Well-positioned convex sets and functions
and applications

Michel Thera
LACO, UMR-CNRS 6090, University of Limoges
michel.thera@unilim.fr

Main collaborators : S. Adly, E. Ernst and C. Zalinescu

Naples, december 19 2005

UNIVERSITE

>

DE LIMOGES



Credits

m E. ERNSTand M. THERA, C. ZALINEScU, Constrained
optimization and strict convex separation, Slice-conung!
sets in reflexive Banach spaces: convex constrained
optimization and strict convex separatjalournal of
Functional Analysis, Vol 223/1 pp 179-203, 2005.

m S. ALy, E. ERNSTand M. THERA, Well-positioned closed
convex sets and well-positioned closed convex fungtions
Journal of Global Optimizatiog9 (4): 337-351, (2004).

m E. ERNSTand M. THERA, Continuous sets and non-attaining
functionals in reflexive Banach spac&ariational Analysis
and Applications, F. Giannessi and A. Maugeri, Eds, Springe
2005 In press.

p.2??



Credits

B S. ADLY, E. ERNSTand M. THERA, Stability of Non-coercive
Variational Inequalities Communications in Contemporary
Mathematics, Vol 4, 1, 145 — 160, 2002.

m S. ApLy, E. ERNsTand M. THERA, On the converse of the
Dieudonné Theorem in Reflexive Banach Spaspscial
volume, dedicated to the memory of Boris Pshenichnyi,
Cybernetics & System Analysis, No 3, 34 — 39, 2002.

m S. ADLY, E. ERNSTand M. THERA, On the closedness of the
algebraic difference of closed convex sdtsjrnal de

Mathematiques Pures et Appliquees, Volume 82, No 9, 1219 —
1249, 2003.

p.3/??



Outline

B Setting

p.4/r??



Outline

B Setting

B Some properties of the barrier cone to a convex set

p.5/??



Outline

B Setting
B Some properties of the barrier cone to a convex set

m \Well-positioned sets

p.6/??



Outline

B Setting
B Some properties of the barrier cone to a convex set

m \Well-positioned sets
®m Equivalent characterizations of W-P

p.7/??



Outline

B Setting
B Some properties of the barrier cone to a convex set

m Well-positioned sets
®m Equivalent characterizations of W-P
m Well-positioned convex functionals

p.8f??



Outline

B Setting
B Some properties of the barrier cone to a convex set

m Well-positioned sets
®m Equivalent characterizations of W-P
m Well-positioned convex functionals

m Stability of the solution set of a semi-coercive VI

p.9f??



Outline

B Setting
B Some properties of the barrier cone to a convex set

m Well-positioned sets
®m Equivalent characterizations of W-P
m Well-positioned convex functionals

m Stability of the solution set of a semi-coercive VI

m Closure of the difference of closed convex sets

p.10/2?



Outline

B Setting
B Some properties of the barrier cone to a convex set

m Well-positioned sets
®m Equivalent characterizations of W-P
m Well-positioned convex functionals

m Stability of the solution set of a semi-coercive VI
m Closure of the difference of closed convex sets

m Continuous and Slice-continuous sets

p.11/2?



Outline

B Setting
B Some properties of the barrier cone to a convex set

m Well-positioned sets
®m Equivalent characterizations of W-P
m Well-positioned convex functionals

m Stability of the solution set of a semi-coercive VI
m Closure of the difference of closed convex sets
m Continuous and Slice-continuous sets

m Separation of convex sets

p.12/??



Framework

Throughout this presentation, we suppose Xias a re-
flexive Banach space (unless otherwise stated) with con
tinuous dualX*.
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An important object: the barrier cone

Therecession cont the closed convex sétis the closed convex
coneS defined as

Sew={veX: VA>0,Vag€S, o+ v eES}.

S is calledlinearly boundedvhenevers,, = {0}.
Given a closed convex subsebf X, the domain of thesupport
functiongiven by

os(f) == sup(f, z)

reS
IS thebarrier coneof S

B(S)={fe€eX": 05(f) < +oc} = Domog.
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The closure of the barrier cone

Let C' be a closed convex set in a normed linear sp&ce

When X is reflexive: By the Bipolar Theorem,

B(C) =B(C)>”
But
B(C)* = (Cx)”.

Thus,B(C) is characterized ik * by the formula:

B(O) = (C)°.

p.15/27?



Setting: Normed linear space

Set
Cr={z € X:(f,x) > [z|}.

For every closed convex s€tof a normed linear spackg, the
following two facts are equivalent:

m B(C) = (C™)°
m C' N Cyis bounded for every € (C*)°.

When('is linearly bounded3(C) = X* ifand only if C N CY is
bounded for every € X*. The second condition defines the family
of conically boundedets which is a subclass of the class of linearly
bounded sets for which holds the property of density of threidra
cone inX"*.
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The closure of the barrier cone

We define theemperate conef C:

7()={sex it (e ) -},

r—oo \ zeC,(fx)>r T

m Asinf,cg ||z]| = oo, it follows thatB(C') C 7(C).
B The temperate cone of a closed convex set is norm-closed.
FACT [AET, PAMS, 2003] : For every closed convex s€tof a

normed linear spac&, the closure of the barrier cone is the
temperate cone.

B(C) = T(C).
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Closure of the domain of theFenchel conjugate of ¥ € I'y(X)

Take

|(z, )]l xxw = V2] + 12, V(z, ) € X xR,

as norm onX x R and

ICf )1

as dual norm oX* x R.
The duality pairing is givelW(f, A\) € X* x R, (z, ) € X x R by

<(f7 )‘)7 (IMLL»X*XR,XxR — <f7 ZC> -+ )\,LL

xoxr = VI fII2+ A% V(f,A) € X* xR
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Closure of the domain of theFenchel conjugate of ¥ € I'y(X)

Given an extended-real valued functidn X — R U {c0}, recall
that theFenchel conjugatef W is the function
U* . X* — RU {400} given by

U(f) == sup{(f,z) — ¥(z)},

reX

Obviously, the domain ob* is connected to the barrier cone
B(epi V) of the epigraph ofl through the following equivalence:

g € DomV¥™* <= (g,—1) € B(epi V).
This yields

DomWU* x {—1} = B(epi ¥) N (X* x {-1}).
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Standard technigues from convex analysis allow us to proae t

DomW* = B(epi ¥) N (X* x {—1}).

Precedent results allow us to find a new proof of the well-kmow
characterization obomW*

Let U : X — RU {400} be an extended-real valued proper convex
and lower semicontinuous functional. Thek Dom(V*) <=
the mapr — (V(z) + ¢||z]|) is bounded below for every > 0.
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Well-Positioned Sets [AET, JOGO, 2004]

The concept of well-positioned closed convex set is a gearnet
notion equivalent, in the framework of reflexive Banach gsato
the absence of lines and to weak local compactness. Thesnya&s
well-positionedness in this separation problem was astaad by
Adly et al., while sufficiency goes back to Dieudonné

A nonempty subset’ of the normed vector spacke is
well-positionedf there existzy € X andg € X* such that:

(g,x —xg) > ||z — x|, VaeCl.
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Equivalently, denoting by, .= {z € X : (g9,2) > ||z||}, thenC'is
well-positioned <= C' Is included in some translate 6f,.
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A closed convex set’ is well-positioned <— for everyy € C
there exists® > 0 such thab ¢ co(MS ), where

c _ )XY .
My’R_{\X—y\°XEC’ |X—Y\ZR}.
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Analytical characterization of W.P

A nonempty closed convex s€tof a reflexive Banach
spaceX Is well-positioned<=- the following two
assumptions are satisfied:

m (' contains no lines:

m Az, }hen C C, ||z,|| — 400, SUCHh tha‘ﬁ’inn ~ 0

When X is finite dimensional, a nonempty closed convex
set Is well-positioned—=- (', IS pointed, I.e.,
C>*nN—-C*={0}.

In particular, every compact and convex set is
well-positioned inR".
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A characterization

Let C' be a nonempty subset of a reflexive Banach spacéhe
following two conditions are equivalent:

®m The barrier cone of' has a nonempty interior;

m (C'is well-positioned.
Moreover, if Int B(C') # (), then,

Int B(C) = Int (C)°.
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Well-positioned functionals

We say that a proper convex lower semicontinuous functional
U X — RU {400} is well-positioned if the epigraph of,

epiV ={(z,\) € X xR: A >V(x)},

IS a well-positioned subset &f x R.

Let & be a proper lower semicontinuous convex function on a
reflexive Banach space. Then,

Int DomVU™* # () <= U is well — positioned.
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Well-positioned functionals

U e I'y(X) is well-positioned < if the two following
assumptions hold:

m Ker(V,) contains no lines;

B A(@)nen C Dom¥, [|z,]| — +o0, such that2= — 0 and

lzn |
We also racapture the following result :
g € Int DomW* If and only If the functionall — ¢ is coercive, I.e.,

lim inf i) — (go )

|22||— o0 |||

> 0.
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Stability of the existence of the solution for semi-coerce varia-

tional inequalities

Framework :
VIA, f,®, K):findu € KN Dom® such that

(Au— f,v—u) + ®(v) — P(u) >0, Yv € K, (1)

Assumptions :
B K Is a closed convex set in a reflexive Banach spdce
mfc X
m P cly(X)isassumed to be bounded below
B KN Dom® # ()
m A Is a semi-coercive operator from to X*

B A is pseudomonotone in the sense of Brezis.
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Stability of the existence of the solution for semi-coerce varia-

tional inequalities

Recall thatA i1s semicoercive if

(Av — Au,v —u) > k (disty(v —u))® Yu,ve X  (2)
Az +u)=A(r) Vre Xandu e U, and A(X) C U+,

for some positive constanrtand some closed subspdcéef X.
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Stability of the existence of the solution for semi-coerce varia-

tional inequalities

In other words, we characterize all datd, f, ®, K') for which there
IS some= > 0 such that the variational inequality/ (A., f., ®., K.)
has solutions for every instance involving a bounded and
semi-coercive operatot,, a linear continuous functiondl, a
proper lower semicontinuous and convex functiohathat is
bounded below, and a closed convex Ketsuch that

K. N Dom®, # (), and

|A(z) — A(z)|. <&, VoeX

Hf—sz* < €,
KCKg—l—&SBX anngCK—l—eBX,
O(x) —e <O (z) <P(x)+e, VrelX.
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Stability of the existence of the solution for semi-coerce varia-

tional inequalities

In this framework, it was proved [AET CCM, Proposition 3.hat a
sufficient and necessary condition ensuring the uniforrilgtaof
the solution set of the given variational inequality is that

f € Int DomVY*, where
mInt R(A, &, K) = Int DomV*

mRADK)=
{feX*|V.I(A,f, & K) has at least a solution}

VU (z):= k(disty(z))? + Ig(z) + D(z) Ve X.
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Analytical characterization of the stabllity of the solution set.

V.I.(A., f., ®., K.) has solutions for every sufficiently small
uniform perturbationsi,, f., ®., K., if and only if the following
three conditions hold:

(i) The setU N K, N ker($,,) contains no lines;

(ii) There is no sequende:, ).cy € K such that

/f(distU(an))fl + &(z,,)

» ) and > 0;

T
|20 ]
and

(i) (f,u) < ®oo(u), Yu € (KonU),u 0.
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Consequence

We have stabllity of the existence of a solutioe= V¥ — f Is coercive

This result relates the stabllity of the solution of a vaoaal
Inequality and the coerciveness of an associated enepgy-ty
functional.
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Closedness of the algebraic difference of two convex closedts

Another objective of this presentation is to determine, rafexive
Banach space, the broadest condition which should be addbd t
recession condition’s* N C5° = {0} in order to ensure the
closedness of the algebraic difference of two convex cles¢sl

Namely, we will characterize the claS<f those closed convex sets
C; containing no lines for which the algebraic differerice— C5 Is

closed for every closed convex sg fulfilling C° N Cs° = {0}.
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Closedness of the algebraic difference of two convex closedts:
a geometrical condition [AET JMPA 2003]

Ch el <— Cwell-positioneﬂ

Thus, the statement of the broadest setting for the Dieuglonn
Theorem In a reflexive setting is the following:

The algebraic difference of two closed convex sets comtginb
lines remains closed whenever the both following conddiare
fulfilled:

mCrNCr ={0}

m at least one of the sefs;, (5 is well-positioned.
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Closedness of the algebraic difference of two convex closedts

Observation : the algebraic difference of two closed andeoiets
may be closed even if none of the terms of the difference is
well-positioned.

The closedness of the algebraic difference is, for instagresured if

lim d(cl\T‘BX,CQ\TBX) — Q. (3)

r—00

This condition issufficientbut is obviouslynot necessary
Take

BC, ={(z,y) eR?*:2>0,y >0}
O, ={(z,y) eR?:2>0,y <0}
Ci, — Cy = {(z,y) € R?:y > 0} although relation (3) is violated.
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Closedness of the algebraic difference of two convex closedts

For closed convex sets containing no lines, there is an rapor
difference between the cases whén— C, is closed while the sets
C; and(5 fulfill condition (3) and those whet’; — (5 Is closed
while condition (3) is not verified.

Let us first remark that if condition (3) is fulfilled by two ded
convex setg’; and(Cs, then it is also verified by any two uniform
perturbations”; . andC; . of C; and(C%, that is closed convex sets
fulfilling

Ci. C C1+eBx,C1 C Ch+eBx, Oy C Co+eBx,Cy C Oy +eBx.
(4)
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Closedness of the algebraic difference of two convex closedts

Consequently, the algebraic difference. — Cs . Is closed and there-
fore relation (3) ensures not only the closure of the algebrdferdl
ence of the Initial sets, but also the closure of the algeluidfierence

of any small uniform perturbations of the initial sets.
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Closedness of the algebraic difference of two convex closedts

The closedness of the algebraic differenceristablewith respect to
small uniform perturbations of the initial sets when comaht(3) is
violated.

More precisely, [AET, IMPA, 2003} the algebraic difference of two
closed convex setg,; and(C; containing no lines is a closed proper
subset of a reflexive Banach spa¥eand if condition (3) is violated,
then, for everye > 0 there areC’; . andC, ., two uniform perturba-

tions of C; andC; such that”; . — (. is not a closed set.
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Closedness of the algebraic difference of two convex closedts

Condition (3), although only a sufficient condition when timere

closedness of the algebraic difference Is requested, trh$o be

both sufficient and necessary, if we are seeking on stab

e diess.
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Slice-continuous sets

The last part of the lecture will be devoted to the class of
slice-continuousets.

This class extends the conceptoointinuoussets introduced by Gale
and Klee (see also Auslender and Coutat), i.e. closed caatsx
such that their support functional

oc: X" — R

IS continuous onX™* \ {0}.

A nonempty closed convex seaisis slice-continuous 1€ N L Is
continuous with respect to every closed linear manifoMhich
meetsC'.

This class coincides with the classwegll-positioned closed convex
sets with no boundary rays and no asymptotes
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Asymptote

Let C' be a nonempty, closed convex subset of the normed vector
spaceX. We say that the half-lind := yy + R w (with yg, w € X
and||w|| = 1) is anasymptoteof C', and thatw is anasymptotic
directionof C, if ANIntC' = () andgap(A \ 7By, C) = 0 for every
r > 0.

Lemma A

Let X be a Banach space ande X with ||w| = 1. The following
two statements are equivalent:

(a) w IS an asymptotic direction af’;

(b) w € C* and the half-lineB := z; + R w Is disjoint from(C' for

somezy € X.
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A characterization

Proposition (@)

Let C' be a nonempty proper closed convex subset ofl he
following statements are equivalent:

m ('Is slice-continuous;

m (' is continuous and has no asymptotes;

B (' has no asymptotic linear manifolds;

m (' is well-positioned and admits no asymptotes;

m for every closed linear manifolfi which meetg”', the barrier
cone ofC' N L is the union betweel (L)* and a nonempty
norm-open set.
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Observation

In a Banach spac#&, the following are equivalent:

f € T'y(X) is norm — continuous at x € X
<
r € (X \ Dom h) U Int(Domh).
Apply this remark tare : X* — R U {400} to derive

(' 1s continuous

<~

B(C) = {0} UTnt(B(C)).
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Known

We recall that

® in R”, a nonempty closed convex set can be strictly separated
from any other disjoint nonempty closed convex set if ang onl
If it IS continuous.

m on the basis of the results from [AC] and [GK], it can be
established that a non-constant, real-valued, convexiamc
attains its infimum on every nonempty closed convex subset of
R™ if and only if the function attains its infimum dR” and all
Its level sets are continuous.
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Theorem (x) ETZ, JFA, 2005

We will conclude the presentation by the following result:

Let® : X — R be a non-constant, convex and continuous function
which attains its infimum on a reflexive Banach spacelhen the
following statements are equivalent:

B ® attains its infimum on each nonempty closed convex subset
of X;

B every nonempty level set df is a slice-continuous set.
Finally, we want to point out that the same condition chamazes
the class of nonempty closed and convex sets which may lo#ystri

separated by a closed hyperplane from any disjoint noneoig$gd
convex set.
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Strict separation of convex sets

We use the last Theorem to characterize all the nonemptgdiasd
convex subset§’ of a reflexive Banach spaceé which can be

strictly separated from every disjoint nonempty closed @mul/ex
setD, I.e,

1f € X* s.t. sup (f, x) <yiglf)<f,y>.

xzel

Indeed, it is well known that two nonempty closed and conuissts

C'andD of X can be strictly separated—- gap(C, D) > 0.
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For every nonempty closed and convex suldsef the reflexive
Banach spacg, setd. : X — R for the real-valued function

defined by
o(r) = inf ||y — 2|, VreX.
yelC

It Is straightforward to prove thak. is convex and continuous, and
that its level sets satisfy

y

0 if m <O,
\C’—I—mIB%X if m>0.

Cm:<

Let us also remark thatp(C, D) = inf,.cp Pc(x).
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Lemma (xx)

The following result allows us to use our Main Theorem in dew
whether the nonempty closed and convex(senay be strictly
separated from every disjoint nonempty closed and conuek se

Let C' be a nonempty closed and convex subset of a reflexive Banacl
spaceX. The two following assertions are equivalent:

m For every nonempty closed and convex suligeff X such
thatC' N D = () one has thagap(C, D) > 0;

® The function®, attains its infimum on every nonempty closed
and convex subset of .
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Theorem ETZ, JFA, 2005

Proposition (@), Theorem) and Lemma£x) allow us to claim:

Let C' be a nonempty closed and convex proper subset of a reflexive
Banach spac&’. The two following assertions are equivalent:

m (' can be strictly separated from every disjoint nonempty
closed and convex subset &f;

m (' iIs a slice-continuous set.
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Sketch of the proof

Lemma {x) implies that(a) holds <— & attains its infimum on

every nonempty closed and convex subsekof

From Theorem¥), (a) holds <— C + rBx Is a slice-continuous
set for everyr > 0.

The proof will be achieved if we show that for each slice-amnus
setC' and eachr > 0, the sets” + rBx are slice-continuous.
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Sketch of the proof

Assume that”' is a slice-continuous set.
It is obvious that3(C' + rBx) = B(C') for everyr > 0.
We know thatC' is well-positioned < Int B(C') # 0.

SoC + rBx Is well-positioned for every > 0.
Assume thatU + rBx has asymptotes for some> 0.

Then, by Lemma A, there exist € (C + rBx)> = C* with
|w|| = 1andzy € X such thatB := z; + R w is disjoint from
C + T]Bx.

It follows that B andC' are disjoint, and so, using again Lemma A,
C' has asymptotes, a contradiction
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Thank You!

Control, Optimisation
and Caleulus of Variations

Cmrtohim Cgtaiossinn 0% (v e Bocgh mia
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