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Abstract

In this paper, we study a suitable notion of solution for which a nonlinear elliptic problem
governed by a general Leray-Lions operator is well posed for any diffuse measure data. In
terms of the paper [12], we study the notion of solution for which any diffuse measure is "good
measure”.
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1 Introduction and main results

Our aim is to study existence and uniqueness of a solution for the nonlinear boundary value problem

of the form
—V-a(z,Vu)+ f(u) 5 p  in €,

P(B, )
u=0 on 0,

where § is a maximal monotone graph on R such that 0 € 5(0), a is a Leray-Lions operator, p is a
diffuse measure and Q € RY is a smooth bounded domain (N > 1).

Recall that a Leray-Lions operator is a Carathéodory function a : Q x RY — RY (ie. a(z,£)
is measurable in = € Q for every ¢ € RY and continuous in £ € RY for almost every x € Q) such that

e there exists A > 0 such that V¢ € RN and a.e. z € Q,
a(x,§).§ = AE|”; (1.1)
e for any (£,1) € RY x RY with £ # 5 and a.e. x € Q,
(a(e.&) = aw,m).(¢ =) > 0; (12)
e there exists A > 0 such that for a.e. z € Q and for any & € RY,
a(z,6)| < A(ja(@) + 1) (1.3)

where j; is a nonnegative function in L? () with p’ = Ll .
p—

A Radon measure p is said to be diffuse with respect to the capacity I/VO1 P(Q) (p—capacity for
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short) if y(E) = 0 for every set E such that cap,(F,Q) = 0. The p—capacity of every subset E
with respect to {2 is defined as :

cap,(E,Q) = inf{/ ]Vu|pd:v}
)

and the infimum is taken on all functions v € VVO1 P(Q) such that u = 1 almost everywhere on
FE, u > 0 almost everywhere on ). The set of diffuse measures is denoted by /\/lg (Q).

In the case where € W7 (Q), it is known (cf. [22], [15] and [4]) that P(8, 1) has a unique
solution in the standard sense, the so called weak solution. That is a couple (u, w) € W& PQ)x L)
such that w € B(u), LY — a.e. in Q, and

/ a(z,Vu).VEdx + / wédx = / Edp, V¢ € Wol’p(Q) N L>(Q).
Q Q Q

For diffuse measure, existence and uniqueness of an renormalized and/or entropic solution (some
extension of the results of [4]) is treated in [9] for the case of continuous f§ defined in all R (we
refer the reader to the paper [18] for an extensive references concerning existence and uniqueness of
solutions for P(f,u)). But, in general P(3, 1) has no solution (see [3], [17], [6] and the references
therein). This nonexistence mechanism is connected with the domain of the nonlinearity 5 and also
with the regularity of the measure p. This phenomena was analyzed and studied in [17] for the case

—Au+fu)=p inQ,
(1.4)
u=20 on Jf2.

In particular, the authors of [17] introduced the concept of “good measure” which is a Radon measure
w such that P(f8, p) has a weak solution. Moreover, they have introduced the notion of “reduced
measure” denoted by p* associated with p. It corresponds to the right measure that we can associate
with g such that (1.4) with p replaced by p* has a unique weak solution. Indeed, by using natural
approximation scheme (keep u fixed and approximate 5 or keep f fixed and approximate p) and
passing to the limit in the equation they have characterized the right part of y for which the problem
is well posed. This approach was deeply analyzed and studied in the literature for the Laplacian
(see [12], [13], [14] and [17]).

Our approach here is different, indeed as a consequence of the preceding arguments it is clear
that the standard notion of weak solution neither standard renormalized /entropic solution is not the
natural one for P(f3, ;1) when pu is a Radon measure. Indeed, the singular part of p with respect to
Lebesgue measure creates an obstruction to the existence of such kind of solutions. This is related
to the fact that passing to the limit in the approximation scheme, singular parts may appear in
the equation and need to be treated. In this paper we analyze and study the main feature of these
quantities in the case of diffuse measure and maximal monotone graph 5. Handling these parts
gives the right notion of solutions for P(f, u) when p is diffuse with respect to the p—capacity. This
notion of solution is such that any diffuse measure with respect to the p—capacity is a good measure
for P(B, p). Recall that, taking the nonlinearity 8 continuous and satisfies

li t) = 1.5

tlgl g(t) = +oo, (1.5)
the authors of [17] shows that, there exists a diffuse measure y with respect to the capacity H'(Q)
such that the problem (1.4) has no weak solution. So, in general diffuse measure are not good mea-
sure for (1.4) with respect to the standard notion of weak solution. But, it will be good measure



for (1.4) with respect to our notion of solution.

To give our notion of solution and main results, we set
int(domp) = (m, M) with —co<m <0< M < +o0.

For any r € R and any measurable function w on Q, [u =], [u < r] and [u > r| denote respectively
the sets {x € Q:u(x) =7}, {x € Q:u(z) <r}and {z € Q:u(z) >r}.

The main results in this work are the following theorems

Theorem 1.1 For any p € M{(Q), the problem P(B,p) has at least one solution (u,w) in the
sense that w € LY(Q), u is measurable, u € dom(B) LN — a.e. in Q, Ti(u) € Wol’p(ﬂ) Vk > 0,
we Blu) LY —a.e. in Q, there exists a measure v € My(Q) such that v L LY, for any h € C.(IR),
h(u) € L=(Q,d|v|), h(u)r € MP (),

vt is concentred on [u = M| N [u # +oo], v~ is concentred on [u = m] N [u # —o0],
/ a(z, Vu).V(h(u)é) dz + / wh(u)édx —I—/ h(u)édv = / h(u)édu, (1.6)
Q Q Q Q
for any £ € Wol’p(Q) N L>(2) and
lim |Vul|P doz = 0. (1.7)

=00 J < u|<n1]

Here, since Tpu € WO1 P(Q), without abusing we are identifying the function u with its quasi-
continuous representation. So, since the measures i and v are diffuse, all the terms of Theorem 1.1
has a sense.

See that, if M = +oo (resp. m = —o0), then v (resp. v~ = 0). In the particular case
where the domain of 5 is equal to IR, Theorem 1.1 implies the existence of a renormalized solution
in the standard sense. More precisely, we have

T =

Corollary 1.1 Assume that
D(B) = R,

for any i € M3 (Q), the problem P(j3, n) has at least one solution (u,w) in the sense that w € L' (),
u is measurable, Ty (u) € Wol’p(Q) V>0, we Bu) LY —a.e inQ, for any h € C.(R), we have

/Q o, V).V (h(u)E) dz + /

Q

wh(u)édxr = /Qh(u)ﬁd,u, (1.8)
for any € € WyP(Q) N L®(Q) and

lim |VulP dz = 0. (1.9)

0 < |ul<n+1]

The uniqueness of a solution in the sense of Theorem 1.1 and Corollary 1.1 is not clear in general.
Thanks to [18], the uniqueness of a solution in the sense of Corollary 1.1 holds to be true for the so
called comparable solutions. That is any two solutions (u1,w1) and (ug,w2) such that the difference



u1 — ug is bounded. We’ll not abort this question in this paper and refer the reader to the papers
[18] and [19] for more details in this direction.

The connexion between our notion of solution and the entropic formulation of the solution is
given in the following Theorem. In particular, this equivalent formulation is very useful for the
proof of the uniqueness of solution for P(8, i) in the case where the domain of 5 is bounded (see
Theorem 1.3). We believe that it could be also useful for the proof of uniqueness in a more general
setting like those of [18] and [19].

Theorem 1.2 If (u,w) is a solution of P(B, 1), the (u,w) is a solution in the following sense : for
any € € WyP(Q) N L>®(Q) such that & € domg,

/ﬂa(w,Vu).VTk(u—g)dx—i-/

wli(u — &)dx < / Ti(u—&)du,  for any k > 0. (1.10)
Q Q

In the case where the domaine of 3 is bounded, the renormalization with the function h is not
necessary in Theorem 1.1. We can take h = 1. Moreover, by using Theorem 1.2 we have uniqueness.
This is summarize in the following theorem.

Theorem 1.3 If —oo < m < 0 < M < oo, then, for any pn € MJ(), the problem P(B,p) has
a unique solution (u,w) in the sense that (u,w) € Wol’p(Q) x LX), u € dom(B) LN — a.e. in Q,
w € Blu) LY — a.e. in Q, there exists v € ME(Q) such that v L LV,

vt is concentred on [u = M|, v~ is concentred on [u = m]

and

/Qa(x,Vu).Vﬁd:E + /ngdx + /Qfdl/ = /Qfd,u, (1.11)
for any € € WyP(Q) N L>(Q). Moreover

vt < gl [u= M] (1.12)

and
vo < ps| [u=ml. (1.13)

Remark 1.1 1. If —oo<m <0< M < oo, for any p € MJ(Q), the good measure with respect
to the notion of weak solution associated with p is given by

pr=p—v.

2. Assuming that M < oo (resp. —oo < m) and D(B) = (—oo, M] (resp. D(B) = [m,o0) ), we
can prove also that, if (u,w) is a solution in the sense of Theorem 1.1, then

vt <psl lu=M] andv” =0

(resp.
v- < sl lu=m] andvt =0).

3. If the measure u is reqular (i.e. absolutely continuous with respect to Lebesgue measure),
Theorem 1.8 and the previous remark shows that v = 0 and a solution in the sense of Theorem
1.1 coincides with the usual renormalized solution for P(j3, u), which corresponds to the unique
weak solution in the case where D(S) is bounded.



Notice that this kind of formulation for the solution has already appeared in previous work, for
instance in [10], [23] and [1] to deal with nonlinearities 8 depending on z. It appeared also in [13]
to treat the obstacle problem associated with (1.4) ; i.e. the case where D(3) = [m, M]. Our results
here are some kind of generalization of the last result to general nonlinearity 8 and Leray-Lions
operator a.

The paper is organized as follows. In section 2, we state some technical results, in section 3, we
deal with the proof of Theorem 1.1 and in section 4, we deal with the proof of Theorem 1.3.

2 Preliminaries

If (u,w) is a solution of P(S, i), choosing & = Ty (u), k> 01in (1.11) , we get the following estimate:
1
Vk > 0, / |[VulPdr < K, (2.1)
B i<

with 0 < K < +00.
We denote by 7'01’p (€2), the space of measurable functions u : @ — R such that for any
k>0, Ti(u) € Wol’p(Q). The proof of the following two lemmas may be found in [4].

Lemma 2.1 Let 1 < p < N, Q be as above and let u € 761’10(9) be such that (2.1) holds. Then
there exists C'= C(N,p) > 0 such that

N
7mw@M>m)gCKWMﬁl (2.2)

: N(p—1)

thpy = ———=.
with p1 = = —
Lemma 2.2 Let 1 < p < N and assume that u € 761’p(§2) satisfies (2.1) for every k > 0. Then for
every h > 0 we have

meas(ﬂVu\ > h]) < C(N,p)K%h*p2 (2.3)

with ps = st,pjll).

Now, let us prove the following result which will be useful in the sequel.

Lemma 2.3 Let (8p)n>1 be a sequence of mazimal monotone graphs such that B, — [ in the
sense of graphs. We consider (zp)p>1 and (wp)n>1 two sequences of Ll(Q), such that w, €
Bulzn), LN—a.e. inQ, for any n € N*. If

(wn)n>1 is bounded in LI(Q) and z, — z in LI(Q),

then
ze dom(B) LN —ae in Q.

The main tool for the proof of Lemma 2.3 is the "biting lemma of Chacon" (see [16]).
Let us recall it.

Lemma 2.4 The “biting lemma of Chacon” Let Q2 be an open bounded subset of RN and (f,)n

a bounded sequence in L'(Q2). Then, there exist f € L'(Q), a subsequence (fn,)r and a sequence

of measurable sets (E;);, E; C Q,Vj € N with Ej 11 C Ej and llilern |Ej| = 0, such that for any
j—+oo

JEN, fr, = fin LY (Q\E;) .



Proof of Lemma 2.3 Since the sequence (wy,),>1 is bounded in L' (£2), using the “biting lemma of

Chacon” there exist w € L'(9), a subsequence (wy, )r>1 and a sequence of mesurable sets (E;) en

in Q such that Ej 1y C E;,Vj € N, lim |E;| = 0 and Vj € N,w,, — win L'(Q\E;). Since
J—+o0o

Zn, — 2 in LY(Q) and so in LY(Q\E;),Vj € N and 8,, — S in the sense of graphs, we have
w € B(2) a.e. in Q\E;. Thus z € dom(f) a.e. in Q\Ej;. Finally we obtain z € dom() a.e. in Q

3 Proof of Theorem 1.1

For every € > 0, we consider the Yosida regularization g, of 8 given by

1 -
5622(1—(I+eﬁ) .
Thanks to [11], there exists j a non negative, convex and l.s.c. function defined on R, such that
B = 0j.

To regularize 3, we consider

1
Je(s) = min{2€|s —rf? +j(r)}, Vs € R, Ve > 0.

reR

By Proposition 2.11 in [11] we have

dom(f) C dom(j) C dom(j) = dom(}3),

. € . _

Jels) = S18:(5) 2 + j(Jels)) where J. = (I +¢6) ™,

Je 18 a convex, Frechet-differentiable function and 8. = dj.,
JetjaselO.

Moreover, for any € > 0, f. is a nondecreasing and Lipschitz-continuous function.
For any measure p assumed diffuse with respect to the capacity VVO1 (), a well known result in

[9] allows us to write
p=f—-V-F (3.1)

, N
where f € L'(Q) and F € (Lp (Q)) . To regularize pu, for any € > 0, we define the functions
fe(x) =T (f(x)) for any z € Q

and
e = fe—V - F  for any € > 0.

Then, we consider the following approximating scheme problem

=V -a(z, Vue) + Be(ue) = pe in Q,

Pe(Be; the)
ue =0 on 0f).

Thanks to [8], we know that P.(fe, i) admits a unique weak solution u. in the sense that u. €
W (Q), Be(ue) € LH(Q) and Yy € WyP(Q) N L¥(9Q),

/Qa(m,Vue).Vgpdw—i—/{)ﬁe(ue)goda:—/Qfegodw—i—/QF.Vgodx. (3.2)

Let us prove the following result.



Proposition 3.1
(i) There exists 0 < C' < +oo such that for any k > 0,

/ |Vue|Pdx < Ck.
(lue|<K]

(ii) The sequence (Be(ue))eso is uniformly bounded in L().
(iii) For any k >0, the sequence (Be(Tk(uc)))eso is uniformly bounded in L'(Q).
(iv) There exists u € 761’17(9) such that uw € dom(B) a.e. in  and

Ue — U 0 measure and a.e. in Q, as e — 0.

Proof (i) For any k > 0, we take ¢ = Tx(u.) as test function in (3.2). We get

/Q a2, V). VTi(ud)dz + /Q B () T (1) = /Q £ T () dar + /Q PV Ty (ul)da.

Since

’/ feTk(Ue)d$+/F.VTk(u€)d:E
Q Q

=| [ Tt < i) < cx
Q

/ B (u) T (ue)da > 0,
Q

and

we deduce that
/ a(x, Vue) VT (ue)dr < Ck.
Q

Using (1.1), we obtain )\/ |VTi(ue)[Pde < Ck and (i) follows.
Q

(7) For any k > 0, the first term of (3.5) is non negative, then it follows that

/Qﬁe(ue)Tk;(ue)dw < k|p|(Q) < Ck.

Dividing by k, we get
1
kJa

Letting k goes to 0, we deduce from the inequality above

/ Be(ue)signg(ue)dzr < C,
Q

which implies / |Bc(ue)|dz < C and so (Be(ue))e is bounded in L'(€).
Q

(7i7) Since
/ BT (ue))|da < / 1B (ue)|de,
0 0

(#i7) follows obviously from (7).

(3.4)

(iv) Using (i) we can assert that for all k& > 0, the sequence (VTk(uE)> is bounded in LP(£2),

e>0



thus the sequence (T (ue))eso is bounded in WO1 P(Q2). Then up to a subsequence, we can assume
that as € = 0, (Tk(ue))e>0 converges strongly to some function oy in L(Q2) and a.e. in  for any

1<qg<p'= ]\prp Let us see that the sequence (u¢)(>o is Cauchy in measure.
Indeed let s > 0 and define
By = lue| > k], By:=[lu,| >k] and Bs:=[|Ti(ue) — Ti(ue,)| > s
where k£ > 0 is to be fixed. We note that
[[ue, — Uey| > s] C E1 U Ea U Ej

and hence
meas([\u61 — Uey| > s]) < meas(E;) + meas(Ey) + meas(Fs). (3.6)

Let 6 > 0. Using Lemma 2.1, we choose k = k(6) such that
meas(F;) < 6/3 and meas(E>) < 60/3. (3.7)

Since (Tj(ue))eso converges strongly in L(€2) then it is a Cauchy sequence in L9(£2).
Thus

1 0
meas(F3) < / |Th (e, ) — T (ey)|9dx < =, (3.8)
s Q 3
for all €1, €2 > ng(s,0). Finally from (3.6), (3.7) and (3.8) we obtain
meas([]u61 — Uey| > s]) < 0 for all €1, e2 > ny(s,0). (3.9)

Relation (3.9) means that the sequence (u¢)e>o is Cauchy in measure, so u, — u in measure and up
to a subsequence, we have u, — u a.e. in . Hence o, = T (u) a.e. in Q and sou € 761’10(9). Using
Lemma 2.3, we have T (u) € domf a.e. in §2 for any k& > 0. This implies that u € domp a.e. in g

Proposition 3.2 For any k > 0, as € tends to 0, we have
, N

(1) a(x, VT (ue)) — a(x, VI (u)) weakly in <Lp (Q))

1) VT (ue) — VTi(u) a.e. in .

(
(iii) a(z, VTi(ue)).VTi(ue) — a(z, VIk(u)).VTk(u) a.e. in Q and strongly in L*(Q).
(iv) VTi(ue) — VT (u) strongly in (LP(Q))™

, N
Proof : (i) Using (1.3) we see that the sequence (a(z, VTk(u¢)))eso is bounded in (Lp (Q)> ,
then up to a subsequence

a(@, VTe(u)) — Hy  in (Lp’(Q))N

Let us prove that Hy = a(z, VI (u)) a.e. of . The proof consists in four steps.
Step1 : For every function h € WHT>°(R), h > 0 with supp(h) compact,

lim sup /Q alz, Vue).V[h(ue)(Tk(ug) - Tk(u))}dgg < 0. (3.10)

e—0

Taking h(ue)(Tx(ue) — Tk(u)) as test function in (3.2), we have

/ (e, V) ¥ [h(ue) (T () — Ti ()] e + / B (1Y) (T () — Th(w))dax
N N (3.11)

= / feh(ue)(Tx(ue) — Ti(u))dx —|—/ FY [h(ue)(Tk(ue) — Ti(u))|dx.
Q

Q



In addition, we see that h(ue)(Tk(ue) — Tk(u)) — 0 weakly in Wol’p(Q). Indeed the sequence
(h(ue)(Tk(ue) — Tk(w)))eso is bounded in Wol’p(Q) and converges to zero almost everywhere on
Q). This implies that

lim [ F.V [h(ue)(Tk(uE) - Tk(u))] dz = 0.

e—0 Q

Note also that, since by generalized dominated convergence Theorem, we have

lim /Q Fh(ue) (To(ue) — To(u))dz = 0.

e—0

Let us now prove that

lim sup /Q B (Y h(ue) (Ti(ue) — Th(w))dz > 0. (3.12)

e—0

For any 0 < r sufficiently small we consider
ur = (Ti(u) A (M = 7))V (m+7),

where [ is such that supp(h) C [—I,+I]. For any k > 0, Ty (u,) € Wol’p(ﬂ). Furthermore, since

/Q () (Be(tte) — Be(tn))(T(t0) — Ti(up))dr > 0,

we have

/ Be(tue)h(use) (Ti(ue) — Ty(w)de > / (1) Betr) (Ti () — Te(ur))dz
Q Q
" / (1) B (1) (Ti () — T ()
Q
See that
max(m + 7, —1) < u, <min(M —r,1),
so that

Be(max(m + r,—1)) < Be(uy) < Be(min(M — r,1)).

Using Lebesgue dominated convergence Theorem, we get that

lim sup/ h(ue)Be(ur)(Tk(ue) — Ti(uy))dx = / h(w)Bo(ur)(Tk(uw) — Tx(uy))de.
e—0 Q Q
As to the last term

= / h() B () (T () — To(u))da,
Q

see that

[ = /Q () (T () — T (1)) dae + /

FV [h(ue)(Tk(ur) - Tk(u))} dz
Q

- /Q a(z, Vue).V h(ue)(Tk(ur)—Tk(u))]da:

= /Qfeh(ue)(Tk(ur) - Tk(u))der/

FV [h(ue)(Tk(uT) . Tk(u))} dz
Q

—/ h(ue)a(x, Vue) .V (Ti(uy) — Ti(w))dz — / B (ue) (Ty(ur) — Ti(w))a(z, Vue).Vuedz.
Q Q

9



We need to let first € — 0 and next » — 0. The three first terms are obvious. As to the last term,
see that

IN

T (w) — Te(M — 7)) xX 1 —r<u<an] + [ (Tk(w) = Ti(m + 1)) Xpn<u<mr|

IN

27,

which implies that

lim lim sup = lim limsup 2r

/Q B () (T () — T (), Voue). Vueda

/ b (ue)a(z, Vue).Vucdz
Q

=0 0 =0 0
= 0,
where we use the fact that / b (us)a(z, Vue).Vuedz| is bounded.
Q

Now, see that
() o (ur) (T () — Ti(uy) > 0.

Indeed,
h(w)Bo(ur) (Ti(u) — Ti(ur)) = h(w)Bo(M — 7)(Ti(u) = Ti(M = r))X(M—r<u<m]

+h(u6)/80(m + T)(Tk(u) - Tk(m + T))X[mgugm-&-r] >0,

where we use the fact that 5o(M —r) > 0 and So(m+r) < 0 (since 0 € 5(0) and m+r <0 < M —r).
This gives (3.12).
Passing to the limit in (3.11) and using the above results we obtain the inequality (3.10).

Step2 : We prove that
lim sup lim sup / a(x, Vue). Vuedr < 0. (3.13)
ls400 €0 (1<t <I+1]

Taking w;(ue) as test function in (3.2), where wy(r) = T1(r — Ti(r)), we get

/ o, Vo) VT4 (e — Ty(ue))dax + / B (u) T (ue — Ti(ue))da
Q Q

= / feTh (ue — Ty (ue))dx + / FNVTi(ue — Ti(ue))dx.
Q

Q
Since
/ Be(ue)T1(ue — Ti(ue))dz > 0
Q
and
/ a(z, Vue). VT1(ue — Ti(ue))dr = / a(z, Vue). Vuedz,

Q [1<|ue|<I+1]

we get

/ a(z, Vue).Vuedr < / fT (ue — Ty (ue))dx + / FNT (ue — Ti(ue))dx. (3.14)
[I<|ue|<l+1] Q Q

10



Recall that by stepl, we have

tim [ £.T (e — Ti(ue)dx = / T3 (= T (u) )da
€E—r [¢) [¢)

So, using the fact that Th(u — Tj(u)) — 0 a.e. in Q as | — +oo and the Lebesgue dominated
convergence theorem, we obtain

lim lim / feTh (ue — Ty (ue))dz = 0.
Q

l—+00 =0

Now, let us see that lim lim/ FNTi(ue — Ti(ue))dx = 0. Indeed we begin by proving that
Q

l—+00 e—0

lim lim |Vue|Pdz = 0.
l—+00 e—0 [l<|u5\<l+1]

Thanks to (1.1), we have

A |VuePde < / a(z, Vue).Vuedz
I<|uel<l+1] [I<|ue|<l+1]

/ £T4 (e — Ti(ue))dz + / FVu.dz.
Q I<|ue|<l+1]

A

IN

Using Young’s inequality, for every € > 0, we get

(& L E
FNuddr < ~——— |F|P dx + — |Vue|Pdz.
I<|ue|<i+1] p [1<|ue|<I+1] D Jli<ue|<i+1]

Taking € = g)\ we obtain

A /
A / IV Pdz < / LT (ue — Ti(ud))dz + C(, p) / P da.
2 Jli<jue|<i+1] Q (1< ue| <1+1]
Furthermore
/ \F|P da g/ \F|P da
[I<]ue|<i+1] [Jue|>1]
and
lim |F|P'dz < / |F|P .
0 ffuel>1 [l 1]
Since
meas([|u| >1]) = 0, as | — 400 by (2.2)
we have
lim lim |FIP dz = 0.
l—+00 =0 1< |ue|<i+1]
Hence, lim lim |Vue|Pdx = 0. Now, using the above results we obtain

=400 €0 [l<\u€|<l+l]

lim lim/ FNTi(ue — Ti(ue))dx = 0.
Q

l—+00 €0

11



Then passing to the limit as € — 0 and as | — 400 in (3.14) we get (3.13).

Step3: We prove that for every k > 0,

lim sup/ﬂa(m, VTk(ue)). [VTk(uE) — VT (u)|dx <0. (3.15)

e—0

Indeed, for all I > 0 we define the function h; by h;(r) = inf{1, (I +1 — |r|)*}. For [ > k, we have

/ (e, V) ¥ [ ) (Tiue) — Tu(w) ] da
Q

- / hl(ue)a(:c,VTk(ug)).[VTk(uE) —VTk(u)}da:
[ucl<H]
+/ hi(ue)a(x, Vue)(—VTi(u))dx
[lue|>K]

+/ hy(ue) (Ti (ue) — Th(w))a(a, Vue). Vueds
Q
= (E1)+ (E2) + (E3).

Since | > k, on the set [|ue| < k] we have hj(ue) = 1 so that we can write (E;) as

(B) = /[UEKHa(x,VTk(ue)).[VTk(ue)—VTk(u)}dx

- / a(z, VTi(ue)). [VTk(ug) - VTk(u)} dz.
Q
Hence we obtain
limsup(E7) = lim Sup/ a(xz, VT (ue)). [VTk(ue) - VTk(u)}dx.
e—0 e—0 Q

Let us write the term (F5) as

(EB2) = / hi(ue)a(x, VT4 (ue)). VI (u)dz.
[[ue|>E]
Using Lebesgue dominated convergence theorem, we get

lim(EQ) = —/ hl(u)Hl+1.VTk(u)dx = 0.
(lu|=k]

e—0

For the term (E3), we have

(- /Q h;(ue)(Tk(ue)—Tk(u))a(a:,VuE).Vued:c) < ‘ /Q hy(ue) (Ti (ue) — Ti(w))a(x, Vue). Vueds

IN

21{:/ a(x, Vue).Vuedz.
I<|ue|<l+1]

Using the result of the step2 we deduce that

Jim sup lim sup (— /Q B () (T (1) — Tk(u))a(a:,Vue).Vuedx> <.

l—+o0 e—0
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Applying (3.10) with h replaced by h;, | > k we get

hmsup/ga(:v,VTk(ue)).[V(Tk(ue) — VT (u))|dz

e—0

< lim sup (- /Q B () (T (ue) — Ti(w))a(z, Vue).Vude> ,

e—0

so that letting [ — oo yields the inequality (3.15).

Step4: In this step we prove by standard monotonicity arguments that for all & > 0, Hp =
a(x,VIi(u)) a.e. in . Let ¢ € D(Q) and & € R*. Using (3.15), we have

alim [ a(x, VIi(ue)).Vodr

e—0 0

> limsup /Q a(:r,VTk(ue)).[VTk(uE) —VTk(u)+V(&<p)]dx

e—0

> lim sup/ﬂa(:c, V(Ti(u) — agp)). {VTk(ue) — VT (u) + V(dgp)} dx

e—0

> limsup/ﬂa(x,V(Tk(u) —ayp)).V(ap)dx

e—0
> d/ a(x, V(Ti(u) — ap)).Vedz.
Q
Dividing by & > 0 and by & < 0, passing the limit with & — 0 we obtain

lim a(x,VTk(ue)).Vgoda::/a(x,VTk(u)).Vgpd:U.
e—0 Q Q

This means that Vk > 0, / Hp Vodr = / a(x, VIi(u)).Vedr and then
Q Q

Hj, = a(x, VT}(u)) in D' (Q)
for all & > 0. Hence Hy, = a(x, VIi(u)) a.e. in Q and so a(z, VIj(u.)) — a(z, VI (u)) weakly in
, N
(@)
(74) Thanks to (3.15), we deduce that that for all & > 0 :

lim | [a(x, VT (ue)) — ala, VTk(u))} . [VTk(uE) -~ VTk(u)} dz = 0.

Since
ge() = [a(., VTi(ue)) — al., VTk(u))] . [VTk(ue) - VTk(u)} >0,

up to a subsequence we have
ge(.) — 0 a.e. in Q.

This implies that, there exists Z C € such that meas(Z) = 0 and ge(.) — 0 a.e. in Q\ Z. Let
x € Q\ Z. Using the assumptions (1.1) and (1.3), it follows that the sequence (VT (uc(x)))eso is
bounded in RY so we can extract a subsequence which converges to some 5 in RY. Passing to the
limit in the expression of g.(z), we get

0= [a(x, £) — a(x, VTk(u(x)))] : [5 —VTi(u(z))).
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This yields € = VT (u(z)) Yz € Q\ Z. As the limit does not depend on the subsequence, the whole
sequence (VTj(uc(z)))eso converges to & in RY. This means that

VTi(ue) — VIi(u) ae. in Q.
(ii7) The continuity of a(z,&) with respect to & € RN gives us
a(x, VIi(ue)) — a(z, VI(u)) a.e. in Q
and then we obtain
a(x, VI (ue)).VIi(ue) — a(x, VIi(u)).VIi(u) a.e. in Q.
Setting ye = a(z, VI (ue)). VI (ue) and y = a(x, VIi(u)). VI (u), we have

Ye > 07 Ye — Y a.e. in Q? y e Ll(Q)a

/yedx—>/ydx.
Q Q

/!ye—yldx=2/(y—ye)+d:c+/(ye—y)d:c
Q Q Q

and (y — y.)t <y it follows by the Lebesgue dominated convergence theorem that

Since

which means that

a(x, VTi(ue)).VTi(ue) — a(x, VTi(u)).VTi(u) strongly in L'(£).

1
(iv) By (1.1), we have |VTj(uc)[P < Xa(x, VT (ue)).VTi(ue). Using the L!-convergence of (iii) and

the generalized dominated convergence Theorem, we obtain the result of (iv). O
Lemma 3.1 For any h € CL(R) and & € Wy P(2) N L®(%),

V[h(ue)é] — V[h(w)é] strongly in LP(2) as € — 0.
Proof : For any h € C(R) and ¢ € Wol’p(ﬂ) N L>(£2), we have

VIh(ue)é] = h(ue)VE + b (ue)éVue
= h(ue)VE+ N (ue)éVT(ue) for I > 0 such that supp(h) C] — 1, +I].

Using the Lebesgue dominated convergence Theorem ,we get
h(ue)VE — h(u)VE strongly in LP(Q) as € — 0.

Moreover, since |h'(ue)éVTi(ue)| < C|VTi(uc)|, then using the generalized convergence Theorem
and Proposition 3.2-(iv) we deduce that

B (ue)éVT(ue) — W (w)EVT)(u) = h'(u)éVu strongly in LP(Q2) as € — 0.

14



So Lemma 3.1 follows
Now, to pass to the limit in 5 (uc), let us consider the function hg = hy,, lp > 0 to be fixed later
such that
hg € CCI(R), ho(Y’) > O,VT € R,
ho(r) = 1if |r| <lp and ho(r) = 0 if |r| > lp + 1.
Since, for any k > 0, (hg(us)2:)eso is bounded in L'(Q), there exists 2, € My(£2), such that
P (ue) Be(ue) = 2 in My(Q) as € — 0.

Moreover, for any & € W,P(Q) N L>(Q), we have

/ Edz, = / Ehg(u) du — / a(z,Vu) - V(hg(u)§)dz,
Q Q Q
which implies that z;, € M7} () and, for any k <,
zp =2z on [|Tk(u)| < k.
Let us consider the Radon measure z defined by

z =z, on [|Tg(u)| < k] for k € N*,
3.16
z=0 on ﬂ [|T%(uw)| = k] (3.16)

keN*
For any h € C.(R), h(u) € L*(Q,d|z|) and
/Qh(u)f dz = — /Q a(x,Vu) - V(h(uw)é)dr + /Q h(u)édpu,

for any £ € Wol’p(Q) N L>(£2). Indeed, let kg be such that supp(h) C [—ko, +ko],

/Qh(u)gdz = /Qh(u)fdzko

= —lim [ a(z,Vue)- - V(h(u:)§) + lin[l) h(ue)&dpe
E— O

e—0 Q
= —;i_r{(l) Qa(:):,VTkO(uE))-V(h(ug)/f)—i—;i_{r(l)/ﬂh(ua)édﬂs
— - [ oo, Vu) Vnwe) + [ Awéds

Q Q

Moreover, we have
Lemma 3.2 The Radon-Nicodym decomposition of the measure z given by (3.16) with respect to

EN
z=wlN+v, withvll",
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satisfies the following properties

w € Blu) LN —ae. inQ, we LY (Q), ve MYQ),
vt is concentrated on [u = M| N [u # 400

and v~ is concentrated on [u = m] N [u # —oo].

Proof : Since, for any € > 0, z. € 9jc(uc), we have
G(t) > 5e(t) > je(ue) + (t —u)ze LY —ae. inQ, VteR.
Then for any h € C.(R), h > 0 and k > 0 such that supp(h) C [k, k], we have
Eh(ue)j(t) = Eh(ue)je(ue) + (£ — ue)€h(ue) hn(ue)ze
In addition, for any 0 < € < €, we have
Eh(ue)j(t) = Eh(ue)je(ue) + (t — ue)h(ue)hi(ue)ze

and, integrating over € yields

/th(ue)j(t)darz/th(ug)jg(ue)dx—l—/Q(t—ue)fh(ue)hk(ug)zedx.

As ¢ — 0, we get by using Fatou’s Lemma

/{h t)ydx > /{h dm—}-hmlnf/(t—ue)ﬁh(ue)hk(ug)zedx.

Q

Now, for any £ € C(Q) and t € R, setting

we have
lim [ (¢t —ue)h(ue)éhp(ue)zede = lim [ h(ue)éhy(ue)zeda
=0 /o 0 Jq
— [t~ wh(wedz
Q
= /(t—u)h(u)&dz.
Q
So,

/gh dq:>/§h )dx+/Qg(t—u)h(u)dz.

As € = 0, we get by using again Fatou’s Lemma
/§h( d:p>/§h d$+/£t—u
Q
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From the inequality above we have
h(u)j(t) > h(u)j(u) + (t —u)h(u)z, in Mp(Q), Vit € R. (3.17)

Using the Radon-Nikodym decomposition of z we have z = wLY + v with v 1LY, w € L'(Q), then
comparing the regular part and the singular part of (3.17), for any h € C.(IR), we obtain

h(u)j(t) > h(u)j(u) + (t —uw)h(uw)w LY —ae. in Q, VteR (3.18)

and

(t —u)h(u)r <0in Mp(Q2), V t € dom(y). (3.19)
From (3.18) we get
§t) > () + (t —uw)yw LY —ae. inQ, VteR,

so that w € 9j(u) LY — a.e in Q. As to (3.19), this implies that for any ¢ € dom(j),
v >0in [u € (t,00) Nsupp(h)] (3.20)

and
v <0in [u € (—o0o,t) Nsupp(h)]. (3.21)

In particular, this implies that
v(m<u<M])=0.

Moreover, if m # —oo (resp. M # +00), then (3.21) (resp. (3.20)) implies that

+

v~ is concentrated on [u = m| (resp. v is concentrated on [u = M] ).

By construction of z, we see that
v([u = to0]) =0,

and the proof of the Lemma 3.2 is finished g

To finish the proof of Theorem 1.1, we consider £ € Wol’p(Q) NL>®(Q), and h € C}(R). Then, we
take h(u¢)€ as test function in (3.2). We get

/Qa(x,Vue).V[h(ue)g]dx—1—/Qﬁ€(u€)h(u€)§d1::/Qh(ue)ffedm—|—/QF.V[h(u€)£]dx. (3.22)

Using Lemma 3.1, it is not difficult to see that

lim </Qh(u6)£f6d:c+/§2F.V[h(ue)§]dx) :/Qh(u)gdu.

The first term of (3.22) can be written as

/a(a:,VuE).V[h(ue)f]dx—/a(a:,Vﬂoﬂ(ue)).V[ho(ug)E]daﬁ,
Q Q

for some [y > 0 so that, by Proposition 3.2-(7) and Lemma 3.1, we have

lin% a(x,Vue).Vih(ue)élde = lir% a(x, VT 41(ue)).Viho(ue)€]d
e—0 Jq e—0 Jq
= /Qa(x,VTZOH(U)).V[hO(u)ﬁ]d:U
= /a(m,Vu).V[h(u)f]d:c.
Q
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Thanks to the convergence of Lemma 3.2 we have from (3.22)
lEI%)/S)ﬁE(uE)h(ug)ﬁda: = /Qh(u)ﬁd,u—/Qa(:E,Vu).V[h(u)g]dx.
= /h(u)fdz
Q
= /h(u)w{dw—i—/h(u)gdy.
Q Q

Letting € goes to 0 in (3.22) it yields that (u,w) is a solution of the problem P(f3, u).
To end the proof of Theorem 1.1, we prove (1.9). We take ¢ = T (ue — T, (uc)) as test function in
(3.2) to get

/ o, V). VT4 (e — Ty (u))]dz + / B (4T (e — Ty (1)) = / T (e — T () fod
[9] Q Q

+ / FV[T1(ue — To(ue))|da.  (3.23)
Q

Since / Be(ue)Ti(ue — Tn(ue))dr > 0 and V[T1(ue — Ty (ue))] = VUeXin<|uc|<nt1], We have from
Q
equality (3.23)

/ a(x, Vue).Vuedr < / T (ue — T (ue)) fedz + / FNVI[Ty(ue — Tp(ue))|dz.  (3.24)
n<|ue|<n+1] Q Q
As e — 0in (3.24), we get
/ oz, Vo) Vuds < / Ty — Ty () fdz + / FVIT(u—Tyw)ds.  (3.25)
n<|u|<n+1] Q Q
Using assumption (1.1), it follows

)\/[n<u|<n+1} |Vul|Pdz < /QT1(U — T (u)) fdx + /Q FN[Ti(u— Ty(u))]de. (3.26)

Using the proof of Proposition 3.2 (i) Step 2), one sees that lim Ti(u—T,(u))fdxr = 0 and

n—-+o0o Q

lim FEN[Ti(u— T, (u))]dz = 0 so that we get (1.9).

n—-+oo Q

4 Proof of Theorem 1.2 and Theorem 1.3

The existence part of Theorem 1.3 follows by Theorem 1.1 and the fact that u in this case is
bounded. As we said in the introduction, the proof uniqueness follows by the using the entropic
formulation of the solution. So let us first prove Theorem 1.2.

Proof of Theorem 1.2 : Let us consider the function h,, n > 0 define on R by h,(r) =
inf{1,(n+1—|r[)T}. If (u,w) is a solution of P(S3,u), we take h = hy, in (1.8). We have for any
p € WP (Q) N L2(Q)

/Q a(z, V).V (ho(u)p) dz + /

Q

why, (u)pdx + /

th(u)godyz/ghn(u)godu. (4.1)
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Since V(hn(1)@) = hy(u)Ve + h, (1)eVu it follows from (4.1)

h,, (u)palz, Vu).Vud:U—i-/

Qwhn(u)gpdx—i—/ hn(u)godu:/ghn(u)gpd,u.

Q
(4.2)
We have hy(u) — 1 a.e. in R as n — +o00. Excepted the second term, all the terms in (4.2) pass
to the limit by Lebesgue dominated convergence theorem and when n — 400, we get

/th(u)a(x, Vu).Vngﬂc—i-/

Q

/a(x, Vu).Vgod$+limsup/ h;l(u)goa(x,Vu).Vuder/
Q Q

n—-+oo (9]

wgoder/Qcpdl/:/ngd,u. (4.3)

For the second term in (4.3), we have

‘/h;(u)cpa(x,Vu).Vudaz‘ < / ’h;(u)goa(x,Vu).Vu’dx
Q [n<|u|<n+1]

IN

ol | (e, V). Vudz
n<|u|<n+1]

IN

Aol [ (@)Yl +|Vup ) dr
[n<[u|<n+1]

P
s Meloe { 1l ey </[n<|u|<n+1] Nde) +/[n<u<n+ﬂ\vuypdx

— 0asn — +oo (thanks to (1.9)).

Now, we replace ¢ by Ti(u — &) in (4.3) to get

/Qa(w, V). VT (1 — €)dz + /

Q

wTk(u—ﬁ)dm—i—/ﬂTk(u—f)dyz/QTk(u—ﬁ)du. (4.4)

Note that, since £ € dom/,
_ — _ + _ _ -
/QTk(u &)dv /QTk(u &)dv /QTk(u &)dv
- Tu- i [ Tyfu- i

fu=M] fu=rm]
> 0

)

then (1.10) follows from (4.4)n

Now, let us prove the uniqueness of the solution for P(S, ) when —oo < m < 0 < M < oo.
Suppose that (up,wi), (ug, we) are two solutions of P(8,u). For uj, we choose & = ug as test
function in (1.10), we have

/Q a(z, Vur).VTj(uy — us)dz + /

w1 Tk (u1 — ug)dr < / Tr (w1 — u2)dp.
Q

Q
Similarly we get for us

/Qa(a;, V). VT (uy — uy)dz +/

woTk(ug — uy)dzr < / Tk (ug — uy)dp.
Q

Q
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Adding these two last inequalities yields

/ (a(az7 Vui) — a(z, Vu2)>.VTk(u1 — ug)dx —|—/ (w1 — wa2) Ty (ug — ug)dz < 0. (4.5)
Q Q

For any k > 0, from (4.5) it yields
/ (a(x, Vui) — a(z, Vuz)> NVTi(uy —ug)dz = 0. (4.6)
Q

From (4.6), it follows that there exists a constant ¢ such that u; — ug = c a.e. in Q. Using the
fact that w1 = us = 0 on 9N we get ¢ = 0. Thus, u; = ug a.e. in 2. At last, let us see that
wp = wy a.e. in Q and v; = . Indeed for any ¢ € D(Q), taking ¢ as test function in (1.11) for the
solutions (uj,w;) and (u1,ws), after substraction of these equalities we get

/Q(wl — wa)pdx +/Q<,0d(1/1 — 1) = 0.

/wlgodac—i-/(pdl/l:/wgapdx—i-/(pdug.
Q Q Q Q

wi LY + v = wo LN + vy,

Hence

Therefore

Since the Radon-Nikodym decomposition of a measure is unique, we get w; = ws a.e. in  and
vi=1rog

To complete the proof of Theorem 1.3, it remains to show that (1.12) and (1.13) hold. To this
aim, let us prove the following result.

Lemma 4.1 Letn € Wol’p(ﬂ), Z e MP(Q) and X € R be such that
n<Xae inQ (resp. n>N),

(4.7)
Z = —dw a(x,Vn) in D'(Q).
Then
/ &dZ >0 (4.8)
[n=A]
(resp.)
| ez<o (49)
[n=A]
for any € € C(Q), €>0.
Proof : The proof of this lemma follows the same steps of [2]. For seek of completeness, let

us give the arguments. For any n > 1, we set ¢,(r) = inf{l,(nr — n\ + 1)*} Vr € R. Since
Z e MP(Q), on(n) — X{n=\} quasi everywhere, and since Z is diffuse the convergence is also
Z-a.e. Then for any ¢ € CH(Q), € > 0, we have

¢dZ = lim /gn az
/[7”] ) &8 ()

— tim_ | a(e, Vn).Vgea(n)de

n—-+00 Q

lim en(n)a(x, Vn).Vdz.
Q

v

n—-+00
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Furthermore

/ on(malz, V). Veda
Q

< Vel / la(, Vi)l de
A—L<n<)

—0asn— +oo.

This give (4.8). The proof of (4.9) follows the same way by letting 7 = —n, A = —\, Z = —Z and

a(zx,

z) = —a(z,—2) o

Coming back to the proof of (1.12) and (1.13) , we wee that, since

v =div a(z, Vu) — wl + p,

we have

p—v—wly = —div a(x, Vu).

By Lemma 4.1, for any & € C1(Q), &€ > 0, we have

and

/ Edvt S/ fd,u—/ Ewdx
[u=M] [u=M] [u=M]

/ Edv™ 2/ §du—/ Swdzx.
[u=m] [u=m] [u=m]

The first inequality implies that

/Q cdvt < /Q edpulu = M] - /Q S

Consequently (1.12) holds. Similarly we get (1.13).
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