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Abstract

Our main goal is to introduce and study a discrete model for the collapsing of a pile of
cubes. This is a typical example of Self-organized critical phenomena exhibited by a critical
slop. We prove existence and uniqueness of the solution for the model. Then by using
dual arguments we study the numerical computation of the solution and we present some
numerical simulations.

1 Introduction

The dynamics of granular materials has been studied quite intensively due to their importance
in various naturally occurring phenomena such as landslides, rockfalls, desert dunes evolution,
sediment transport in rivers, ... and engineering transportation applications. The description of
such flows still represents a major challenge for the theory. In the last decade, several studies have
been devoted to the mathematical and numerical studies of granular system. Different models
have been proposed using kinetic approach (cf. [6, 7]), cellular automata (cf. [11, 24, 16, 21]) or
partial differential equations (cf. [1, 2, 3, 23, 8, 18, 4, 5, 12, 15, 13, 17, 10, 20]).

Granular materials are complex objects and it is important to understand their behavior by
using simple prototypes. Actually, it is known that one of the approach that may be relevant
for their study is based on modeling the dynamic of pile of cubes. That is, to imagine that the
matter at the microscopic level consists of particles similar to cubes (in some cases, a particle
can be likened to a certain volume of material) arranged on a regular grid. The principle after
consists in establishing simple rules across the unit cell and repeat until the interplay between
cells occurs by itself coherent structures or organized forms at the macroscopic scale. Of course,
the elementary constituents of a material are so numerous that the study at the microscopic
level needs probabilistic methods. However, appropriate scaling of time enables a transition to
deterministic models of nonlocal type (see for instance [16] and [19]). These rescaling takes into
account rigorously the fact that there is a very large number of particles and there is a significant
gap between the time scales of microscopic and macroscopic.
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A typical example is the growing pile of cubes (cf. [16]) which corresponds to the evolution
of stack of unit cubes resting on the plane when new cubes are being added to the pile. In
[16], Evans and Rezakhanlou introduce a stochastic description of the dynamics and proved
that, if we randomly add more and more, smaller and smaller cubes, we obtain an interesting
continuum limit, which is an evolution governed by the sub differential of a convex functional
that is very connected to Prigozhin model for sandpile [23]. To that aim, they introduce an
intermediate nonlinear discrete dynamic of nonlocal type at the level of cubes. By using Partial
Integro-Differential Equation, N. Igbida shows in [19] that this discrete nonlocal equation gives
a right deterministic description of the dynamic of a growing pile of granular structure when the
component are not very small. Our aim here is to show how to use this kind of discrete equation
to model the collapsing of an unstable pile of cubes.

The paper is organized as follows: in the next section we establish our discrete model and
study the existence and uniqueness of the solution. In section 3 we develop a numerical study
of the model based on duality argument. At last, we give numerical simulations showing the
stabilization of unstable discrete structures.

2 The discrete model for the collapse of a pile

It is well known by now, that the collapsing phenomena in granular materials can be described by
nonlinear evolution equations governed by nondecreasing critical angles. In the continuous case,
recall that combining the continuity equation of fluid dynamic and phenomenological equation
N. Igbida introduce in [20] (see also [15] and [13]) a sub-gradient flow for variational problems
with time dependent gradient constraints. The gradient constraints are interpreted as critical
angle of sandpile. In particular, the continuous model [20] produces an evolution in time of
avalanches in a drying of a sandpile, rather than instantaneous collapse. Our aim here is to
introduce a discrete non local model that we can associate with such phenomena.

2.1 The discrete model.

We consider the surface of the pile be divided into cubes of integer point ¢ € Z",n = 1 or 2.
So, a suck of cubes can be described by an application u : Z"™ — IR, where u(z) describes the
density of cubes at the position 1.

The collapse produced when the slope of the surface exceeds an angle of stability. In the
discrete case the stability condition for a profile u reads (cf. [16] and [19])

(1) u(i) —u(j) <1 for in~j,

where we use i ~ j to describe |i — j| < 1. Assume that, we start with unstable configuration
represented by ug : Z"™ — IR such that

luo(i) —uo(j)| > 1 for i~ j.

To reach a stable configuration, we assume a suitable of various avalanches are produced, so as
to stabilize the pile. More precisely, we assume that the pile tends to stabilizes itself by taking



a continuous sequence of intermediate profile characterized by
(2) (@) —u()l < et) for i~
where ¢ : [0,7) — IR" is a given non increasing function satisfying

li t)=1.
e

Here, the stability constraint, forces the pile to rearrange itself to reach a stable profile. So, a
suitable of various unstable configurations are produced with non increasing angle of stability
that converges to 1, as t — T < o0.

The dynamic of the height u(t,i) of the pile at a fixed point i € Z", can be derived as
follows. For a small time At, the evolution of u is given by:

u(t + At 1) ~u(t,i) + At Q(t,1),
where Q(t,1) is the rate of material arriving at the position i. We can express @ as follows
Q(t,i) = I(t,i) — O(t,1i),

where, I(t,i) records the material arriving to the position ¢ from the neighborhood positions
and O(t, ) records the material leaving the position i towards neighborhood positions. We have

I(ti) = a(t,jii)  and  O(t,i) = Y alt,i,j),
jijei jijri

where «(t, i, j) records the material arriving to the position j from the neighborhood positions
1. This implies that

t+At i) —u(t, 1) .
u + ) (alti,5) — alt, j,4)) ~ 0.
Juj~i
At each time t > 0, we put
O-(tvi’j) = a(t7i’j) - Ol(t,],l)

Obviously, ¢ is anti-symmetric, i.e

O-(taimj) = _O.(t7j7z)

Letting At — 0, we obtain
Opu(t,i) + > ot i, j) =0.
G~
To complete the model we have to give the connection between o and w. Since the dynamic is
induced by the discrete constraint (2). Then, we can assume that the cubes move only when

the limiting condition is turning to be exceeded. So, the dynamic in turn is concentrated on the
set X (u(t)), where

Xr(v):={(i,5) € Z" x Z" : |v(i) —v(j)| =r and i ~ j}



for a given r > 0 and a given application v : Z" — IR, so that

support(o(t,.,.)) © Xeg (u(t)).
Finally, our model is the following system:
Opu(t,i) + > olt,i,j)=0,t>0, i€ Z",
Jijrvi

(DM) ult i) — u(t, )] < e(t) for i ~ j,

[ o(t,i,5) = —o(t,j,i) and support(o(t,.,.)) C Xew(u(t)).

In the case where ¢(t) = 1, for any ¢ € [0,T), and the equation is subject to a non null source
term. This model describes a growing sandpile with respect to an external source of cube.
Indeed, in this case the system (DM) is the discrete model that we can associate with the
continuous nonlocal model for discrete structures in IR? (see [19] for more details).

To study this problem, we recall the infinite-dimensional #7 spaces defined by

[z — R nly= (X mor) " <), for1<p<o
oz = ieZn

{n::2" — R Il := max InG)| < oo, for p = o0 .
(ISY/AL
For a given r > 0, we introduce the convex set

K(r)y={ze®(Z") :|2(i) — 2()| <r for i~ j}.

2.2 Existence and uniqueness of a solution.

For A > 0, we consider (tl)l . a A— discretization of [0,T), that istg =0 < t; < ... < tp_1 <
=1,..n
T = t,. For any A\ > 0, we say that u) is a A—approximate solution of (DM), if there exists
(tl) L8 A— discretization of [0,T), such that
=1,..n

ug fort € [0,t],

(3) ux(t) =

Uy for t € ]tlfl,tl], l=2,..n

and v solves the Euler implicit time discretization of (DM)

w()+ Y oi,j) =wa(i), i€z

Jigevi

(4) w € K(e(t), o1(i,j) = —ou(Gi), irje Z"

and  support(o;) C X, (w),
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See that the generic problem is given by
[ w(i) + Z o(i,j) = g(i) for any i € Z",
Jijevi

(DSP) veK(r), o(i,j)=—o(j,i) forany (i,j) € Z"™ x Z",

L and support(o) C X, (v),

where 7 > 1 is a given constant and ¢ : Z? — IR is a given application. In this paper, we prove

Theorem 1 Let g € (*(Z") and v € K(r). Then v = Py y(g) if and only if, there exists
o€ N Z" x Z™), such that the couple (v,0) satisfies (DSP).

In the Theorem Pk (,y(g) denote the standard projection onto the convex set K (r). Remember
that v = Pg(,(g) if and only if v € K(r) and

1

_ 2 _ :
(5) Jw) = 5l — gl = min J(2).

Now, let us consider I,y the convex indicator function of K (r) given as

0 if z € K(r)

400 otherwise.

As a consequence of Theorem 1, the characterization of 9l in terms of a discrete equation is
given by the following Corollary:

Corollary 1 Let g € (*(Z") and v € K(r). Then, g € Ol (ry(v) if and only if there evists
o € NZ" x Z™), such that the couple (v, o) satisfies

> o(i.g) = g(i) for any i € Z",

Jijnvi

veK(r), o(i,j) = —o(j,i) for(i,j) € Z" x Z",

{ and support(c) C X, (v).

In particular, this corollary gives the connexion between the evolution problem (DM) and the
nonlinear dynamic

ug(t) + QIIK(C(t))(u(t)) 50 forte(0,7)

(6)
u(0) = up.



Again, for any A > 0, we say that u) is a A—approximate solution of (6), if there exists (tl>
a A— discretization of [0,7"), such that

I=1,...n

ug fort € [0,t],
u,\(t) =
u; forte ]tl—lutl]) [=2,..n

and u; solves the Euler implicit time discretization of (6), that is
u; = PK(c(tl))ul—la for [ = 1, .Wn.

It is clear that this problem is a particular case of the stationary problem

(7) v+ 0l gy (v) D¢ ie. Z (g—v)v= max (g —v)¢&.
iczn CEK () . cn

Applying Corollary 1, for any g € £*(Z™), there exists a solution u of the problem (DSP) in the
sense that u € K(r) and

> (960 — u(@)) (u() ~ €)= 0 for any € € K(n).

For the existence and uniqueness of the solution of (DM), we prove the following results

Theorem 2 Assume that ¢ € W(0, T), ug € K(c(0)) and 0 < T < co. Then the problem
(DM) has a unique solution u € WhH! (O,T; ZQ(Z")) and u satisfies

ug(t) + Ol g (o)) (u(t)) 2 0 fort € (0,T)
(8)

u(0) = wp.
Moreover, if uy is a A- approximate solution, then

uy —u i C([0,T);*(Z")) as A — 0.

Proof: It is not difficult to see that u is a solution of (8) if and only if v(t) := u(t)/c(t) is a
solution of

ve(t) + Ol g 1) (v(t)) + F(t,v(t)) 20 for t € (0,7)
(9)

v(0) = uo/c(0),
c(t)
c(t)
(1)
c(t)

unique solution v € WhH* (0, T, EQ(Z")>. Then, using similar arguments of [20] combining v

where F(t,r) =

r. It is clear that, F' is measurable in ¢ and Lipschitz continuous with

respect to r. Since € L*°(0, T), thanks to Proposition 3.13 of [9], the problem (9) has a

and u), one can prove that the A—approximate solution converges to u and this ends up the
proof of the theorem. |



Proposition 1 Assume that, there exists (o,v) such that (o,v) € £*(Z" x Z")x K (r) satisfying

v(i) + Z o(i,7) = g(i) forie Z™,
jijnvi
10) o(i,j) = —o(4,4) for (i,j) € Z™ x Z",
and o(i,7) #0=|v(i) —v(j)| =r for (i,j) € Z™ x Z",

then v is solution of the problem (7).

Proof: Let z € K(r). First we see that
1= 30 — o)) - ()
=3 (i, )(E) — 2(3)

i Jiget

=3 a(i,5) () = v(j) +v(5) — 2(5) + 2(5) — 2(i))

i jijei
=2 2 ol D) = o) + 2()) +ZZ — 2(j))
=22 2 ol A)6) = v() + 2()) )= Z o (j, ) (v(j) — 2(j)).

Since (o,v) € 1(Z" x Z™) x K(r) and using Fubini’s theorem, we have
>3 ol 0) — () = 30 3 0 w() - ().

Then

which implies that

2T =" (i, 5)(v(i) — v(4) + 2(j) — 2()).

i Jiget

Now, using the condition o(i,7) # 0 = |v(i) — v(j)| = r, then we obtain

o If v(i) —v(j) =r we get v(i) —v(j) + 2(j) — 2(:) >0 and o(i,5) > 0, then

o(i,5)(v(i) = v(j) + 2(4) = 2(2)) = 0.



o If v(i) —v(j) = —r we have v(i) —v(j) + 2(j) — 2(1) <0 and o(¢,5) <0, then
o (i, j)(v(i) —v(j) + 2(j) — 2(2)) = 0.
Consequently, I > 0 and this completes the proof of Proposition. [ |

This proposition gives a first part of the proof of Theorem 1. The second and final part of the
proof is given at the end of section 3.

3 Numerical study

Now, our aim is to study numerical approximation of Pg,.)g. Thanks to theorem 1, the problem
(DSP) has a unique solution v satisfying

(11) v+ Ol (v) 5 g.

To give a numerical method for the approximation of the solution of (7), we use dual arguments.
Thanks to Theorem 1, a solution of (DSP) is given by

(12) v = Pk 9,

3.1 Dual formulation

To study the numerical approximation of P g, we use dual arguments. To this aim, we
introduce the set of anti-symmetric bounded sequence defined on Z™ x Z" by:

02" x 2" = {ji € ((Z" x Z") 5li ) =~ 1), for any (i,j) € Z" x 2"}

and the set Sqs(Z™ x Z") of sequences of {1 (Z™ x Z") concentrated on the set {(i,j) €
/A /AL :iwj} ; e
Sus = {ﬂ e 0L (Z" x Z") : jli,§) =0 for |i — j| > 1}.
Considering the operator A : (2(Z™) — Co(Z" x Z") defined by
Az: Z"xZ" — R

o ] 206) = 2(5) ifiny
(4, 7) HAZ(Z»J)—{ 0 otherwise,

the problem (5) can be rewritten as

(13) zegl(i%”) {J(z) + H(Az)},

where the function H : Co(Z" x Z™) — IR" is given by



0 if |[Az]|loo <7
+00 otherwise .

H(Az)= {

Using standard duality argument (cf. [14]), we compute the dual problem associated to (5).
This is the aim of the following proposition:

Proposition 2 Let g € (>(Z"). Then, the dual problem of (5) is given by

G
pett X (),

where G = (N Z" x Z") — IR is defined by
1 . 32 . . . .
)G = =5 3 ( X 06 =nG,0) =D (D2 nlid) —nGii)) 96) = > InGii )l
i jijei i jijei irj
Proof: Thanks to Theorem 4.2 of [14], the dual problem of (13) can be written as:

(15) max { = J(A) — H () ],
n*e(co(anzn))

where J*, H* and A* are the conjugate of J, H and A, respectively. Recall that (CO(Z” X
Z")>* = (M Z"™ x Z™). First, we see that, for any 1 € (1(Z" x Z"), we have

(A'n,z) = (n,Az)

ZZ??(@',J')AZ(M)

i Jiget

= SO 06,20 =30 D 0 0)2)
i g JEing

= >3 (i) = nlG,0))=(6),
v Jiget

where we have used the fact that (i,§) — 1(i,§)z(j) is in £1(Z"™ x Z™). This implies that
N Nz x 7Y —  P(ZM)
n— W6 =Y (00,5~ nGi).

gt



On the other hand, for any z* € ¢*(Z"), we have

PE) = s ST —;Zw)—

z€02(Z™)

~ s Zz*u)(z( g —12|z' |2+Zz

At last, for any p* € (1(Z™ x Z™), we have

H*(p*) = sup > p*(6,5)p(i, 5) — H(p)

pel(Z"XZ") S

— Zp*m)p(z',j)ifupruoy
e (Z X Z") S

= ) I,
ij

and the proof is complete. [ |

Moreover, we have
Lemma 1 Assume that, there exists w € {1 (Z"™ x Z"™) such that

G(w) = e X G(n),

then w € Sgys.

Proof: We assume, by contradiction, that the maximum w of G satisfies w(ig, jo) # 0 at a point
(ig = jo), and take
u—]_{ w if (i, 7) # (io, Jjo)
0 if (io, Jo)-
A simple calculation, gives
1 . o4 2 . . . .
= =52 ( X wlid) —wii) =D (D wind) —w(ii)) gli) = Y fw(iig)]
i e i jijei i,j
= G(QIJ) - T’w(ioajO)L

then G(w) > G(w) and we get the contradiction with the maximality of G at w. Now, taking
W € Sys as the following:

(i) = 5 (w(i.5) ~ w(5,)
@(j.i) = 5 (w(,9) = w(i,5).

£
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we see that w(7, j) —w(j,7) = w(i,j) — w(j, 7). On the other hand, we have
(i, 7)| < Gl )]+ 5ol
then — Z |w(i, )] > — Z |w(i, j)| and we deduce that
G(w) > G(w).
From this, we get

G(n) = G(n).
oo B () max (1)

This completes the proof of Lemma. [ |

As consequence of Proposition 2 and Lemma 1, we have the following result:

Theorem 3 Let g € (*(Z") and v := Pk y(g). Then, there exists w € Sus and v € K(r) such
that

G(w) = max G(n) = nin, J(z) = J(v).

Moreover, for any i € Z",

v(@) = 9(0) + Y (w(i.d) = w(ii)).

Jijrvi
Proof: Thanks to proposition 2, we have
Jw)= min J(z) = G(n).
(v) nin, (2) et (B (1)

Using lemma 1, we obtain

et B (n) max (n) (w)

Thanks to the extremality relation between v and w, we have
(16) (A w, —w) € (&](v),@H(Av)).
Since A*w € 0J(v), then we have

> w(i,§) — w(j,i) = v(i) — g(i), foranyic Z".
Jijvi
We deduce, that
v(i) = g(i) + Z (w(i,j) — w(j,i)), for any i € Z".

Jijei

11



and the proof is finished. [ |

Proof of Theorem 1 finished: Thanks to Proposition 1, we know that, if there exists (o, v)
such that (o,v) € (1(Z" x Z™) x K (r) satisfies (10), then v = Pk (r)(g). Now, taking g € >z
and v € K (r) satisfies v + 0l (;)(v) > g. Thanks to Theorem 3, we have

o(i) + Y oli,g) = g(i), forie Z",
Jijrvi
where o (i, j) = w(i, j)—w(j,4) = 2w(i, j). Now we prove that, if (i, j) # 0 then |v(i)—v(j)| =7
for any (i,j) € Z™ x Z™. Indeed, thanks to (16), we have —w € 9H (Av), then we get

H(Av) + H* (—w) =< —w, Av >

which implies that

PSS ) == 30 3wl (o) - o),

i Jigevi
and therefore, we have w(i, j) = 0 for ¢ ~ j and
rlw(i, )| = —w(i, j) (v(@) ~ v(j)) for i~ j.
Consequently
o(i,7) #0=|v(i) —v(j)| =r for (i,5) € Z" x Z"
and the proof is finished. [ |

3.2 Numerical results and simulations

To compute numerically the solution of the problem (6), we attempt to discretize it by the Euler
implicit scheme. Let us denote by At the time step and u" (i) the approximate solution at time
t = nAt for n € IN. Then the study of the problem (6) becomes to solve a sequence of stationary
equations. Starting with u", we need to compute u"*! satisfying :

(17) w4 6I[K(r) (u"*l) Su” + A" i=g"

where f"(i) = f(nAt) for n = 0,1,2,..., K; where K € IN is given. The problem (17) can be
rewritten as

18 J(™h = min J(2).
(18) (u") Zg%) (2)

1
where J(z) = in - g”||§2( z?)- Thanks to Theorem 3, it is clear that the problem is equivalent

to find a numerical method to minimize the functional G : Sus — IR defined by

G =3 X (X i —nG0) + X (X a6 -nG.0) @ +r X InGi.g)

i€AN  jijei €Ay jijri (i.j)€AN X A

12



for a given ¢g" (i), where Ay := {z = (i1,i2) € Z? such that — N < iy,ip < N} with N is a

given large (enough) integer.
Thanks to the fact that o € S, the functional can be rewritten as

Gy =2 Y (X wai+ki)+ > a(z'hiz,z'l,z'ﬁw)z

—N<i1,i2<N  ke{—1,1} le{-1,1}

+2 > ( > liig, i+ kin) + > 0(i1,i27i1,i2+l))9"(i17i2)

—N<iy,is<N  ke{-1,1} le{—1,1}
D DN (I SN CR AR X Ea SN CR Al
—N<i1,i2<N  ke{-1,1} le{-1,1}

and for convenience taking 7(i1, 2, j1,j2) = 0 for max{j1,j2} > N or min{j;,jo} < —N.

Since, the functional G is non-differentiable, we use a relaxation algorithm (cf. [22]). Denoting
the cartesian basis vectors by e; for j = 1,..., M with M =8 N 2 the algorithm can be written
as follows :

1. Initiate the algorithm with w®, set k =0

2. For j =1, ..., M, we solve the one-dimensional subproblems ?“5% V(&) where Wy, is defined
€

as:
\Ijjk: R— IR

Er— Gt +) &t Eej).
1<j
Since W,y is the sum of a polynomial of degree two and an absolute value, we are used a
Newton algorithm to find &;; when W is differentiable, and computing directly £ other-
wise. After, taking ;, = £} e;.

3. Take w*! = w* + X Z &k » where X € (0,2) is an over-relaxation parameter.

j=1,.,M
4. As stopping criterion we use : |[w® —w* ||, (rM) < tol, for a given convergence tolerance
tol.
Acknowledgements
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Forme 2d, d=
%4 2 Forme 2d, d= %24.2

(a) Initial unstable structure (b) intermediate profile

Forme 2d, d= 224.2f Forme 2d,d=%4.21

(c) intermediate profile (d) Final stable structure

Figure 1: Stabilization of unstable discrete structure.
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Forme 2d,=1.00 Forme 2d,=1.00

(a) Initial unstable structure (b) intermediate profile

Fonme 2d,t=1.00 Fonme 2d,t=1.00

(c) intermediate profile (d) Final stable structure

Figure 2: Stabilization of unstable discrete structure.

Our numerical algorithm enables us also to simulate the growing of a discrete structure
when we have a source of distribution of materials. Recall that in this case, the problem may
be written as:

ug(t) + M1y (u(t)) > f for t € (0,7)

u(0) = uo,

where f modeling the source term.
The idea is to keep the stability condition; 4.e. ¢ = 1 and using the Euler implicit time

15



discretization of the problem, we compute successive projection of terms including the material
that the source add per time. We present some numerical experiments of a growing pile
of cubes. In all the simulation below, we have chosen relaxation parameter A = 1.2, and
convergence tolerance tol = 1075, The first case is devoted to the constant source term f(t,1)
distributed on the subdomain.

Forme 2d,t=0.05 Formne 2d,t=0.25

(a) Initial structure (b) intermediate profile

Farne 2d,t=0.85 Forne 2d,t=2.45

(c) intermediate profile (d) Final structure

Figure 3: Growing discrete structure with central source.
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Forne 2d,t=0.05 Forne 2d,t=0.35

(a) Initial structure (b) intermediate profile

Forne 2d,t=1.95 Forne 2d,t=2.40

(c) intermediate profile (d) Final structure

Figure 4: Growing discrete structure with moving source.
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