Advances in Mathematical Gakk(_)tosho
Sciences and Applications Tokyo, Japan
Vol.17, No.2 (2007), pp.1-30

SOME COMPETITION PHENOMENA IN
EVOLUTION EQUATIONS

NOUREDDINE IGBIDA
LAMFA, CNRS UMR 6140 Université de Picardie Jules Verne
33, Rue Saint Leu 80039 Amiens, France
(noureddine.ighida@u-picardie.fr)

FAHD KARAMI
LAMFA, CNRS UMR 6140 Université de Picardie Jules Verne
33, Rue Saint Leu 80039 Amiens, France
(fahd.karami@u-picardie.fr)

Abstract. This paper is concerned with some nonlinear evolution equations governed
by tow competitive operators. We treat the problem in a general setting and show how
to apply the results to the particular situation of reaction diffusion equation with large
reaction and/or large diffusion.

keywords : Singular limit, large reaction, large diffusion, elliptic-parabolic problem,
L' theory, Semigroup of contraction, competition, nonlinear evolution equation, weak
solution.

Communicated by Editors; Received April 16, 2003.
AMS Subject Classification (2000): 34K05, 35F25, 35J30, 35K20



1 Introduction.

In general, the evolution of biological and physical problem uses different processes.
May be the most known processes are diffusion, reaction and convection. Sometimes,
they differ very strongly from one part of the physical system to the other, so that some
kind of competition between them appears. The aim of this paper is to describe the
asymptotic behavior of evolution problem governed by two (or more) competitive processes
like reaction/diffusion or convection/diffusion..

Several useful models for this type of problems may be described by evolution problem
governed by the sum of two (or many) operators. These operators are connected in the
equation by rates which strongly changes. For instance, let us consider the evolution
problem

u + dyAu +r,Bu = f in (0,7, (1)

where A and B are two operators describing the considered processes with rates dj, € R
and 7, € RT, and f is a source term. The variation of the processes lies in the parameter
k € IR. We are interested to the asymptotic behavior of the solution wu; of evolution
problem of type (1) when each one of the operators A and B acts strongly. In other

T r
words, we assume that -+ L tcor £ 0, as £ — o0, and we study the asymptotic

behavior of uy. First, we gtudy the probfem within an abstract general framework. Then,
we show how to apply the result to the particular situation (1) and also to concrete
examples like the reaction-diffusion equation.

Note that this problem is a particular case of an overall program of studying the so
called singular limit for nonlinear partial differential equations. That is a perturbation
problem where the perturbed problem is of totally different character than the unper-
turbed one. In a Banach space X, let us consider a family of evolution equations

ur+ Agu s> f in (0,00),  w(0) = ug (2)

governed by the family of operators (A)ren being such that (2) has a solution uy €
C([0,T), X) and such that Ay converges to A in the graph sense, as k — oo. It is known
that (see for instance [16]) if ug € D(A), then ux, — w in C([0,T), X') and w is the solution
of

u+Au> f  in (0,00), u(0) = up. (3)

But, if ug € X \ D(A), then (3) is not well posed and in general the limit of u; may not
exist. However, for a large class of concrete problems the limit u exists and there exists

ug € D(A), such that u is the solution of
u+Au> f  in (0,00), u(0) = u,.

But the characterization of w, is not clear yet in general. For instance, if X is a Hilbert
space and A is the Yoshida approximation of A assumed to be maximal monotone in
X, then (cf. [14]) w, is the projection of uy on the closure of the domain of A. It is
again the projection, in some particular case of k—homogeneous accretive operators Ay ;
ie. Ap(Au) = A A(u) (cf. [9]). But, in general it is not the projection (see [9] and
[11]). Paper [10] treats the case where Ay = By, + F which By, being a family of accretive



operators, and F' being nondecreasing bounded and continuous. In [10], it is proved that

u, is given by lin% klim e~ Bryy, where ek is the semigroup generated by By. In this
— —00

paper, we treat the case where a rescaling makes the limit regular. More precisely, we

assume that there exists m(k) — 0, such that m(k)A, — A and ug € D(A). As well as
the reaction-diffusion problems is concerned (cf. section 3.), this condition is fulfilled in
a large field of applications like models of the type (1) (cf. section 2).

To give a brief description of our main results, let us consider 2 C RY a bounded
domain with smooth boundary 02, ug € L>(2) and f € L(Q). In €2, we consider the
Reaction-Diffusion problem of the form

u—dAw+rgu)=f, u=pw) in@Q:=Qx(0,7T)

P4 (ug, f) { Ozw =0 in ¥ :=0Q x (0,7)

u(z,0) = ug(x) in Q,
where d > 0,7 > 0, §: R — R is a nondecreasing continuous function such that 5(0) = 0,
(H1) Im(3) =R
and
(Hy) g : R — R is continuous, nondecreasing with ¢(0) = 0.

It is known that P9 (ug, f) is well posed in the sense of weak solution. More precisely
(see for instance [31] and the references therein), there exists a unique v € L*(Q), such

that there exists w € L? <0,T; Hl(Q)>, u = f(w) a.e. in Q and

a [ [puvcr [* [ gwe= [ [re+ [ [ uei+ [ wco),

for any & € C*([0,7] x Q) such that £(.,7) = 0. For P?"(ug, f), d and r represent respec-
tively the diffusion and the reaction rate. We are interested in the asymptotic behavior
of the solution as d and/or r being very large. Concretely this situation can be found
in models combining reactive and diffusive processes acting strongly and creating asome
competition between the processes (see [26], [15], [18], [21], [12], [23], [13], [24], [19], [35],
[27] and the references therein for concrete applications).

If r =0 (resp. d =0) the limit of the solution as d — oo (resp. r — 00) is also given
by the large time behavior of the solution of P?%(ug, f) (resp. P°"(uq, f)). Indeed, it is
enough to consider the rescaling 7 = dt (resp . 7 = rt). In these cases, the problem is
well understood (see [2], [1], [34], [32], [31] and the references therein). Our main interest
lies in the case where d and r are both non null.

If we assume that d > 0 and r — oo, then the problem is the reaction-diffusion
equation with large reaction (cf. [15], [21], [12], [13], [24], [19], [35] and [27]) . Formally,
we see that the limiting problem is

u—dAw+Gu)=f, uv=pw) in@Q

(4)
8ﬁw = 0, in X



where, G is the maximal monotone graph given by

0 if mo <r < MO
G(r) =< [0,4+00) it r=»M
(=00, 0] it r=mg

where mg and My are given by g {0} = [mg, Mo]. In other words the limiting problem
1s

mo <u < My, u=p(w) )
(g —d Aw — f)(u—mg)(u— My) =0
in )
(ug —d Aw — f) > 0 in [u = mg|
(wy —d Aw — f) <0 in [u= M) J
[ Osw =0 on X,

which is the so called obstacle problem. Indeed, an instantaneous new distribution of the
spatial inhomogeneities appears in the limiting problem. The solution is forced to transfer
between M, and my. Compatible initial data for (4) are functions living in [mg, Mo, so
that the limit of the solution of P4 (ug, f) is singular. In the sense that a boundary layer
appears in the passage to the limit and it could be interesting to identify the compatible
initial data for (4) associated with ug. As a consequence of the main results of this paper,
the corresponding compatible initial data for the limiting problem is given by the limit,
as t — oo, of the solution of the ode

z+rg(z)=0 in (0,7)
2(0) = uo,

which is equal to mgV (ugAMp).

If » >0 and d — oo, then the problem describe a reaction-diffusion problem with
large diffusion (cf. [3], [38], [26] and [30]). Using the fact that g is nondecreasing and
continuous this is a particular case of [30] and the limit of the solution is given by

ct—i-rg(c)—]éf in (0,7)

¢(0) = ]é o,

Assuming that d — oo and r — oo, the problem models a reaction diffusion problem
with large reaction and large diffusion. In this case, a competition between the reaction
and the diffusion appears and we need to distinguish between the cases where one of the

()



rates is more important than the other. So, assume that d = d(k) and r = r(k), with
klim d(k) = klim r(k) = oco. In the limiting problem, the solution is forced to be constant

in space and transfers between M, and my. Precisely, the limiting problem is the following
ode
¢+ Ge) 3 ][f in (0,7).
Q
For the identification of the corresponding initial data, and as a consequence of the compe-

d(k d(k
tition phenomena, we treat separately cases lim Q = oo and lim Q = 0. Actually,
5 7(k) 5 7 (R)
we prove that
1 i tim T 0 then ¢(0) = mov(M A][ )
Cif lim = en c¢(0) =m u
o0 ’I"(]C) 9 0 0 A 0/ >
2. if khm " = 00, then ¢(0) = thm z(t) where z is the solution of the obstacle
—oo T —00

problem P% with 2(0) = moV(ugAMo), a.e. Q.

Concerning the corresponding initial data for the limiting problem, we remark that it
is given by the large time behavior of the equation stated only with the most competitive
process. In this direction, our main results (cf. Theorem 2.2, Theorem 2.3 and Theorem
2.5) also allow us to describe the large time behavior for some evolution problems by
adding an artificial regularizing processes (cf. Corollary 2.7). A concrete situation for
hyperbolic equations will be treated in details separately in forthcoming papers.

In the following section, we give in the first part, some preliminaries on nonlinear
semigroup theory. In the second part, we state and prove our main result in a general
abstract framework. We also show how to apply this result to the particular situation (1).
At last, section 3 is devoted to the proof of the results for concrete situation P?" (uq, f).

2 Abstract framework.

2.1 Preliminaries.

Throughout this section (X, |.|) is a Banach space, |.,.] is the bracket defined as follow
o+ Ayl — 2]
el =N Yoy e

Recall that an accretive operator A is a function (possibly multi-valued ) from X to P(X)
with nonexpansive resolvent ; i.e. Jy = (I+XA)~'. It is known also, that this is equivalent
to say that for any v; € Auy and vy € Aus, then

[Ul — U9,V1 — ’UQ] Z 0.

In connection with the Hilbert case, i.e. X is a Hilbert space, an operator is accretive if
and only if it is monotone. If A is m-accretive, i.e. A is accretive and the resolvent is



everywhere defined, then, for any f € L, .(0,T;X), and uy € D(A) (the closure of the
effective domain D(A) = {x € X ; Az # (}) the evolution problem

w+Au > f in (0,7)

(6)
u(0) = o,

has a unique mild-solution. It is the solution that we obtain through the discretization of
the derivative in (6) by the implicit difference schema. Indeed, for any partition 0 = ¢y <
t <..<t,.1<T<t,, take the system of difference relations

Uy

Yim Mol Ay s i, i=1,2,.m (7)
€i—1

where ¢, 1 =t; —t;_1 and fi, fo,...., f, are such that

S [ ur-si<e
i=1 Vti-1
Using the resolvent of A, the value u;, are determined successively by

w =T (w1 +efy), i=12..n

and therefore (7) has a solution if, and only if, u; + € f; € R(I + AA), for alli =1,2,...,n.
In particular, this is true for m-accretive operator. The step functions v : [0,7] — X
defined by u(0) = ug and u(t) = u; for t;_y < t <'t; is considered to be an approximated
solution of (6), converges to a unique function u € C([0,7"); X') such that u(0) = ug. This
function u is called the mild-solution of (6) on [0, T7.

In particular, if f = 0, then the mild solution is given by the exponential formula

u(t) = e g := lim <I + EA) nuo. (8)
n—o0 n

Moreover, the family of operators et > 0, is a continuous semigroup of nonexpansive
self-mappings of D(A).

Many of partial differential equations that can be studied by means of the nonlinear
semigroup theory satisfies a “comparison principle”. This fact is a consequence at the
order preserving property of the semigroup (e_tAuo)tZO. The operators which generates
order-preserving semigroups are the following : Let X be a Banach lattice and A be an
operator in X. A is called T-accretive if, its resolvents are T-contractions, i.e.,

(Thx — Tn2)T| <|(x —2)*| forz, &€ D(Jy).

Now, since every T-contraction is order-preserving, then if A is T-accretive then, for each
t >0, e is order-preserving. In general, T-accretivity does not implies accretivity, but
in some Banach spaces T-accretivity implies accretivity, this remains true for the case of
LP(Q) spaces, with 1 < p < 0.



To end up these preliminaries, remember that if we replace the function f by a continuous
perturbation F(t,u); i.e. we consider in X, the evolution problem

u+Au > F(t,u) in (0,7)

9)
u(0) = uy,

then the definition of the mild solution remains the same by replacing f(.) by F(.,u(.)),
and we know that

Proposition 2.1 (Cf. [10] ) Let A be m-accretive in X, ug € D(A) and F : [0,T] x
D(A) — X be a Caratheodory function ; i.e. F(t,x) is measurable in t and continuous
with respect to x, such that

(f‘) [SL’ - Y F(t,l’) - F<tay)] < Oé(t)|$ - y| fOT any r,y € (A)
1 and a.e. t € (0,T) with o € L;, ([0, T)),

(F2) [F(t,2)] < c(t)  with ¢ € L,,([0,T)),

then (9) has a unique mild solution.

2.2 Main results.
Now, in X let us consider (Ay)r>1 a sequence of m-accretive operator, such that
(H1) A — A as k — 400, in the sense of the resolvent,

ie. (I +X\Ap)~ " converges, in X, to (I + A\ Ax)~'. Recall that, since Ay, is assumed to
be m-accretive, then (H;) is equivalent to the convergence in the graph sense ; i.e. for
v € Ay ug, if up — u and vy — v, then v € A u.

We are interested to the asymptotic behavior, as £ — oo, of mild solution u; of

ur + Agu 3 F(t,u) in (0,T)
(Pr)
u(0) = uo,

where ug € D(Ag) and F : (0,T) x D(A) — X is a Caratheodory function satisfying
(F1) and (F2). In general, D(Ay) # Nk>1D(Ayg), and

ur + Ao 3 F(t, u) in [0,7T)

u(0) = ug

has a solution if and only if vy € D(As). If up € D(A), we know (Theorem of Trotter-
Kato-Brezis-Pazy [16] and [28] ), that uy — w in C([0,7),X) and wu is the unique
mild solution of

ur + A 3 F(t, u) in [0,7T)

u(0) = wo.



But, if ug ¢ D(A) and the limit of uy exists, then the limit is singular, a boundary layer
at t = 0 appears in the passage to the limit. In fact, there exists a modified initial data
u, (depending on uy and A.,) such that the limit of uy is the solution of

u + Asu 2 F(t,u) in [0,7)

u(0) = wuy.
The characterization of w, is not well understood in general. In this paper we are
interested to characterization of u,, in the case where A; is such that there exist m :
R* — R" such that klim m(k) =0,

—00

(Hg) ./Zk = m(k).Ak — Avoo as k — oo,
and
(Hg) Ug € D(./Z(oo)

In other words, we assume that there exists a rescaling for which the limit is not singular.

Theorem 2.2 Let (Ay),cy be a sequence of m - accretive operators in X satisfying (H1)
and (Ha), F: [0,T] x D(Ay) — X be a Caratheodory function satisfying (F1) and (Fz),
Uy € ﬂ D(Ay) and uy be the mild solution of (Py). If, ug satisfies (Hs) and

k>1

lim e_t“z""uo =:uy € D(Aw),

t——+400

then
u, — uwin C((0,T],X)  ask — o0,

where u 1s the unique mild solution of
u, + Ao 3 F(t,u) in (0,T)

(Pec)
u(0) = u,.

Proof : Thanks to Theorem 4.1. of [28], it is enough to prove the result for F' = 0. In
this case, it is known that the mild solution is given by the exponential formula. So, for
any t,7 > 0 and k € N such that 7m(k) < ¢, we have

[uh(t) —u(®)] = |e7ug — 7wy

< ey — e—(t—Tm(k))AkgO’ X |e—(t—7—m(k))¢4muo _tAsy |

(10)
+ |€_(t_7'm(k))-’4kg0 _ 6_(t_Tm(k))A°cg0|.



Using the additive property of the semigroup e ***, the first term of the right hand of
(10) satisfies

|€—t.Aku0 . e—(t—Tm(k)).Aku0| — ’6—(t—7’m(l<:))Ak€—'rm(k).Aku0 . 6—(t—Tm(k))Aku0|

< ey — | = e ’“uo — Uy

< |6_T“Z’“u0 - e_T“Z""u0| + ]e_T“Z“uo — U
The contraction property of e 4= implies that the second term (10) is such that

|ef(t77'm(k)).Aoou0 tAoou ol < le”™ )Aoouo — .

For the last term of the right hand of ( 10 ), we have

’e*(t*Tm(k))AkQO — ¢~ (t=mm(k))Aso fsAoogo

—sAyg
ug| < sup |e Uy — ¢
s€[0,T]

So

Wb () —u(t)] < Je ™ Rug — e o] + [e AR ug — wy)

+ sup |e My — e A uy| + e TRy — g
s€[0,T7]

Using the fact that ug € D(As), uy € D(Aw), klim m(k) = 0 and [16], we deduce that
limsup [u*(1) — w(t)] < =y — ).
k—+o00

At last, letting 7 — +00 we obtain

lim[ub(t) — u(t)] = 0.

k—o0

Still in the abstract setting, the main applications we have in mind is the study of
evolution problems governed by two competitive operators. More precisely, consider the
evolution problem

up + d(k)Au + r(k)Bu > F(t,u) in (0,7)
(Pr)
u(0) = g

where r ,d : RT — RT are two functions such that

lim —= = 400, (11)



A, B, d(k)A + r(k)B and 'H are accretive operators such that D(A) C D(B), F satisfies

(F1) — (F2) and ug € D(A). We assume that

d(k)A+r(k)B — H, ask — oo.

As a consequence of Theorem 2.2, we have

Theorem 2.3 Let uy be the mild solution of (P}). Assume that

A+ B — B, as e — 0

and ug € D(B). If

: —tB, . EaYZ AN
tEElme uy == u, € D(H),

then, as k — oo, uy — u in C((0,T), X), and u is the mild solution of

u + Hu > F(t,u) in (0,7
(P)
u(0) = uy.

Proof. It is enough to apply Theorem 2.2 with A, := d(k)A+r(k)B and m(k) =

(12)

(13)

(14)

[r (k)]

Remark 2.4 1. In general, B # B. For instance, let X = R and A be the mazimal

monotone graph defined by
0 iffrl<1
A(ry=1¢ [0,00) ifr=1

(—00,0] ifr=-—1.

Then, it is clear that for any e >0, e A=A ande A+ B=A+ B =B.
<

2. If D(A) = D(B) and A is strictly accretive, i.e. [u; — ug, vy — v1]
v1 € Auq, vy € Aug, then B = B. Indeed, set

)\ _
[x,y]s = —[33’, _y] = Supw
A<0 A

Y

so that A is strictly accretive is equivalent to [uy — ug,v1 — vals > 0, for any v, €

Auy, v9 € Aus. For f € X, let u. be the solution of the problem

U + € Au. + Bu, > f,



and u s the solution of
u-+ Bu> f.

Since B is accretive in X then for w. € Bu., w € Bu we have

(. —u, w. — w] >0
and
[te —w,—U. —ev.+ul >0 where v, € A,

which implies that

. —a < [@ -7, —c.]
[t — U, —¢ (3. — D) — £ 7]

e [ue — u, —v. + 0] + [u. — u, —£ v).

IN A IA

This implies that,
[u. —u,—e 0] < e |7

and
e [u. —w, 0. — V)5 + [u. — u| < e || for v € Au

and, Since A is strictly accretive, we deduce that
|te —ul < e [v]
so that, letting e — 0, we obtain u, — u, n X.

3. It is clear by the preceding remarks that an s-accretive operator is accretive, but
conversely an accretive operator is not necessarily s-accretive. If X = L'(2), then

fu, 0] = /Q v sign(u) + /[uzo] o]

Then, it is not difficult to see that an accretive operator A is strictly accretive if and

only if
/ |v1 — vg| < ‘ /(vl — vg) signg(u; — us)
[u1=u2] Q

For instance, if v is a nondecreasing continuous function in R, then A defined in
LY(Q) by Au = vy(u) and D(A) = {Z c L'Q) ; y(z) € LI(Q)} is strictly accretive.

In some practical situation the condition (14) may not be fulfilled (as for example
P37 (ug, f) in the case of large reaction and diffusion), in this case we need to work
moreover with the limit of the modified operator A + [d(k)]"'r(k)B. More precisely, we
have



Theorem 2.5 Assume (12) and (13) are fulfilled, uy € D(B) and let uy be the mild
solution of (Py}). Let G be given by

A+rk)[dk)])'B— G, ask— oo.

If,
tﬂg—loo e Bug == u, € D(G)
and
im ey =, € D(H), (15)

then, as k — 00,
u, —u in C((0,7),X)

where u is the mild solution of

w + Hu > F(t,u) in (0,7
(PL)

u(0) = u .
Proof. Let Hy :=d(k)A+r(k)B, Gy, := A+ [d(k)] 'r(k)B, v(k) = [r(k)] " + [d(k)]",
for any ¢,7 > 0 and k € N such that 7 < y(k)t, we have

[uf (1) —u(t)] = e uo — e My

< |€_tHku0 _ 6_(t_7”/(k))HkQ0| + |€—(t—m(k))Hg0 _ e_mgo|

(16)
b e Ty Ty |

It is clear that the first term of the right hand of (16) satisfies

t—7y(k))Hy —(t—ﬁ)HkuO’

|€—tHku0 — e ( g0| < |e—tHku0 —e

bR ey — ety |

< e — | + [T g — .

The second one is such that

|e—(t—T'y(k))'Hu . €_tHQO| < |e—T'y(k)Hg0 _ QO )

The last term of the right hand of ( 16 ) satisfies
’6—(t—T’y(k))'Hkg - 6—(15—7”7(](3))7‘{20' S sup |6_8Hkgo _ 6_SHU

0 s€[0,7] =0



So that

Wb (1) —u(t)] < [e T Rug — ug| + e T Fuy — u

+ e WMy —y |4+ sup |e My —e My |
=0 =0 =0 =0
s€[0,T]

Thanks to (12), we have

lim sup |eiﬁH’“u0 — uy| = |€7TBU0 — Uy
k——+oo

Using the fact that ug € D(B), u, € D(H) and the Theorem of [16] , we get

lim sup |[uf(t) — u(t)] < |€7TBU0 — up| + ey — HO‘
k—+o0 N

and by letting 7 — +00 we obtain

lim |u®(t) — u(t)| = 0.

k— o0

Remark 2.6 The passage to the limit in the problem (Py) leads to a singular limit. An
instantaneous change of initial data is necessary. If F' =0, then, in order to describe the
behavior of the solution for smallt > 0 and large value for k, it is sufficient to work with
v given by vg(t) = ug(t/m(k)). Indeed, it is clear that vy is the mild solution of

v+ Aw 30 in (0,00)
v(0) = uy.

So, thanks to Theorem 2.3, the compatible initial data for the limiting problem of (Py) is
given by tlirn klim vi(t). In other words

lim li t) = lim li t).
g o, () = g i v (1)

At last, we note that in some practical situation, the previous result may also describe
the large time behavior of the mild solution of evolution problems. In the following
corollary, we give one consequence of Theorem 2.3 in this direction. Concrete situation
will be given in details in forthcoming papers.

Corollary 2.7 Let A be an accretive operator and uy € D(A). If ug 1= tlim ey exists

then

ug = lim lim wy,
- t—0 k—oo



where uy, 1s the mild solution of

u+kAu+Bu>0 in (0,7
(17)
u(0) = uo,

and B is an accretive operator such that A+ ¢ B converges to A, as ¢ — 0, and u, €

D(li}gninf(k:A + B)).

In Corollary 2.7, B is an arbitrary artificial process. The interest of B may be in the
fact that we can choose it such that the solution of (17) is regular. In particular this could
be interesting for numerical analysis for tlim e .

—00

3 Applications.

Throughout this section, 2 C R is a bounded domain with smooth boundary 09,
Pand g are nondecreasing continuous functions such that 5(0) = ¢g(0) = 0 and Im(3) = R.
In Q, we consider the problem P%"(ug, f), where ug € L>(Q) and f € L>(Q). Our aim in
this section is to study the competition between reaction r and diffusion d in the reaction
diffusion problem P47 (ug, f). The main result of this section is the following Theorem
3.1.

Theorem 3.1 Let f € L™(Q), ug € L®(Q) and denote by u®" the solution of P4 (ug, f).

1. Large diffusion : For any r > 0, as d — oo, u®™ — ¢ in C((0,T), L*(2)), where
c € C([0,T)) is the unique solution of the ode,

ct—i—rg(c):]éf in  (0,7)

c(0) = ]éuo.

2. Large reaction : For any d > 0, as v — oo, u™ — u in C((0,T), L*(2)), where u
is the unique weak solution (see Proposition 3.10 for the definition) of the obstacle
problem (4) with uw(0) = moV(ugAMy) a.e. in €.

(18)

3. Large diffusion and reaction : Ifd = d (k) andr = r(k), with lim d (k) = lim r(k) =

k—o0 k—o0

0o, then
ut" — ¢ in C((0,T), L*(Q)

where ¢ € C'([0,T)) is the solution of the ode

¢+ G(e)> ][Qf in  (0,T),

with



L. d(k)
lim —= =0, th 0) = moV(MoA
(a) szirgo ) , then ¢(0) = mgyV (M, ]éuo),
d(k
(b) if lim (k) = 00, then ¢(0) = lim z(t) where z is the solution of the obstacle

k—oo 7”( ) t—o0
problem PL with 2(0) = moV(ugAM,), a.e. Q.

It is known that the weak solution of P*" (uq, f) is given by nonlinear semigroup theory.
Indeed, we know that the weak solution is the mild solution of the Cauchy problem

ug + A% = f in (0,7)
CPd’T(u()’ f)
u(0) = wy,

where, A%" is the m-T-accretive operator defined in L'(£2) by
v, f € LYQ), gv) € LYQ), 3w e WH(Q), v=B(w) ae. in Q and

f=A%y o

d/QDwa%—r/Qg(v)fz/Qfﬁ for any & € Wh>(Q).

and, D(A%4") = L*(Q). More precisely (see for instance [31]) we have

Proposition 3.2 If f € L®(Q) anduy € L*°(Q), then the mild solution u of CP%" (ug, f)
is the unique solution of P*"(ug, f) in the sense that u € L™(Q), there exists w €

L? <O,T;H1(Q)> such that, u = f(w) a.e. inQ, and

d/OT/QDwDHr/OT/Qg(u)f:/OT/QfH/OT/Quft+/9uo£<0), (19)

for any € € C1([0,7] x Q) such that £(.,7) = 0. Moreover, for any T > 0

lu(™)lz=@) < luollz=@) + TIIfll= @), (20)

L@t [*[1ator< [ [ i+ [ (1)
Liwy+a [* 1o < [+ [ [ (22)

q
where j : R —— [0, 00] is a proper convex s.c.i function such that j(8(q)) = / sdf(s).
0

and

Now, the study of the asymptotic behavior of the solution of Pd’T(uo, f) with respect
to d and r is closely connected to the limit of its associate stationary equation

v—dAw+rgv)=f, v=p0w) in{

S (f)
8511) = O, in 09) .



Recall (cf. [7]) that for any f € L*(Q), there exists a unique (u,w) solution of S"(f) in
the sense that

ve LYQ), glv) € LNQ),Twe WH(Q), v=pF(w) ae in Q and
d | DwD = — fi Whe(Q).
| pupetr [ g = [ (1=0)¢ forany ¢ W(0)
In addition, for fi, f» € L*(Q), if (vs,w;) is the solution of S*"(f;)) for i = 1,2, then
[ = o [ (oo = gt < [ (5= 5" (23)

L= v [lgto) = st < [ 15 - £ (24)

Moreover, if f € L®(Q) then the solution (v,w) € L>(Q) x H*(Q) and one has the
following estimates:

and

[v[ze) S N fllze@  and || g(v)]]ze@) < |[f]]2e@)- (25)

Indeed, taking ¢, such that ¢, +7g(c,) = || f||z=(q), then it is clear that ¢, is the solution
of S%7(]| f|les) and using (23), we get

v <6 < |[fllee@ and rg(v) < rgler) < || fll=)
where we used the fact that ¢, > 0 and g(c,) > 0. In the same way, we prove

02 =|flli=@  and rg(©) 2 = flli=.

Thanks to (Hy), we have

lwlsqey < max (871 Fllzsion) U =8 (<[ fllz=))) = C. (26)

and
@ [ 1Duf < If o 0
Q
where C' is a constant which depends only on Q and ||f||11(q)

Theorem 3.3 Let f € L*(Q) and let us denote by v*" the solution of S (f).

1. If d =d (k) and hm d (k) = oo, then

k—o0

v — (IIg —l—?"g)_l(]s[)f) in L' (€2).



2. Ifr =r (k) and hm r (k) = oo, then v — v in LY(Q) and v is the unique solution
of the elliptic pmblem
v—dAw+G) > f, v=pFw) inQ

Ozw = 0, in OS2

in the sense that v € L®(Q) there exists w € W"'(Q), u = B(w) a.e. in Q, there
exists 1 € L*(Q), n € G(v) a.e. in Q and

d [ pupe+ [ ne= [ (7o)

for any & € Wh*°(Q). Moreover,
[vllzoe) < I fllee@)  and Il < [[fll@ (28)

3. Ifd =d (k) and r = r(k), with lim d (k) = lim r(k) = oo, then

k—oo k—o0

— (I +G)~ ][ le
Q

Proof : Since in each part of the theorem, d and/or r depends on k, then, throughout
the proof, v*", w®" and rg(v®") are denoted by vy, w;, and 7, respectively. First, let
us assume that f € L™(Q). Thanks to (25), (26) and (27), vy and wy are bounded in
L>®(€) and moreover wy, is bounded in H'(€2). So that, wy, is weakly relatively compact
in H'(Q), and since 3 is continuous then vy is relatively compact in L*(€). Then, there
exists a subsequence that we denote again by k, such that v, — v in L'(Q), wy — w in
LY(Q) and weakly in H'(Q2), and v = B(w) a.e in Q. Moreover, h;, := vy, + r(k)g(vy) is
relatively compact in L'(2). Indeed, thanks to Lemma F. of [7] we have

i sup | Vsl + 1) = (o) =0,
Q/

ly|—0 g

and moreover, the sequence is uniformly integrable. Therefore
r(k)g(vr) — nin L'(9Q).
Now, in order to characterize u, w and 7, we treat separately each case of the theorem.

1. Thanks to (27), we have

(k) / Dwl? < C'[[fle,

so that
/ |Dw|* < liminf/ | Dwy|* = 0,
Q k—oo Jq
which implies that w and v are constant functions. Taking £ = 1 as a test function
and passing to the limit we deduce that the constant v satisfies v + rg(v ][ f.
This ends up the proof of the first part of the Theorem.



2. Since g(0) = £(0) = 0, then (24) implies that

r(k)|g(ve)l L) < | floq-

So, g(v) =0 and my < v < My a.e. in €. Recall that r(k)g converges in the graph
sense to G, then by standard monotone arguments n € G(v) a.e. in 2. As to (28),
it follows from the estimates (25). And the proof of the second part finishes.

Ci(Q2, N
[ 10w < S o,

then w and v are constants. Moreover, since r(k)g converges in the graph sense to
G, then n € G(v) a.e. in ). Integrating the equation over € and letting k — oo, we
get

3. Since

v—i—G(v)B]{]f.

At last, we see that the application f — klim vi, as defined in each cases of the theorem is
—00

well defined and is a contraction from in L'(€2) into L'(£2), so the convergence result for
f € L'(Q) follows by density of L®(Q) in L'(€). n

As an immediate consequence, we have

Corollary 3.4 1. For any r > 0, as d — oo, then the operator A®" converges to the
T-accretive operator A" defined, in L*(S), by

feEAv & fel'(Q), v=c ceER cmdrg(c):][f.
Q
2. For any d > 0, as r — oo, then A%" converges to the T-accretive operator A%
defined, in L'(Q), by
(v, f € LYQ),IweWh(Q),3Ine LN(Q)

feAtoyal V= B(w), n € G(v) a.e. on Qand

\ d/QDwDﬁJr/anz/fo for any € € WH>(Q)

3. Ifd =d (k) and r = r(k), with klim d (k) = lim (k) = oo, then A" converges to

k—oo

the T-accretive operator A%, defined by

feAve fFe L' (), v=c, ceRand][fEG(c).
Q



It is not difficult to see that
A" =dA+rB (29)

where A = A" and B : L'(Q) — L'(Q) is defined by Bu = g(u) with
D(B) = {u e L'(Q); g(u) € L'(@) },

and D(A) C D(B).

Lemma 3.5 Ase — 0, ¢ A+ B — B, in the sense of resolvent.

Proof : Since, ¢4~ converges to the graph N = 0, then the proof is a simple consequence

of [7].
n
Proposition 3.6 1. D(A4>) = {z € L'(Q); mog<z< M ae. Q}
2. D(A=T) = R.
3. D(Aoo) = [mo,Mo].
Proof :
1. Clearly, by the definition of A%** we have D(A%>) C {z € L'Q); my <z <

My a.e. Q} To prove the converse part, let u € L*() be such that mg < u < M,
a.e. in  and consider u, the solution of

U — e Aw. = u,  u. = B(w,) in
aﬁwg = 0, in 092

It is clear that mo < u. < My a.e. in ©, so that u. € D(A%>), for each ¢ > 0.
Since, 37" converges to 0 in the graph sense, then by [7], we deduce that u. — u
in L'(Q), as £ — 0, and the proof completes.

2. This is a simple consequence of the fact that D(g) = R. Indeed, for any ¢ € R,
rg(c) is well defined and there exists f € L'(Q), such that ][f = rg(c), so that
Q
f e A (c) and A®"(c) # 0.

3. Tt is clear that D(A>) C [mg, My]. Now, for ¢ € [mg, My], G(c) is not empty and
for any a € G(c), there exists f € L'(Q), such that ][f = «, so that f € A®(c)
Q
and we deduce that A*(c) # (), and ¢ € D(A®).



3.1 Large Diffusion.

In this subsection, we begin by studying the first part of Theorem 3.1, i.e. the case of
large diffusion. So, we fix 7 > 0 and we let d — oo. In order to apply Theorem 2.3, we
consider first the Cauchy problem

u+Au=0 in (0,7)
(30)
u(0) = uy.

It is known (see for instance [31] and [34] and the references therein) that, if uy € L>(2),
then the mild solution u of (30) is the unique weak solution of

up — Aw =0 u = [F(w) in @
Ozw = 0, on % (31)
u(0) = g in

and

lim u(t) = ][ug.
t—00 Q

Lemma 3.7 For any ug € L™(Q) and f € L'(Q), the mild solution of

w+Bu=f in(0,7T)
(32)
U(O) = Ug

is the solution of the ode
u +rglu)=f in  (0,7)
u(0) = g

in the sense that u € WHH((0,T), LY()) and the equation is satisfied a.e. in Q with
u(0) = ug. Moreover, if f =0, then

lim u(t) = moV(ugAMy)  a.e. in Q.

t—o0

Proof. Thanks to Lemma 3.5, we know that ¢A + B converges to B, so the limit of the

mild solution u, of
u+eAu+Bu=0 in (0,7)

u(0) = uyp,



converges to u (the mild solution of (32)). Using Proposition 3.2, u. € L*(Q), there
exists w. € L*(0,T; H'(Q)), u. = B(w,) a.e. in Q and

//Dwstw// wr= [ [rer [ [ugr [weo. @

Moreover, 1, w, and rg(u.) are bounded in L>(£2) and ew. is bounded in L*(0, T'; H'(9)),
so that
cw, — 0 weakly in L2(0 T; H(Q)).

Passing to the limit in (33), we deduce that g(u) € L>(Q) and

[ fowe [ frer [ foec [0

Since, f, g(u) € L*(Q) then u € W0, T, L*(Q)) and, for a.e. x € Q, uy(z) +rg(u(r)) =
f(z) in (0,7T). This ends up the proof of the first part of the lemma.

Assuming that f = 0, there exists a measurable function wu.,, such that, as ¢ — oo,
u(t) = Us, a.e. in Q and g(us) = 0, a.e. in Q ; ie. my < Uy < My, p.p. in .
Moreover, since u is bounded in L>°(Q), then the convergence is in L*(£2). Let us prove
that us, = moV(ugAMy). First, note that, if mo < wug(z) < My, then, u(t,xz) = up(z),
for any t > 0, and us(x) = ug(x). If ug(z) > My, then it is clear that ¢ —— wu(t,z) is
nonincreasing. So,

Uoo () < ug(),

and we deduce that u.(x) = M. In a similar way, us(z) = my, a.e.x € €, such that
ug < myg, and the proof of the lemma finishes. [

Now, applying Theorem 2.3, we get the first part of Theorem 3.1. More precisely,

Proposition 3.8 For anyr > 0, as d — oo,
ut —c i C((0,7), L)),

where ¢ € CH([0,T)) is the unique solution of the ode

ca+rg(c ][f in (0,7

c(0) = ]é Uo.

Proof : Recall that u®" is the mild solution of C'P*" (uy, f), A*" = dA+ rB. Moreover,
thanks to Lemma 3.5, A and B satisfy the assumption (13), with B = B, and hm e My =

][ug . Since ][uo € D(A>"), then applying Theorem 2.3 we deduce that u®™" — wu in
Q Q
C((0,T); L'(2)), where u is the mild solution of

u+A"us f in (0,7)

u(0) = ]{) uo.

(34)



It is not difficult to see that the mild solution of (34) is the mild solution of

ut—i-Bu:][f in (0,7)
Q

u(0) = ]S[)uo,

and, thanks to Lemma 3.7, the proof is finished. [

3.2 Large Reaction.

Assume now, that d > 0 is fixed and that r is very large ; i.e. r — oo.

e in C((0,T); LY()), where u is the mild solution of

u + A*us f i (0,7)

Lemma 3.9 Asr — oo, u

(35)
u(0) = moV (up(x)AMp).
Proof : Thanks to Lemma 3.7,
tlim e Buy = moV(ug(x)AMy) ae. x € Q.
On the other hand, we have A4"*®) — A% and mgV (ugAMy) € D(A%>), then the lemma
is a simple consequence of Theorem 2.3. [

At last, the proof of the second part of Theorem 3.1 follows by characterizing the mild

solution of
u + A*u s f in (0,7)
(36)
u(0) = o

Proposition 3.10 Let f € L*™(Q) and vy € L>(2) such that my < vy < My a.e. in Q.
Then, the mild solution of (36) is the unique solution of the obstacle problem

—dAw+Gu)=f, u=pw) nQ
u(0) = v on €.

That is : uw € C([0,T),L*(Q)), u(0) = vy, there exists w € L*(0,T; H'(Q)), u = B(w),
there exists n € L*(0,T; L*(Q)) such that n € G(u) a.e. in Q and

Lo o [ e ] o

for any &€ € CY([0,7] x Q) such that (.,



Proof : The proof of this proposition is standard by now (see for instance [31]). For
completeness let us give the arguments. For ¢ € [0, 7], consider a subdivision tp = 0 < t; <

n t;
<ty < T <ty witht;—t;y =, fi, ..., fo € L®(Q) with Z/ ) —Fill oy < e
=1 i—1

and Z ellfill Lo () < / | fl| (- By definition of the mild solution, u is given by
i=1

u(t) = L' — lim u. ()

e—0

uniformly for ¢ € [0,7"), where u. is the approximate solution by u.(0) = ug, u.(t) = u;
for t €lt;_1,t;], i = 1,...,n, where u; satisfies u; + e A%y, = ef; + u;_q. That is, there

exists w; € H'(Q) and n; € L™®(£) such that
U; — €dsz +en; = w1 + é?fi, U; = ﬁ(wz), n; € G(ul) in

(37)
aﬁwi = 07 n aQ

Thanks to (24) and (25), it follows that

/|uz|+e/|m| < [l [ 15 (33)

and .
il + ellmllim < 2(1luollzmo + [ Ifllim) = M,
so that,
T
luellmiay + [ @)ooyt <Mt € 0.7, )
0
where f., n. :[0,7] — LYQ), with f.(t) = f; and 1. = n;, for any t €|t;_q,t;],i =
1.

,n. Taking £ = w; as a test function in (37 ) and using the fact that

/Q(Uz'—l — u)w; < /Qj(uz'—l) —/Qj(u,-)

we deduce that

[ itwy e [1Dwp e [ <e [ g [ i), (40)

so that, adding for i = 1,...,n, we get

Litwon+a [ [pups [ [nw< [+ [ [ o @y

where w,

Im(53)

:[0,7] — HY(Q) with w, = w;, for any t €]t;_1,t;],i = 1,...,n. Since
that 7 >

R, then we deduce that w. is bounded in L*((0,7) x Q) and, using the fact
0, new. > 0 a.e. in [0,7] x €, it follows that w, bounded in L*(0, 7, H'(12)).



So, let w € L*(0,7, H'(Q)) and n € L*((0,7) x Q), such that w., — w, weakly in
L*(0,7, H'(Q)) and . — n weakly in L*((0,7) x Q), where ¢, is a sequence such that
e — 0. Using the monotony of # and G, we have u = f(w) and n € G(w) a.e. in Q.
Now, let us consider ii. the function from [0, 7] into L*(Q2), defined by . (#;) = u; and 1.
linear in [t;_1,¢;], then ( 37 ) implies that

if /Dwst+/ fne=[ [res [ [ag+ [ueo, (42)

for any & € C'([0,7] x Q), s.t £(r) = 0. Letting ¢ — 0in (42 ), we get
o, Jperss [ /"f [ e ) s fwso
for any & € C1([0,7] x Q), s.t £(7 .

3.3 Large Reaction and Diffusion.

To finish the proof of Theorem 3.1, we consider the case where both the reaction and
the diffusion rates are very large. So, we assume that d = d (k) and r = r(k), with
klim d (k)= klim r(k) = co. First let us consider the case where

lim d (k)
k—o0 T(/f)

in other words the reaction is more competitive than the diffusion. Thanks to Theorem
2.5, we need to consider the operator

—0, (44)

r(k) o
At g B= A

Since r — 00, then by Theorem 3.3, we deduce that

d(k)
Ak — Al’oo.
On the other hand, thanks to Lemma 3.7, remember that tlim e Puy = moV(ugA\My),

a.e. Q. Since, moV(upAMpy) € D(A>), then, having in mind Theorem 2.5, the boundary
layer of the limit of u®" is given by the large time behavior of the solution of the Cauchy
problem
u+ A"*u 30 in (0,00)
(45)
u(0) = moV (ugAMp).

To this aim, we consider the set
K ={z € [my, My]; Ic R, z=[(c)}.

It is not difficult to see that K is a nonempty closed subset of L'(2) and, moreover, K is
contained in the set of stationary solution of (45), i.e. for any z € K, etAN
any t > 0.

z = z, for



Proposition 3.11 For any u, € L'(Q), such that mg < uy < My a.e. in S0, there exists
a unique U, € IC, such that

—t AL .
e A Uy —u, i LY(Q), as t — oco.

Proof : The proof of this proposition follows the same line of [28]. To summarize the
proof we give just the main lines. For more details one can see [28]. Indeed, using the
results of [7], we prove first that the resolvents are relatively compact from L*(£2) into
LY(Q), i.e. if B is a bounded subset of L*°(€2), then (I +¢.A%>)(B) is relatively compact
in L!(2) so that, the orbit v(uy) = {e " ~u, : ¢ > 0} is relatively compact in L'(). In
addition, it is not difficult to prove that

| [ et < [ i),

which implies that the w—limit set is contained in K. Then, by using the additive semi-
group property, we deduce that the w— limit set is a singleton and the proof finished.
]

Remark 3.12 The identification of u, s an open problem. In this direction, the reader
can see the papers [29] and [31].

Lemma 3.13 Under the assumption (44), u*" — ¢ in C((0,T); L*(Q)), where c is the
mild solution of the Cauchy problem

c+ A% > f  in(0,T)
(46)

and u, s gien by Proposition 3.11.

k
Proof : Recall that we have d(k)A + r(k)B — A, khm % = 00, 1tlirn e Buy =

moV (uoAMo) and u, = tlirn e~ moV (ugAM,) € D(A®). Then, the result of the lemma

is a consequence of Theorem 2.3.
]

Proposition 3.14 For any ¢y € [mg, My|, the mild solution of
c+A%c> f in(0,T)
c(0) = ¢

1s the unique solution of the ode



¢+ Gl(c) > ][f in  (0,7),

in the sense that ¢ € WH1(0,T), there exists n € L'(0,T), such that c¢(0) = co and
c+n= ][f, a.e. in (0,7).
Q

Proof Since, for any f € L'(Q), (I + X A®)Y(f) = (I + X Aoo)_l(][

Q
AG) Y ][ f), then the mild solution of (47) is the mild solution of
Q

a+G()> + f in(0,7)
c(0) = .

Thus the proof is a simple application the classical theory of nonlinear semigroup governed
by maximal monotone graphs in Hilbert space (cf. [14]) n
To end up the proof of Theorem 3.1, we consider the case
d (k
lim (k) =
P 7 (R)
i.e.; the diffusion is more competitive than the reaction.

(49)
Lemma 3.15 Under the assumption (49), u*" — ¢ in C((0,T); L*()), where c is the
mild solution of the Cauchy problem

a+G(c)s f in(0,7)

(50)
c(0) = mo\/(][ upAMp).

Q

Proof : Thanks to [7], it is not difficult to see that A +¢ B — A, as € — 0, in the sense
of resolvent. So, using Theorem 2.5, we need to consider the operator

d(k
Since ((k)) — 00, then Corollary 3.4 implies that
r

Bk — ./400’1.



t—o0

On the other hand, remember that lim e uy = ][uo and ][uo ¢ D(A>). So, we need
0 Q

to consider the Cauchy problem

up+ A'u >0 in (0,00)

(51)
u(0) = ][ Ug.
Q
Since the mild solution of (51) is the mild solution of
¢t +9g(c)=0 in (0,00)
c(0) = ][ U,
Q
then, using Lemma 3.7, the proof is complete. [
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