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Abstract

This paper is concerned with existence and uniqueness of solutions for a doubly
nonlinear degenerate parabolic problem of the type β(w)t−div a(x,Dw)+∂j

(
., β(w)

)
3

f, where a is a Leray-Lions operator, β is a nondecreasing continuous function and
∂j(., r) is a maximal monotone graph with respect to r defined on a closed interval of
IR. Particular cases of j correspond to the so called obstacle problem.
Keywords : Obstacle poblem, Elliptic-parabolic problem, L1 theory, Semigroup of
contraction, accretive operator, weak solution, integral solution.

1 Introduction

Let Ω ⊆ RN be a bounded domain with smooth boundary Γ, p > 1 and a : Ω×RN →
RN a Leray-Lions operator, i.e. a is a Caratheodory function (i.e is measurable in x ∈ Ω
for all ξ ∈ RN and continuous in ξ ∈ RN for a.e. x ∈ Ω) with a(., 0) = 0, satisfying

(H1) there exists α > 0 such that for all ξ ∈ RN a(x, ξ).ξ ≥ α|ξ|p for a.e. x ∈ Ω

(H2) for any ξ, η ∈ RN such that ξ 6= η (a(x, ξ)− a(x, η)).(ξ − η) > 0 a.e. x ∈ Ω

(H3) there exists σ > 0 and k ∈ Lp′(Ω) such that |a(x, ξ)| ≤ σ(k(x) + |ξ|p−1) a.e.x ∈ Ω

and for any ξ ∈ RN , where p′ =
p

p− 1
.

In (0, T )× Ω, we consider the elliptic-parabolic problem of the type

P β,j(u0, f)


ut − div a(x, Dw) + ∂j(x, u) 3 f u = β(w) in Q := (0, T )× Ω

a(x, Dw).~n+ z = 0 z ∈ γ(w) in Σ := (0, T )× Γ

u(0) = u0 in Ω,
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where ~n is the unit outward normal of Γ, f ∈ Lp′(Q) and β : R → R is a nondecreasing
continuous function with β(0) = 0 and

(H4) R(β) = R.

For a.e. x ∈ Ω, ∂j(x, .) is a maximal monotone graph in R and γ is a maximal monotone
graph in R× R such that 0 ∈ γ(0) and

(H5) D(γ) = R or D(γ) = {0}.

The assumptions (H1−H3) are classical in the study of nonlinear operators in divergence
form (see for instance [7] and [18]). The nonlinearity β appears in the study of nonlinear
diffusion problems like the filtration equation (cf. [19] and the reference therein). We
are interested into the existence and uniqueness of a solution. A standard weak solution

of P β,j(u0, f) is a function u ∈ C
(

[0, T ], L1(Ω)
)

such that u(0) = u0, and there exists

(w, z, η) ∈ Lp
(

0, T ; W 1,p(Ω)
)
× L1(Σ) × L1(Q) such that u = β(w), η ∈ ∂j(., u) a.e. in

Q, z ∈ γ(w) a.e. on Σ and, for any ξ ∈ C1(Ω),∫
Ω
a(., Dw(t))Dξ +

∫
Ω
η(t)ξ +

∫
Γ
z(t)ξ =

∫
Ω
f(t)ξ +

d

dt

∫
Ω
u(t)ξ in D′(0, T ). (1)

The main difficulty when treating this type of problem is due to the (non-smooth) x-
dependence of the absorption term ∂j(x, u). If β = IdR, D(γ) = {0} and either j is
independent of x or j(., r) ∈ L∞(Ω) + L1(Ω), for any r ∈ R, it is well- known by now
that (for L∞ data) the problem admits a unique weak solution (cf. [9]). However, in the
general case (including the case of x−dependent obstacles that we treat in this paper)
the absorption term ∂j(x, u) gives rise to a measure term µ and there only exists some
generalized weak solution to the equation for which the condition µ ∈ ∂j(., u) has to be
interpreted in some appropriate way. For the particular case β = IdR and homogeneous
Dirichlet boundary condition (D(γ) = {0}) existence and uniqueness of a generalized weak
solution has been proved in [25] for the elliptic problem and in [3] for the corresponding
parabolic problem. The proofs in [3] and [25] rely on rather technical and, especially in
the parabolic case, sophisticated arguments from capacity and measure theory. To our
knowledge the case where β 6= IdR and D(γ) 6= {0} is still open. In this paper we treat
a peculiar case for which the condition j(., r) ∈ L∞(Ω) + L1(Ω) fails to be true and the
assumptions (H1 −H5) are fulfilled. We treat the case where j is such that

j(x, r) = j̃(x, r) + I[ψ−(x), ψ+(x)](r), (2)

where j̃ : Ω × R −→ [0,∞] is convex, l.s.c in r ∈ R, j̃(., r) ∈ L1(Ω) for all r ∈ R with
j̃(., 0) = 0 and ψ−, ψ+ are two given measurable functions. The main application we have
in mind is the so called obstacle problem (cf. [6], [13], [16], [22] and [24]). Our approach is
different and new, we develop a new notion of solution for the nonlinear elliptic-parabolic
problem P β,j(u0, f). We use entropic inequality (cf. [7]) with test functions satisfying the
obstacle condition. This notion permits to handle the problem with L1 data. However,
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even for bounded solution the truncation seems to be necessary for the uniqueness of
solution for the evolution problem. More precisely, we prove that under the assumptions
(H1−H5), for any f ∈ L∞(Q) and u0 ∈ L∞(Ω) such that ψ−(x) ≤ u0(x) ≤ ψ+(x), for a.e.

x ∈ Ω, the problem P β,j(u0, f) has a unique solution in the sense that u ∈ C
(

[0, T ), L1(Ω)
)
,

u(0) = u0 and there exists w ∈ Lp
(

0, T ; W 1,p(Ω)
)
, η̃ ∈ L1(Q), z ∈ L1(Σ) such that

u = β(w), η̃ ∈ ∂j̃(x, u) a.e. in Q, z ∈ γ(w) a.e. Σ and

d

dt

∫
Ω

∫ w

0
Tl(r − ξ)dβ(r) +

∫
Ω
a(., Dw)DTl(w − ξ) +

∫
Ω
η̃Tl(w − ξ)

+

∫
Γ
zTl(w − ξ) ≤

∫
Ω
fTl(w − ξ) in D′(0, T ), ∀l > 0

for any ξ ∈ C1(Ω), such that ψ− ≤ β(ξ) ≤ ψ+ a.e. x ∈ Ω, where Tl is the truncation
function at level l defined by

Tl(s) := max{ − l, min{l, s}}, s ∈ R.

Notice that, our approach can be extended naturally to L1 data. But, we focus our
attention here into bounded solution.

In the next section, we prove existence and uniqueness of the solution of the station-
ary problem associated to P β, j(u0, f). For that, we approximate ∂j by a sequence of
absorptions ∂jλ, µ defined everywhere on R, and we give also some preliminary estimates
that will be used afterwards. In the third section, we use the nonlinear semigroup theory
and we establish existence result for the problem without obstacle. Then, we approach
the obstacle problem by a elliptic-parabolic problem P βλ, µ, jλ, µ(u0, f) without obstacle
and we pass to limit, thus proving existence. The last section is devoted to the proof of
uniqueness. We use the concept of integral solution and we show that the solutions of
P β, j(u0, f) are integral solutions, thus they are unique.

2 Elliptic problem

In order to study the problem in the framework of nonlinear semigroup theory, we
consider the stationary problem associated with P β, j(u0, f) defined by

Sβ, j(f)


v − div a(x, Dw) + ∂j(., v) 3 f, v = β(w) in Ω

a(x, Dw).~n+ z = 0 z ∈ γ(w) in Γ.

The norm in Lp(Ω) is denoted by ||.||p, 1 ≤ p ≤ ∞. The space W 1,p(Ω) denotes the
classical Sobolev space endowed with the norm ||.||1,p.

2.1 Elliptic problem without obstacle: j(., r) ∈ L1(Ω) ∀r ∈ R

Throughout this section, we assume that

j(., r) ∈ L1(Ω) for all r ∈ R (3)
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and we prove existence and uniqueness of a weak solution of the problem Sβ,j(f). Our
main result in this section is

Proposition 2.1 Given f ∈ L∞(Ω), there exists a unique weak solution v for the problem
Sβ,j(f) in the sense that v ∈ L1(Ω) and there exists w ∈W 1,p(Ω), η ∈ L1(Ω) and z ∈ L1(Γ)
such that η ∈ ∂j(., v), v = β(w) a.e. Ω, z ∈ γ(w) a.e. Γ and∫

Ω
v ξ +

∫
Ω
a(x, Dw)D ξ +

∫
Ω
η ξ +

∫
Γ
z ξ =

∫
Ω
f ξ (4)

for any ξ ∈W 1,p(Ω). Moreover, v, w and z are bounded in L∞ and we have the following
estimates: ∫

Ω
| v |+

∫
Ω
| η |+

∫
Γ
| z | ≤

∫
Ω
| f |, (5)

|| v ||∞ ≤ || f ||∞, || w ||∞ ≤ Cβ(|| f ||∞), || z ||∞ ≤ Cγ,β(|| f ||∞), (6)∫
Ω
|Dw|p ≤ C1 and (

∫
Ω
|a(., Dw)|p′)

1
p′ ≤ C2. (7)

where, C1, C2 are constants that depends only on Ω, p, N, ||f ||∞, α and || k ||Lp′ (Ω).

The existence, uniqueness, contraction and order preserving properties are equivalent to
the fact that the operator Aβ, j defined in L1(Ω) by

f ∈ Aβ, ju⇔



u, f ∈ Lp′(Ω), ∃w ∈W 1,p(Ω), ∃ η ∈ Lp′(Ω), ∃ z ∈ Lp′(Γ)

u = β(w), η ∈ ∂j(., u) a.e. Ω, z ∈ γ(w) a.e. Γ∫
Ω
a(., Dw)Dξ +

∫
Ω
ηξ +

∫
Γ
zξ =

∫
Ω
fξ, ∀ξ ∈W 1,p(Ω)

is T-accretive in L1(Ω) and R(I + εAβ, j) ⊇ L∞(Ω) for any ε > 0. These results are well
known by now in the case, where j = 0 (see for instance [5]). To treat the case j 6= 0, let
us consider Bj the operator defined by

Bj =
{

(u, η) ∈ L1(Ω)× L1(Ω); η ∈ ∂j(., u)
}
,

and we write
Aβ, j = Aβ, 0 +Bj .

Recall that the Yoshida approximation of j(x, .) is given by

jλ(x, .) = λ
(
I − (I +

1

λ
j(x, .))−1

)
.

Lemma 2.2 i) The operator Aβ, jλ is m-T-accretive in L1(Ω).

ii) Given f ∈ Lq(Ω) ∩ Lp′(Ω) and 1 ≤ q ≤ ∞, for any ε > 0 we have

|| (I + εAβ, jλ)−1f ||Lq(Ω) ≤ || f ||Lq(Ω).
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Proof: i) First, recall (cf. [5]) that for any (u, v) ∈ Aβ, 0, we have∫
Ω
p(u) v ≥ 0 for any p ∈ P0, (8)

where P0 :=
{
p ∈ Lip(R); p nondecreasing , p(0) = 0 and supp(p′) compact

}
.

So, since Bjλ is continuous and T-accretive, then Aβ, jλ is also T-accretive in L1(Ω). On

the other hand, thanks to [5] we know that for any ε > 0 we have R(I + εAβ, 0) ⊇ Lp′(Ω),

then by using the corollary 3.1 of [4], we deduce that R(I + εAβ, jλ) ⊇ Lp′(Ω) and Aβ, jλ
is m-T-accretive in L1(Ω).

ii) Thanks to [8], it is enough to prove that Aβ, jλ satisfies (8). Let (uλ, f) ∈ Aβ,jλ .
Thanks to (8), we have ∫

Ω
p(uλ) (f − ∂jλ(., uλ)) ≥ 0.

Using the fact that p(uλ) ∂jλ(., uλ) ≥ 0 a.e. in Ω, we deduce that the property (8) is
satisfied for the operator Aβ, jλ and ii) follows.

Proof of Proposition 2.1. The proof of this proposition is standard. For completeness,
let us give the main arguments.
Uniqueness: For i = 1, 2; let fi ∈ L∞(Ω) and vi the solution of Sβ,j(fi) in the sense of
Proposition 2.1, then∫

Ω
(v1 − v2)ξ +

∫
Ω

(
a(., Dw1)− a(., Dw2)

)
Dξ +

∫
Ω

(η1 − η2)ξ +

∫
Γ
(z1 − z2)ξ

=

∫
Ω

(f1 − f2)ξ

for any ξ ∈ W 1,p(Ω). Taking
1

l
Tl(w1 − w2), for l > 0 as a test function in the preceding

equality, using the monotonicity and letting l→ 0, we deduce that∫
Ω
|v1 − v2| ≤

∫
Ω
|f1 − f2|. (9)

Existence: Thanks to Lemma 2.2 there exists a unique solution vλ ∈ L1(Ω) of Sβ, jλ(f).
So, there exists wλ ∈ W 1,p(Ω), ηλ ∈ L1(Ω) and zλ ∈ L1(Γ) such that ηλ = ∂jλ(x, vλ),
vλ = β(wλ) a.e. Ω, zλ = γ(wλ) a.e. Γ, and∫

Ω
vλ ξ +

∫
Ω
a(x, Dwλ)D ξ +

∫
Ω
ηλ ξ +

∫
Γ
zλ ξ =

∫
Ω
f ξ, (10)

for any ξ ∈W 1,p(Ω). Thanks to ii) of Lemma 2.2 we have

|| vλ ||L∞(Ω) ≤ || f ||L∞(Ω). (11)
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In addition, since R(β) = R and D(γ) = R, then

|| wλ ||L∞(Ω) ≤ max
(
β−1( || f ||L∞(Ω) ) ∪ (−β−1)(− || f ||L∞(Ω) )

)
=: Cβ(|| f ||∞) (12)

and

|| zλ ||L∞(Γ) ≤ max
(
γ( || wλ ||L∞(Ω) ) ∪ (−γ)(− || wλ ||L∞(Ω) )

)
≤ Cγ,β(|| f ||∞). (13)

Now, taking wλ as a test function in (10), using (H1), (12) and monotonicity, we deduce
that ∫

Ω
|Dwλ|p ≤

1

α
||f ||L1(Ω)||wλ||L∞(Ω) =: C1. (14)

Thanks to (12) and (14), there exists a subsequence, that we denote again by wλ, such
that

wλ → w in W 1,p(Ω)- weak and wλ → w a.e. in Ω.

Since β is continuous and vλ is bounded in L∞(Ω) then

vλ → v in Lp(Ω) and v = β(w) a.e. in Ω.

By using (13) and (14) we deduce that

wλ → w in L1(Γ), zλ → z in L1(Γ)-weak and z ∈ γ(w) a.e. on Γ.

For the passage to the limit in the term ∂jλ(., vλ), we use the same arguments of [9] to
deduce that

∂jλ(., vλ) → η in L1(Ω)-weak. (15)

Indeed, setting %λ = (I +
1

λ
∂j(x, .))−1vλ, we have

|| %λ ||L∞(Ω) ≤ || vλ ||L∞(Ω) ≤ || f ||L∞(Ω).

In addition, since ∂jλ(x, vλ) ∈ ∂j(x, %λ) a.e. in Ω, then using the definition of ∂j, we get

−j(x,−|| f ||L∞(Ω) − 1) ≤ ∂jλ(x, vλ) ≤ j(x, || f ||L∞(Ω) + 1) a.e. in Ω,

and (15) follows by using (3). Then, thanks to Lemma 1.6 of [9], we deduce that η ∈ ∂j(., v)
a.e. Ω. Now, let us prove that, as λ→ 0,

a(x, Dwλ)→ h in [Lp
′
(Ω)]N -weak and div h = div a(x, Dw) in D′(Ω). (16)

Using (H2), (14) and Minkowski inequality, we have

(

∫
Ω
|a(., Dwλ)|p′)

1
p′ ≤ σ

(∫
Ω

(|k|+ |Dwλ|p−1)p
′
) 1
p′

≤ σ
(

(

∫
Ω
|k(x)|p′)

1
p′ + (

∫
Ω
|Dwλ|p

′
)

1
p′
)

≤ σ
(
||k||Lp′ (Ω) + ||Dwλ||

p
p′

Lp(Ω)

)
≤ σ

(
||k||Lp′ (Ω) + C

1
p′
1

)
:= C2,

(17)
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so that, there exists a subsequence that we denote again by λ, such that

a(x, Dwλ)→ h in [Lp
′
(Ω)]N -weak as λ→ 0.

Using Minty-Browder’s monotonicity arguments (cf. [10]), one can actually prove div a(x,Dw) =
div h in D′(Ω). Indeed, taking (wλ − w) as a test function in (10), we obtain∫

Ω
a(., Dwλ)D(wλ − w) ≤

∫
Ω

(f − vλ)(wλ − w)−
∫

Ω
Gλ(., vλ)(wλ − w)−

∫
Γ
zλ(wλ − w),

Letting λ→ 0 and using previous convergence and L∞(Ω) estimates, we get

lim sup
λ→ 0

∫
Ω
a(., Dwλ)D(wλ − w) ≤ 0

and

lim sup
λ→0

∫
Ω
a(., Dwλ)Dwλ ≤

∫
Ω
hDw, (18)

which is the key inequality that allows to deduce then (16) by the standard monotonicity
arguments. At last, letting λ → 0 in (10), (11), (12), (13), (14) and (17) the results of
the proposition follow.

2.2 Elliptic obstacle problem

Now, we assume that
j(x, r) = j̃(x, r) + I[ψ−(x), ψ+(x)](r),

where j̃ : Ω × R −→ [0,∞] is convexe, l.s.c in r ∈ R, j̃(., r) ∈ L1(Ω) for all r ∈ R with
j̃(., 0) = 0 and ψ−, ψ+ are two given measurable functions. Let K be given by

K =
{
w ∈ L∞(Ω); ψ−(x) ≤ β(w) ≤ ψ+(x) a.e. x ∈ Ω

}
.

Proposition 2.3 Let f ∈ L∞(Ω), then there exists a unique solution of Sβ,j(f) in the
sense that v ∈ L1(Ω), there exists (w, z, η) ∈ W 1,p(Ω)× L1(Γ)× L1(Ω) such that η̃(x) ∈
∂j̃(x, v(x)), v(x) = β(w(x)) a.e. x ∈ Ω, z(x) = γ(w(x)) a.e. x ∈ Γ, and∫

Ω
v(w − ξ) +

∫
Ω
a(., Dw)D(w − ξ) +

∫
Ω
η̃(w − ξ) +

∫
Γ
z(w − ξ) ≤

∫
Ω
f(w − ξ) (19)

for any ξ ∈W 1,p(Ω) ∩K.

In order to prove Proposition 2.3, we approximate j by a sequence of functions satisfying
the assumptions of the preceeding section. In addition, in order to handle the evolution
problem, we choose a monotone approximation. More precisely, we consider the problem
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Sβλ, µ, jλ, µ(f)


vλ, µ − div a(x, Dwλ, µ) + ∂jλ, µ(., vλ, µ) 3 f, vλ, µ = βλ, µ(wλ, µ) in Ω

a(x, Dwλ, µ).~n+ zλ, µ = 0 zλ, µ ∈ γ(wλ, µ) in Γ

where jλ, µ and βλ, µ are monotones approximations of j and β, respectively given by

jλ, µ(x, r) = j̃(x, r) +
1

2λ

(
( r − ψ+(x))+

)2
− 1

2µ

(
( r − ψ−(x))−

)2
a.e. x ∈ Ω (20)

and
βλ, µ(r) = β(r) − λ r− + µ r+.

Proof of Proposition 2.3: Existence Thanks to Proposition 2.1, the problem Sβλ, µ, jλ, µ(f)
has a unique solution vλ, µ ∈ L1(Ω) and there exists (wλ, µ, zλ, µ, δλ, µ) ∈ W 1,p(Ω) ×
L1(Γ) × L1(Ω) such that vλ, µ = βλ, µ(wλ, µ) a.e. Ω, zλ, µ ∈ γ(wλ, µ) a.e. Γ, δλ, µ ∈
∂jλ, µ(., vλ, µ) a.e. Ω and, for any ξ ∈W 1,p(Ω),∫

Ω
vλ, µ ξ +

∫
Ω
a(x, Dwλ, µ)D ξ +

∫
Ω
δλ, µ ξ +

∫
Γ
zλ, µ ξ =

∫
Ω
f ξ.

Moreover, vλ, µ, wλ, µ, zλ, µ and δλ, µ satisfies the estimates (5)-(7). Setting

ηλ, µ =
1

2λ

(
( vλ, µ − ψ+(x))+

)2
− 1

2µ

(
( vλ, µ − ψ−(x))−

)2
a.e. x ∈ Ω,

we have η̃λ, µ := δλ, µ − ηλ, µ ∈ L1(Ω) and η̃λ, µ ∈ ∂j̃(., vλ, µ). Using the estimates (5)-(7)
in the same way as in the proof of Proposition 2.1 and applying a diagonal process, we
deduce that there exists v ∈ L1(Ω), w ∈W 1,p(Ω) and z ∈ L1(Γ), and a subsequence λ(µ)
such that λ(µ) −→ 0; as µ −→ 0 and

vλ(µ), µ =: vµ −→ v in L1(Ω), wλ(µ), µ =: wµ → w in W 1,p(Ω)-weak,

zλ(µ), µ =: zµ → z in L1(Γ)-weak and a(., Dwµ)→ φ in [Lp
′
(Ω)]N -weak

with v = β(w) a.e. Ω and z ∈ γ(w) a.e. Γ. In addition, using the definition of ∂j̃, we get

|∂j̃(x, vµ)| ≤ j̃(x, vµ − Sign0(vµ))− j̃(x, vµ) a.e. in Ω.

Since j̃(., r) ∈ L1(Ω) ∀r ∈ R and || vµ ||L∞(Ω) ≤ || f ||L∞(Ω), then

∂j̃(., vµ) → η̃ in L1(Ω)-weak,

and (the Lemma 1.6 of [9]) η̃ ∈ ∂j̃(., v) a.e. Ω.
Now, let us show that (v, w, z, η̃) satisfy (19). Taking wµ− ξ ∈W 1,p(Ω) as a test function
in Sβλ(µ), µ, jλ(µ), µ(f), we get∫

Ω
vµ(wµ − ξ) +

∫
Ω
a(x, Dwµ)D(wµ − ξ) +

∫
Ω
δµ(wµ − ξ)

+

∫
Γ
zµ(wµ − ξ) =

∫
Ω
f(wµ − ξ).
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Assuming that ξ ∈ K, we check easily that(
δµ − η̃µ

)
(wµ − ξ) ≥ 0 a.e. Ω

and, then ∫
Ω
vµ(wµ − ξ) +

∫
Ω
a(., Dwµ)D(wµ − ξ) +

∫
Ω
η̃µ(wµ − ξ)

+

∫
Γ
zµ(wµ − ξ) ≤

∫
Ω
f(wµ − ξ).

Letting µ → 0, we get∫
Ω
v(w − ξ) + lim inf

µ→ 0

∫
Ω
a(., Dwµ)D(wµ − ξ) +

∫
Ω
η̃(w − ξ)

+

∫
Γ
z(w − ξ) ≤

∫
Ω
f(w − ξ).

(21)

Moreover, we have w ∈ K. Indeed, thanks to (5) we have∫
Ω
| 1

λ(µ)
(vµ − ψ+(x))+ − 1

µ
(vµ − ψ−(x))− | ≤

∫
Ω
| f |, (22)

then letting µ −→ 0, we deduce ψ− ≤ v ≤ ψ+ a.e. Ω; hence w ∈ K. Now, let us prove
that

lim inf
µ→ 0

∫
Ω
a(x, Dwµ)D(wµ − ξ) ≥

∫
Ω
a(x, Dw)D(w − ξ). (23)

Then, taking ξ = w in (21), we get

lim inf
µ→ 0

∫
Ω
a(x, Dwµ)Dwµ ≤

∫
Ω
φDw. (24)

At last, using Minty-Browder arguments as in the proof of Proposition 2.1 the proof is
finished.
Uniqueness: Let v1, v2 are two solutions in the sense of (19). Taking w2 − Tl(w2 −
w1) (respectively w1 + Tl(w2 − w1)) as a test function in the inequality satisfied by v2

(respectively v1) adding the two inequalities and using (H2), we obtain∫
Ω

(v2−v1)Tl(w2−w1)+

∫
Ω

(η̃2−η̃1)Tl(w2−w1)+

∫
Γ
(z2−z1)Tl(w2−w1) ≤

∫
Ω

(f2−f1)Tl(w2−w1).

Then, multiplying by
1

l
, using the monotonicity and letting l→ 0, we get∫

Ω
|v2 − v1| ≤

∫
Ω
|f2 − f1| (25)

and the result follows.

As an immediate consequence of the proof of Proposition 2.1, we have the following con-
vergence result of the operator Aβλ, µ,jλ, µ
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Corollary 2.4 Under assumptions of Proposition 2.3, there exists a subsequence λ(µ)
such that as µ −→ 0 we have λ(µ) −→ 0 and the operator Aβλ(µ), µ, jλ(µ), µ converges in

L1(Ω), in the sense of the resolvent to the T-accretive operator Aβ, j, defined by

f ∈ Aβ, j v ⇔



v ∈ Lp′(Ω), ∃w ∈W 1,p(Ω) ∩K, ∃η ∈ L1(Ω), ∃z ∈ L1(Γ)

v = β(w), η̃ ∈ ∂j̃(., v) a.e. Ω, z ∈ γ(w) a.e. Γ, and∫
Ω
a(., Dw)D(w − ξ) +

∫
Ω
η̃(w − ξ) +

∫
Γ
z(w − ξ) ≤

∫
Ω
f(w − ξ)

for any ξ ∈W 1,p(Ω) ∩K.

(26)

3 Evolution problem

To treat P β, j(u0, f), we consider in L1(Ω) the Cauchy problem

CP β, j(u0, f)


ut +Aβ, j u 3 f in (0, T )

u(0) = u0.

Lemma 3.1 D(Aβ, j) =
{
z ∈ L1(Ω) ; ψ−(x) ≤ z(x) ≤ ψ+(x) a.e. Ω and ∃w ∈W 1,p(Ω) such that z =

β(w)
}

=: X.

Proof: By density and the definition of the operator Aβ, j we have D(Aβ, j) ⊆ X. To prove

that X ⊆ D(Aβ, j), it is enough to prove that X ∩L∞(Ω) ⊆ D(Aβ, j). Let u ∈ X ∩L∞(Ω)
and uε be the solution of

uε − εdiv a(x,Dwε) + ε∂j(., uε) 3 u uε = β(wε) in Ω

a(x,Dwε).~n+ zε = 0 zε ∈ γ(wε) on Γ.
(27)

In the sense that, there exists (wε, zε, δε) ∈ ..... .....
We recall that

||uε||Lq(Ω) ≤ ||u||Lq(Ω) for all q ∈ [1, ∞],

|| wε ||L∞(Ω) ≤ max
(
β−1( || u ||L∞(Ω) ) ∪ (−β−1)(− || u ||L∞(Ω) )

)
and

|| zε ||L∞(Γ) ≤ max
(
γ( || wε ||L∞(Ω) ) ∪ (−γ)(− || wε ||L∞(Ω) )

)
Then, by taking subsequence εk → 0 if necessary, we have

εzε → 0 in L∞(Γ),
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and, there exists (ũ, w̃) ∈ L∞(Ω)× L∞(Ω) such that

uε → ũ in Lp
′
(Ω)-weak

and
wε → w̃ in Lp

′
(Ω)-weak .

Our aim now, is to prove that ũ = u a.e. in Ω and the convergence of uε holds to be true
in L1(Ω). Taking ξ = 0 as a test function in the definition of the solution of problem (27)
in the sense of Proposition 2.3 and using (H1) we get∫

Ω
|Dwε|p ≤

C(||u||∞, ||w||∞),

εα
:=

C4

ε
.

Applying Minkowski inequality and (H3), we get

(

∫
Ω
|εa(., Dwε)|p

′
)

1
p′ ≤ σ

(
ε||k||Lp′ (Ω) + ε(

∫
Ω
|Dwε|p)

1
p′
)

≤ σ
(
ε||k||Lp′ (Ω) + ε

1
pC

1
p′
4

)
,

so that
εa(., Dwε)→ 0 in [Lp

′
(Ω)]N -weak .

Now, set δε = η̃ε + ηε, with

ηε(x) ∈ ∂I[ψ−(x), ψ+(x)](uε(x)), η̃ε(x) ∈ ∂j̃(x, uε(x)) a.e. x ∈ Ω

and η̃ε ∈ L1(Ω). Using the same arguments of the proof of Proposition 2.3, we have

εη̃ε → 0 in L1(Ω)-weak

Passing to the limit in the definition of the solution of problem (27), we obtain

lim
ε→0

∫
Ω

(uε − u)(wε − ξ) ≤ 0 ∀ ξ ∈W 1,p(Ω) ∩K. (28)

This implies that

lim
ε→0

∫
Ω
uεwε ≤

∫
Ω
uw̃ +

∫
Ω
ũξ −

∫
Ω
uξ ∀ ξ ∈W 1,p(Ω) ∩K, (29)

so that

lim
ε→0

∫
Ω
uεwε ≤

∫
Ω
ũw̃.

Indeed, since wε ∈W 1,p(Ω)∩K, it is enough to take ξ = wε′ in (29) and to let ε′ → 0. Now,

by the standard monotonicity arguments we deduce that ũ = β(w̃) and lim
ε→0

∫
Ω
uεwε =∫

Ω
ũw̃ in L1(Ω). Then (28) implies∫

Ω
(ũ− u)(w̃ − ξ) ≤ 0 ∀ ξ ∈W 1,p(Ω) ∩K. (30)
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At last, taking ξ = w̃ − Tl(w̃ − w) in (30), multiplying the inequality by 1
l and letting

l→ 0, we obtain

||ũ− u||L1(Ω) =

∫
Ω

(ũ− u)Sign0(w̃ − w) ≤ 0,

then ũ = u a.e. x ∈ Ω and uε converges weakly to u in Lp
′
(Ω). Moreover,

||uε||Lp′ (Ω) ≤ ||u||Lp′ (Ω),

then we deduce that uε converge strongly to u in Lp
′
(Ω) and then in L1(Ω).

In order to treat the evolution problem, let us consider again the monotone approxi-
mations

jλ, µ(x, r) = j̃(x, r) +
1

2λ

(
( r − ψ+(x))+

)2
− 1

2µ

(
( r − ψ−(x))−

)2
a.e. x ∈ Ω

and
βλ, µ(r) = β(r) − λ r− + µ r+.

Proposition 3.2 If f ∈ L∞(Q) and u0 ∈ L∞(Ω), then the mild solution uλ, µ of CP βλ, µ, jλ, µ(u0, f)
is the unique weak solution of P βλ, µ, jλ, µ(u0, f); i.e. uλ, µ ∈ L1(Q) and there exists

(wλ, µ, zλ, µ, δλ, µ) ∈ Lp
(

0, T ; W 1,p(Ω)
)
×L1(Σ)×L1(Q) such that, uλ, µ = βλ, µ(wλ, µ) and

δλ, µ ∈ ∂jλ, µ(., uλ, µ) a.e. in Q, zλ, µ ∈ γ(wλ, µ) a.e. on Σ and

−
∫ τ

0

∫
Ω
uλ, µξt +

∫ τ

0

∫
Ω
a(., Dwλ, µ)Dξ +

∫ τ

0

∫
Ω
δλ, µξ +

∫ τ

0

∫
Γ
zλ, µξ

=

∫ τ

0

∫
Ω
fξ +

∫
Ω
u0ξ(0)

(31)

for any ξ ∈ C1([0, τ ]× Ω) with ξ(., τ) ≡ 0. Moreover, for any τ ≥ 0

||uλ, µ(τ)||L∞(Q) ≤ ||u0||L∞(Ω) + T ||f ||L∞(Q) (32)

and ∫ τ

0

∫
Ω
|Dwλ, µ|p ≤ C (33)

where C is a constant independent of m and n. Moreover, for any λ′ ≥ λ > 0 and
µ′ ≥ µ > 0, we have

wλ′, µ ≤ wλ, µ ≤ wλ, µ′ a.e. in Q.

To prove this proposition we need the following lemma (chain rule) which is is well known
by now in the field of nonlinear degenerate parabolic problem (see for instance [1], [2], [11]
and [23]).
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Lemma 3.3 Let u be a weak solution of the problem P βλ, µ,jλ, µ(u0, f) in the sense of
Proposition 3.2. Then, we have∫ ∫

Q
σa(., Dw)DTl(w − ξ) +

∫ ∫
Q
σδTl(w − ξ) +

∫ ∫
Σ
σzTl(w − ξ)

=

∫ ∫
Q
σfTl(w − ξ) +

∫ ∫
Q
σt

∫ w(t)

w0

Tl(r − ξ)dβ(r), ∀ l > 0

for any ξ ∈W 1,p(Ω) and σ ∈ D(0, T ).

Proof: The lemma is a simple consequence of Chain Rule Lemma (see for instance [1],
[2], [11] and [23]).

Proof of Proposition 3.2 : Let ε = T/k, with k ∈ µ and let us consider the sub-
division t0 = 0 < t1 < ... < tk−1 < τ ≤ tk, with ti − ti−1 = ε, f1, ..., fk ∈ L∞(Ω) and
k∑
i=1

∫ ti

ti−1

||f(t)− f i||L1(Ω) ≤ ε. We define the ε-approximate solution by uελ, µ(0) = u0 and

uελ, µ(t) = uiλ, µ for t ∈]ti−1, ti], i = 1, ..., k,

where uiλ, µ is given by

uiλ, µ − ui−1
λ, µ + εAβλ, µ, jλ, µ u

i
λ, µ 3 εf i.

That is, there exists (wiλ, µ, z
i
λ, µ, δ

i
λ, µ) ∈ W 1,p(Ω) × L1(Γ) × L1(Ω) such that δiλ, µ ∈

∂jλ, µ(., uiλ, µ), uiλ, µ = βλ, µ(wiλ, µ) a.e. Ω, ziλ, µ ∈ γ( wiλ, µ) a.e. Γ and∫
Ω
uiλ, µξ +

∫
Ω
a(., Dwiλ, µ)Dξ +

∫
Ω
δiλ, µξ +

∫
Γ
ziλ, µξ =

∫
Ω
ui−1
λ, µξ +

∫
Ω
f iξ (34)

for any ξ ∈W 1,p(Ω). As in this proposition m and n are fixed; we omit the notation with
respect to λ and µ. We denote wε, zε, δε and f ε the functions defined by wε(t) = wiλ, µ,

δε(t) = δi, zε(t) = zi, f ε(t) = f i for t ∈]ti−1, ti]. Thanks to Proposition 2.1, it follows that

||ui||L∞(Ω) ≤ ||u0||L∞(Ω) + ε
i∑

j=1

||f j ||L∞(Ω),

so that

||uε(t)||L∞(Ω) ≤ ||u0||L∞(Ω) +

∫ T

0
||f(t)||L∞(Ω)dt := M1, ∀t ∈ [0, T ]. (35)

Using (H4), (H5) and the definition of ∂j, we have

||wε(t)||L∞(Ω) ≤ max
(
β−1(M1) ∪ (−β−1)(−M1)

)
=: M2 ∀ t ∈ (0, T ), (36)
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||zε(t)||L∞(Γ) ≤ max
(
γ(M2) ∪ (−γ)(−M2)

)
=: M ′2 ∀ t ∈ (0, T ), (37)

and
|∂j(x, uε)| ≤ j(x, uε − Sign0(uε))− j(x, uε) a.e. in Q. (38)

Now, taking wi as a test function in (34) and using the fact that, for any i = 1, ..., k,∫
Ω

(ui−1 − ui)wi ≤
∫

Ω
J (ui−1)−

∫
Ω
J (ui), ηiwi ≥ 0 and ziwi ≥ 0,

where J : R 7−→ [0,∞] is given by J (β(q)) =

∫ q

0
sdβ(s). We get

∫
Ω
J (ui) + ε

∫
Ω
a(., Dwi)Dwi ≤ ε

∫
Ω
f iwi +

∫
Ω
J (ui−1). (39)

So, adding (39) for i = 1, ..., k, we get∫
Ω
J (uε(τ)) +

∫ τ

0

∫
Ω
a(., Dwε)Dwε ≤

∫
Ω
J (u0) +

∫ τ

0

∫
Ω
f εwε. (40)

Using (H1), (36) and the positivity of J , we have

α

∫ τ

0

∫
Ω
|Dwε|p ≤

∫
Ω
J (u0) + ||wε||L∞(Q)||fε||L1(Q) =: C (41)

We recall that, by nonlinear semigroup theory, as ε→ 0, uε converges in C([0, T ], L1(Ω))
to the mild solution u of the Cauchy problem CP β,j(u0, f). Thanks to (36), (41) and
(H3), there exists w ∈ Lp(0, T, W 1,p(Ω)), χ ∈ [Lp

′
(Q)]N such that, as εk −→ 0, we have

wεk −→ w, in Lp
(

0, T ; W 1,p(Ω)
)

-weak and a(., Dwεk) −→ χ in [Lp
′
(Q)]N -weak. On

the other hand, we have j(x, .) ∈ L1(Q), using (35) and (38), then δεk → δ in L1(Q)-
weak. Thanks to (37), zεk → z in L1(Σ)-weak. Applying Lemma 1.6 of [9] we have also
δ ∈ ∂j(., u) a.e. Q and z ∈ γ(w) a.e. Σ. The proof of divχ = div a(., Dw) follows in
a standard way (cf. [5] and [15]). Combining all estimates and passing to the limit with
εk −→ 0 in the weak formulation, (35) and (41) we obtain (31), (32) and (33).
Now, let λ′ ≥ λ > 0 and µ > 0. Thanks to Lemma 4.3 (see the Appendix), for i = 1, ..., k,
we have wiλ, µ ≥ wiλ′, µ a.e. Q, then wελ, µ ≥ wελ′, µ a.e. Q . Passing to the limit as ε go
to 0, we deduce that wλ, µ ≥ wλ′, µ a.e. Q and for µ ≥ µ′ > 0, λ > 0; wλ, µ ≤ wλ, µ′ a.e. Q.

Theorem 3.4 Given f ∈ L∞(Q), u0 ∈ L∞(Ω) ∩ D(Aβ, j). Let u be the mild solution of

CP β, j(u0, f). Then, there exists w ∈ Lp
(

0, T ; W 1,p(Ω)
)
, η̃ ∈ L1(Q) and z ∈ L1(Σ) such

that u = β(w), η̃ ∈ ∂j̃(x, u) a.e. Q, z ∈ γ(w) a.e. Σ and
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d

dt

∫
Ω

∫ w

0
Tl(r − ξ)dβ(r) +

∫
Ω
a(., Dw)DTl(w − ξ) +

∫
Ω
η̃Tl(w − ξ)

+

∫
Γ
zTl(w − ξ) ≤

∫
Ω
fTl(w − ξ) in D′(0, T )

(42)

for any ξ ∈ C1(Ω) ∩K.

Proof: Let uλ, µ be the mild solution of CP βλ, µ, jλ, µ(u0, f) and (wλ, µ, , zλ, µ, , , δλ, µ)
as given by Proposition 3.2. Thanks to Proposition 3.2 and the monotonicity of wλ, µ,
there exists a subsequence λ(µ) such that as µ −→ 0; λ(µ) −→ 0 and uµ =: uλ(µ), µ → u

in C
(

[0, T ); L1(Ω)
)

, u ∈ D(Aβ, j) and there exists (wλ(µ), µ, zλ(µ), µ, δλ(µ), µ) such that

as µ → 0, we have wλ(µ), µ =: wµ → w in L1(Q) and in Lp
(

0, T ;W 1,p(Ω)
)

-weak ,

a(., Dwµ)→ χ in [Lp
′
(Q)]N -weak and zλ(µ), µ =: zµ → z in Lp(Σ)-weak. Since for a.e. t ∈

(0, T ), u(t) ∈ D(Aβ, j) then w(t) ∈ K for a.e. t ∈ (0, T ). Setting δλ(µ), µ =: δµ and

η̃µ = δµ −
1

λ(µ)
(uµ − ψ+(x))+ +

1

µ
(uµ − ψ−(x))−,

we have, η̃µ ∈ ∂j̃(., uµ) and(
δµ − η̃µ

)
Tl(wµ − ξ) ≥ 0 for any ξ ∈ K;

so that,∫ ∫
Q
σa(., Dwµ)DTl(wµ − ξ) +

∫ ∫
Q
ση̃µTl(wµ − ξ) +

∫ ∫
Σ
σzµTl(wµ − ξ)

≤
∫ ∫

Q
σt

∫ wµ(t)

w0

Tl(r − ξ)dβµ(r) +

∫ ∫
Q
σfTl(wµ − ξ) ∀ξ ∈ K.

(43)

Using (32) with the definition ∂j̃ and the fact that j̃(x, uµ) ∈ L1(Q), we get η̃µ → η̃ in
L1(Q)-weak and η̃ ∈ ∂j̃(., u) a.e. in Q (see Lemma 1.6 of [9]). Letting µ→ 0 in (43), we
get

lim inf
µ→ 0

∫ ∫
Q
σa(., Dwµ)DTl(wµ − ξ) +

∫ ∫
Q
ση̃Tl(w − ξ) +

∫ ∫
Σ
σzTl(w − ξ)

≤
∫ ∫

Q
σt

∫ w(t)

w0

Tl(r − ξ)dβ(r) +

∫ ∫
Q
σfTl(w − ξ), ∀ξ ∈ K.

(44)

To prove that (u,w, z, η̃) satisfies (42), we need to show that

lim inf
µ→ 0

∫ ∫
Q
σa(., Dwµ)DTl(wµ − ξ) ≥

∫ ∫
Q
σa(x,Dw)DTl(w − ξ).
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To this aim, it is enough to prove that

lim inf
µ→ 0

∫
Q
σa(x, Dwµ)DS(wµ − ξ) ≥

∫
Q
σa(x, Dw)DS(w − ξ) (45)

for any S ∈ P where P := {p ∈ C1(R); p(0) = 0, 0 ≤ p′ ≤ 1, Supp(p′) is compact}.
Thanks to (H2), we have

∫
Q
σa(x, Dwµ)DS(wµ − ξ) ≥

∫
Q
σa(x, Dwµ)DwS′(wµ − ξ)

+

∫
Q
σa(x, Dw)D(wµ − w)S′(wµ − ξ)−

∫
Q
σa(x, Dwµ)DξS′(wµ − ξ).

(46)

Since, S′(wµ−ξ)→ S′(w−ξ) a.e. on Q, Dwµ ⇀ Dw in [Lp(Q)]N -weak and a(x, Dwµ) ⇀ χ

in [Lp
′
(Q)]N -weak, then letting µ → 0 in (46) we obtain

lim inf
µ→ 0

∫
Q
σa(x,Dwµ)DS(wµ − ξ) ≥

∫
Q
σ
(
a(x,Dw)Dw − χDξ

)
S′(w − ξ). (47)

So, by using Minty argument, (45) follows by proving

lim inf
µ→0

∫ ∫
Q
σa(., Dwµ)Dwµ ≤

∫ ∫
Q
σχDw. (48)

Our aim now is to prove (48). First we see that by using Lemme 3.3, we have∫ ∫
Q
σa(., Dwµ)Dwµ =

∫ ∫
Q
σfwµ

+

∫ ∫
Q
σt

∫ wµ

0
rdβµ(r)−

∫ ∫
Q
ση̃µwµ −

∫ ∫
Σ
σzµwµ,

and by letting µ→ 0, we get

lim inf
µ→0

∫ ∫
Q
σa(., Dwµ)Dwµ =

∫ ∫
Q
σfw +

∫ ∫
Q
σt

∫ w

0
rdβ(r)

−
∫ ∫

Q
ση̃w −

∫ ∫
Σ
σzw − lim inf

µ→0

∫ ∫
Q
σ(δµ − η̃µ)wµ.

(49)

To prove that the right hand side of (49) is less or equal to

∫ ∫
Q
σχDw we use the Landes

regularization in time of w (cf. [17]) defined by

w̄k(x, t) := k

∫ t

−∞
ek(s−t)w(x, s)ds

for a.e. (x, t), where extend w by 0 for s < 0. Observe that w̄k ∈ Lp
(

0, T ;W 1,p(Ω)
)
∩

L∞(Q),
∂w̄k
∂t

= k(w − w̄k) ∈ Lp
(

0, T ; W 1,p(Ω)
)
∩ L∞(Q), w̄k(0) = 0 a.e. in Ω, and
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w̄k −→ w ∈ Lp
(

0, T ;W 1,p(Ω)
)

as k →∞. Taking σw̄k as a test function in the definition

of the solution of problem P βµ, jµ(u0, f), we obtain

∫ ∫
Q
σa(., Dwµ)Dw̄k +

∫ ∫
Q
σδµw̄k +

∫ ∫
Σ
σzµw̄k =

∫ ∫
Q
σfw̄k +

∫ ∫
Q
uµ(σw̄k)t.

Letting µ→ 0, we get

∫ ∫
Q
σχDw̄k +

∫ ∫
Σ
σzw̄k =

∫ ∫
Q
σfw̄k +

∫ ∫
Q
u(σw̄k)t − lim inf

µ→0

∫ ∫
Q
σδµw̄k. (50)

Letting k →∞, we get

∫ ∫
Q
σχDw +

∫ ∫
Σ
σzw =

∫ ∫
Q
σfw + lim

k→∞

∫ ∫
Q
u(σw̄k)t − lim

k→∞
lim inf
µ→0

∫ ∫
Q
σδµw̄k.(51)

For the second term of the right hand of (50), we observe that

∫ ∫
Q
u(σw̄k)t =

∫ ∫
Q
uσtw̄k + k

∫ ∫
Q
uσ(w − w̄k)

=

∫ ∫
Q
uσtw̄k + k

∫ ∫
Q
σ(u− β(w̄k))(w − w̄k)

+ k

∫ ∫
Q
σβ(w̄k)(w − w̄k)

Since β is monotone, then (u− β(w̄k))(w − w̄k) ≥ 0 and

∫ ∫
Q
u(σw̄k)t ≥

∫ ∫
Q
uσtw̄k + k

∫ ∫
Q
σβ(w̄k)(w − w̄k)

≥
∫ ∫

Q
uσtw̄k +

∫ ∫
Q
σβ(w̄k)(w̄k)t

≥
∫ ∫

Q
uσtw̄k −

∫ ∫
Q
σt

∫ w̄k

0
β(r)dr

≥
∫ ∫

Q
σt

∫ w̄k

0
rdβ(r).

So, letting k →∞, we obtain

lim inf
k→∞

∫ ∫
Q
u(σw̄k)t ≥

∫ ∫
Q
σt

∫ w

0
rdβ(r). (52)
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As to the last term, it is not difficult to see that w̄k ∈ K and

σ(δµ − η̃µ)(wµ − w̄k) ≥ 0 a.e.Q.

So, using the monotonicity of ∂j̃, we have∫ ∫
Q
σδµw̄k =

∫ ∫
Q
ση̃µw̄k +

∫ ∫
Q
σ(δµ − η̃µ)w̄k

=

∫ ∫
Q
ση̃µw̄k +

∫ ∫
Q
σ(δµ − η̃µ)(w̄k − wµ)︸ ︷︷ ︸

≤0

+

∫ ∫
Q
σ(δµ − η̃µ)wµ

≤
∫ ∫

Q
ση̃µw̄k +

∫ ∫
Q
σ(δµ − η̃µ)wµ

(53)

and

lim inf
µ→0

∫ ∫
Q
σδµw̄k ≤

∫ ∫
Q
ση̃w̄k + lim inf

µ→0

∫ ∫
Q
σ(δµ − η̃µ)wµ. (54)

Then (51) implies∫ ∫
Q
σχDw ≥

∫ ∫
Q
σfw +

∫ ∫
Q
σt

∫ w

0
rdβ(r)−

∫ ∫
Q
ση̃w

−lim inf
µ→0

∫ ∫
Q
σ(δµ − η̃µ)wµ −

∫ ∫
Σ
σzw

(55)

and ∫ ∫
Q
σχDw ≥ lim

µ→0

∫ ∫
Q
σa(., Dwµ)Dwµ.

Consequently (48) holds.

4 Uniqueness

To prove uniqueness, we use the concept of integral solution, which is well known in the
context of the abstract Cauchy problem (cf. [8]). This concept was previously used in [9]
for the proof of uniqueness of weak solution of elliptic-parabolic problems, with homoge-
neous Dirichlet boundary conditions.

Definition 4.1 A function u ∈ C
(

[0, T ], L1(Ω)
)

is an integral solution of CP β, j(u0, f)

if for any f̂ ∈ Aβ, j û, we have
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d

dt

∫
Ω
|u(t)− û| ≤

∫
Ω

(f − f̂)Sign0(u(t)− û) +

∫
[u(t)=û]

|f − f̂ | in D′(0, T ),

and u(0) = u0.

Since, Aβ, j is accretive in L1(Ω), it is well known (cf. [8], [9]) that a mild solutions and
integral solutions of problem CP β, j(u0, f) coincide. To get the uniqueness, we prove
with the following proposition that a solution of P β, j(u0, f) is an integral solution of
CP β, j(u0, f). Therefore, by the nonlinear semigroup theory (cf. [9]), the mild solution of
P β, j(u0, f) is the unique solution of problem P β, j(u0, f).

Proposition 4.2 Let u0 ∈ L∞(Ω) and f ∈ L∞(Q). If u ∈ L∞(Q) is a solution of
P β, j(u0, f) in the sense of Theorem 3.4, then u is an integral solution of the problem
CP β, j(u0, f).

Proof. Let f̂ ∈ Aβ, j û, η̂ ∈ ∂j̃(., û), û = β(ŵ) a.e. Ω and ẑ ∈ γ(ŵ) a.e. Γ be as given by
the definition of the operator Aβ, j . Taking ŵ as a test function in (42) and multiplying

the inequality by
1

l
, we obtain∫ ∫
Q
σa(., Dw)D

1

l
Tl(w − ŵ) +

∫ ∫
Q
ση̃

1

l
Tl(w − ŵ)

≤
∫ ∫

Q
σt

∫ w(t)

w0

1

l
Tl(r − ŵ)dβ(r) +

∫ ∫
Q
σf

1

l
Tl(w − ŵ).

(56)

Passing to limit as l→ 0, we get∫ w(x,t)

w0

1

l
Tl(r − ŵ(x))dβ(r) →

∫ w(x,t)

w0

Sign0(r − ŵ(x))dβ(r)

= |u(x, t)− β(ŵ(x))| − |u0(x)− β(ŵ(x))|

a.e. (t, x) ∈ Q. Moreover,

|
∫ w(x,t)

0

1

l
Tl(r − ŵ(x))dβ(r)| ≤ |u(x, t)|

so that by Lebesgue’s dominated convergence theorem, the first term of the right hand of

inequality (56) converges to

∫ ∫
Q

(|u(x, t)−β(ŵ)|−|u0−β(ŵ)|)σt.Obviously,

∫ ∫
Q
fσ

1

l
Tl(w−

ŵ),

∫ ∫
Q
ση̃

1

l
Tl(w−ŵ) and

∫ ∫
Σ
σz

1

l
Tl(w−ŵ) converges, respectively to

∫ ∫
Q
fσSign0(w−

ŵ),

∫ ∫
Q
ση̃Sign0(w−ŵ) and

∫ ∫
Σ
σzSign0(w−ŵ). As to the first term on the left-hand

side, note that using the definition of the operator Aβ, j , we have
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∫ ∫
Q
σa(., Dw)D

1

l
Tl(w − ŵ) ≥ I1

l + I2
l ,

where

I1
l =

∫ ∫
Q
σ(a(., Dw)− a(., Dŵ))D

1

l
Tl(w − ŵ)

and

I2
l =

∫ ∫
Q
f̂σ

1

l
Tl(w − ŵ)−

∫ ∫
Q
ση̂

1

l
Tl(w − ŵ)−

∫ ∫
Σ
σẑ

1

l
Tl(w − ŵ).

Clearly, I2
l converges to

∫ ∫
Q
f̂σSign0(w − ŵ)−

∫ ∫
Q
ση̂Sign0(w − ŵ)−

∫ ∫
Σ
σẑSign0(w − ŵ).

On the other hand, we have

lim inf
l→0

I1
l ≥ lim

l→0

∫ ∫
Q
σ

1

l
T ′l (w − ŵ)(a(., Dw)− a(., Dŵ))D(w − ŵ) ≥ 0.

So, letting l→ 0 in (56), we get

−
∫ ∫

Q
(|u(x, t)− β(ŵ)| − |u0(x)− β(ŵ)|)σt +

∫ ∫
Q
|η̃ − η̂|σ +

∫ ∫
Σ
|z − ẑ|σ

≤
∫ ∫

Q
σ(f − f̂)Sign0(w − ŵ)

≤
∫ T

0

{∫
Ω
σ(f − f̂)Sign0(u(t)− β(ŵ)) +

∫
[u(t)=β(ŵ)]

σ|f − f̂ |
}
.

This implies that for any t ∈ [0, T ), we have∫
Ω
|u(t)− û| ≤

∫
Ω
|u0 − û|+

∫ t

0

{ ∫
Ω

(f − f̂)Sign0(u(t)− û) +

∫
[u(t)=û]

|f − f̂ |
}

and the proof is finished.

Appendix

Lemma 4.3 Let vλ, µ, vλ′, µ, vλ, µ′ be the weak solutions in the sense of Proposition (2.1) of
Sβλ, µ, jλ, µ(fλ, µ), Sβλ′, µ, jλ′, µ(fλ′, µ) and Sβλ, µ′ , jλ, µ′ (fλ, µ′) respectively. If, for λ′ ≥ λ > 0
and µ′ ≥ µ > 0, we have fλ′, µ ≤ fλ, µ ≤ fλ, µ′ a.e. Ω, then

wλ′, µ ≤ wλ, µ ≤ wλ, µ′ a.e. Ω

where, wλ, µ = β−1
λ, µ(vλ, µ), wλ′, µ = β−1

λ′, µ(vλ′, µ) and wλ, µ′ = β−1
λ, µ′(vλ, µ′) a.e. Ω.
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Proof: Using the monotonicity of ∂j, a and γ, we get∫
Ω

(vλ′, µ − vλ, µ)Sign+
0 (wλ′, µ − wλ, µ) ≤

∫
Ω

(fλ′, µ − fλ, µ)+.

Thanks to the definition of βλ, µ, we have∫
Ω

(vλ′, µ − vλ, µ) Sign+
0 (wλ′, µ − wλ, µ) =

∫
Ω

(β(wλ′, µ)− β(wλ, µ))Sign+
0 (wλ′, µ − wλ, µ)

+µ

∫
Ω

(w+
λ′, µ − w

+
λ, µ)Sign+

0 (wλ′, µ − wλ, µ) + (λ− λ′)
∫

Ω
w−λ, µSign

+
0 (wλ′, µ − wλ, µ)

−λ′
∫

Ω
(w−λ′, µ − w

−
λ, µ)Sign+

0 (wλ′, µ − wλ, µ).

Since, r → ±r± and β are nondecreasing, we deduce that

+µ

∫
Ω

(w+
λ′, µ − w

+
λ, µ)Sign+

0 (wλ′, µ − wλ, µ)

−λ′
∫

Ω
(w−λ′, µ − w

−
λ, µ)Sign+

0 (wλ′, µ − wλ, µ) ≤
∫

Ω
(fλ′, µ − fλ, µ)+.

(57)

This implies that for fλ, µ ≥ fλ′, µ, we have ± w±λ, µ ≥ ± w
±
λ′, µ thus wλ, µ ≥ wλ′, µ.

In the same way, for µ ≥ µ′ > 0, λ > 0, we prove that

−λ
∫

Ω
(w−λ, µ − w

−
λ, µ′)Sign

+
0 (wλ, µ − wλ, µ′)

+µ

∫
Ω

(w+
λ, µ − w

+
λ, µ′)Sign

+
0 (wλ, µ − wλ, µ′) ≤

∫
Ω

(fλ, µ − fλ, µ′)+
(58)

and then for fλ, µ′ ≥ fλ, µ, we deduce wλ, µ ≤ wλ, µ′ .
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ation de fonctionnelles intégrales sur un espace de mesures. Applications en plasticité
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Linéaires, Paris: Dunod (1969).

[19] J. M. Mazon and J. Toledo, Asymptotic behavior of solutions of the filtration
equation in bounded domains, Dynam. Systems Appl. 3 (1994) 275-295.

[20] F. Mignot, J. P. Puel, Inéquations d’évolution paraboliques avec convexes
dépendant du temps. Applications aux inéquations quasi-variationnelles d’ évolution,
Arch. Rat. Mech. Anal. 64 (1977) 59-91 .



Nonlinear Obstacle Problem N. Igbida , F. Karami 23
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