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1. Introduction and main result

Let 2 < R" be a bounded open domain of RV with @' smooth boundary I, and x a bounded Radon measure
concentrated in £2. We are interested in the study of the optimization problem

max{/ Ed,u;éel(}, (n
2

where

K= {z e WSU(2): [Vz()| < k(x) ae.x 9}

and k € C©(£2) is a positive continuous function. In the case where k = 1, this is the so called dual equation of
Monge-Kantorovich problem. It is of wide interest for Monge optimal mass transport problem (cf. [1,2] and the references
therein). In one hand, it was used by Kantorovich for the study of existence of a solution for his relaxed formulation of the
original Monge problem. On the other hand, it appears in numerous papers, that the PDE in divergence form behind (1)
contains all the information concerning the original Monge problem (cf. [24,23,3,2,1]). The case where k is an x-dependent
function appears in the study of optimal mass transport problem in inhomogeneous domain to treat problems with, say,
subregions through which mass transportation is forbidden or, on the contrary, where it is free of charge (cf. [4]). It appears
also in the study of mass optimization problem (cf. [5]). Existence of a solution of (1) is well known by now for any bounded
Radon measure p. Our aim in this paper, is to show the equivalence between (1) and formulations in divergence form.
Since their interest for the Monge-Kantorovich problem and related problems, this kind of question was already studied in
previous papers. So, a part of our results are well known by now and may exist in the literature in a more general setting and
proved by using sophisticated arguments (see for instance [6,7] and the references therein). Our aim here is to give simple
and direct proofs for our (more or less) simple situation.

Perhaps the main difficulty in the study of the PDE associated with (1) is the non-regularity of the flux. Roughly speaking,
in general the PDE associated with (1) is a divergence of non-regular flux (a measure). To close the problem, the flux needs
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to be expressed depending on the gradient. Since in general the gradient is no more than L*°, then the gradient should be

taken in an unusual sense. Otherwise, different expressions have been used to close the problem depending on the studied

issues : optimal mass transport problem, mass optimization, evolution Monge-Kantorovich equation (sandpile equation).
Here, we focus our attention on the three following divergence formulations :

V.d=p inD(Q) 2
k® = |<D|V|¢‘u,
V.d=u in DR

/kd|q§|§/ udpu, (3)
2 2

and

/kd|¢>|:min{/ kd|v] ; —v-u:mngy(fz)}
2 2 (4)

=/ udp,
2

where |@| (resp. |v|) denotes the total variation measure of @ (resp. v)and V¢ denotes the tangential gradient with respect
to |@| (see the following section for preliminaries and references). We prove the following:

Theorem 1. Let u € Mp($2), where My (£2) the set of bounded Radon measure, and u € K. Then u is a solution of (1), i.e.

/(u—f)dp,zo forany &€ e K, (5)
Q

if and only if there exists @ € My(£2)N such that (u, ®) satisfies (3). Moreover, we have

1. (2) <= (3) < (4).
2. If @ € Mp(2)N issuchthat —V - & = pin D'(2) and

/kd|<1>|:min{/ kd|v| ; —V-v:,uini)/(.Q)},
2 o}

then, there exists v € K such that

/kd|¢t|:/ vdu.
2 2

The main interest in the formulation (1)-(4) is their connection with the Monge optimal mass transport problem (cf. [3],
[2,1] and the references therein) as well as mass optimization (cf. [5,8]) and sandpile (cf. [9,10,2] and [11]). The formulation
(2)is the so called Monge-Kantorovich equation (the MK equation as called by Bouchitté, Buttazzo and Seppecher in [12]). It
is very connected to Monge-Kantorovich problem for optimal mass transportation. Perhaps Kantorovich (in 1940) was the
first who introduced this connection. In addition, Evans and Gangbo (cf. [3]) give rigorous proof for this connection in the
case where u is regular enough (see also [2]). Indeed, in the case where k = 1, under additional assumptions on p, Evans
and Gangbo prove in [3] that a related PDE to (1) in divergence form is given by

V. ®=pu, ®:=mVu n o
m>0,|Vul <1, m(|Vu|-1) =0 (6)
u=2~0 on /.

The unknown function m is in L°°(§2) in their case and contains all the information concerning the optimal mass
transportation. For the general case, m € M;r (£2) and (6) may be written in the form

—V.-®=u, ®:=mVyu in £,
|Vu| <k inf2, |Vuul=k m-ae.ing2, (7)
u=20 on/l.

The connection between (7) and optimal transportation has been proved in [1] by using the equivalent formulation (2),
where the tangential gradient introduced in [12] (see also [5,8] and the references therein) plays a fundamental role. For
the regularity of m with respect to additional assumptions on ., we refer the reader to the papers [13,14], [15,16] and the
references therein. Notice that for the particular case where u is a nonnegative regular function, explicit formulation for m
is given in [17] (see also [18]).

The formulation (4) is the natural dual formulation of (1). Its connection with (2) appeared in [12] for the study of mass
optimization problem. In the context of mass optimal transportation, (4) is in connection with minimizing Monge work (for
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more details in this direction see [12,6]). As to the formulation (3), it appears in [19] (see also [4]) and seems to be very
useful for the study of the evolution problem associated with the Monge-Kantorovich equation and the sandpile problem.
Notice that the equivalence between (2), (3) and (7) is related to the following obvious fact : assuming @ : 2 — RN and
u : £ — Rare regular and |Vu(x)| < k(x), the following assertions are equivalent

e m(|Vu| —k) =0and ® = mVuin £2
e mk = |®|and k|®P| = @ - Vuin 22
e mk=|®|and [, k|®| < [, P -Vu
Assuming u = 0 on the boundary and integrating by parts the last equation, we deduce the equivalence between the
preceding assertions and the fact that

mk = |®| and fk|¢'|§—/uV-<P.
2 fo)

In the following section, we begin by giving some preliminaries that will be used throughout the paper. Then, we prove
some more or less well known results concerning 1-Lipchitz continuous functions that will be used in this paper. Section 3
is devoted to the proofs of the main theorem.

2. Preliminaries

Let 2 C RN be abounded open domain. We denote by £N the N-dimensional Lebesgue measure of RV, For 1 < p < 400,
IP(£2), WIP(£2) and WO1 "P(£2) denote respectively, with respect to .V, the standard Lebesgue space, Sobolev space and the
closure of D (£2) in WP (£2). Otherwise, we denote by LZ(.Q), the standard LP space with respect to the measure jt.

We denote by M (£2) the space of all Radon measures in £2. We recall that M (£2) can be identified with the dual space

*
of the set of continuous functions with compact support in 2. In other words, M(£2) = (GC(.Q)> , in the sense that, every
n € M(S2) is identified to the linear application £ € C.(£2) — f_q &du. The set M (£2) can be identified also with the dual

space of the set of continuous functions M (£2) = (G(ﬁ)) , in the sense that, every u € M(£2) isequal to i € (@(5))

with /1(852) = 0. So, for any 12 € M(£2) and § € C(£2), we use the notation [, £du for the quantity <§L, §>.

For i € M(£2), we denote by ™, ™ and || the positive part, negative part and the total variation measure associated
with u, respectively. Then we denote, M} (§2) the space of Radon measures with bounded total variation | |($2). Recall that
Mp(§2) equipped with the norm || (§2) is a Banach space.

We denote by M (£2)N the space of RV-valued Radon measures of £2 ; i.e. u € M(2)V ifand only if & = (i1, ..., in)
with p; € M(£2). We recall that the total variation measure associated with . € M (£2)", denoted again by ||, is defined
by

0 o0
|ul(B) =sup 1D " |u(B)l: B= U Bi, B;aBorelean set
i=1 =

and belongs to M T (£2), the set of nonnegative Radon measure. The subspace M;,(£2)Y equipped with the norm ||u| =
|14|(£2) is a Banach space. It is clear that M (£2)N endowed with the norm || || is isometric to the dual of G.(§2)". The duality
is given by

(€)= i] | sadu

forany = (i1, ..., un) € M(2)Vand &€ = (&4, ..., &) € C(2)N.

Forany u € My(2)Y and v € My(£2)*F, u is absolutely continuous with respect to v; denoted by < v, provided
v(A) = 0 implies ||(A) = O, for any A C £2. Thanks to Radon-Nicodym Decomposition Theorem, we know that for any
w e Mp($2)Y and v € My, (£2) such that u << v, there exists unique bounded RV-valued Radon measure denoted by D, i,
such that

Ww(A) = /Duudv forany A C £2;
A

D, € My(£2)N is the density of 14 with respect to v, that can be computed by differentiating. In particular, it is not difficult

to see that, for any ;1 € M(£2)", we have ju << ||, Dy € Lj, ()" and Dy, | = 1, |u|-a.e. in £2 (see for instance [20]).

In connection with the polar factorization, in general, D), i is denoted by “‘j—‘ So, for any . € My (£2)N, we have

w(A) =/%d|,u|, for any Borel setA C £2.
AR
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So, every i € M(£2)N can be identified with the linear application
7
Eec.) —>/ — - &dul.
2 1l
Forany @ € My(£2)"N and v € M, (£2), we say that —V - & = v in D’ (£2) provided
(]
/ — . V&d|o| :/ gdv forany& € CJ(£2),
2 1P| 2

where @(} (£2) is the set of @! function in £2, such that & and V& are null on the boundary of £2. In particular, =V - & = v in
D'(£2) is equivalent to —V - (%|¢|) = vin D'(2).
Let v € M, (£2)™ be given. To define the tangential gradient with respect to v (see [12]), recall the sets

N, = {g € 1°(2)"; 3u, € €¥(R2), Uy — 0in C(£2) and Du, — £ in o (LX(2)", Ll(fz)N)}
and
NE o= {n el ;/ n-&dv =0, V& € Nv}
2
For v-a.e. x € £2, we define the tangent space T, (x) to the measure v, as the subspace of R":
T,(x) = {A eRV;3ceNt A= E(x)}.
Then (cf. Proposition 3.2 of [21]) the operator V,, : Lip(£2) — L%°(£2)" is the continuous linear operator such that for any

ue ClY(),

Vou(x) =Pr  Vu(x) v-ae.xe S2,

v(X)
where Py, is the orthogonal projector on T, (x), Lip(s2) is the set of Lipchitz continuous function equipped with the uniform
convergence and L;’O(.Q)N is equipped with the weak star topology. A RV-valued Radon measure @ is said to be a tangential
measure on §2 provided there exists v € M, (2)T ando € L}) (2)N,suchthato (x) € T, (x), v-a.e.x € 2and @ = ov.Atlast,

thanks to Proposition 3.5 of [21], we know that for any tangential measure @ = ov on §2,suchthat —V-® = u € M(£2),
we have the following integration by parts

/ udp :/ o - Vyudy, (8)
I?) I?)

for any u € Lip(£2) null on the boundary of £2.
To prove Theorem 1, we use in Section 3. Below are the following two lemmas :
Lemma 1. For any z € K, there exists (z. ).~ a sequence in D($2) N K such that

z, =z in Co(£2) and in WH>(§2)-weak*.

Proof. Let d be the solution of the maximization problem

/d(x)dx:max/ & (x)dx.
2 sek Jo

Then, for any u € K, we have u < d in £2. Indeed, for any u € K, taking ii(x) = max(u(x), d(x)) for any x € £2, we have
teK,u>din £ and fg u(x)dx < fg d(x)dx, so that i = d in £2 and, then u < d in £2. Now, let us consider
d:=(d—-¢)" ing.
We see that d. € K and, for any ¢ > 0, there exists 2, CC £2, such that d, is compactly supported in 2. Let us denote by
5 (d(x) —z7 ()" = d:(x) —z* (X)) T ifx e 2
Za(x) = . N
0 ifx e R\ £2.
It is not difficult to verify that Z. € K and that Z. is supported in £2.. Let (p;)3-0 be the standard sequence of mollifiers.
We denote by m := min{k(x) ;X € .Q} and, for any ¢ > 0, we denote by w(e) the modulus of continuity of z ;
ie. w(e) = supy_y <, [2(x) — z(y)|. Now, take o > 0 small enough so that, for any 0 < ¢ < 1, we have
m

Ze = ————Z % € D($2
€ m—l—a)(e)é Pae (£2)
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and

[Vz.(x)| < L(k(x) + w(s)) <k aexef.
m+ w(e)

Since, as € — 0, d, converges to d in Cy(£2), w(¢) — 0 and z. is bounded in W1 >°(£2), then the result of the lemma
follows. ®

Lemma 2. Foranyu € K and v € M,(£2)™", we have

[Vyu| <k v-ae.in $2.

Proof. If u € D(£2), then V,u(x) coincides with P, Vu(x), v-a.e. x € £2, and then the property is true. Foru € K, let
(ug)e=0 be a sequence of regularization of u as given by Lemma 1. Thanks to the first part of the proof, we get |Vu,| < k, v-
a.e.in £2. At last, thanks to the continuity of the operator V, (cf. Proposition 3.2 of [21]), V,u. — V,uin L*®(£2, dv)-weak*,
which implies that |V, u| < kv-ae.in 2. =

3. Proof of Theorem 1
The proof of Theorem 1, follows as a consequence of the sequence of the lemmas below.

Lemma 3. Let € Mp(2),u € K and ® € My(2)N. If (u, @) satisfies (3), then

/kd|q>|:/ udu. (9)
2 2

and u satisfies (5).

Proof. Let u, € D(£2) N K be the approximation of u as given by Lemma 1. Then the Eq. (9) is a simple consequence of (3)
and the fact that

f udu = lim | u.du
2

e—=0 Jo

. D
= lim | Vu, - —d|®]|
e—0 Jo |D|

< / kd| ).
2

As to (5), it follows again from Lemma 1. Indeed, for any £ € K, we have
/éd li / i V& d|D|
=lim | —-
o T e

/kd|q)|:[ udpu,
2 2

where we used &, € D(£2) N K the approximation of £ as given by Lemma 1. B

IA

Lemmad4. Let 4 € My(22),u € Kand ® € My(2)N be given such that —V-® = jvin D' (£2). Then, the following assumptions
are equivalent :

1 [, kd|@| < [, udpu.
2. [, kd|®| = lim,_q [, I%\ - Vugd|®|, forany u, € K N D(£2), such that u, — uin WH°(2)-weak*.
3. ko = |¢|V‘q>|ll.

Proof. Step 1: 1 < 2. First, notice that since —V - @ = p in D'(£2), then
d li d li \Y ¢ d|®|
udu = lim | u = lim U - —
Q n e—0 Jo CH e—0 Jo € |®| ’

forany u, € D(£2),suchthatu, — uin Cy(£2). So, the equivalence between 1 and 2 is an obvious consequence of Lemma 1
and the first part of Lemma 3.

Step 2: 1 = 3. Now assume that (u, @) satisfies 1. Thanks to the continuity of the operator V4|, we have

[} o}
kd|d>|§/udu=lim Vu -—d|d>|=/ Vet —d|®], (10)
fg o ) PR PR
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In addition, since by Lemma 2, we have |V|q u| < k|®|-a.e. in £2, then (10) implies that

Ly
Vigiu- — =k |®@J|-ae.in 2,
12|

which implies 3.
Step 3: 3 = 1. Assume that (u, @) satisfies 3., then V| u - % =k, |®|-a.e.in £2. By using (8), we get

b
/]
/kd|d>|=/ —-V|¢‘ud|q§|=/ udye,
I7) o 1P| I?)

which implies2. &

Lemma5. Let v € My(2) and u € K. If (u, @) is a weak solution of (3), then

/kd|cb|=min{/ kd|v] ; —v.v=mn:o’(9)}.
2 2

Proof. Let v € M;(£2) be such that —V - v = p in D'(£2). Since, (u, @) is a weak solution then, by using u. € D(2) N K
the approximation of u as given by Lemma 1, we have

v
/kd|q§| S/uduzlimf uedp =lim | Vu, - —d|v|
o Q e—>0 Jo €e—>0 Jo |v|

= / kd|vl,
2

and the proof is complete. ®

As a consequence of Lemmas 4 and 5, we deduce that (3) implies (2) and (5) is equivalent to (3) and (3) implies (4). Now,
let us prove both that (4) implies (3) and, that (5) implies (3). To this end, we consider the elliptic equation

A, —V-w, = v, .
in 2
We = ¢e(xs Vus) (Se)
u, =0 onos2,
where v, is a given measure in M, (£2), A > 0is fixed and, forany ¢ > Oand x € £2, ¢, (x,.) : RY — R is given by
1 ®-1 r N
G (X, 1) = 7<(|r| — I<(x))+) I foranyr € R,
I3 r

with p > N fixed. It is not difficult to see that ¢, satisfies the following properties

(i) foranyry, r» € RN andx € £2, (gbg(x, r) —¢.(x,12)) - (1 —13) > 0.

(ii) there exists g > 0and A > 1suchthat ¢.(x,r) -r > |r|P foranyx € 2, |r]| > Aand ¢ < &.
(iii) forany & > 0,r e RN and x € 2, k|gp:(x, 1)| < pe(x,T) - T.

So (see for instance [22]), for any v, € w1 (£2), (S¢) has a unique weak solution u,. In particular, since for any
p > N, Mp(£2) may be injected continuously into w1y (£2), then for any v, € M,(£2), (S¢) has a unique weak solution u,.

Lemma 6. Let (v;)o<s<s, a bounded sequence in W‘“’/(.Q) and (Ug)o<e<s, the sequence of solutions of (S). Then,

1. (Ue)o<c e, is bounded in Wy P ().
2. (qbg(., Vu5)> is bounded L' (2)".

O<e<egg

3. For any Borel set B C §2,

liminf/k|Vug|p_1 < /kp.
e—>0 B B

Proof. 1. Taking u, as a test function in (S;), we get

1
- f (1Vte] — kP~ |V, | = f (. Vi) - Vi,
2 2

=/u8dv8—A/u§
2 2

< Clvelly1r o | Vel (11)
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where C is the constant of Poincaré inequality. Using (11) and property (ii) of ¢,, for any 0 < ¢ < &g, we get

/ Va, P =/ |Vug|"+/ Vu, P
2 [IVue |<A] [IVue [>A]

1
< / |Vus|"+f/<|Vug|—k)+“’*”|ws|
[IVug|<A] € Ja

< / V017 + Clve g1Vt 92
[IVug |<A]
= |A|p|9| + C”US ”W—l,p’(g) ”VUEHLP(Q)'

Thus, by Young inequality, u, is bounded in Wol’p(Q).
2. Since min{k(x) ; X E Q} > 0, then the second part of the lemma follows by the assumption (iii) on @, and the first part.

3. Now, let B C 2 be a fixed Borel set. We have,
1

= 1 1
p— — =
(/|I<Vu€|pl) < (/ k(|Vu,| — k)+<P1>) + (/ kv)
B B B
T T
p— p—
< ( / (IVu,| —k)“”‘”IVusl> + ( / k”)
B B

1 1
. p—1
& & P (2 B

Letting ¢ — 0, and using the fact that u, and v, are bounded respectively in Wol’p(.Q) and ng’p/(.Q), we obtain

1iminf/l<|Vug|”’] < /kp. ]
e—0 B B

Lemma 7. Under the assumptions of Lemma 6, suppose that v € M, (§2) is such that
ve — v weakly in My($2).

Then, there exists a subsequence that we denote again by ¢, such that, as ¢ — 0,

U, —> u in Co(£2) and in W (£2)-weak*, (12)

D.(, Vu,) > & in Mp(2)N-weak”, (13)
and

fk|q>5(.,Vus)|—>/kd|q>|. (14)

2 2

Moreover, u € K and (u, @) satisfies

A—=V.®d=v inD(2)

/1<d|cp| < /udv—)\/uz. (15)

Proof. Thanks to Lemma 6, there exists u € WS’”(.Q), @ € My(2)N and a subsequence that we denote again by ¢, such
that (12) and (13) are fulfilled and Au — V - @ = v in £’(£2). Thanks to the third part of Lemma 6 and (12), we have

/leuV’_l < liminf/k|Vu£|”_1 < /k”,
B e—0 B B

for any Borel set B C £2. Thus |Vu| < k, a.e. in £2, and then u € K. To prove (14), we see that using property (iii) of @ and
(12), we have

lim sup/ klp:(., Vuy)| < lim sup/ ¢:(., Vu,) - Vu,
fo) o)

e—0 e—0

< limsup(/ updv, —k/ ug)
e—>0 (9] 2

S/udv—k/ u?. (16)
2 2
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In addition, we have

/udv: lim | udv, = 1im(/ ¢6(.,Vug)-Vu+A/ ugu)
Q e—0 Q e—>0 Q Q

< liminf/ k|¢8(.,Vu£)|+A/ u?. (17)
e—0 Q Q
So, (16) and (17) implies that
lim k|¢8(.,Vu8)|:/ udv—k/ u?. (18)
e—0 Q Q Q

and, using (13), we get

/kd|<15| < lim/ klge (., V)| :/ udv—k/ u?. (19)
e—>0 Q o Q

This ends up as the proof of (15). At last, using u, the approximation as given by Lemma 1, we see that

/udv—k/uzzlim usdv—)»/usu
2 2 e=>0 /o Q

. )
= lim [ Vu, - —d|®]|
e=0Jg ||

f kd|@|.
2

Combining this with (15), we obtain

/kd|¢|=/udv—k/u2,
2 2 2

so that, by using (14) and (18) follows. W

IA

Lemma 8. Let v € M, (£2). If & # 0, then the following assumptions are equivalent :

LveKand [,(v—2)dv > [, v(v—2z)dxforanyz € K.
2. For any v, € My(£2) such that

ve = v weakly in My($2),
we have v = Co(£2) — lim,_,¢ u,, where u, is the solution of (S;).

Proof. Since A # 0, then the proof is a simple consequence of Lemmas 3 and 7 and the uniqueness of v givenby 1. B

Lemma 9. If u is a solution of (1), then there exists @ € My ($2), such that (u, @) satisfies (3).

Proof. Assume that u is a solution of (1); i.e.u € K and [, udu = maxgek [, udp. Taking in Lemma 8 A = 1,v = u +u
and v = u, we deduce that u = Co(£2) — lim,_, ¢ u,, where u, is the solution of

U — V- P, (x,Vig) = +u inD(2)
U, € WP ().

Then, using Lemma 7, the result of the lemma follows. &

Proof of Theorem 1. Thanks to Lemmas 3 and 9, the first part of the theorem follows ; i.e. u is a solution of (5) if and only
if there exists @ € M,(£2)N such that (u, @) satisfies (3). The equivalence between (2)and (3) follows by Lemma 4. As a
consequence of Lemma 5, we have (3) implies (4) and the fact that (4) implies (3) follows by definition of @ in (4). To prove
the last part of the theorem, let & € M;,(£2)" be such that —V - & = p in D'(£2) and

/kd|¢|:min{/ kd|v] ; —V-v:uini)’(.Q)}.
2 2

Let us prove that, there exists v € K such that

/kd|<1§|:f vdu.
o) 2

To this end, let j, € W~ (£2) be such that
e = o weakly in Mp(£2)
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and let us consider u, a solution of (S;) with A = 0. Then, by definition of & in (4), we have

/kd|<15| 5/ k(x)| D, (x, Vu,(x))|dx.
2 2

So, using (14) and (15), we deduce that

/kd|®|§f udv,
2 2

and the proof is complete. H
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