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Abstract

In this paper, we study the nonlinear evolution equation of Hele-Shaw type with dy-
namical boundary conditions. That is, the equation u; = Aw + f where v € H(w) and
H is the Heaviside function, with boundary condition u(z,w) dyw + k Vw - v = g, where
v denotes the outward normal vector of the fixed boundary of the domain. We prove
existence, uniqueness and some qualitative properties of the solution.
keywords : Hele-Shaw problem, dynamical boundary condition, Neuman boundary con-
dition, evolution problem, nonlinear semigroup theory.

1 Introduction and main results

An equation of the Hele-Shaw type is a nonlinear pde of the form
(1.1) uw=Aw+ f withu e H(w)

where H is the multivalued Heaviside function defined by

0 ifr<0
H(r)= [0,1] ifr=0
1 ifr>0.

This equation appears in the study of the weak formulation of the mathematical model of the
so called Hele-Shaw problem (cf. [8], [7] and [10]) . The equation (1.1) stated in a bounded
domain Q of RV, with N > 1, needs to be completed with boundary conditions on dQ, the
boundary of 2. As far as we know, the Hele-Shaw problem was studied with prescribed static
Neumann boundary condition, i.e.

Vw-v=g onl :=00Q
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(cf. [8], [18] and [15]). It was studied also with prescribed Dirichlet boundary condition, i.e.
p=honT (cf. [9]). But, in some practical situations it may be not possible to prescribe or
to control the exact value of w on I'. In [20], the authors consider the case of an evolutionary
condition of nonlocal type, assuming that w has a constant but unknown value along I', they
prescribed the condition
d
—w Vw-v=g(t
powt /F g(t),
where p € IR and g are given. In this paper, we are interested in the case of local evolutionary
boundary conditions where the value of w and the flux on I' has unknown values related by
the equation
(1.2) w(x,w) w+ Vw -v=g(t,x) forxzel,
with g @ @ xRt - R and g : (0,7) x Q@ — IRT are given measurable functions.
Notice that p may vanishes on a part of I', so that the boundary condition is static on a part
r
and dynamic on the remaining one. Denoting p(.,7) = / u(., s)ds, the formulation (1.2) is
0
equivalent to

(1.3) Op(zr,w)+Vw-v=g onl.

In other words the boundary condition (1.2) means that w is related to the flux by

plz,w(t)) + /Ot Vw(z,s) - vds=At,x),

for a given function A depending on the initial data of w and possibly reactions terms on I'.
This kind of boundary condition is called dynamical boundary one, they appear in numerous
problems (cf. [19], [5], [1], [14], [13], [22] and the references therein).

So, taking into acount the initial data for the problem, the weak formulation of the Hele-
Shaw problem with dynamical boundary condition reads

Ou—Aw = f(t,x), ve Hw) inQr=(0,T)x

E(UO7Z07f7g) 8tz+auw:g(t7$)a Z:p(l',ll)) on ET:(OaT) x T

w(0) =up in€Q, z(0)=z onl,

where Ov denotes the outward normal derivative of w, i.e. Vw - v, the functions f and
g summarize driving forces terms in 2 and on I', respectively, ug and zy are the initial
data for u and z respectively. Our main goal is to study the existence and uniqueness of a
solution (u, z), as well as to prove some natural qualitative properties of this solution, like
the increasing property of the moving interface and the nondecreasing property of the mushy
region. Various results of existence, uniqueness and others properties for linear and nonlinear
evolution problem with dynamical boundary condition was proven in this last decade (cf [1],
[14], [22], [11] and [16]). The most relevant in the study of this particular case is the fact
that the inverse of the graph H is not everywhere defined, the domain of H ! is reduced to
[0,1]. Recall that in [16], the existence and uniqueness of solutions for problems of the type
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E(ug, 20, f, g) was proved for a large class of maximal monotone graph instead of H, with an
everywhere defined inverse. For the case of the Heaviside function, the problem is completely
different, a necessary condition appears for the existence of a solution. Recall that even in
the case where p = 0, i.e. static boundary condition, existence and umqueness of a solution

for this kind of evolution problem is known to be true only if / uo+ / / f+ / (0,1€2])

for any ¢t € [0,7) (cf. [9], [15] and [18]). In the case p #Z 0, we prove that this condition
becomes

(1.4) /Quo—i-/rzo—i-/ot(/gf—l-/rg) ]Q|+/ supp

The notion of solution of the problem E(ug, 29, f, g), we have in mind is naturally defined
as follows.

Definition 1 Let 0 < T < oo, (ug,20) € L*(Q) x L*(T) and (f,g) € L3,.([0,T); L*(R)) x
L2 ,.([0,T); L3(T")) be given. A solution of E(uo, 2o, f,g) in (0,T) is a couple (u,z) such that
u € C([0,7); LY()), z € C([0,7); L}(T)) ﬂL2(ET), 0<u<1ae inQp, u(0) =wuy a.e in
Q, 2(0) = 29 a.e. in T and there exists w € L3,.(0,T; H'()) such that u € H(w) a.e. in Qr,
z=p(.,w) a.e. on X and

d d L
(1.5) al¥f+ax}£+AVwV£:Lf5+Ag£ in D'(0,T)
for any & € CH(Q).

1
Throughout the paper, we denote by ][ f the average of f in 2, given by @ / f
Q Q

For 1 < p < oo, LP(Q)T is the cone of nonneagtive functions of LP(Q2). We assume that
p : I' xR — R is a caratheodory function, such that p(z,r) is nondecreasing in r,

(1.6)  p(.,00=0, and p(.,7r)<a(.)|r|+b(.) ae. inT and for any r € R*

with a, b € L>(Q). Moreover, setting p(z) = sup p(z,r) a.e. © € I', we assume that, either
relR

(1.7) p(z)=+4ccae zel or peLll().

Theorem 1 Let f € L} ([0, T) L)), g € L.([0,T); L2(T) ), up € L®(2) 7,0 <wp < 1
and zy € LY ()" such that / p(.,r)dr € LY(Q),
0

(1.8) zo(x) € Im(p(x,.)) a.e xze€T

umzfuwwm/%+/ ][f+IQ

and, set
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and
(1.9) Ty = max {t €0, T); ult) <1+ ’—é‘/ﬁ(sc)d:n}

r
Then, there exists a unique triplet (u,z,7), such that 7 < Ty, (u,z) is the solution of
E(ug, 20, f,g) in [0,7), ][ u(t) <1 for any t € [0,7) and u(t) =1 in Q, for any t € [1,Tp).
Moreover, we have .

1. For anyt € [0,71),

(1.10) ][Qu(t) + ’—é‘ [ =) = u)

2. If (u;, 2;) are two solutions of E(ug;, 20i, fi,9i), © =1, 2, then

%H (ul(t) - “2(t))+’ @ %H (Zl(t) B Zz(t))Jr’ L)
= H(fl B f2)+‘ e T H(g1 _92)+’ LY(T)
in D'(0,T).
3. For any 0 <t <ty <7,
u(ty) <wulte) a.e. in Q.
4. For any 0 <t <ty <,
[u(ts) <1 C | ults) =ultr) + : f@ ] clum) <t

t1

Since we are considering the case of nonegative driving forces f and g, then the problem
corresponds to the well posed case of the Hele-Shaw problem ; in the sense that there exists
nonegative couple (u, z) solution of E(u, 29, f,g). Recal that otherwize, i.e. for negative or
changing sign driving forces f and/or g, the problem is ill-posed (cf. [8]), one may loose the
existence of nonegative solution. On the other hand, in the case of static boundary condition,
we know (cf. [9], [18] and [15]) that the problem is well posed up to T given by (1.9) for
which the domain is full and the model breaks down. For dynamical boundary condition,
the situation is different. The model turns out to hold on even if the domain is full, with an
evolution problem on the boundary up to Ty. More precisely the time 7 for which the domain
is full may be different from Ty the time for which the model breaks down. This is the case
in the following theorem.

Theorem 2 Under the assumptions of Theorem 1, we assume moreover that p(z,r) = p(r),
with p convex. Let (u,z,7) be the solution of E(ug,zo,f,q) given by Theorem 1. Then,
u(t) =1 inn Q for any t € [1,T) and z is the unique solution of

—Aw = f(t,z), in (1,T) x
(1.11)

Oz + 0w =g(t,x), z=pw) on (r,T)xT.
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in the sense that z € C([r,00)), 2(T) = 7 and there exists w € L}, (1,00, H'(Q)) such that
z = p(w) a.e. on X7 and

%/FZG/QVZU-V&:/QJCG/F{;& in D'(1,Tp),

for any € € C*(Q).

Remark 1 1. In particular, Theorem 2 shows that even if the domain is full at the time
T < Ty, the model holds on for t € [1,Ty), with w satisfying the evolution problem
(1.11). This is a particular case of evolution problem with an elliptic equation in the
interior of Q and an evolution one on the boundary. Theorem 2 solves this kind of
question for convex p.

2. In general we do not know whenever T = Ty.

3. In terms of the Hele-Shaw problem, the property 4 of Theorem 1 reflects the fact that
the free boundary increases in times. This is du the injection property of the boundary
condition (1.2) and the driving forces terms.

4. The property 4 describes the evolution of the set [0 <u(t) <1 }, the so called mushy
region. In particluar, 4) implies that it is nondecreasing in time. In particular, this
shows that if f =0 and uy = xq, with Qo C Q, then there exists (Q(t))0< such that

t<rt

Q(t1) € Qt2) for any t1 < ta, u(t) = xoq for any t € [0,7], (0) = Qo and Q(1) = Q.

We will use nonlinear semigroup theory to study the problem E(ug, 2o, f, g). For this we
need to study the existence and contraction property for the associate stationary problem ;
this is the aim of the next section. Then, we show the existence of a solution in the sense of
Crandall-Ligget exponential formula, and use it to show Theorem 1 and Theorem 2. In the
last section we prove the qualitative properties 3. and 4.. At last, in the Appendix, we give
the proof of a more or less known existence result for an elliptic problem that we need for
the proof of our result.

2 The stationary problem

To begin with, let us consider the elliptic problem
v—=AAw=f, ve Hw) in®

S)\(fvg)
z+Ao,w =g, z=p(x,w) onl,

where A > 0.
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Definition 2 For f € L}(Q) and g € LY ('), we say that (v,w, z) is a solution of Sx(f,g) if
ve LNQ), we Wh(Q), z € LYT), v € H(w) a.e. inQ, z=p(z,w) a.e. onT and

A ve-ve= [(r=ve+ [ e

for any test function & € C1(Q).

Proposition 1 For any f1, fo € LY(Q) and g1, g2 € LX), if (vi,ws, %) is a solution of
Sx(fiygi) fori=1, 2, then

/Q(Ul —U2)++/F(21 — z)" S/Q(fl —f2)++/F(91 —g2)*

/|Ul—U2|+/|Zl—Z2|§/|f1—f2|+/|g1—92|-
Q r Q r

Proof : The proof of this proposition follows in the same way as Proposition C of [2]. We
omit the details of the proof to avoid to repeat unnecessary the same arguments. [ |

and

Corollary 1 For any A > 0, f € LY(Q) and g € L*(T), S\(f,g) has at most one solution.

Setting

01+—/p d:r
|€2]

we have the following existence result

Theorem 3 Let f € L'(Q) and g € LY(T') be nonnegative. If

(2.1) ][Qf—kﬁ/rgeR

then, Sx(f,g) has a unique solution.

Recall that in the case g = 0 and p independent of z, Theorem 3 is a particular case of [2].
For the case where g € L*(Q) and p satisfies (1.7), we will construct the solution of Sy(f,g)
as a limit, as m — oo, of the solution of the following elliptic equation

o™
on
Thanks to Proposition A.l in the Appendix, for any f € L'(Q)" and g € LY(I')T, the

problem (2.2) has a unique solution v,, in the sense that v,, € L*(Q), v,™ € WhH(Q),
Zm = p(z,v,™) € L*(T)T and

/mem-vgz/ﬂ(f—vm)&r/r(g—zm)&

(2.2) v=Av" 4+ fon Q, + p(z,v™) =g on 0.
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for any test function & € C1(Q). Moreover, according to [2],

(2.3) lvm i) + lzmllzraey < Nflli) + gl @y,

(24 [on™ = £ _en sy < C(1f 2 + e

for any 1 < ¢ < % and, for any ' CC Q, we have

(2.5) lim sup | |om(z +y) — vm(z)| = 0.
ly|—=0m>0 /0

Lemma 1 {vm} - is relatively compact in L' ().

m2z

Proof : Thanks to (2.3), (2.4) and Lemma A.1 in the Appendix, for 1 < g < oo fixed, we
have

lom™ Loy < (@uvmum)) Q7+ C [ Von™ ooy

2 ool
(e + lglloae) 19203 +C (1o + lglleoco)
so that,

L m=1
Pomllzaey < lom™ @

< GO+

where Cy and Cy are independent of m. Obviously, this implies that v,, is bounded in L%(2)
and v, is weakly relatively compact in L'(). So, by using (2.5), we deduce that v,, is rela-
tively compact in L'(€). ||

Lemma 2 If (2.1) is fulfilled, then as m — 00, v, — v in L'(Q), v,,™ — w in WH1(Q)-
weak, p(.,v,™) — z in LY(T) and (v,w, 2) is the unique solution of Sx(f,g).

Proof : By using Lemma 1, the result of the lemma follows exactly in the same way as in
Theorem B of [2]. |

Lemma 3 If . .
(2.6) ][Qf—i-@/rng%—@/Fﬁ(x)dm

then, as m — o0,
1
m—f f+ [le=p) L@
o |9 Jr

and
Zm — P in LY(ID).
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Proof : It is clear that if (2.6) is fulfilled then, the assumption (1.7) implies that 7 € L'(Q)*.
Due to the contraction property of the solutions of (2.2), it is enough to prove the result for

feL?Q)7", ge L*(")" and satisfying

(2.7) ][f~|—’m/g>1+m’ (a)de .

Using Lemma 1, there exits my — oo, such that vy := vy, — v in L'(Q), and using (2.4) we

have
(2.8) W i= VU, ™ — Oy, — oo in WH(Q) — weak

where C,,, = ][ v . It is clear that
Q

fiv = fas o oo

> 1+ ﬁ (@ —p(svk))

> 1,

so that, by using Jensen’s inequality, we have

my
(2.9) Chmn, :][ v > <][ vk> — 00.
Q Q

Then, (2.4) implies that

(2.10) v — o0 ae. Q
and
(2.11) plx,v™) — p(x) ae xzel

and, since p(.,v;™) is bounded above by 7 which is in L!(T), then
pl,u™) =5 in LYD).

— 0 a.e. in Q and

On the other hand, thanks to (2.8) and (2.9), we have

mp

v s Wy, s
( ) :<1+ ) — 1lae. in Q
Cm, Chn,,

1
so that v = lim (ka)mk is constant in €. At last, since / Um + / o Um
Q

mg—

then by passing to the limit, we deduce that v is equal to ][ v = ][ f+
Q

H/(9

/f+/g7

p)- i
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Now, one sees that the natural space to study E(ug, 2o, f,9) is X = L*(Q)* x LY(I")* provided
with the natural norm

I(f, 9l = 1 fllzr ) + llgllzr ), for (f,g) € X.

Equipped with the usual partial ordering (f,g) < ( 1, g) if and only if f < f ae. in Q and
g < g a.e. in 'y, X is a Banach lattice. In X, we define the multivalued operator A, by

(f,9) € A(v, 2) if and only if v, f e LYQ)T, g, z € LY, / f= / g and either
Q r
v=pwithpeR, pu>1 andz=p ae inl

(2.12) or, there exists w € WH(Q), v € H(w) a.e. in Q,

z=p(.,w) a.e. in I" and /QVw-sz/Qf§+/Fg§, V¢ e Q).

Lemma 4 A is m-T-accretive in X, i.e. for each X > 0, (I + AA)™! is a T-contraction
everywhere defined in X.

Proof : With A being defined as above, for (f,g) € X, we have (v,z) + A(v,2) 3 (f,g) if
and only if v € LY(Q)T, 2z € LY(I)T, / v+ / z = / f+ / g and either
Q r Q r

1
UE][ f—{——/(g—ﬁ)ZlinQandz:ﬁa.e. inT
o Q] Jr

or, there exists w such that (v, w, z) is the solution of S1(f, g).

So, according to Lemma 2 and Lemma 3, there exists a unique solution (v, z) of (v,z) +
A(v,2) > (f,9) and
(v,2) = X — lim (v, p(z,v,"™)),

m—00

where vy, is the solution of (2.2). ||

Moreover, we have

Proposition 2 The closure of the domain of A in X is given by
D(A) = Dy := DU Dy,
where
Dy = {(u,z) €X: |ul<1ae inQand z(z) € Im(p(z,.) ae € F}

and
Dzz{(uvﬁ) ; pe R, uzl}
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Proof : By definition of A, we see easily that D(A) C Dy and Dy C D(A). So, it remains

to prove that D; C D(A). For this, it is enough to prove that D(A) 2 K, where
K = {(u, 2) € L®(Q)T x L¥(M)T ; u<1ae. in Qand z(x) € Im(p(z,.)) ae. z€T }

Let (u,z) € K and consider (u., we, z:) the solution of S (u, z). It is clear that (uc, z:) € D(A).
On the other hand, since z € Im(p(z, .), then, thanks to Proposition 1, one proves exactly in
the same way of Proposition 4 of [16] that z. is bounded in L*°(I"), u. is bounded in L*(2)
and shows that u. — u in L'(Q2) and z. — z in L(T), as ¢ — 0, which ends up the proof of
the proposition. [ |

3 The evolution problem

Now, let us consider the evolution problem
Ui+AU > H in (0,7)
CP(Uy, H)
U(0) = Uy,
with Uy = (ug,20) € Da and H = (f,g) € L},.([0,T); X). In order to define the notion of

mild solution of C'P(Uy, H) in (0,T), for € > 0, we consider a subdivision ) =0 < t; < ... <
tho1 <T =t, witht; —t;_y =&, f1,...fn € L*(Q), g1,...9n € L*("), 2o € L*(T") and

n ti
20 = 20l L1 (r) + Z/t (Hf(t) — fillLr) + llg(t) — QiHLl(F)>dt <e.
i=17/ti-1

Thanks to Lemma 4, there exists a unique solution (u;, z;) € X of the time discretize scheme
associated with (C'P), i.e.

(3.1) (uj,zi) +e A(ug, zi) =€ (fiy 9i) + (wim1,2i-1) fori=1, 2,...,n and zp = 20 ;
so that, we can define the e— approximate solution U, = (u., z¢), by

u:(0) = ugp,  2:(0) = 20,
(3.2)
ue(t) = uy, 2e(t) =z;, fort€ltiq,t], i=1,...n
By using the nonlinear semigroup theory (cf. [2], [6], [12] and [21]) and thanks to Lemma

4, CP(Up, H) has a unique mild solution U = (u,z) € C([0,T); X), such that U(0) = Uy,
u(t) = L' — limu.(t) and z(t) = L* — lim 2.(t) uniformly for ¢ € [0,T). So, we have
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Corollary 2 We may define the mapping S : (Ug,H) € Dy x L, .([0,T);X) — U €
C([0,T); X), by S(Uy, H) is the mild solution of CP(Uy, H). Moreover, we have

1. If (U,Z) = S(u07Z07f7g)7 then

/Qu(t)—i-/FZ(t)Z/Quo—l-/rzo—i‘/ot(/ﬂf—F/Fg)a

for any t € [0,T).

2. For any 0 <t; <t9 < T, we have

S(uo, 20, f,9)(t2) = S(S(uo, 20, f,9)(t1), (- + 1), g + 1) ) (b2 — ).

3. The L'—comparison principle holds. More precisely, if for i = 1, 2, (uoi, z0i, fi» i) €
DA X Llloc([()?T)?X) and (’U,i,ZZ') = S(u0i720i7fiagi)7 then

& [ - we) + £ [0 -0
(3.3)

< (1) = 220" + [ (01— go(t))*
in D'(0,T).

Now, the basic idea of the proof of Theorem 1 is to show that S(ug, 29, f,g) is the unique
solution of E(ug, 20, f,g), whenever ug, 29, f and g satsify the assumptions of the Theorem.
First, let us introduce the intervals

1 1
I=<:t>0; t 1+— [ P d =<t>0; t)>14+— [ pr.
{tz05n0) <1og | pp and J={t=0:u) =1+ | 7}
We begin by to give a description of S(uo, 20, f,g)(t) for t € J.
Lemma 5 Let (ug, 20, f,g) € Da x L. .([0,T); X). For any t € J, we have
1
t) = t)—— [ p,p]-
S(u07207f7g>( ) (:u‘( ) ’Q‘ /val))
Proof : Set (u,z) := S(uo,z0,f,9). By Definition of S(ug,zo,f,g), we know that

S(uo, 20, f,9)(t) € Dy, for each t € [0,T). On the other hand, thanks to Corollary 2, we
1

know that ][ u(t) + 9] / z(t) = p(t). Then p(t) ¢ R implies that (u(t), z(t)) € Da, so that,

Q T

for any t € J, z(t) = p, on I', u(t) is a constant function in €2 and necessarly it is equal to

/M—ﬁﬁﬁ "

For the description of S(ug, 20, f, g), for t € I, we need the following technical result.
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Lemma 6 Let u € C([0,T], LY(Q)") such that ][ u(t) < 1 for any t € [0,T], and let us €
Q

C([0,T], LY () ") such that u. — u in C([0,T], L*(Q)). There exists a constant C, independent
of € (and t), such that for any w. € L*(0,T; H'(Q)) satisfying u. € H(w.) a.e. in [0,T] x Q,
and for any € > 0, we have

lwe (@)l L2) < ClIVwe()ll L2y  a-e- t €0, T].

Proof : First, one sees that by using Poincaré’s inequality, for any K C 2 and w € H 1(Q)7
we have

(3.4) w11 < C(IVwlza) + el

where C is a real constant depending only on N and €2. Using the assumptions of the lemma,
there exists 0 < 6 < 1, such that

max ][ u(t) <9,
te[0,7]J Q

so that K (t) := [u(t) < d] is such that |K(t)| > 0, for any ¢t € [0, 7] and

=

3.5 inf |K(t
(35) Jnt (1)

=M > 0.
Now, let us denote by K.(t) = [u.(t) < §]. Since u(t) — u(t) in L'(Q), then
(3.6) |K(t)] < limi(l)lf |K(t)] for any t € [0,T].

E—

Applying (3.4) with w = w.(t), K = K.(t) and using (3.5) and (3.6), we deduce that, for ¢
small enough, we have

(IVwe(®)l 20y + lwe(®)l 2y ) for any ¢ € [0,T).

Sis

67 |f ww]<

Since we(t) = 0 a.e. in K.(t), then (3.7) implies that
| ][Qwe(t)’ < O|[Vuwe(t)|| g2y for any t € [0, 7]

and the result of the lemma follows by using Poincaré inequality again. |

Lemma 7 Assume that T < oo, f € L*(0,T;L*(Q)"), g € L*(0,T; L*(T)") and (uo, 20) €
20
0

Dy is such that / p(.,r)dr € L),

(3.8) u(t) R and][ up <1 foranytel[0,T].
Q

Then, the curve (u,z) := S(uo, 20, f,9g) is the unique solution of E(ug, 20, f,g) in (0,T).
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Proof: Let us come back to the definition of a mild solution and consider the time discretize
scheme and the e—approximate solution of C'P(ug, 2o, f,g). Thanks to our hypothesis, we
assume, moreover, that

200() € (Im(p(z,.)) ae. z €T, /0 () dr € LX) and

(3l9) }

][ + ! /z +Z/ti (][f+ ! /g)<1+ ! p forany1<i<n

U, —_— 3 —_— 4 —_— ~ ~ .
TN P ARV LTIV o Jrf

So, by definition of A, for any ¢ = 1,2,..n, the solution (u;,z;) of (3.1) is such that there
exists w; € WH(Q) satisfying the equations

w; — eAw; = uj—1 + efi, u; € H(wl) in ,
(3.10)

zi +e0yw; = zi—1 +€gi, zi = p(z,w;) on .

Moreover, since f;, ¢;, uge and zg. are assumed to be nonnegative L? function, then w; €
H(Q) and, thanks to (1.6), z; € L*(I)". Taking w; as a test function in (3.10) and using
the facts that

/ (u; — uj—1)w; >0
Q

/F(Zi—zz‘—l)wi Z/FTZ)(-,%)—/FTZJ(-,%—D’

where ¥(.,7r) = / p(.,s)ds, we get
0

A¢(~7Zi)+54|vwi|2 < €</inwi+/rgiwi> +/F¢(-,Zi—1)

(3.11)

and

< 5<HfiHL2(Q) +||gi||L2(F)>HwiHH1(Q) +/F¢(-,Zz_1)-

Adding (3.11) for i = 0,...n, we deduce that w. defined by w.(t) = w; for t € Jt;_1,t;],
i =1,...n, satisfies

T T
@1 vz + [ [P < | <erHL2(Q)+||ge||L2(r)> el + [ 9020

Now, since sup ][ u(t) < 1, then by using Lemma 6, (3.12) implies that
te[0,7] 7/ Q2

T T
[tz + [0 ]9 < ClIVweliagn [ (e + lgellzaa) + [ 00z00).
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By Young’s inequality, we deduce hat |Vw,| is bounded in L?(Q), and by using again Lemma
6, we deduce that w. is bounded in L2(0, T, Hl(Q)) So, there exists a subsequence, that we
denote again by w,, such that

w. —w  weakly in L?(0,T; H'(2)) ase — 0

and
w. —w weakly in L*(X7), ase— 0.

Since, u. — u in L'(Q7) and z. — z in L'(27), then, by classical monotonicity argument
(see for instance [2]), we deduce that 0 < v < 1, u € H(w) a.e. in @ and z = p(.,w) a.e.
in X7. At last, let %, and Z be the functions from [0,7] into L'(©2) and L'(T") respectively,
defined by . (t;) = u;, 2-(t;) = z; and (4., 2. ), is linear in [t;_1,t;]. For ¢ € C'Q), we have

%/Qasg_i_%/réeg+/QVw€-VSZ/Qfeﬁ-i-/Fgef-

Passing to the limit we get that (u,w,z) satisfies (1.5). As to the uniquness, this follows
exactly in the same way as in [16], we omitt the details of the proof here. ||

Lemma 8 Let f € L*(Qr)*, g € L3 (37)", (ug,20) € D4 such that (., z) € L*(T) and
(u, z) = S(uo, 20, f,g). For any 0 <t <T, we have

(3.13) { u(t) <1 } C [ u(t) = uo + /Otf(s)ds }

Proof : Using again the definition of S, we come back to the time discretize scheme associated
with C'P(uy, 20, f,g) and we consider the e— approximate solution (uc, z:) given by (3.1) by
repalcing T by t. We prove that

(3.14) [ue(t) < 1] € [ uelt) = uo +/0t fo(s)ds ).

It is clear that, for ¢ =1,2,..n, Aw; =0 and u; = u;—1 + € f; a.e. in {uz < 1}, so that
[u; < 1] C [ul =u;_1+efiandui_1+ef; < 1}.

Moreover, since u;_1 + € f; > u;_1, then

u; = ui—1 +¢ fiand u;_1 +¢e f; < 1} - [Ui—l < 1}

- [Ui—l =uj2+efirrandu;o+efi < 1}7
so that,

[u; < 1] C [uj:uj_1+afj anduj_1+6fj<1}, foreach 1 <j<i<n
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and
{UE(T) < 1} = [un < 1} - |:U7;+1 =u;+¢€ fir1 and u; + € fiy1 < 1},

for any 0 < i < n— 1, which implies (3.14). At last, since u. — u in L*(Q) then (3.13) follows
by letting € — 0 in (3.14). |

Corollary 3 Under the assumptions of Lemma 8, we have
(3.15) u(ty) <wu(te) a.e. in
forany 0 <ty <ty <T.

Proof : To prove (3.15), we see that, since f > 0, then (3.13) implies that u(t2) > u(t;) a.e.
in Q. Indeed, if u(ty,x) = 1 then, it is clear that u(t1,x) < wu(te,z). Otherwise, thanks to
Lemma 8, we have

to
u(ty, z) < u(te,z) = u(ty, ) +/ f<1,
t1

which implies that u(t1,x) = u(te,z), a.e. x € Q. ||

Proposition 3 Let f € L*(Q7)", g € L*(37)T, (uo,20) € Da such that (., z) € L(T)
and (U,Z) = S(u07Z07f7 g)

1. If (ug, z0) € Do, i.e. up =p € (1,00) and z = p, then for any t € [0,T),
u(t) = p(t / and z(t) = p.
19
2. If (ug, z0) € D1, ie. 0 <wug <1 and zg € L*(T), then for any t > Ty,

u(t) = p(t / and z(t) = p,
9l
and there exists T € [0,Ty], such that (u,z) is the unique solution of E(ug,zo, f,g) in
(0,7) and u(t) =1 in Q for any t € (1,Ty).

Proof : Since f > 0 and g > 0, then it is clear that ¢ — u(¢) is nondecreasing. So, if
(uo,20) € Dy, then J = (0,T) and the first part follows by Lemma 5. As to the second
part, it is clear that I = (0,7p) and J = (Tp,00). Thanks to lemma 5, for any ¢t > Ty,

t
u(t) = p(t) —/0 ﬁ /Fﬁ and z(t) = p. Now, let 7 be defined by

T:inf{te(O,To); ][ U(t):1}'

Q

Thanks to Corollary 3, for any ¢t € (7,7p), u(t) = 1 in . At last, since ][ u(t) < 1 for any

Q
€ (0,7), then Lemma 7 implies that (u, z) is the unique solution of E(u, zo, f,g) in (0, 7).
[ |
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Lemma 9 Asumme that p(z,7) = p(r), with p convex, T < oo, f € L*(0,T;L*(Q)T),
g€ L*0,T; L>(I)") and 2o € LY(T)* such that / p(.,7) dr € LY(Q) satisfying (1.8) and

(3.16) ’Q‘/zo—k/ ][f—i-’m ER for any t € [0, 7).

If (u,z) = S(1, 20, f, g), thenu(t) =1, in Q for any t € [0,T) and (1, z) is the unique solution
of E(1, 29, f,g), i.e. there exists w € L2 ([0,T), HY(Q)) such that w > 0, z = p(.,w) a.e. in
(0,T) xT" and

d
(3.17) —/z£+/Vw.V£:/f£~l—/g£ in D'(0,T),
dt Jr Q Q r
for any test function & € D(Q).
Proof : We take again the e—approximate solution (uc, z:) of CP(1, 2o, f,g). Thanks to the

assumpyions of the lemma, we assume, moreover, that

20¢(z) € (Im(p) a.e. acGF/ r)dr € L}(T) and

1 It 1
1+—/z + / ][ H‘—/ ;] € R forany 1 <i<n.
a2 (o e ) y

So, by definition of A, for any ¢ = 1,2,..n, the solution (u;,z;) of (3.1) is such that there
exists w; € WH(Q) satisfying the equations

w; — eAw; = uj—1 + efi, u; € H(wl) in Q,

zi + €0, w; = zi—1 + €9, z = p(w;) onl.

Since w; = 0 a.e. in [u; < 1], then u; = u;—1 + ¢ f; a.e. in [u; < 1]. So, since ug = 1 and
fi >0 for any i = 1,2,..N, then u; =1 for any ¢ = 1,2,...N, and (3.10) is reduced to

—eAw; = ef;, in Q,
(3.18)
zi +e0yw; = zi—1 +€gi, zi = p(z,w;) on .

Now, thanks to Jensen inequality, we have

\r\/ (!F!/ )

1
— / w, is bounded, and by Poincaré inequality we deduce that
r

which implies that T

|wellL2@) < C (HVweHL2(Q) + 1),

and the proof completes exactely in the same way of the proof of Lema?. [ |
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4 Appendix

In this appendix, we prove the existence of a solution for the elliptic problem
v—Ap(v)=f inQ

(A1)
Oyp(u) + p(z,p(u)) =g onT,

where ¢ : IR — IR is an increasing continuous function in IR, p satisfies the assumptions of

Section 1, f € L'(Q) and g € L*(T"). Before we give the existence result, let us prove the
following technical Lemma.

Lemma A.1 There exists C = C(N,Q) such that for any 1 < q < 0o and z € L*(Q) such
that o(z) € WH(Q), we have

_ (2 1
(42) el <7 (gl ) 19+ €IV @l

where B(r) = Tll‘ix(go(s), for any r € R.

Proof : We set w = ¢(z) and we denote by C every constant depending only on N and €.
Using Poincaré inequality, we have

1
ol = e (19 il + olzncr)
for any K C Q with |K| # 0 and we have

[wllay < ClIV wllpaq) + ,Q‘l/q’][ﬂw‘

Q[ \V/a Q1
o (1+ (1)) 19 wlowey+ (1) Nl

O\ V4
< o) (19wl + lwlieo)

Taking K = [|z| < A], and using the fact that

IN

(K| = [Q2] =[] = All
1
> 10~ 5zl e,
we get
€] _ 1)
le(2)lLago) < C IV wlza@) + 2N
® = G el © “ )
1 2
for all A > 9] 2]/ 1 (q)- Then, taking for instance A = 9] 2]/ 1 (), the result follows. ||
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Proposition A.1 For any f € L'(Q) and g € LY(T"), there ezists a unique solution of (Al)
in the sense that v € L' (Q), o(v) € WHHQ), p(x, p(v)) € LYT) and

[ Vet ve= [(1-ve+ [(g-r@ew)e

for any test function & € C1(Q).

Proof : Thanks to Theorem 23 of [3], we know that for any € > 0, there exists a unique
ve € LNQ), we == p(v.) € WHH(Q), 2 := y(z, 0(v:)) € L*(T') and

[ vueve= [(F-v—cwges [(g- ¢

for any test function £ € CI(Q). It is enough to prove that u. = v. + € w., w, and z. are
relatively compact in L'(Q), in W1 (Q)-weak and in L*(T), respectively. Recall that (cf. [2])

uellziy = €llwellr@) + lvellro
(A3)
< | fllzre) + gl @y,
(A9) lwox = fuellwro < € (If @ + gl m))

for any 1 < ¢ < %,amd

(Ab) lim sup [ |ue(z +y) — ue(x)| = 0.
ly| =0 e>0 J@

It is clear that (13) and (A4) implies that||ve|[z1(q) and [[Vwe| 1q(q) are bounded, so that
Lemma A.1 implies that w, is bounded in W11 (Q). So, w, is relatively compact in W11 (€)-
weak and in L'(T"). Moreover, by using the continuity of 7 — p(z,7) a.e. 2 € T and (1.6),
we deduce that z. is relatively compact in Ll(F). For the precompacteness of u. is Ll(Q),
let us assume for the moment that f € L>(Q) and g € L>°(T"). We know, that v. € L*(Q),
we = p(ve) € HY(Q), 2. == p(x, p(v.)) € L*('), so that we can take w, as a test function

and we get
/'ere“‘/ |Vw€|2 < /fewe+/gewe
Q Q Q T

< Clfllpee) + llgllee ) lwellwra @

where C' is independent of . So, that we deduce that / vewe is bounded by a constant M
Q

independent of €. Now, since

el S e, o (R)
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for any k£ > 0, then

N

1
/E|U€| > min(@(k,)’_@(_k))/st‘p(ve)“‘]ﬂE’

M
S (), ey R

for any k > 0 and measurable E C ). Thus, / |ve| — 0, uniformly in e, as |E| — 0, and by
E

using (A4), we deduce that the relative compactness of u. in L' (). For the case where f and
g are just L', the relative compactness of u. in L'(Q) follows by the contraction property.
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