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Abstract

This paper is concerned with a nonlinear parabolic problem, with nonlinear bound-
ary conditions, for which the diffusion coefficient becomes very large in a sub-region
of the physical domain.
keywords Singular limit, localized large diffusion, Diffusion-convection prob-
lem, elliptic-parabolic problem, weak solution, integral solution, integral
(sub/super)solution, Semigroup of contraction.

1. Introduction

There is a large class of physical problems for which the behavior is described by the
study of the perturbation of the evolution, or stationary, equations. In these equations,
there appears some parameters that vary strongly, and for a large class of problems, the
perturbed equation is of totally different character then the unperturbed one : this a
singular limit phenomena. For instance, take the reaction-diffusion system wu; — d Au +
k g(u) = 0, where u = (uy,us,...,up), d = (dy,ds, ....,dyn) is a N-uplet of the diffusion
coefficients and k is the reaction rate. The limit becomes singular when the diffusivity d;
of the component species u; and/or the reaction rate k is very large (cf. [25], [19], [24],
[22], [27], [15] and [16]). Other examples appear in the the study of the extreme cases of
the porous medium equation u; = %Aum, i.e. the very slow diffusion : m — oo (cf. [18],
[7], [9, 10, 11], [29, 30]) and the very fast diffusion : m — 0 (cf. [37] and [28]). Also,
the study of the sandpile model exhibits the study of the singular limit of the p-laplacien
equation u; = Apu, as p — oo (cf. [23]).

In this paper, we will be concerned with a nonlinear diffusion equation in a bounded
domain €2, for which the diffusion coefficient vary strongly in a sub-domain of €. Concretely
this situation can be found in models of diffusive process for which the diffusion is very
large in a subregion. For example, in chemical engineering, the heat diffusion properties
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in a composite material differ very strongly from one part to another one, or in population
dynamics when one species diffuses and/or reacts much faster than the others in some
determined regions, and many other situations. In connection with the examples cited
above, this is a situation where the singular limit phenomena is localized in space, so that
the passage to the limit will exhibit some instantaneous local redistribution of the spatial
inhomogeneities of the solution.

To give a brief description of our main results, let us consider, for instance, the model

Ou=V-(a:Vip(w)) + f inQ=(0,T)xQ
(1.1) a: Vo(u) - W =g on ¥ = (0,T) x 09
u(0) = ug in

where ¢ is an increasing continuous function in R, f € L*(Q), g € L*(X), @ denotes the
outward normal vector of the boundary 9f) and a. is a regular function in € such that,
for any € > 0, 0 < m < a. < M.. It is not difficult to prove that (1.1) has a unique weak
solution u, i.e. u. € L*(Q), ¢(ue) € L*(0,T; H'(R)), and satisfies the equation in a weak
sense. Now, let €21 be a sub-domain of §2, such that for any K CC Qq, xlgfﬂ as(x) — 00, as

e — 0 and a. — ag uniformly in Qp = 2\ Q. We are interested in the asymptotic behavior
of u., as € — 0. In the case where Qg = (), it is known that a very rapid redistribution of
the spatial inhomogeneities of u and therefore u converges to a space constant function,

1t
which is equal to ][uo + @ / (/ f +/ g), for each instant ¢ > 0. As to the case where
0 \JQ r

Qq = 0, obviously u. — u and u is a solution of

(1.2) u =V - (ao Vgo(u)) +f
with the corresponding boundary condition

(1.3) ag Vo(u) - =g.

So, if €2y and €2 are not empty, then one expects that inside €, u. converges to a function
u which satisfies (1.2) in Qg and (1.3) on (0, T") x (92N9). As to inside 1, u. approaches
uq, a constant function in €2y. This constant is not arbitrary and must take into account
the limit of boundary value of dp(u:) on 9. In fact, integrating over €; and using the
inward normal 71 in the integration by parts, we obtain

/ (us)t +/ Qg VC,O(UE) : Wl = f
Q1 21971 Q1

and formally taking the limit and dividing by |€2;| we obtain

1
= — in (0,T) x Q4.
1Sy Jo, S @D

1
(uq, )t + 7|Ql| o aop Vo(u) - o
1

So, taking into account the boundary condition and the initial data, the limiting problem
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should be
Ou =V - (ao Vw) + £, w=p(u), in (0,7) x Qo
u(t) is constant on §; for t € (0,7)
d 1 1
(1.4) —u(t) + — agVw - T = — t) in (0,7T) x
dt () |Q1| 20, 0 1 |Ql‘ Qlf() ( ) 1
apoVw- -1 =g on (0,7) x (092 \ 0)
u(0) = uo.

Recall that, if ¢ = Idg and €2; is interior to €2, i.e. QNN = L2, then the problem is a
particular case of [3]. In this case, (1.1) and (1.4) are semi-linear equations in L”(2), with
p > 1, for which the authors used the results of [38] for the associate elliptic equation and
the results of [26] and [2] for semi-linear equations in abstract form. Among the results
of [3], it is proved that for any initial data ug € L?(Q) such that ug is constant in Q,
(1.4) has a unique solution u which is the limit of u.. Moreover, u solves (1.4) in a strong
sense, more precisely u and u; are in C([0,7); X) where X is some fractional power space,
so that the normal derivative of w and V - (ap V w) are integrable functions and can be
used explicitly in the formulation of the solution (in other words the equations in (1.4) are
pointwise satisfied). In the nonlinear case, i.e. ¢ # Id, this kind of formulation turns
out to be useful, since even for (1.1), with € > 0, the existence of strong solutions is not
true in general, a weak formulation of the solution is needed. In this paper, we introduce
the notion of weak solution for problems of type (1.4) which coincides with the strongest
one whenever u and w are regular enough. Moreover, we prove that (1.4) is well posed
via this notion and that these solutions are limits of weak solutions of (1.1). On the other
hand, one sees that functions ug which are constant on €2; are the natural initial datums
for (1.4). However, we will prove that even with an initial data uy not constant on 1, the
problem (1.4) still has a unique solution which is also the solution with the initial data

m 91
up(x) a.e. x € .

1
ug for any x €
(1.5) ug(z) = {

Though, it must be born in mind that, in this case the limit of u. is singular and, in the

passage to the limit, there appears a boundary layer at time ¢ = 0 in the domain 2; given

1
by —— UQ.
Y] Jo,

In fact, in this paper, we consider the equation
(1.6) Bw)y =V - (a6 Vw + a(:c,w)) + F(t,z,w) in (0,7) x

where T' > 0, €2 is a regular bounded domain, a. is the diffusion coefficient, the function J is
assumed to be nondecreasing, the convection o is assumed to be dissipatif and the reaction
term F'is a caratheodory function satisfying assumptions that we precise in section 2. This
equation is considered with nonlinear boundary condition of the type

(1.7) (as Vw + oz, w)) -+ y(x,w) = g(x,t)
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on a part of the boundary of €2 and homogeneous Dirichlet boundary condition in the
remaining one. The problem (1.6)-(1.7) appears as a model for a large class of evolution
physical problems, as for instance, diffusion in porous medium ([5]), dynamical population
(cf. [35]) and many others. Recall that in particular 8 may be such that f is increasing in
(—o0, 1] and 3 is constant and equals, for example, to 1 in [1,00). In this case (1.1) is of
elliptic-parabolic type and models problems of evolution equation for which the evolution
is null in the region [u > 1] and the equation becomes elliptic. Existence and uniqueness
of a weak solution for (1.1)-(1.2) is well known by now when the boundary conditions
are homogeneous (cf. [36] and [12] and the references therein). In this paper, we extend
slightly this results, by treating the case of boundary conditions of the type (1.7). Our
main interest lies in the study of the asymptotic behavior of the solutions of (1.6)-(1.7),
as € — 0, by assuming that a. — oo, in a connected sub-domain 2; of 2. We identify the
limiting problem that we call the Shadow problem : it consists of an evolution PDEs for
which the solution tends to be a space constant function in ;. We introduce the notion
of weak solution for this kind of problems and prove the existence and the uniqueness.
Moreover, although a solution of (1.6)-(1.7) converges to a solution of the Shadow problem,
we prove that the limit is singular and a boundary layer appears in 21, for small time
t>0.

In the following section, we give the assumptions that will be hold throughout the pa-
per and after a formal derivation of the limiting problem (the shadow problem), we state
our main results concerning the existence, the uniqueness and the convergence. Section 3
and Section 4 are devoted to preparatory results for the proof of the mains theorem. In
Section 3, we prove the existence of a solution for the problem (1.1)-(1.2) and the Shadow
problem. For the existence of a solution of (1.1)-(1.2), we use the nonlinear semigroup
theory, as to the Shadow problem, we obtain the existence by proving the convergence
of solutions of (1.1)-(1.2). In a first time, we prove the convergence directly by showing
the relative compactness of the solutions of (1.1)-(1.2). Then in the concern of showing
uniqueness and exhibiting the singular limit phenomena, we improve the convergence by
using nonlinear semigroup theory. Section 4 is devoted to the proof of uniqueness. We use
the concept of integral sub/super solution for (1.1)-(1.2) and also for the Shadow prob-
lem. We show that weak solutions are integral solutions and, thus, unique too. At last,
in Section 5, we gather the main results of the Section 3 and Section 4 to complete the
proofs of the main theorems given in Section 2.

At last, we notice that in order to simplify the presentation we are treating only the
case where () is a connected domain. However, one will see that all our results may be
stated in the case where )7 is an union of connected domain.

2. Assumptions and main results

Throughout the paper ©Q is a bounded regular open connected domain of RY and T is
the boundary of 2 with I' = 'y UT'p is a partition of I', such that I'p is nonempty. The
diffusion coefficient a.(x) is such that
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(2.1) a: € C1(Q) and 0 < mg < ac(z) < M.,

for every x € 2 and 0 < € < g¢. The convection term o is a function defined from 2 x IR
in R" such that o(z,r) is Lipschitz in r € IR and belongs to W1°°(Q) in z and

(2.2) Vi o(x,r) <0 ae. x€Qand for any r € RR.

We assume moreover, that o satisfies the structure condition

(2.3) o(xz,r)=06(x,B(r)) foreach (z,7) € A xR

where &(x, s) is continuous in s. To simplify the notation, for 0 < e < g¢, we set
A(x,m,m) = a-(x) n+ o(x,7) for any (z,7,7) € 2 x R x RY,

and we consider the problem

ou—V - A(z,w,Vw) = F(t,z,u), uw=pFw) inQ=(0,T)xQ
Bﬁsw—i-p(x,w):g on Xy =(0,T) x 'y

w=0 onXp=(0,T)xTp

u(0) =up in Q

Pe(”Ov F, g)

where 3ﬁ>6 denotes the conormal derivative relative to the diffusion operator V- (a. Vw +

o(xz,w)), i.e.
3ﬁ>6w = <a5 Vw + o(x,w), W>,

and 7 denotes the outward normal vector of the related boundary. The nonlinearity
6 : IR — IR is a nondecreasing Lipschitz continuous function and p : 'y x R — R is
measurable in x € I'y and nondecreasing continuous in r» € IR. We assume that §(0) =
p(x,0) =0 a.e. z € 'y and

(2.4) lp(x,r)| < a(z)|r|+bx) ae xzely

with a, b € L°(I'y). The reaction term F'(t,z,u) is continuous in w, measurable in
(t,z) € Q and satisfies the following

OF
(2.5) i) %(t,x,u) <KinD(R), KcR"
i) |F(t,z,u)| < Ki(t,z)|u] + Kao(t, )
with K; € L>®(Q), for i = 1, 2. The initial data ug € L'(Q) satisfies

(2.6) u(z) € Im(B) = [B(—00), B(+00)] a.e. = € .

At last, we denote by V the space V = { w E Hl(Q) ;w=0onTIp } whose dual space

is denoted by H™!, and we assume that o satisfies

w(x)
(2.7) / (/ o(x,s)ds dx) -1 <0 for any w € V.
'y \Jo
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Definition 1 For g € L'(Sy) and ug € L'(Q), we say that u is a solution of P-(ug, F, g),
if there exists a measurable function w : Q — IR such that

u € L%(Q), we L0, T;V), u= B(w) a.e. inQ

os) | [](Fretaew e ve) = [weo+ [ Pl
+//Z (9- plw)) & ¥ €€ C'@Q)NLA(0.T: V)sut. £(T) =0.
Theorem 1 For any g € L*(Zx) and ug € L*(Q) satisfying (2.6), there exists a unique u

solution of P.(ug, F,g.) Moreover, u € C([0,T); LY(R)), u(0) = ug and if fori =1, 2, ug; €
L*(Q) satisfies (2.6), g; € L*(Xn), F; satisfies (2.5) and u; is a solution of P-(uq;, F;, g;)

then

jt/ﬂ (a(®) —ug(t))+ g/ (i) = Pl u))
(2.9) b >ual +

" [u1=uz] (Fl(.’UI) - Bl u2)> * /I’N (91 - g2)
in D'(0,T).

Let Q1 C Q be an open connected domain of {2 and denote by I'i its boundary,
Qo = Q\ Q; and Ty the boundary of €. Assume that the diffusion becomes very large on
Q1,as e — 0;ie. we assume that as € — 0, we have

ag(x) uniformly on Qg
as(z) — .
400 uniformly on compact subsets of €2;.

If we formally take the limit in P-(up, F,g), we expect that inside €, the solution w
satisfies

ug — V- (apVw + o(z,w)) = F(t,z,u) withu=08(w) inQy:=(0,T) x Q.

As to inside €25, we intuitively guess that for small values of ¢, the solution of P-(ug, F, g)
should be approximatively constant and satisfies

d 1 1

—u(t)+ — [ 0= w(t)=— [ F(t,.,u(t) uv=p0w), in@Q:=(0,T)x Q.
[ Jr, " ] Jo,

0

Taking into account the boundary condition and the initial data, the limiting problem, or
what we call ”Shadow ” problem should be

Ou—V - Ag(z,w, Vw) = F(t,z,u), uw=pw) in Qo
w(t) is constant on 1, for ¢t € (0,7T)

d 1 1

—ut) + oo | O w(t) = o [ F(tu(), u=pBw), i
Sh(uo, F, g) dtU() | Jry 7,0 Q1] Ja, (t,u(?), w=pw), inG
O w+ plz,w) =g, on (0,T)x (Ty\T1)
w=0, onXp

u(0) =ug in Q,
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where Ao(z,r,n) = ap(x)n+o(z,r). As in [3], we see that the natural spaces for the study
of the Shadow problem are LY, = {u € LP(Q) ; u is a constant on Ql} endowed with the

natural norm LY, for 1 < p < oo, and we denote Hglh =Vn L?h

Definition 2 For g € L'(Zy) and ug € L'(2), we say that u is a solution of Sh(ug, F, g),
if there exists a measurable function w : Q — IR such that

u e L*(Q), wELQ(O,T;Hg}I), u=f(w) a.e. in Q and

(2.10) //Q (—uftAo(a:,w,Vw)-Vf) = / uo§ —|—//

[ (a=rtw) ) v EcC@NIZO.T: ) st &T) =

Theorem 2 For any g € L*(Sy) and ug € L*(Q) satisfying (2.6), there exists a unique
u solution of Sh(ug, F,g). Moreover, u € C([O,T);L%zl), uw(0) = woq,, and if for i =
1, 2, ug; € L*(Q) satisfies (2.6), g; € L*(Xn), F; satisfies (2.5) and u; is a solution of
Sh(ug;, Fi, g;) then (2.9) is fulfilled in D'(0,T).

Remark 1 Without abusing, we will say that (u,w) is a solution of P:(ug,F,g) (resp.
Sh(ug, F,g)), if (u,w) satisfies (2.8) (resp. (2.10)). Though it must be born in mind that
u is unique ; as to the function w, in general, we don not know if it is unique or not.

Corollary 1 A solution (u,w) of Sh(ug, F,g), with ug € L'(Q) and F satisfying (2.5)

is also a solution of Sh(upq,,Fa,,90,), where upn, = uo Xq, + uo(z) dx, Fo, =

X
]

F xq, + F(.,y,.)dy and go, = g xr, + g(z) d.

X XTI
‘Ql, 1 |Ql| I

Remark 2 By an appropriate choice of a test function &, one sees that the formulation

(2.10) implies that Sh(f,g) is pointwise satisfied whenever u, w, I'y and I'y are regular
enough.

At last, we close this section of main results by given the theorem of convergence of
solutions of P. to those one of Sh.

Theorem 3 Let ug € L*(Q) satisfying (2.6) and g € L*(Xn). If K1 = 0, then there exists
a solution (ue,w:) of Pe(ug, F,g), such that, as € — 0,

(2.11) u. —u i C([0,T); L1(Q))
for any § > 0, and, by taking subsequences if necessary,
(2.12) we —w in L*(0,T; V) — weak

where (u,w) is a solution of Sh(ug, F,g). Moreover, if ug € L?h, then (2.11) and (2.12)
remains true even if K1 Z 0 ; and also, § = 0 is admissible in (2.11).
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Remark 3 The assumptions (2.2) and (2.7) means that the convection o is dissipatif,
while (2.3) is a structure condition. We emphasize that our results can be obtained un-
der relaxed assumptions. However, since we are working with nonhomogeneous boundary
conditions, we decided to study the problem under such assumptions only to simplify the
proofs of existence of a solutions of P-(ug, F,g) (which is not the aim of this paper). For
discussions in this direction, we refer the readers to the papers [1], [13], [32] and the
references therein.

3. Existence of solutions and convergence results

3..1 Existence of a solution for P.

We introduce the following notation that will be used throughout the paper:

1 if s>0 1 if <0
Signt (s)={ [0,1] if s=0 , Signl(s)= L
) 0 if s<0
0 if s<0

and and for € > 0, H.(s) = inf(s" /¢, 1), for any s € R. We will treat the problem in the
context of nonlinear semigroup theory. Through the implicit discretization in time arising
in this theory, the study of P. is closely connected to the associate stationary problem
which is

v—=V-A(z,w,Vw)=f, v=p0Fw) in
St:(f,9) O w + p(zr,w) =g on Iy,

w =20 in I'p.

We say that a couple of function (v,w) is a solution of St.(f,g), if v € L*(Q), w € V,
v = f(w) a.e. Q and /(v - f)§+/ A (z,w, Vw) - V€ = / (9 — p(x,w)) &, for any
Q Q I'n

EeV.

Proposition 1 For any f € L*(Q) and g € L*(T'y), there exists a unique v and there
exists w such that (v,w) is a solution of St-(f,g). Moreover, if (vi,w;) is a solution of
Ste(fi,gi) fori=1, 2, with f; € L*(Q) and g; € L*(T'y), then

(3.1) L=< [+ [ o= gt

and
(3.2) /\U1—vz|§/ !fl—f2|+/ lg1 — 92| -
Q Q I'n

The result of this proposition is quite standard. However, we did not find such statement
in the literature ; we will prove it at the end of this subsection.

Now, since we are considering time dependent boundary conditions, then we will study P
in X = L}(Q) x L}(T") endowed with the natural norm |(f, g)|x = Il i) + gl @y



Nonlinear Diffusion Problem with Localized Large Diffusion N. Igbida 9

for any (f,g9) € X. Moreover, X becomes a Banach lattice if equipped with the usual
partial ordering (f,g) < (f,g) iff f < fa.e. in Q and g < g a.e. in I'y. In X, we define
the operator A. by, (h,g) = A.(u,0) if and only if

uwe L*(Q), he L*(Q), ge L*Ty), 3w e HY(Q), u= F(w) ae. Q,
[ Acww,vw) - Ve= [ he+ [ (g pm e, vee H @),
Q Q 'y

and we consider the Cauchy problem :

CP.(uo. f.9) { U+ AU > (f,g) in(0,7T)

U(0) = (uo,0).
Thanks to Proposition 1, we see that (I + A A.)"!, the resolvent of the operator A., is
an order preserving contraction in X, in other words A, is T-accretive in X. Moreover,
R(I+)A.) D L*(Q) x L*(Ty), so that A the closure of A. in X is m-T-accretive in X.
Then thanks to Crandall-Ligget Theorem (cf. [20]), Ac generates a nonlinear semigroup
of order preserving contractions in X.

Lemma 1 Setting D = {u e LYQ) ; u(z) € Im(B) ae x € Q}, we have D(A:) =
D x {O}
Proof : Clearly, by density and the definition of A, we have D(A.) C D x {O} To prove

that D x {O} C D(A.), it is enough to prove that (D N L°°(Q)> X {0} C D(A;). So, let
u € DN L*(Q) and consider (uy,w)) the solution of

uyx — AV - A (z,wy, Vwy) =u, uy=F(wy) in
8ﬁ>5w>\—|—p(x,w)\) =0 on I'y,
wy =0 inI'p.

Since (uy,0) € D(A:), for each A > 0, then it is enough to prove that, by choosing a
subsequence if necessary, uy — u in L'(Q), as A — 0. Since u € Im(f) a.e. = € , then
it is clear that A wy is bounded in V, |luxl[zec(0) < |lullze(q) and [luxllr2) < [lullz2()-
So that, Awy — 0 in H'(Q)—weak and uy — u, in L*(Q)—weak, as A — 0. Moreover,
since [|ux|r2q) < l|lullz2(q), then we deduce that uy — u in L*(9) and the convergence in
LY(Q) follows. |

Using nonlinear semigroup theory for abstract evolution problem (cf. [8] and [21]), we
have the following :

Corollary 2 For any ug € D, f € LY(Q) and g € LY(Xn), CP:(uo, f,g) has a unique
mild solution U = (u,0). Moreover, we may define a mapping S. : (uo, f,g) € D X
LYQ) x LY(2n) — u € C([0,T); L*(Q)) such that the L'—comparison principle holds.
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More precisely, if fori =12, uo; € D, f; € LY(Q), g; € L'(En) and u; = Se(voi, fis Gi),
then

d

& [®-wey < [ (F1(8) = ()

dt Jo [t () >uz (1))

+ / (f(t) — fa(t))F + /F o)

[u1 (t)=uz2(t)]

(3.3)

in D'(0,T).

It is quite natural to ask in what sense the mild solution U = (u,0) and then u satisfies
the pde P-(up, f,g). Under the general assumptions of Corollary 2, i.e. wug, f and g are
just L', one expects that u satisfies this pde in a renormalized sense. For the case of
homogeneous Dirichlet boundary conditions, one can see [14] and [31]. As to the case of
general boundary conditions, the problem is still open. In this paper, we will not use this
notion of solution, we restrict ourself to the case where u should satisfies the pde in the
usual weak sense. So, we will assume additional assumptions on ug, f and g.

Proposition 2 Let f € L*(Q), g € L*(Zn), uo € L*(Q) satisfying (2.6) and u =
Se(ug, f,g). Then, there exists w such that (u,w) is a solution of P-(ug, f,g) in the sense
of (2.8). Moreover, we have

(3.4) /Qj(u(t))+/0t/ﬂaa\va2g/ot(/ﬂfw+/FNgw)+/Qj(u0)

for any t € [0,T), where j(r) = / sdf(s), for any r € IR.
0

Proof : By definition of S.(ug, f,g), u € C([0,T); L'Q)). Moreover, u(t) = L — liII(l) ux(t)

uniformly in ¢t € [0,7], for any 0 < 7 < T, where for A > 0, u) is a A—approximate
solution of C'P-(ug, f,g) corresponding to a subdivision tgp = 0 < t] < ... < tp—1 < 7 <

n ti
tn, With t; — ti_y = A, f1,...fn € L*(Q) and g1,...gn € L*(Ty) with Z/ (Hf(t) -
i=1"7ti-1

fillLr) + lg(t) — gi||L1(FN))dt < A . This approximate solution is defined by u)(t) = w;,

for t € ]t;_1,t;], i = 1,...n, where u; is such that U; := (u;,0) € LQ(Q) X LQ(FN) satisfies
Ui —Ui—1 + N AU; = (M fi, Agi) with Uy = (up,0). That is, there exists w; € V such that
(uj, w;) is a solution of

U — AV - Ag(.%, wy, le) = U;j—1 + )\fm U; = B(wl) in €,
(3.5) Oy wi + p(z,w;) = g; on 'y,
w; =0 on I'p.

Taking w; as a test function in (3.5) and using the fact that / (ui—1 —ui)w; < / Jlui—1)—
Q Q
/ j(u;), we have
Q

/Qj(uz) —I—)\/QaE\Vwil2+/\/Qa(:U,wi)-Vwi < /Qj(ui,l) —1—)\/inwl-
+A [ (i — plx,w;))w;.

N

(3.6)
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Adding (3.6) from i = 1 to n, we get

(3.7>/ %/%WA +// o(@,w)) V““/JUO +//fxwx
0

(gx — p(x, wx))w

N

where wy : [0,7] = V, fy : [0,7] = L*(Q) and gy : [0,7] — L} () with wy(t) = w;,
Ia(t) = fi, and g(t) = g; for any ¢ € |t;—1,t;], i = 1,...n. Thanks to (2.2) and (2.7), we
have

(3.8) /Qa(x,wA)-VwA:/QV'(/OwA a(x,r)dr)—/Q/OW V..ol r)dr >0,

so, since j > 0 and p(x,wy)wy > 0 on Xy, then (3.7) implies

mo [* [ 19w < [ 300)+ C (Il + loal sy I Tl

which implies that Vwy is bounded in L?*(Q), wy is bounded in L?(0,7; V) and, by (2.4),
p(x,wy) is bounded in L*(Xy). Let w € L*(0,7;V), x € L*(Xx), and Ay — 0, such that
wy, — w in L*(0,7;V)—weak and p(x,wy, — x in L*(Xx)-weak. Since, for each ¢ > 0,
uy,, (1) = B(wy, (1)) a.e. in Q and uy, (t) — u(t) in L'(£2), then by monotonicity arguments
we deduce that u(t) = B(w(t)) a.e. in Q and by (2.3), o(.,wy,) — o(.,w) in L*(Q). Now,
we consider i the function from [0, 7] into L' (), defined by iy (t;) = u; and 4y linear in
[ti—1,t;], then (3.5) implies that

Y // ~in &+ Aclay o, Vi) - V) = [ €0 uo+//fA£
> st

for any £ € C1([0,7] x Q) N L?(0,7;V), s.t. (1) = 0. Letting A — 0, we get

(3-10>/0T/Q<u5t+As<x,w,Vw)-vs>=/Qf<0>uo+/oT/Qf§+/oT/FN(gx)f

for any ¢ € C1([0,7]x Q)NL3(0,7; V), s.t. &(7) = 0. To end up the proof of the proposition,
it remains to show that x = p(z,w) a.e. in ¥y. Since, p(z,w)) — x and wy, — w in
L*(Xn)—weak, then, by using Minty Lemma, it is enough to prove that

liminf/ plx,wy) wy < // £x.
A—0 N N

To this aim, we see that by letting A — 0 in (3.7), we have

hmmf/ p(x,w)) //fw+ / gw — /j —// a. |[Vw|?
EN Z:N Q
—//ax,w-Vw+/ju0.
Q Q
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On the other hand, since u and w satisfies (3.10), then by using the chain rule Lemma (cf.
Lemma 1 of [1]), we deduce that

g0+ [ acrvul+ [[ o uwyw= [[ pot [[ 6wt [ i),

and the result follows. At last, by using again (3.8) and passing to the limit in (3.7), we
get (3.4). |

In order to treat the problem P. with a reaction term F(¢,x,u) satisfying (2.5), we will
use the general Lemma 1 of [10]. Thus,

Proposition 3 For any ug € D and g € L'(Xy), there exists a unique u €
C([0,T); LY()) such that u = S(ug, F(.,u(.)),q). If moreover, ug € L*(Q) and g €
L*(Xy), then there exists w such that (u,w) is a solution of P(ug, F,g).

Proof : Fix g € L'(Xy) and let H be the application from [0,T) x X into X defined by
H(t,U) = (F(t,.,u1),g) for any U = (uy,us) € X. Thanks to (2.5), H(.,U) € L'(0,T; X)
for any U € X and U — H(t,U) is continuous for a.e. t € (0,7"). Moreover, using again
(2.5) we see that CI — H(t,.) is accretive in X. Then (see for instance [10], Lemma 1), for
any ug € D, there exists a unique mild solution U = (u,0) of
au

(3.11) o + AU =H(.,U)on (0,7), U(0)="Uy:= (up,0).

Since, by definition of a mild solution of (3.11), U is also the unique mild solution of
CP-(ug, f,g) with f = F(.,u(.)), then we deduce that u = S¢(ug, F(.,u(.)),g) and by
uniqueness of a mild solution of (3.11) we deduce that w is unique. As to the second part
of the proposition is a simple consequence of Proposition 2. [ |

Now, we end up this subsection by proving Proposition 1.

Proof of Proposition 1. Uniqueness : It is clear that (3.2) and the uniqueness follows
directly from (3.1). To prove (3.1), we substrate the equations satisfied by (vi,w;) and
(vg,we). Setting V- = vy — vy, W = w1 —wa, F = f1 — fo, G = g1 — g2, and taking
¢ = He(wy — wa), we get

LV W)+ [ aVWEEW) + [ (ple,wn) = ple,wa) ) HAW)

I'n

+/ (o(w.wn) — o(w,wn)) - VIV HL(W) = / FHW)+ [ GHW).
Q Q INY
On the other hand, since o(z, w) is Lipschitz in w then
‘/(U(x,wl)) ~o(z.wy)) - VWH.(W)| < C IVW| —0 as €— 0,
Q [0<|W|<e]

So, since (p(z,w1) — p(z,wa))H (W) > 0 on I'y, then letting ¢ — 0 and using the fact
that (vq — v2)Signg (w1 — w2) = (v1 — v2)™, we get (3.1).
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Existence : Let B : V — V™ be defined by <Bw,§> = /Qﬂ(w)f—i—/QAg(a:,w, Vw)-VE+

/ (p(z,w)—g)& . Since ( and o(z,.) are Lipschitz, then by Poincaré inequality, it is not
'y

difficult to see that B is bounded and is weakly continuous. Moreover, thanks to (2.2) and

<Bw7w>
(2.7), we have / o(x,w) - Vw > 0, so that, Tely > mllwlly = Cllgllp2ryy — oo as
Q \%
|w|lyy — oo, which implies that B is coercive. So, thanks to [34] (Cf. Chap. 2, Theorem

2.1 and Remark 2.1), we conclude that for f € V* (and in particular for f € L?(Q)),
there exists w € V, such that <Bw, §> = <f, §> for any £ € V, which ends up the proof of
existence. [ |

3..2 Convergence results : existence for Sh

As said in the introduction, we will construct a solution of the Shadow problem as limit of
a solution of the problem P, by letting ¢ — 0. This is the aim of the following proposition.

Proposition 4 For 0 < € < &g, let f. € L*(Q), g € L*(Zn), uo. € L*(Q) satisfying
(2.6) and denote by (ue,we) the solution of P.(uqe, f-, gc) given by Proposition 2. Assume
that f., g. and ug. are weakly convergente, respectively in L*(Q), L*(Xx) and L*().
Then, there exists u € L*(0,T;L3,) and w € L*(0,T;HY,) such that, u = B(w) a.e.
Q, and by taking subsequences if necessary, we have us — u in LI(Q) and we — w in
L*(0,T;V) — weak. Moreover, (u,w) satisfies

(3-12]2//62(—U5t+A0(l‘awavw)'Vf)=U0§(0)+//Qf§+//EN (9 plaw)) €

for any & € C*Q)NL2(0, T Hél) such that £(T) = 0, where f, g and ug are the weak limits
respectively of f-, g- and uge.

Proof : Recall that (3.4) with (2.1) and Poincarré inequality implies that
(3.13) /j(us(t))—l—// 0. Vw2 <C, ae te(0,T),
Q Q

where C' is a constant independent of e, so that w. is bounded in LQ(O,T; V), there
exists w € L2*(0,T;V) and a subsequence that we denote again by {e}, such that
w. — w in L*(0,T;V)-weak and in L?*(Xy)-weak . Moreover, since a. — ag uni-
formly in g, then a. Vw. — a9 Vw in L2((O,T) x p)-weak. On the other hand, since
T T

inf a.(x) / / |Vw,|? < / / a: |[Vw|> < C and inf a.(x) — oo as € — 0, for any
zeK 0o JK o JO zeK

K cC €y, then

T T
/ / |Vw|* < lim inf / / Vw.|* =0, for any K cC Q.
0 JK =0 Jo JK

Since ; is connected, we conclude that w(t) is constant in €2, for each ¢ > 0, so that
w e L*0,T; HY,)).
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Now, let us prove that, as ¢ — 0, u. — B(w) =: u in L'(Q). Since for any k& > 0 and
1

reR, |6(r)| < %j(r) + sup{—0B(—k), B(k)}, then, (3.13) implies that for any measurable

set Q C Q and k > 0, we have

S bl < 5+ 11 sup{=p(-H). 50,
Q

which implies that {u.} is equi-integrable in L*(Q). On the other hand, since /3 is Lipschitz,
u. = B(w.) and w. is bounded in L?*(0,T;V), then {u.} is also bounded in L?(0,T;V)

T
and }llin%)/ / |ue(t,x + h) — us(t,z)| = 0, for each w CC 2. So, thanks to Theorem 2 of
—VJ0 Jw

[33], we deduce that {u.} is relatively compact in L'(Q). Then, there exists u € L'(Q),
such that u. — u in L'(Q), and by monotonicity argument we deduce that u = S(w) a.e.
in @. This ends up the proof of the first part of the proposition. To prove that (v, w)
satisfies (3.12), we consider £ as in the statement of (3.12) and take it as a test function
in (2.8), i.e.

//Q(—u§t+Ae(;E,w5,sz)-V£> :/§2UO€£(O)+//Qfs£+//X:N (gs_p(-aws)) €.
Obviously, /OT/Q Ac(z,we, Vwe)-VE = /OT/Q A (z,we, Vw,) - VE, so, using (2.3) and let-

ting e — 0, we get //Q (—u§t+Ao(x,w,Vw)-V§) :/Quoﬁ(O)—F//Q f§+//EN (g—x)f,

where y is a weak limit in L?(Xy) of p(z,w.). By using monotonicity arguments (Minty
Lemma) exactly in the same way as in the proof of Proposition 2, we deduce that
X = p(z,w) a.e. in Xy, and complete the proof of the proposition. | |

Now, in the concern of showing uniqueness (cf. Section 4) and exhibiting the singular
limit phenomena, we improve the convergence by using nonlinear semigroup theory. We
will be interest in the limit, as ¢ — 0, of the semigroup generated by A.. For this, let us
introduce the elliptic problem associated with Sh(ug, f,g), that is

v—V-Ay(r,w,Vw)=f, v=pFw) inQ

So(f.9) w is constant in 4
09 (‘3n—(>)w+p(a:,w):g on 'y N Ty
w =20 on I'p.

Proposition 5 Let f € L*(Q), g € L*(Ty), (v, we) a solution of St.(f,g). As, & — 0, we

have v. — v in L*(Q) and, by taking subsequences if necessary, w. — w in H'(Q)—weak.

The couple (v,w) solves So(f,g) in the following sense : v € L*(Q), w € HY , v = B(w)

a.e. Q and /(U — f)§+/A0(x,w,Vw) -VE = /(g— plx,w)) &, for any £ € Hél.
Q Q r

Moreover, v is unique.

Proof :  The proof of uniqueness follows in the same way for the problem St.(f,g).
Indeed, subtracting the equations satisfying by two solutions (vi,w;) and (va,ws), one
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sees that £ = Hc(w; — we) is an admissible test function and the proof follows in in the
same way of Proposition 1. To prove the convergence of (v, w:) to (v,w), observe that
(ve,we) is also a solution of P.(ve, f — ve,g), so that, by using (3.4), we deduce that w,
is bounded in H*(Q) and, since § is Lipschitz, then v, is bounded in L?*(Q). So, applying
Proposition 4 the convergence results follow. |

Applying Proposition 5, we define in X the limiting operator Ay, by (h,g) € Aop(u,0) if
and only if

we Ly, he L*(Q), g€ L*(Ty), Iwe H,, u=B(w) ae. Q,
/Ao(a:,w,Vw)-ng/hf—i—/ (9—plz,w) & VEEH], .
Q Q 'y

Denoting by J5 (resp. JY) the resolvent of A. (resp. Ap), we have
Corollary 3 As, ¢ — 0, J5 (f,9) — J\ (f,9) for any f € L*(Q), g € L*(T'y) and X > 0.

This means that the operator A, converges to the operator Ay in the sense of resolvent.
So, Ay is T-accretive and we have R(I + A Ag) D L*(Q) x L*(T'y), which implies that Ay
generates a nonlinear semigroup of order preserving contractions in X. Moreover, we have

Lemma 2 D(Ay) = (DL, ) x {0}.
Proof : We follow the same idea of the proof of Lemma 1. By density and the definition

of Ay we have D(Ag) C (D N L%h) X {O} To prove that (D N Lglh) X {O} C D(Ay), it

is enough to prove that (D N Lﬁ) X {O} C D(Ao). So, let u € DN Ly, and consider
(uy,w)y) the solution of

uy — AV - Apg(z,wpVwy) =u, uy=pF(wy) in

w is constant in 4
8776fw+p(x,w):0 on 'y N Ty
wy =10 on I'p.

Since u € Im(B) a.e. x € ), and (cf. Proposition 5) uy is obtained as limit of a solution
of St.(f,0), as € — 0, then we deduce that A\ wy is bounded in V, [Jux | pe(q) < [[ull (o)

and |lux[|z2(q) < llullz2(q)- And, the convergence uy — u in LY(Q) follows exactelly in the
same way of Lemma 1. [ |

As in the previous subsection, considering the Cauchy problem in X

{UH—AOU: (f;9) in(0,7)

CPO(U07f7g) U(O) = (U0,0) =: Uy,

we have
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Corollary 4 1. For any up € DN L, f € LYQ) and g € L' (En), CP:(uo, f,9)
has a unique mild solution U = (u,0). Moreover, we may define a mapping Sy
(uo, f,9) € (D N L%zl) x X — u € C([0,T);L¢,,) such that the L'—comparison
principle holds.

2. For anyup € DN LY, and g € L'(y), there exists a unique u € C([0,T); L, ) such
that v = So(ug, F(.,u(.)), g).

Now, applying Corollary 3 with classical theorems for regular semigroup perturbation (cf.
[17] and also [10]), we have

Corollary 5 1. Fore >0, let ugpe € D, g- € Ll(ZN) and ue = Se(uoe, F(.,us(.)), ge)-
If, letting e — 0, g- — ¢ in Ll(EN) and uge — ug in Ll(Q), with uy € Lglh, then
ue — u in C([0,T); LY(Q)), where u = So(ug, F(.,u(.)),g).

2. If, moreover, upe € D N L?zl, g: € L*(ZN) and we is the function given by
Proposition 2, then, by taking subsequence if mecessary, we have w. — w in
for any £ € HgthQ(O,T; V)-weak and (u,w) is a solution of Sh(ug, F,g).

4. Uniqueness

To prove uniqueness we use the concept of integral (sub/super) solution, which is well
known in the context of the abstract Cauchy problem (cf. [6], [4] and [8]). This concept
was previously used in [12] for the proof of uniqueness of weak solution for elliptic-parabolic
problems, with homogeneous Dirichlet boundary conditions. Before to give a definition
of this notion in our context, let us first introduce the following stationary problems
associated with P. and Sh respectively :

-V -A(z,n,Vn) =h inQ

(4.1) O n+o(z,n) =1 on I'y
n=20 onI'p
and
—V-Ay(x,n,Vn)=h in Qg
(4.2) 7 is constant in
O n+plz,m) =1 on 'y NIy
n=70 on I'p.

For h € L*(Q2) and | € L*(I'y) we say that 7 is a solution of (4.1) (resp. of (4.2)),ifn € V
(resp. n € H)) and/ A (z,n,Vn)-VE :/ ( —p(m,n))§+/ h¢ for any £ € V' (resp.
Q I'n Q

Ag(x,n,Vn)-sz/ (l—p(x,n))§+/ h & for annyHél.)
Q1 I'n Q

Definition 3 Let ug € D (resp. up € DN Ly,), f € LY(Q) and g € L'(Sy).
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i) An integral subsolution of P-(uo, f,g) (resp. Sh(uo, f,g)) is a function u € L'(Q)
(resp. uw € LY(0,T; L%h)), such that ess-%in% I|(u(t) — UO)+HL1(Q) = 0, and moreover,

for any h € L*(Q), | € L*(T'y) and n solution of (4.1) (resp. (4.2)), we have

<[ wtt) = B _ w7t
(4.3) dt/ﬂ( (@) = Bm)" < /[u(t)>ﬁ(n) S h>+/[ﬂ(t)ﬂ(n)]<f )
+/ (g—Dt inD0,T).

i) An integral supersolution of P.(ug, f,g) (resp. Sh(ug, f,g)) is a function u € L*(Q)
(resp. uw € L'(0,T; L,,)), such that ess- %in(l) [(uo —u(t)) " L1y = 0, and, moreover,

for any h € L*(Q), | € L*(I'y) and n solution of (4.1) (resp. (4.2)), we have

[ ) — i) . -
- g ey < [ epr [ )
+/F (I1—-9)t inD(0,T).

N

iti) A function u € L'(Q) (resp. u € L'(0,T;L¢,,)) is called an integral solution of
P.(ug, f,g) (resp. Sh(ug, f,q)), if u is an integral subsolution and also an integral
supersolution.

First, let us prove the uniqueness of integral solutions. This is the aim of the following
proposition.

Proposition 6 Let ug € D (resp. ug € DN Ly)), f € LYQ) and g € L'(Zy). Suppose
that u is an integral subsolution of P:(uo, f,g) (resp. Sh(uo, f,g)) and @ is an integral
supersolution of P.(to, f,g) (resp. Sh(uo, f,3)). Then w and G satisfy the comparison

principle; i.e.
)

d ~ o\ T f
dat /Q COREC) I /[u<t>>a<t>1 (-5 +
(F-im) +

t
(4.5)

(o)~ 30) "

[u(t)=u(t)] I'n

in D'(0,T). In particular there is uniqueness of an integral solution of P-(ug, f,g) (resp.

Sh(u07 f?g))

Proof : This proposition follows in the same way of Proposition 4.3 of [12]. For com-
pleteness, let us give the arguments. It is clear that the uniqueness assertion follows by
(4.5). To prove (4.5), recall from [4] that an integral subsolution of CP:(uy, f,g), with
uy € D, ug € L, if e =0, and (f,g) € L'(0,7;X) is U = (u,0) such that u € L'(Q),
u e LY(0,T; Lglh) if e =0, ess- %1_1)1(1) II(u(t) — u0)+||L1(Q) = 0 and, moreover,

we)  GLeo-)" <[ geme[ -t [ e-nt
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in D'(0,T), for any (z,h,1) € L' () x X such that (h,1) € A-(2,0). Now, one sees easily,
that Definition 3.i) implies that (4.6) is satified for any (h,l) € A.(z,0). On the other
hand, recall from section 2 that A, is m-accretive in X and since the notion of integral
solution is invariant under the closure of the operator, then we deduce that (4.6) is satis-
fied for any (h,l) € A-(z,0). So, assume for instance, that ¢ > 0 and let u (resp. i) be an
integral subsolution (resp. supersolution) of P.(ug, f,g) (resp. P:(ay, f, g)). Thanks to
the first part of the proof, U = (u,0) (resp. U= (1,0)) is an integral subsolution (resp.
supersolution) in the sense of [4] of the corresponding Cauchy problem C P-(uy, f, g) (resp.
CP.(ig, f,§)) with the operator A.. Thus estimates (4.3) follows directly from Theorem
3 of [4]. The proof remains the same if € = 0. |

Now, it is clear that uniqueness of u such that (u,w) is a weak solution of P.(ug, f,g) or
Sh(ug, f,g) follows by proving that w is an integral solution.

Proposnzlon 7 Let ug € L*(Q) N D (resp. ug € L, N D), f € L*(Q) and g € L*(Xn).
Ifu € L*(Q) (resp. uw € L*(0,T; L3 1)) is such that there exists w such that (u,w) is a
solution of P-(uo, f,g) (resp. Sh(uo,f, g)) in the sense of (2.8) (resp. (2.10)), then u is
an integral subsolution of P-(uo, f,g), (resp. Sh(uo, f,g)).

Proof : We will give the proof for the problem P., with € > 0, as to the problem Sk the
proof follows exactly in the same way. Let h, [ and 1 be as in the statement of Definition
3 and let £ € D(—o00,T) with £ > 0. First, let us prove that

_//th w:jHe(S—TZ) dﬂ(S)+//Q§Aa(a:,w,Vw).VHE(w—77)
[ remto-m+ [[ o= otaune -,

N

(4.7)

where wy is a mesurable function in Q2 such that up = B(wp) a.e. in Q. To this end, for
6 > 0, we consider ¢ (¢ 5/ H( —n)&(s)ds, a.e. £, where we extend w onto
R xQby0ift >T, by wg if t < 0. It is clear that 1/16 is an admissible test function and

//Q (5(w) —uo)¢f = //Qgﬂg(w(t) _n)ﬂ(w(t—a)é— Blw(t)

So, since He(p —n) (ﬁ(p) - ﬁ(q)) < /q H.(r —n)dp(r) for any p, ¢ € R, then we deduce
P

that
/ € AL(z,w,V w).V ¢ — //f§¢5 // w)) €4

< [ 800 1 g as

wo

Letting § — 0 and using the fact that ¢° — H(w —n) in L*(0,T;V), (4.7) follows.
w(t,r) +
Now, it is clear that, as e — 0, / H.(s —mn) dB(s) — (ﬂ(w(t,m)) — ﬁ(n)) a.e.
n
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(t,z) € @, so that by Lebesgue’s dominated convergence theorem, the first term in (4.7)

converges to //Q ((u(t x) — Bn)T — (up — B(n ))+)ft. Obviously, // f&H(w—n) and

/ (9—o(.,w))§H(w—mn) converges, respectively, to / f&Signgd (w—n) and //
ol ))5 Signg (w—n). As to the second term, note that using the deﬁmtlon ofa solut1on of
(4.1),We have // EA(z,w, Vw).VH (w—n) = I} + I? with I! = // (x,w, Vw)—

Q

Aa(ﬂ:,n,Vn)) - VHe(w —n) and I?Z//@ﬁhﬂe(w—n)Jr//zN l—p(x,n))Eh He(w —n).

Clearly, I? converges to // ¢ hSignd (w —n) + // ¢ Signgd (w —n) (I — o(z,m)). On the

other hand, hmmfI1 > hm//fH’w—n (o(x,w) —o(z,n)) -V (w—-mn) =0.So,
letting € — 0 in (4 7), we get

INC ~ (o= A )t [ (o)~ ol

(4.8) //éslgnow n (f— h+// ¢ Signg (w —1n) (9 - 9)

= /0 {/[U(t)>6(n)] S [u(®)=B(n ) //EN -

As € € D(—00,T) was arbitrary, it follows that (4.3) holds. Now, note that (4.8) implies
that for any t € [0,T), we have

o= < [wo-ar+ [ [ gmme [ g-mte [ @-vt

for any z € D and (h,l) € A.(z,0). A a consequence, ess- }/in%/ (u(t)—2)" < / (up—2)",
—0Jo Q

for any z € D and ug € D implies that ess- %in% [(u(t) —uo) || 11 (q) = 0. This ends up the

proof of the proposition. [ |

Corollary 6 Let ug € D (resp. ugp € DN L}zl) and g € L*(Xy). There is uniqueness of
u such that there exists w such that (u,w) satisfies (2.8) (resp. (2.10)).

Proof : If u; and ug are such that (u,w;) and (ug,ws) satisfy (2.8), then (ui,w;) and
(ug, we) are two solutions of P (ug, f1,¢g) and P:(uo, f2, g) respectively with f; = F(.,u1(.))
and fo = F(.,u2(.)). So, applying Proposition 7 and Proposition 6, we deduce that

[ = wey* < [ t/[u1>u2]<F<.7u1> ~Flow) <€ [ [ =)t

which implies, by Granwall, that u; < us. In the same way we can prove that us < uy,
and deduce that u; = uy. The uniqueness of u such that (u,w) satisfies (2.10) in the case
where ug € D N L¢,, follows in the same way. ||
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5. Proofs of the main Theorems

Proof of Theorem 1 : Now, it is clear that the existence of (u,w) satisfying (2.8)
follows by Proposition 4 and the uniqueness of u follows by Corollary 6. On the other
hand, since by Proposition 4, u = S.(ug, F(.,u(.)),g), then u € C([0,T); L*(Q)), u(0) = ug
and the comparaison principle is satisfied. [ |

Proof of Theorem 2 : The existence assertion of the theorem follows by Corollary 5.
As to the uniqueness and the comparaison principle, recall that a solution u of Sh(ug, F, g)
is also a solution of Sh(uoq,, F,g), which is unique by Corollary 6. Thanks to Corollary
5, u is given by u = So(uoq,, F(-,u(.)),g), so that u € C([0,T); L*(R2)), u(0) = upn, and
the comparaison principle is satisfied. [ |

Proof of Theorem 3 : Assume that ug € L¢,. Since ue = S-(ug, F(.,uc), g) and
u = So(ug, F(.,u(.)),g) then the theorem is a simple consequence of Corollary 5.
Now, in order to prove the theorem in the case where uy & L}h, we begin by to treat
the case F' = 0. In this case u. = Sc(up,0,g) and, for any ¢ > 7 > 0, we have u.(t) =
Se(ue(7),0,9(.+7))(t—7). Applying Proposition 4, we know that there exists e — 0, such
that, for a fixed 7 > 0, ue, (1) — So(uog,,0,g(.+7))(7) in L*(). Then, applying the first
part of the proof in (7,T), we deduce that u. — So(So(uoq,,0,9(.+7))(7),0,9)(. —7) =
So(uog,,0,9) in C([7,T); Ll(Q)). Since 7 > 0 is arbitrary, then the results of the Theorem
follows in the case FF = 0. To end up the proof, assume that F # 0. For fixed 7 > 0,
we set Fr(t) = F(t) x(r,7)(t) for t € (0,7), and we consider 2] = Sc(ug, Fr(.,2.,g) and
T = So(uog,, Fr(.,27),g). Using the fact that u. = SE(UQ,F(., ue),g), Corollary 2 and
(2.5) implies that

t
[ ue) =201 < [ [ (K2 X0 + Klue = 2 xeem),
Q 0JQ

t T
so that, by Granwall, we get / lue(t) — 2L (t)] < el K / / Ky for any t € (7,T). In the
Q 0 Jo

same way, since u = Sp(uoq,, F'(.,u(.),g), then / lu(t) — 27(t)| < el X / / K for any
Q

€ (7, T). On the other hand, since 2 (1) = Sc(uo,0,9)(7) and 27 (1) = So(uogq,,0, 9)(7),

then using the second part of the proof we have 27 (1) — 27(7) in L'(Q), and, by reg-

ular semigroup perturbation thereoms, we deduce that sup |ze(t) — 27(t)| — 0. So,
te[r,T)

hH(IJ sup /\ . —u()\<26fK//Kg,forany0<7<t1<t2<T and the con-
eV e[t ta]

U
vergence (2.11) follows. For the convergence of we, this follows by Proposition 4. | |
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