively in the literature (see [1,3,10,23,26], and the ref-
erences therein). For instance, if F' is continuous, it is proved among the
results of [16], that, for any ug € L'(Q) and g € L*(Q), E(uo,g) has at most
one renormalized solution. Existence of this type of solution has been shown
in [3] (see also [13] where the case of a strictly increasing regular function 3
is treated). The case where 37! is a nondecreasing multivalued function has
been studied in [28,29] where the authors established existence and uniqueness
of renormalized solutions.

In this paper, we are interested in the case where 3 is a maximal monotone
graph in R? with 0 € 5(0), where the convection term satisfies the structure
condition (Hy) and where the data g satisfies Assumption (Hs). We prove that,
for any ug € L'(2), the problem FE(ug,g) is well posed in the renormalized
sense. We first consider the case where g is an integrable function f, then
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we deduce existence of renormalized solution for any g satisfying Assumption
(Hs) by using the results of [9].

The proof of existence of renormalized solution consists of two steps: in a
first step, for bounded data, we study the non-degenerate problem: (Ey) u; —
Aw — VF(u,w) = f, w € Bx(u) on @ (+ homogenous Dirichlet boundary
conditions and initial conditions), and then we pass to the limit with k. Here
0B is an approximation of the graph (. Existence of weak solutions of this
non-degenerate problem is ensured by the work of [15], thanks to the nonlin-
ear semigroups theory (see [7,8]). In order to pass to the limit with k, we
need L>-estimates and strong convergence in L! of the sequence (wy)s (see
the proof of Proposition 4.2), which are not easy to obtain. To overcome this
difficulty we add to Problem (Ej) a monotone function ¢, ,(w). Recall that
this type of arguments was already used in [2,3] for elliptic-parabolic prob-
lem, and in [5] for parabolic problem of absorption type. Due to the strongly
monotone perturbation term, one can prove an L'-estimate and, in particu-
lar; the strong compactness of the sequence of solutions w and also its strong
convergence in L' to a measurable function. This allows to pass to the limit
with k in Problem (Ej) with a fixed perturbation ), ,,.

In the second step, using a bi-monotone approximation ug%n, fm,n of the
data wug, f, in the same way of [3], we obtain a monotone sequence
of weak solutions u,, of Problem E (ug%n, fmons¥m.n). For the convergence
of Wiy ny Winn € B(Um,n) (see the proof of Theorem 5.1) we use the monoto-
nicity with respect to m and n, and for the identification of the limit equation
essential tool is the regularization method of Landes (see [24]).

The main difficulty when dealing with hyperbolic-parabolic problem is
the uniqueness. In [15] the uniqueness of weak solutions was established under
the additional assumption that 8=1(0) = 0. In [21], the authors assumed that
F; is Lipschitz continuous, and in [22], it is assumed that F; is continuous and
satisfies || F(u,w)|| < C|jw||?. Recently, [4] have proved uniqueness of weak
solutions under only the structure condition (Hs). In this paper, the unique-
ness of renormalized solution is proved by using the result of [4], and the proof
goes essentially as follows: we prove that, if u is a renormalized solution of
Problem E(uq, g), then u is a weak solution of some degenerate parabolic prob-
lem (see the proof of Proposition 3.1), then, by using the comparison result of
[4] of weak solutions, we deduce a comparison result of renormalized solutions,
and also uniqueness.

Let us briefly summarize the contents of the paper: In Sect. 2 we fix the
notations, give the concept of renormalized solution of Problem E(ug,g), and
state the existence and uniqueness result for renormalized solution of Problem
E(ug,g). In Sect. 3 we prove uniqueness of renormalized solutions by using
the results of [4]. Section 4 is devoted to the study of a perturbed problem
obtained by adding a monotone term. Existence of weak solution is proved for
L*>-data. In Sect. 5 we give the proof of existence of a renormalized solution
for Problem E(uo, g). It was shown that a weak solution of the perturbed prob-
lem E(ug, f,%m n) converges to a renormalized solution. Finally, in Sect. 6 we
deduce the corresponding results for the associated stationary problem.
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2. Preliminaries and main result

In this section, after some notations, we introduce the concept of renormalized
solution for Problem FE(ug,g) and state the existence and uniqueness result
for this type of solutions.

We denote by |A| the Lebesgue measure of a set A C RY and by y 4 the char-
acteristic function of A. For k > 0, we denote by T} the truncation function
at the level k, defined by

[ ksigng(u) i |u| >k
Tiw) = {u it Ju] <k, (2.1)
where signg(-) denotes the single-valued function defined by signg(r) = —1 if

r < 0, signg(r) = 1 if r > 0, signg(r) = 0 if r = 0. We denote by signg (-) and
signg (+) the functions defined by signd (r) = 1 if r > 0,= 0 otherwise, and
signg (r) = —1 if r < 0,= 0 otherwise.

For n € N we denote

hy(r) =inf((n +1—|r))",1) and H,(r) = /07“ hn(s) ds.

Throughout the paper, for the sake of simplicity, for u a function of (¢,z)
and for k& a real number, we denote, for example, {|u| < k} the set {(t,z) €
Q; |u(t,z)| < k}. We also write fQu for fQ u(t, z)dtdz, etc... In the sequel C
denotes a constant that may change from line to line.
For a maximal monotone graph 8 in R x R; its main section (3; is defined by
inf B(r) ifr>0
Bo(r) =10 ifr=0
sup (r) if r <0,
with the usual convention inf () = +o0o0 and sup ) = —oco.
An essential tool to prove existence of weak (renormalized) solutions is the
following energy estimate similar to the one set of [1].
Let j,¢ : R — R be a continuous, nondecreasing functions such that
j(0) = ¢(0) = 0. For any continuous and monotone function h we define the
function

By(s) = /0 h(go (7Y )o(r))dr forsec W )
+00

otherwise.

Lemma 2.1. [15, Lemma 4] Let j, ¢ : R — R be a continuous and nondecreas-
ing function with j(0) = ¢(0) = 0. Let v be a measurable function such that
j(v) € LHQ), j(v): € L*(0, T3 H~H(Q)) and j(v)(0) = j(vo), where vg : & — R
is measurable with j(vo) € L*(Q). Then

By (j(v)) € L=(0,T; L' (2))
and for a.e. t € [0,T]

/Q Ba (i (v(t))E(t) - / B (j(v0))€(0) = / (G(0)e, h(p(0))E) + / / Bu(i(v))é:
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for any &€ € C([0,T] x Q) such that h(p(v)) € L?(0,T; H(Q)), where (-,-)
represents the duality product between H—1(Q) and HL(Q).

We now give the concept of renormalized solution for Problem E(ug,g).

Definition 2.1. Given uy € L'(Q) and g : Q@ x R — R satisfying (H3), a
renormalized solution of E(ug,g) is a function u such that

(i) wel'(Q)
(ii)  there exists a measurable function w such that w € S(u) a.e. on @ and

Tww € L* (0,T; Hy(Q2)) for any k>0
(iii)  for all ¢ € D([0,T) x ) and h € C:(R)

—A&A?wwwM+AGM+FWw»vmwm:%yuwmms
(2.3)

and moreover
/ [Vw[*> =0 as n — oc. (2.4)
QN{n<lw|<n+1}
Remark 2.1. Note that all integrals are well-defined. Indeed, the first one is
defined as |f123 ho Bo(r)dr| < ||h]leo|u — uo| and u € LY(Q), up € L*(£2). The
second integral must be understood as

/{ |<k}(VTk’w + F(u, Tkw)) . V(h(Tk(’LU))g)

for & > 0 such that Supp h C [k, k|. Indeed, if Supp h C [—k, k], then
h(w) = h(Tyw) and h(w) = 0 a.e. on {|w| > k}; since Tyw € L*(0,T; HE(2))
it is the same for h(w)¢, and V(h(w)§) = 0 a.e. on {|w| > k}. Similarly the
integral (2.4) has to be understood as

/ \VTn+1w|2.
QN{n<|w|<n+1}
The main theorem of this paper is

Theorem 2.1. For any uo € L'(Q) and g : Q x R — R satisfying (Hs),
there exists a unique renormalized solution w of E(ug,g). Moreover, u €
C([0,T); L*(Q)), u(0) = uo, and if wg; € L'(R), i : Q xR — R satis-
fies (Hs3) and u; is a renormalized solution of E(uo;, g;), fori = 1,2, then, for
al0<t<T

t
J @ = ua@) < [ o)+ [ [ @t - gl @)
Q Q o Ja
for some n € sign™ (uy — uz), where sign™ denotes the usual non-negative sign
graph:
1 if s>0
sign™ (s) =< [0,1] if s=0
0 if s <0.
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3. Uniqueness of renormalized solutions

The proof of Theorem 2.1 will follow as a consequence of Proposition 3.1 below.
In fact, we will focus our attention on the problem

9j(v) — Ap(v) = VF(j(v),p(v)) = f in Q
(E")(vo, f) { ¢(v) =0 on ¥ (3.1)
J(0)(0,-) = vo in Q,

where f € LY(Q), j,¢ : R — R are nondecreasing continuous functions such
that j(0) = ¢(0) = 0, and vy is measurable function such that uy = j(vo) a.e.
on Q. Indeed, by taking o = (I + 37 1)1, j= (I +B)"! and v := u + w, one
sees that F(ug, f) and E’(ug, f) are equivalent.

Remark that

D((j+¢) ' =R (3.2)
Next, let us recall the definition of renormalized solution of E’(vg, f).

Definition 3.1. Given uy € L*(Q) and f € L*(Q), a renormalized solution of
E'(vg, f) is a measurable function v such that u is a renormalized solution of
E(ug, f), where u = j(v) and w = ¢(v).

The main tool we use for the proof of uniqueness of renormalized solution is
the following proposition, for which the proof is given at the end of this section.

Proposition 3.1. For any fi,f» € L'(Q) and ugi,upe € L*(Q), if v; is a
renormalized solution of E'(vo;, fi) fori = 1,2, then, for a.e. 0 <t <T

/ ( /U::) hn<so<r>>dj<r>>+s A hn<so<r>>dj<r>>)+
[ [ o) - (o)

4 / / 0 (Vo) + F((0r), 0(01))) - Vhn(p(v1)) — (Vip(v)
0 Q
P (j(02),0(02))) - Vhn(p(v2)). (3.3)

with 1 € Sign™ (v; — v2) a.e. in Q.
Corollary 3.1. For any uy € L*(Q) and g satisfying Assumption (Hs) there
exists at most one renormalized solution u of E(ug,g). Moreover, if wug; €

LY(9Q), g; : Q x R — R satisfies (H3) and u; is the renormalized solution of
E(ugi, gi), fori=1,2, then (2.5) is fulfilled.

Proof of Theorem 2.1: Uniqueness part.
First, notice that uniqueness of a renormalized solution follows from (2.5).
Indeed, if upy = upe and g; = go, then (2.5) and Assumption (H3) imply that

/Q(Ul(t —ug(t)) " <//{u1>u2} s ur) = g(+ uz))
<o [ [ -



Renormalized solution for Stefan type problems

which, by Gronwall’s Lemma, implies that u; < us. In the same way, one can
prove that us < uq.

Now, let us prove (2.5). It is clear that if u is a renormalized solution of
Problem E(ug, g) with g satisfying Assumption (H3), then u is a renormalized
solution of Problem E(ug, f) with f(¢t,z) = g(t,x,u(t,z)) a.e. (t,x) € Q. So,
it is enough to prove that if ug; € L*(Q2), f; € L'(Q) and u; is a renormalized
solution of E(ug;, f;) for i = 1,2, then, for a.e. 0 <t <T

/Q(ul(t)—u2(t))+ S/Q(um —U02)++/0t/9(f1 — f2)*

or, equivalently, for a.e. 0 <t < T

/Qo(vl)(t)—j(va)(t))*s / (i(vor) — j(voz))™ / (- G4

Q

with u = j(v) and w = (v), where v is a renormalized solution of E’(vq, f).
To prove the above inequality, we pass to the limit in (3.3) as n — oc.
So, it is clear that

v (t) +
/ ( / hn<so<s>>dj<s>> = / (o) (1) — ) (@),
Q 1}2(t) Q

L ([ matetsii) = [ oo - s
//fl 0)) = fahn UZH//flfg

The term

[ [ et Fateen - [ [ ¥ Fhatoten)

converges to 0 as n — oo since ¢(v) satisfies (2.4). Next, let us prove that

/ /2 o)) - V(1)) — Fi(va), 9(v2)) - Vhn(ip(v2))) = 0.
(3.5)

and

Define the set
E = {r eR; ¢, is discontinuous at r}.

Since @ 1 is a monotone function, F is a countable subset of RY; hence we
have

V() =0 a.e. on {(t,z) € Q; p(v(t,z)) € E}. (3.6)

From Assumption (Hs), the term F(j(v1),¢(v1)) - Vh,(p(v1)) can be
decomposed as

Fi(p(v1)) - Vhn(p(v1)) + j(01) Fa(p(v1)) - Vhg(p(v1)) =: I + L.
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We have

e(v1)
L :/ div / Rl (r)Fy(r)dr =0
Q 0
and

I = / B (0(02)) (00 Fa (1)) - Vip(0n)
En{n<|p(vi)|<n+1}

+ ﬂ i (0(02))i(01) Fa (1)) - Vip(vn)
En{n<|p(v:)|<n+1}
=L+ 13,

where E stands of the complementary of F in Q. -
From (3.6), I3 = 0. Since ¢! is a continuous function on the set E, then

®(v1)
I = / div / Bl (r)j oo Y (r)Fy(r)dr =0. (3.7)
En{n<|p(vi)|<n+1} 0
Arguing as above to prove that fQ NF(j(v2), p(v2)) - Vh,(p(ve)) = 0.
Finally, collecting all limits, (3.4) follows. O

Proof of Proposition 3.1. For any n € N, let by, (r) = [, hn(¢(s))dj(s). Remark

that, if |¢(v)| > n+1, then b, (v) = 0, and if |¢(v)| < n+1, then the following
structure condition holds: if v < z

bn(v) = bn(2) = j(v) = j(2).

By [10], this condition is equivalent to the existence of a continuous function
J such that

Let ug € LY(Q), f € L(Q) and v a renormalized solution of E’(vg, f) with
vg a measurable function such that uy = j(vo). Hence v satisfies for all £ €
D((0,T) x Q)

- / Euba(v) + / (Vo) + F((0), p(0))) - V(n(p(0))€) = / Fha(0)E.
Q Q Q
(3.8)

Now, let us consider the second integral in (3.8), which can be written as
| (960 + FG0), 60) - Tehao(v)

+ /Q (Vo) + F((1), o)) - Vhn(p(0))€ =: K; + K.
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From Assumption (Hs) the term K; can be decomposed into three terms
(Ki + K} + K?})

/ Veo(v) - Véhn( / Fi(p(v)) - Vehn(p(v)
4 / S0 Fa(p(v)) - Vehn(p(v))
Q
Note that
Ki = QVHn(so@)) \%3
and

where Fy is a continuous function defined by
Fi(r) = hy o H ' (r)Fy(H, ' (r)).
Since j(v) = j(bn(v)) on the set where |p(v)| < n + 1, then

K} = / 3 (0n (0) b (0(v)) F2(p(v)) - V€ = / 3(bn () Fo(Hp (p(v)) - VE,
Q Q
where F} is a continuous function defined by,

Fy(r) = hn o Hy ' (r)Fo(H,, ' (7).
Finally, the term K? + K3 is equal to

/Fn Hy((v)) - VE,

where
F(r1,r2) = Fi(r2) + 11 Fa(r2) = hy o Hy M) F(5 (1), Hy ().

Taking account these decompositions, Eq. (3.8) is rewritten as

~ [ &ba)+ [ (VHAe(0) + Flba(v). Hale0)))) - VE
Q Q
= [ Ihale@)e = [ (o) + Pl p0) - Thalole)) €,
Q Q

which means that v is a weak solution of

2 ul0) = V- (VHal(0)) + Flbu(0), Ha (1)

= [ha(p(v)) = Veo(v) = F(j(v), ¢(v) - Vin(p(v)) n Q

n

H,(p(v)) =0 on ¥

b (0(0)) = by (v0) in Q.
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Next, let u;,4 = 1,2 be a renormalized solution of E(ug;, f;), then v;,i = 1,2
is a renormalized solution of E’(vy;, f;). By the preceding computation, v;,i =
1,2 is also a weak solution of Problem E! (vo;, f;), and thanks to [4, Theorem 1],
the result of Proposition 3.1 follows.

4. Existence of weak solutions

To prove existence of renormalized solutions of Problem FE(ug, f), we will
proceed by approximation. We need first to prove, for bounded data f €
L>(Q) and ug € L>=(1), existence of a weak solution of the parabolic prob-
lem with additional strongly monotone perturbation )y, n, where ¢, ,(r) =
Ltan(r)t — Ltan(r)=,m,n € N:

91j(v) = Ap(v) =VF(j(v), o(v)) + Yma(v)=f in Q

E/(UO’ 1 wm,n) 90(1]) =0 on X
J(U)(Oa ) = Vo in Q.

(4.9)

This is done via approximation by a sequence of non-degenerate parabolic
problems

O (v) = Apr(v) = VE (i (v), o (V) +Pmn(v)=f in Q

Ellc(v()v f7 w’m.,n) @k(’l}) =0 on Y
Jk(v)(oa ) = Vo in Q,
(4.10)

where ji(r) = j(r) + kr, pu(r) = @(r) + kr (then ji ' " € Co(R)).

For these non-degenerate problems we obtain existence of weak solutions
with appropriate estimates and monotonicity properties, which allow us to
pass to the limit.

So, let us define the operator A,, ,, in L'(Q2), by

Amn(2) = =Ap(2) = VF(j(2), 0(2)) + ¥mn(p(2)) in D'(Q)
and

D(Apn) = {2 € L®(Q); ¢(2) € HY (), Amn(z) € LN (Q)}.
Thanks to the results of [15], we know that A,,, is T-accretive in L'((),
and A, , the closure of 4,,, in L', is m-accretive in L'(Q), and moreover
D(Ap ) = LY(9Q).

Moreover, if (ji )k, (¢k )k are continuous and nondecreasing functions with
Jk(0) = ¢x(0) = 0 such that j, — j and ¢, — ¢ uniformly, then A,,, C
liin i(r)lf Ajfrm, where the operator Afnyn is defined as A, ,, by replacing j and
o by jr and @ respectively.

According to these results, by nonlinear semigroups theory, for any k,m,
n €N, for all vy € L1 (Q2), for all f € L*(Q), there exits a unique mild solution
vk, € C([0,T]; L*(Q)) of the abstract Cauchy problem in L*(£2)

dv

yr + Afn’nv > f, v(0) = vo. (4.11)
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Moreover, for aiy vf € LY(Q) with vk — vg in Ll(Q) and for all f € L(Q), the
mild solution v¥, , of (4.11) with initial data v§ converges in C([0,T]; L' (£2))
as k — 0 to the mlld solution vy, , of the Cauchy problem

dv
E‘i’Amnvaf? ( )—’U(). (412)

For bounded data, we can prove that the mild solution of the Cauchy problem
(4.12) is a “weak solution”.

Definition 4.1. A weak solution of E(uq, f) is a couple of functions (u,w) such
that u € L>(Q), w € L*(0,T; Hj(Q)), w € B(u), F(u,w) € (L*(Q))", and

/Q (Vw + Flu,w)) - VE — ugy] = /Q re= [ oo

for all &€ € D((—o0,T) x Q).
Next, let us recall the definition of weak solution of E’(vg, f).

Definition 4.2. Given ug € L*>(Q2) and f € L>(Q), a weak solution of E'(vo, f)
is a measurable function v such that the couple (u,w) is a weak solution of
E(ug, f), where u = j(v) and w = p(v).

It is proved by Carrillo [15] the following result:

Proposition 4.1. [15] Let m,n, k € N, for f€L>®(Q) andug € L>=(Q) let vk, ,,

be the mild solution of (4.11). Then v¥, . is a weak solution of E; (vo, fy¥m.n)-

m,n

Proposition 4.2. Given uy € L>®(2) and f € L*>®(Q) there exists a weak
solution of Problem E'(vo, f,¥m.n)-

Proof of Proposition 4.2. From now on and until Sect. 5, we omit the index
m,n to lighten the notations. 0

Recall that vy is the mild solution of dv’“ + Ak WUE D frur(0) = vf, thus,
by [15]

H]k(vk)HOO < C(fa Vo, M, n)

Let By(s fo ok 0 4y ' (r)dr. By taking & = ¢, (vg) as a test function in the
weak formulatlon of the solution vy, and by using Lemma 2.1, yields

/ Bu(or) + / (Veor(w) + F(r(on), 0(0)) - Vior ()
Q Q

" /Q om0 (01)) 01 (1)

- / ferto) + [ Bulof). (4.13)

By monotonicity of ¥, n, fQ Y@k (Vk))pr(vr) > 0. The term in the second

integral on the right hand side F'(ji(vk), ¢ (vk))) - Vi (vg); from Assumption
(Hz) we have
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F(jk(vk), or(vi)) - Vor(vi) = Fi(pr(vk)) - Vior (k)
+Jk (V) Fa(pr(vr)) - Vi (vr),

whence
P (vr)
[ o) Vouw) = [ div [T R =o
Q Q 0

and, since go,;l is a continuous function almost everywhere in 2, we get

/ (o) ol (08)) - Vigr () = / i 0 01 (6 (08)) Faloi(0r)) - Viou(ux)
Q Q

wr(vk)
= / div/ jk o @gl(r)Fg(T)dr =0.
Q 0

Then, we get from (4.13) that ¢ (vg) is bounded in L2(0,T; H (£2)), hence,
there exists a subsequence, still denoted by k, such that

or(vg) = w weakly in L?(0,T; H} (Q)).

One can prove exactly as [3,10] that ¢y (vg) is uniformly bounded in L>(Q).
It remains to prove the strong convergence of ¢y (vy) in L(Q).
The proof is based on Kruzhkov’s method of doubling of variables. Let
t,s € [0,T),k,1 € N, and consider the weak solution vi(t,z) as a function of
(t,z) and v;(s,x) as a function of (s,z). Choose in each weak formulation the

test function ¢ = tHh ns(pr(vr) — @i(vy) + 8¢)€, where € € C([0,T)? x

0),£ >0, € CX(N),0 < ¢ <1 and ns(r) = T‘ST(T), and integrate in ¢t. Using

Lemma 2.1 in each inequality, taking their difference, passing to the limit with
h — 0 exactly as in [28, Proposition 4.2.2] (see also [12, Proposition 4.2]) yields

T
- / /Q &llin(ox) — ju(on)| = o) = ji(w)]

T
- / /Q &xllj(on) — i) — 1o — Ga(or) ]
+/OT /Q(X{gak(vk)wl(m)} = X{en(w) <o ()} (V(@r(vr) — pi(vr))) - V&
+/OT/Q(X{W(W)>¢L(UZ)} — X{en () <o (w)}) (F Gr (V) ¢ (vk))
—F(ji(vx), pr(w))) - V&

+ / /Q (B (25 (08)) — ran (20(01))) (X o ()5 e (o))

7X{<Pk(”k)<¥’l(“l)})€

T
S /0 /Q(f(t) x) - f(s7x))(X{<pk(vk)>LpL(’Ul)} - X{kpk(’uk)<tpl(’vl)}

+X{@k(vk):<pz(vz)})§ (4.14)
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The proof of the above inequality is given in [28,29]. The original proof can
be found in [12]. We omit here the details in order to avoid the unnecessary
duplication of arguments.

Take £ = ¢(t)pp(t — s), with ¢ € C2°([0,T)),¢ > 0 and (p,), be a classi-
cal sequence of mollifiers in R with Supp(p,) C [—%, 0]. Pass to the limit with
p — 0, yields

T
lim limo/o /Qq/)ppwm’n(gok(vk(t,x))) — Y. (pi(vi(s,2)))] <O0.

p—>0 k)l—»

In the particular case k = [, the preceding arguments lead to the estimate

T
Jim lim / /Q (o (21 (01(t, ) — G (21 (015, 2))) Sy < 0.

p—01—0

By choosing ¢ such that ¢ = 1 on [7, 0], where 0 < 7 < § < T, we get

0
lim / /Q o (01 (0 (£, 7)) — Dy (P 011, 2)))]

k,1—0

< lim lim / /Q s (01 (05 (£ 2))) — (21 (0t 2))) | B

p—0 k,l—0

T
< lim lim (/O /Qlwm,n(%(vk(t,x)))—wm,n(w(vz(s,x)))lwp

~ p—oo k,l—0

+ / /Q |wm,n<w<vz<s,x>>>—wm,n«omw(t,x)))wpp)

<0.

As 1, is strictly nondecreasing, it follows that

0
lim / /|<pk(vk)—gol(vl)|:O W<7<0<T
k,l—0 ). Jo

Since (pk(vk))k is bounded in L>(Q) and ¢y (vy) — w weakly in L?(0,T; Hg
(), we conclude that

or(v) — w strongly in L'(Q), and a.e. on Q.

By nonlinear semigroup theory, jx(vy) — w in L>(0,T;LY(Q2)), we deduce
existence of subsequence of k, still denoted by k, such that

Jk(vg) — u ae. on Q.
The task now is to prove that
u=7j(v) and w = p(v).

Since ¢ = ¢ — kI, j = jr — kI, and ¢k (vk), jk(vg) are uniformly bounded in
L>(Q), then, almost everywhere on @, we have

|7 (vx) + @(vr)] < |k (o) + or(vr)] < C.

From (3.2) we deduce the existence of a constant C' such that

vkl Lo (@) < C.
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Moreover, v, converges to v *-weakly in L>(Q), still converges in L?(Q), and
kv, converges to 0 in L™ (Q).

We deduce also that op(vy) = @ (vi,) — kvy, still converges to w in L?(Q),
whence we deduce that w = ¢(v). Also we have u = j(v).

Therefore, since ji (vg), i (vr) are uniformly bounded in L™ (Q), we have
F(jr(vk), ¢x(vg)) is uniformly bounded in (L‘X’(Q))N since FY, Fy are contin-
uous. Hence, from Lebesgue Theorem, we deduce that

F(jr(or)s or(vr)) — F(j(v), (v)) in LY(Q).
Now, let £ € C°([0,T) x Q), then

/ —Gen)E + / (Veor(0) + Fia(ok), i (0)) - VE + / G (0 (00))E

= [ s~ [ wieo)

and by letting k — 0 we get

/ )&+ /( o(v) + F(j(v), 9(v))) - VE + /Q U (0(0))E

/ff /vom

Hence v is a weak solution of E'(vo, f, ¥m ). Consequently u is a weak solution
of E(uo, f,¥m,n) With u = j(v) and w = ¢(v).

5. Existence of renormalized solutions
The main result of this section is

Theorem 5.1. For all ug € L*(Q) and f € L (Q) Problem E(uo, f) admits a
renormalized solution.

Proof. Following a standard approach, we obtain the existence of a solution as
limit of approximating problems. To this purpose let um » = sup{inf{m,ug},
—n} € L*(Q), and f,, = sup{inf{m, f},—n} € LOO(Q) be a bi-monotone
approximation of ug and f in L1 Then, by Proposition 4.2, there exists a weak
solution y, ,, of Problem E(u Upy s frns Pm, n)y 1€

Um,ny — A’wm,n - VF(um,na wm,n) + wm,n(wm,n) = fm,nv
W € B(Um,n) in D'(Q),

which is equivalent to

FWman)t — Ap(Vmn) = VE(§(Vmn) @(Vmn)) + Ymn(@(Vmn))
= fmn nD'(Q) (5.15)
With U n = j(Vm,n) and wp, n = @(Um.r).
We are going to prove that the limit a.e. of wy, », respectively of j(vi, ), is a
renormalized solution of E(ug, f), respectively of E’(vq, f).
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By choosing in (5.15) the test function Tj(¢(vpm,n)) and using Lemma
2.1, yields

/ VT (0 () + / F(G(0mn)s @(0mn)) - Vo(vmn)
Q {le(um,n)|<k}

+ /; Vi (0(Vm,n)) T (@ (U n))

<k ( /Q o+ [ 1i08,001)- (5.16)

As in (3.5), it follows that f{wum <iy Flmn), @(0mn)) - Ve(vmm) = 0.
By monotonicity of the function ¥y, , we deduce from inequality (5.16)

/ IVTho(tm.n)|? < kC,
Q

where C is a constant independent of m,n. Thus Ty¢(ty,,) is bounded in
L?(0,T; H}(9)). Hence, up to a subsequence,

T (tm.n) — g weakly in L?(0,T; H}(Q)) as m,n — oc.
Now let us prove, up to a subsequence, the strong convergence of the sequence
(¢(vm,n))m.n- For this we will use the following comparison result O

Lemma 5.1. Let vy, 0y € LOO(Q)7f7f € L‘xi(Q),@/J,l/NJ : R — R continuous,
strictly increasing functions wi}fh~@b(0) = ¢(0) = 0, and let v,0 be weak
solutions of E'(vg, f,v), E' (0o, f,¥) respectively. Then

Jo@® 5@+ [ (pew-dtem) < [ ¢ =i [ e

Proof. The proof is adapted exactly from the proof of inequality (4.14). It
suffices to take in the equations corresponding to the weak solutions v and v

"
the test functions %j;Hh 0y (p(v) — p(8) + 6¢), where n; (r) = TJT(T).

From Lemma 5.1, we obtain, for v, ,, weak solution of E’(v?nm, Fmons Ymon),

/Q (wm,n(@(vm,n)) - 1/’m+1,n(90(vm+1,n)))+ <0.

Since Ymt+1,0(1) < VYmon(r) and 41, is strictly increasing, then for all
m,n >0

(Umn) < @(Umt1,n) a.e. on Q.
The same reasoning implies that for all m,n > 0 @(vm.n) > ©(Vmnt1) a.e.

on Q. Therefore, thanks to the monotone convergence theorem
@(Um,n) Tm Wy | w in Ll(Q)a

where w,,,w : Q — R are measurable functions, finite a.e. on Q). Here and in

the sequel, we use the notation T,, respectively |,,, to denote convergence of

a sequence which is monotone increasing, respectively decreasing, in m.
Applying the diagonal procedure, we may assume that, for some sequence

m(n)a ‘p(vn) = ‘p('vm(n),n) — w in Ll(Q)'
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Extracting a subsequence if necessary, we may therefore assume that
Tro(vn) — Trw weakly in L2(0,T; Hy (Q)) for all k> 0 (5.17)
and
o(v,) — w a.e. on Q.
As v,, is a mild solution of ‘é—: + Arny)nv 2 f,0(0) = vo

Uy = j(v,) — u in L>®(0,T; L()).

1

Since ¢(v,) converges weakly in L?(Q), and since ¢ o j~! is a maximal

monotone operator (in L?(Q)), we deduce that
w e pojt(u),

whence there exits @ € j~!(u) such that w = (). Then we set

v=((p+4) olutw) = ((¢+4) ole(@) + j(@)).

Obviously, v is a measurable function and we have u = j(v) and w = ¢(v).
We may assume that for some sequence (m(n)),, we have (with f,, = fi(n)n,

v?L = U%(n),nadfn = d}m(n),n)

fo— 1 i INQ),

j(v) = uo in L'(Q)
and the weak solution v,, of E'(v2, f,.,1,) satisfies

o(vn) — p(v) ae. on Q
and
§(vp) — u in L=(0,T; L' (), a.e. on Q.
The task now is to prove that
IVTro(va) > = |[VTre()* in LY(Q) as n — oc. (5.18)

For this we need to recall the following definition of a time regularization of
T} (u), which was first introduced in [24], and used in several papers afterward
(see e.g. [2,3,5,6,12]). Let v > 0 and (w)), be a sequence of functions such
that

wl € HY () NL>(Q)

ngHLOC(Q) <k

w? — Thre(v(0)) ae. on Qas v — oo (5.19)

;\\w2||H3(Q) — 0 asv — oo

Then, for all k,v > 0, we denote by (Trp(v)), the unique solution of the
problem

ot =V (Tkw(v) - (chp(v))v) on Q (520)
(Trep(v)), (0, ) = w) on Q.

v

{ A(Trp(v))y
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Then (Tip(v)), € L2(0,T; HY(Q)) N L=(Q), 2B£Le e 12(0,T; HY(Q)) N
L>(Q), and up to a subsequence, we can assume that

(Tkp(v)), — Tre(v) strongly in L2(O,T; Hé(Q)),
(Tkp(v),(t) = Tre(v)(t) a.e. on ( for a.e. t
and

||(Tk90(v))V||Loc(Q) <k Vv>0.

Let 0 € D (0,T) and hy(r) = (I+1—|r)* A1l €N, I > k. We prove that,
for any fixed k > 0,

liminfliminf lim [ o Ve(v,) -V (h(e(un))(Tre(vn) — (Tee(v)),)) < 0.

l—oo V—00 N—00 Q

(5.21)

To this end, consider ohy(tmn)(Trp(vn)) — (Thp(v)),) as a test function in
(5.15) and pass to the limit with n — oo in each term. We use the same
techniques as in [3, Proof of Theorem 2.4] to prove that

liminf lim (j(vn);, ohi(@(0n))(Tep(vn) = (Trp(v))w)) = 0,

V—00 N—00

where (-, -) denotes the paring between L?(0,T; H}(Q)) and L?(0,T; H(Q)).
As in (3.5), we show that

lim lim [ o F(j(vn), ¢(vn)) - V (hi(o(vn))(Thep(vn) — (Thp(v))w)) = 0.

V—00 N—00 Q

It is clear that

lim  Tim [ b (o (vn))ohi(p(on)) (Thp(vn) = (Thep(v))y) = 0

V—0o00 N—00 Q

and

lim lim [ faohi(o()(Tile@n) — (D)) = 0. (5.22)

V—00 Nn—00 Q

An equivalent formulation of (5.21) is

V—00 n—o0

lim sup lim sup (/Q ahi(p(vy))Ve(v,) - V (Trep(vy) — (Tre(v)),)

+/ ohi((vn))(Trep(vn) — (T (v)n) Vip(vn) - V@(%))
{1<lp(vn)|<l+1}
<0. (5.23)

The choice of h; and I > k implies

/ b (o (00) (Teo(0n) — (Thp(®))) Vip(onm) - Vip(on)
{I<|p(vn)|<i+1}

> —2]@/ a|Ve(v,)|?.
{i<le(vn)l<i+1}
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Choose the test function o¢(¢(vy,)), where ¢;(r) = signo(r)(|r| — )T A1, we
get

lim sup/ |Ve(vn)]? <0.
Fmoe n J{i<lp(un)|<t+1)

Further

[ oo Vielun)  VTicplun) = 0.
{p(vn) =k}

lim sup lim sup/ ohi(p(v,))Veo(v,) - V(Trp(v)),
{p(vn)=>k}

S / Jhl(w)VTkHw . VTkw =0.
{lw|=k}
Hence, as | — oo, it results from (5.23) that
lim sup lim sup / oV Thp(vn) - V(Tep(vn) — (Thp(v))y) < 0.
V—00 n—oo Q

As a further consequence,

V—00 n—oo

lim sup lim sup/Qa(VTkgO(Un) — V(Tre(v))y) - V(Tre(vn) — (Trp(v)),) = 0.

By a diagonal principle, there exists a sequence n(r) such that the function
o|VTrp(vn) — V(Trp(v)),|? converges to zero strongly in L*(Q) as v — oo.
We deduce that

ka@(vn(u)) : V(T(p(vn(l/)) - (Tk@(v))l/) —0 Weakly in Ll(Q)
and then, by using the fact that VTio(v,(,)) = VIke(v) weakly in L'(Q) as
v — 00, that

o|VTre(vn)) > = o|VTp(v)]? weakly in L'(Q) as v — oo.

Estimate (5.18) then follows.

Now, let us pass to the limit in (4.13) with n — oco. Take h(p(v,))€, where
h € CLR), & € C([0,T) x ) as a test function in inequality (4.13), and pass
to the limit with n in each term. By means of the dominated convergence
theorem, we conclude that

nh—>Holo fn w(vp))€ = / fh(w (5.24)
and
nh—{jgo o wn(@(’un))h(@(vn))f =0. (525)

Lemma 2.1 implies

/Q Jon)eh((v2))E = — /Q & / (()) h(p o ji ) (r)dr,
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and by means of the dominated convergence theorem again, we have

j(”n) u
i | & / h(g o jg V) (r)dr = — /Q ¢ / s (526)

n—oo -('UO )
n

From (5.18), and the fact that j(v,) — u a.e. on Q and ¢(v,) — w a.e. on @
we deduce that

lim [ (V(un) + F(j(vn), o(vn)) - V(h(p(0n))E)

n—oo Q
_ /Q (Vo + F(u,w)) - V(h(w)€). (5.27)

Remains to prove that u satisfies (2.4). For this aim, take Tjyi(p(vy)) —
Ti(p(vy)) as a test function in (5.15). Thanks again to Lemma 2.1 and the
monotonicity of the function 1,,, we have

/ [V(wa) 2 + F(i(on), 0(vn) - Veo(vm) }
QN{ILp(vn)|<I+1}

</ Sl [l
QN{le(vn)|[>1} {[vg[>1}

Passing to the limit as n — oo and arguing as for (3.5) to prove that
f{l<\go(v,,)|<l+1} F(j(vn), ¢(vn)) - Vp(v,) = 0, we get

timsup | VewdP< [ g [l
n—oo JRN{I<]p(vn)|<I+1} QN{w|=l} Q0 {lvo| 21}

So, since |V(vn)[® X{i<ipw<i+1}y = [V(Ti110(vn) — Tip(vn))* and Tpp
o(vn) = Tip(vy) = Tip1w — Tyw weakly in L*(0,T; Hy (€2)), then

/ Vo< [ e [
QN{I<w|<t+1} Qn{lw|>1} an{lvol>1}

and, letting [ — oo, we obtain

// |[Vw|?> =0 as ] — oo. (5.28)
{i<w|<i+1)

Finally, collecting together all limits (5.24)—(5.28) we conclude on existence
of a renormalized solution of Problem E(ug, f) for all f € L'(Q) and uy €
LY(Q). O

Proof of Theorem 2.1: Existence part.
Let G be the map from [0,7) x L*(Q2) into L'(£2) defined by
G(t,u) = g(t, - u),
and A be the operator in L'(€2), defined by
Az = —Ap(z) — VF(z,w), w € B3(z) in D'(Q)
and

D(A) ={z € L™(Q); we Hy(Q), Az € L}(Q)}.
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Thanks to [15], we know that A is T-accretive in L'(Q) and A is m-accre-
tive in L'(£2), and, moreover, D(A) = L'(Q).
Thanks to 4) and 4i) of Assumption (H3), G is integrable in ¢ € (0,T") for any
u € L' () and continuous in u € L*(Q) for a.e. t € (0,T). Moreover, using i)
of Assumption (H3) we see that CT — G(t,.) is accretive in L'(£2). Then (see
for instance [9], Lemma 1) there exists a unique mild solution of
du

o + Au=G(-,u) on (0,T), u(0)= um,

which is also a mild solution of

d—u—l—AuBf, u(0) = g

dt
with f = g(-,u). By Proposition 4.2, u is a renormalized solution of E(ug, f)
and thus wu is a renormalized solution of E(ug,g). O

6. The elliptic problem

At the end of this paper, let us give some consequences of the previous results
for the stationary problem
u—Aw—VF(u,w)=f, wefu) in Q
(S(f))
w=20 on 0f),
by assuming that Assumptions (Hy)—(Hz) are fulfilled.
Proposition 6.1. Let f € L'(Q2). Then, there exists a unique renormalized
solution u of S(f) in the sense that
(i) we LY(Q)
(ii) Tyw € Hy(Q) for any k >0
(iii) for all £ € D(Q) and h € C1(R)

/ (u— f)h(w) + / (Vw + Fu,w)) - V(h(w)€) = 0,
Q Q
and moreover

/ [Vw[* =0 asn — oco.
Qn{n<|w|<n+1}

Moreover, for any fi € L*() and u; a renormalized solution of S(f;), i = 1,2,
we have

I =)™, < [ (= f2)7 ;-

Proof. The uniqueness follows from the fact that if u is a renormalized solution
of S(f) then @(t) = u is a renormalized solution of E(tg, §) with 4y = u and

9(,u) = () —u.
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To prove existence, we consider a sequence f,, in L>(Q2) such that f,
converges to f in L'(Q) as n — oo. It follows from [15] that there exists a
unique u,, solution of

u, € L=(Q), w, € Blu,) € HY () and

=V (Vw, + F(un,w,)) + fn in D'(Q);
moreover, we have
HunfumHy(Q) < anffm”Ll(Q) for any n,m € N.

This implies that (u,)ney is a Cauchy sequence in L'(f2) and there exists
u € L'(Q) such that u,, — u in L*(Q) as n — oo. To prove that u is a renor-
malized solution of S(f), note that w, is also a renormalized solution of the
evolution problem E(u,, f, — u,) ; therefore, passing to the limit as n — oo,
the result follows. O

Corollary 6.1. The closure of the operator A in L'(Q) satisfies

A = {(2,h) € L'(Q) x L'(Q) ; 2 is a renormalized solution of S(u+ h)}
= A

Proof. Since a weak solution is also a renormalized solution, we have A C A.
On the other hand, using Theorem 5.1, we deduce that A is m-accretive in
L*(Q), so that A is closed in L'(Q2), and

ACA. (6.29)

Thanks to [15], we know that A is accretive and R(I + A) D L*°(£2), then A
is m-accretive in L*(Q), and (6.29) implies that A = A. O

7. Appendix

Lemma 7.1. Let h € WY(R), h
Tyw € L*(0,T; HY () for any k

Suppose that
u T
e [ mgotsnds= [ @nwg) (7.30)

for any nonnegative £ € D([0,T) x Q). Then,

, up € L), LYQ) such that

>0 u €
>0 and G € L*(0,T; H *(Q)) + LY(Q).

& uHs(Tkwo(S)—w(Z))h(soo(S))ds < T<G7He(Tkw—so(z))h(w)£>~
I {1 b<)
(7.31)

for all € € L*(0,T; H*(Q)) N WH1(0,T; L>=(Q)) N L>(Q) such that & > 0,
E(T,.) =0 a.e. inQ, and for any z € L*(Q) such that p(2)¢ € L*(0,T; Hy (Q)).
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Proof. We extend u onto Rx Q2 by 0 if ¢ > T and by ug if ¢ < 0 and we consider
¢ =H. (Thw— p(2)) &

It is clear that ® € L* (0,7 Hy(R)) and, for any 6 > 0, ®(t) = %f:% D(s)ds
is an admissible test function in the problem (7.30) and

//Q o7 /u: h(¢o(s))ds = /OT (G, 2° h(w)). (7.32)
We see that

//Qcpf L:h(WO(S))dS//ng /u:h(%(s))ds

u(t—9)
= [f o0 [ res
and, since for any r,7,w € R,

H. (Tispo(r) — () / " o(s))ds < U5 7) U5 0)

where ¢5,(r) = [ He (Tripol(s <p(w)) h(po(s))ds, it follows that

// @5/ (po(s ds<// e (0 M); e (5 2)) ¢(t,z) dt dz
< [ (W tut 0 = v uoten) ST

Consequently, we have

hmmf// @‘5/ (¢o(s d8</ (V5 (u) — % (uo)) &
<[[e { / H. (Tupu(s) = () ds ..

Since h(Tw)®® — H.(Tyw —¢(2)) h(w)€ in L*(0,T; H} (Q)), then from (7.32)
and the preceding estimate, (7.31) follows. ]
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