
Well-positioned convex sets and functions
and applications

Michel Théra
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Framework

Throughout this presentation, we suppose thatX is a re-

flexive Banach space (unless otherwise stated) with con-

tinuous dualX∗.
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An important object: the barrier cone

Therecession coneto the closed convex setS is the closed convex

coneS∞ defined as

S∞ = {v ∈ X : ∀λ > 0, ∀x0 ∈ S, x0 + λv ∈ S} .

S is calledlinearly boundedwheneverS∞ = {0}.

Given a closed convex subsetS of X, the domain of thesupport

functiongiven by

σS(f) := sup
x∈S

〈f, x〉

is thebarrier coneof S:

B(S) = {f ∈ X∗ : σS(f) < +∞} = Dom σS.
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The closure of the barrier cone

Let C be a closed convex set in a normed linear spaceX.

When X is reflexive: By the Bipolar Theorem,

B(C) = B(C)◦◦

But

B(C)◦◦ = (C∞)◦.

Thus,B(C) is characterized inX∗ by the formula:

B(C) = (C∞)◦.
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Setting: Normed linear space

Set

Cf = {x ∈ X : 〈f, x〉 ≥ ‖x‖} .

For every closed convex setC of a normed linear spaceX, the

following two facts are equivalent:

B(C) = (C∞)◦;

C ∩ Cf is bounded for everyf ∈ (C∞)◦.

WhenC is linearly boundedB(C) = X∗ if and only if C ∩ Cf is
bounded for everyf ∈ X∗. The second condition defines the family
of conically boundedsets which is a subclass of the class of linearly
bounded sets for which holds the property of density of the barrier
cone inX∗.
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The closure of the barrier cone

We define thetemperate coneof C:

T (C) =

{

f ∈ X∗ : lim
r→∞

(

inf
x∈C,〈f,x〉≥r

‖x‖

r

)

= ∞

}

.

As infx∈∅ ‖x‖ = ∞, it follows thatB(C) ⊆ T (C).

The temperate cone of a closed convex set is norm-closed.

FACT [AET, PAMS, 2003] : For every closed convex setC of a

normed linear spaceX, the closure of the barrier cone is the

temperate cone.

B(C) = T (C).
p.17/??



Closure of the domain of theFenchel conjugate of Ψ ∈ Γ0(X)

Take

‖(x, µ)‖X×R :=
√

‖x‖2 + µ2, ∀(x, µ) ∈ X × R,

as norm onX × R and

‖(f, λ)‖X∗×R :=
√

‖f‖2
∗ + λ2, ∀(f, λ) ∈ X∗ × R

as dual norm onX∗ × R.

The duality pairing is given∀(f, λ) ∈ X∗ × R, (x, µ) ∈ X × R by

〈(f, λ), (x, µ)〉X∗×R,X×R
= 〈f, x〉 + λµ
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Closure of the domain of theFenchel conjugate of Ψ ∈ Γ0(X)

Given an extended-real valued functionΨ : X → R ∪ {∞}, recall

that theFenchel conjugateof Ψ is the function

Ψ∗ : X∗ → R ∪ {+∞} given by

Ψ∗(f) := sup
x∈X

{〈f, x〉 − Ψ(x)}.

Obviously, the domain ofΨ∗ is connected to the barrier cone

B(epi Ψ) of the epigraph ofΨ through the following equivalence:

g ∈ DomΨ∗ ⇐⇒ (g,−1) ∈ B(epi Ψ).

This yields

DomΨ∗ × {−1} = B(epi Ψ) ∩
(

X∗ × {−1}
)

.
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Standard techniques from convex analysis allow us to prove that

DomΨ∗ = B(epi Ψ) ∩ (X∗ × {−1}).

Precedent results allow us to find a new proof of the well-known

characterization ofDomΨ∗

Let Ψ : X → R ∪ {+∞} be an extended-real valued proper convex

and lower semicontinuous functional. Then0 ∈ Dom(Ψ∗) ⇐⇒

the mapx 7→ (Ψ(x) + ε‖x‖) is bounded below for everyε > 0.
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Well-Positioned Sets [AET, JOGO, 2004]

The concept of well-positioned closed convex set is a geometric

notion equivalent, in the framework of reflexive Banach spaces, to

the absence of lines and to weak local compactness. The necessity of

well-positionedness in this separation problem was established by

Adly et al., while sufficiency goes back to Dieudonné

A nonempty subsetC of the normed vector spaceX is

well-positionedif there existx0 ∈ X andg ∈ X∗ such that:

〈g, x − x0〉 ≥ ‖x − x0‖, ∀x ∈ C.
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Equivalently, denoting byCg := {x ∈ X : 〈g, x〉 ≥ ‖x‖}, thenC is
well-positioned⇐⇒ C is included in some translate ofCg.

x 0

g
1

g
1

g
2

Cg
2

C

C
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A closed convex setC is well-positioned ⇐⇒ for everyy ∈ C

there existsR > 0 such that0 /∈ co(MC
y,R), where

MC
y,R =

{

x − y

|x − y|
: x ∈ C, |x − y| ≥ R

}

.
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Analytical characterization of W.P

A nonempty closed convex setC of a reflexive Banach
spaceX is well-positioned⇐⇒ the following two
assumptions are satisfied:

C contains no lines;

6 ∃{xn}n∈N ⊂ C, ‖xn‖ → +∞, such that xn

‖xn‖
⇀ 0

WhenX is finite dimensional, a nonempty closed convex
set is well-positioned⇐⇒ C∞ is pointed, i.e.,
C∞ ∩ −C∞ = {0}.

In particular, every compact and convex set is
well-positioned inRn.
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A characterization

Let C be a nonempty subset of a reflexive Banach spaceX. The

following two conditions are equivalent:

The barrier cone ofC has a nonempty interior;

C is well-positioned.

Moreover, if Int B(C) 6= ∅, then,

Int B(C) = Int (C∞)◦.
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Well-positioned functionals

We say that a proper convex lower semicontinuous functional

Ψ : X → R ∪ {+∞} is well-positioned if the epigraph ofΨ,

epi Ψ = {(x, λ) ∈ X × R : λ ≥ Ψ(x)},

is a well-positioned subset ofX × R.

Let Ψ be a proper lower semicontinuous convex function on a

reflexive Banach space. Then,

Int DomΨ∗ 6= ∅ ⇐⇒ Ψ is well − positioned.
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Well-positioned functionals

Ψ ∈ Γ0(X) is well-positioned ⇐⇒ if the two following

assumptions hold:

Ker(Ψ∞) contains no lines;

6 ∃(xn)n∈N ⊂ DomΨ, ‖xn‖ → +∞, such that xn

‖xn‖
⇀ 0 and

Ψ(xn)
‖xn‖

→ 0.

We also racapture the following result :

g ∈ Int DomΨ∗ if and only if the functionalΨ − g is coercive, i.e.,

lim inf
‖x‖→+∞

Ψ(x) − 〈g, x〉

‖x‖
> 0.
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Stability of the existence of the solution for semi-coercive varia-

tional inequalities

Framework :
V I(A, f,Φ,K) : find u ∈ K ∩ DomΦ such that

〈Au − f, v − u〉 + Φ(v) − Φ(u) ≥ 0, ∀v ∈ K, (1)

Assumptions :

K is a closed convex set in a reflexive Banach spaceX

f ∈ X∗

Φ ∈ Γ0(X) is assumed to be bounded below

K ∩ DomΦ 6= ∅

A is a semi-coercive operator fromX to X∗

A is pseudomonotone in the sense of Brezis.
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Stability of the existence of the solution for semi-coercive varia-

tional inequalities

Recall thatA is semicoercive if

〈Av − Au, v − u〉 ≥ κ (distU(v − u))2 ∀u, v ∈ X (2)

A(x + u) = A(x) ∀x ∈ X and u ∈ U, and A(X) ⊆ U⊥,

for some positive constantκ and some closed subspaceU of X.
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Stability of the existence of the solution for semi-coercive varia-

tional inequalities

In other words, we characterize all data(A, f,Φ,K) for which there

is someε > 0 such that the variational inequalityV I(Aε, fε,Φε,Kε)

has solutions for every instance involving a bounded and

semi-coercive operatorAε, a linear continuous functionalfε, a

proper lower semicontinuous and convex functionalΦε that is

bounded below, and a closed convex setKε such that

Kε ∩ DomΦε 6= ∅, and

‖A(x) − Aε(x)‖∗ < ε, ∀x ∈ X

‖f − fε‖∗ < ε,

K ⊂ Kε + εBX and Kε ⊂ K + εBX ,

Φ(x) − ε ≤ Φε(x) ≤ Φ(x) + ε, ∀x ∈ X.
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Stability of the existence of the solution for semi-coercive varia-

tional inequalities

In this framework, it was proved [AET CCM, Proposition 3.1] that a

sufficient and necessary condition ensuring the uniform stability of

the solution set of the given variational inequality is that

f ∈ Int DomΨ∗, where

Int R(A,Φ,K) = Int DomΨ∗

R(A,Φ,K) =

{f ∈ X∗ | V.I.(A, f,Φ,K) has at least a solution}

Ψ(x) := κ(distU(x))2 + IK(x) + Φ(x) ∀x ∈ X.
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Analytical characterization of the stability of the solution set.

V.I.(Aε, fε,Φε,Kε) has solutions for every sufficiently small

uniform perturbationsAε, fε,Φε,Kε, if and only if the following

three conditions hold:

(i) The setU ∩ K∞ ∩ ker(Φ∞) contains no lines;

(ii) There is no sequence(xn)n∈N ∈ K such that

xn

‖xn‖
⇀ 0 and

κ(distU(xn))2 + Φ(xn)
‖xn‖

→ 0;

and

(iii) 〈f, u〉 < Φ∞(u), ∀u ∈ (K∞ ∩ U), u 6= 0.
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Consequence

We have stability of the existence of a solution⇐⇒ Ψ − f is coercive.

This result relates the stability of the solution of a variational

inequality and the coerciveness of an associated energy-type

functional.

p.34/??



Closedness of the algebraic difference of two convex closedsets

Another objective of this presentation is to determine, in areflexive

Banach space, the broadest condition which should be added to the

recession conditionC∞
1 ∩ C∞

2 = {0} in order to ensure the

closedness of the algebraic difference of two convex closedsets.

Namely, we will characterize the classC of those closed convex sets

C1 containing no lines for which the algebraic differenceC1 − C2 is

closed for every closed convex setC2 fulfilling C∞
1 ∩ C∞

2 = {0}.
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Closedness of the algebraic difference of two convex closedsets:

a geometrical condition [AET JMPA 2003]

C1 ∈ C ⇐⇒ C well-positioned

Thus, the statement of the broadest setting for the Dieudonné

Theorem in a reflexive setting is the following:

The algebraic difference of two closed convex sets containing no

lines remains closed whenever the both following conditions are

fulfilled:

C∞
1 ∩ C∞

2 = {0}

at least one of the setsC1, C2 is well-positioned.
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Closedness of the algebraic difference of two convex closedsets

Observation : the algebraic difference of two closed and convex sets

may be closed even if none of the terms of the difference is

well-positioned.

The closedness of the algebraic difference is, for instance, ensured if

lim
r→∞

d(C1 \ rBX , C2 \ rBX) = ∞. (3)

This condition issufficientbut is obviouslynot necessary.

Take

C1 = {(x, y) ∈ R
2 : x ≥ 0, y ≥ 0}

C2 = {(x, y) ∈ R
2 : x ≥ 0, y ≤ 0}

C1 − C2 = {(x, y) ∈ R
2 : y ≥ 0} although relation (3) is violated.
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Closedness of the algebraic difference of two convex closedsets

For closed convex sets containing no lines, there is an important

difference between the cases whenC1 − C2 is closed while the sets

C1 andC2 fulfill condition (3) and those whenC1 − C2 is closed

while condition (3) is not verified.

Let us first remark that if condition (3) is fulfilled by two closed

convex setsC1 andC2, then it is also verified by any two uniform

perturbationsC1,ε andC2,ε of C1 andC2, that is closed convex sets

fulfilling

C1,ε ⊆ C1+εBX , C1 ⊆ C1,ε+εBX , C2,ε ⊆ C2+εBX , C2 ⊆ C2,ε+εBX .

(4)
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Closedness of the algebraic difference of two convex closedsets

Consequently, the algebraic differenceC1,ε−C2,ε is closed and there-

fore relation (3) ensures not only the closure of the algebraic differ-

ence of the initial sets, but also the closure of the algebraic difference

of any small uniform perturbations of the initial sets.
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Closedness of the algebraic difference of two convex closedsets

The closedness of the algebraic difference isunstablewith respect to

small uniform perturbations of the initial sets when condition (3) is

violated.

More precisely, [AET, JMPA, 2003]if the algebraic difference of two

closed convex sets,C1 andC2 containing no lines is a closed proper

subset of a reflexive Banach spaceX and if condition (3) is violated,

then, for everyε > 0 there areC1,ε andC2,ε, two uniform perturba-

tions ofC1 andC2 such thatC1,ε − C2,ε is not a closed set.
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Closedness of the algebraic difference of two convex closedsets

Condition (3), although only a sufficient condition when themere

closedness of the algebraic difference is requested, turnsout to be

both sufficient and necessary, if we are seeking on stable closedness.
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Slice-continuous sets

The last part of the lecture will be devoted to the class of

slice-continuoussets.

This class extends the concept ofcontinuoussets introduced by Gale

and Klee (see also Auslender and Coutat), i.e. closed convexsets

such that their support functional

σC : X∗ → R

is continuous onX∗ \ {0}.

A nonempty closed convex setsC is slice-continuous ifC ∩ L is

continuous with respect to every closed linear manifoldL which

meetsC.

This class coincides with the class ofwell-positioned closed convex

sets with no boundary rays and no asymptotes.
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Asymptote

Let C be a nonempty, closed convex subset of the normed vector

spaceX. We say that the half-lineA := y0 + R+w (with y0, w ∈ X

and‖w‖ = 1) is anasymptoteof C, and thatw is anasymptotic

directionof C, if A ∩ Int C = ∅ andgap(A \ rBX , C) = 0 for every

r ≥ 0.

Lemma A

Let X be a Banach space andw ∈ X with ‖w‖ = 1. The following

two statements are equivalent:

(a)w is an asymptotic direction ofC;

(b) w ∈ C∞ and the half-lineB := z0 + R+w is disjoint fromC for

somez0 ∈ X.
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A characterization

Proposition (@)

Let C be a nonempty proper closed convex subset ofX. The

following statements are equivalent:

C is slice-continuous;

C is continuous and has no asymptotes;

C has no asymptotic linear manifolds;

C is well-positioned and admits no asymptotes;

for every closed linear manifoldL which meetsC, the barrier

cone ofC ∩ L is the union betweenV (L)⊥ and a nonempty

norm-open set.
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Observation

In a Banach spaceX, the following are equivalent:

f ∈ Γ0(X) is norm − continuous at x ∈ X

⇐⇒

x ∈ (X \ Dom h) ∪ Int(Domh).

Apply this remark toσC : X∗ → R ∪ {+∞} to derive

C is continuous

⇐⇒

B(C) = {0} ∪ Int(B(C)).
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Known

We recall that

in R
n, a nonempty closed convex set can be strictly separated

from any other disjoint nonempty closed convex set if and only

if it is continuous.

on the basis of the results from [AC] and [GK], it can be

established that a non-constant, real-valued, convex function

attains its infimum on every nonempty closed convex subset of

R
n if and only if the function attains its infimum onRn and all

its level sets are continuous.
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Theorem (?) ETZ, JFA, 2005

We will conclude the presentation by the following result:

Let Φ : X → R be a non-constant, convex and continuous function

which attains its infimum on a reflexive Banach spaceX. Then the

following statements are equivalent:

Φ attains its infimum on each nonempty closed convex subset

of X;

every nonempty level set ofΦ is a slice-continuous set.

Finally, we want to point out that the same condition characterizes

the class of nonempty closed and convex sets which may be strictly

separated by a closed hyperplane from any disjoint nonemptyclosed

convex set.

p.47/??



Strict separation of convex sets

We use the last Theorem to characterize all the nonempty closed and

convex subsetsC of a reflexive Banach spaceX which can be

strictly separated from every disjoint nonempty closed andconvex

setD, i.e.,

∃f ∈ X∗ s.t. sup
x∈C

〈f, x〉 < inf
y∈D

〈f, y〉 .

Indeed, it is well known that two nonempty closed and convex subsets

C andD of X can be strictly separated⇐⇒ gap(C,D) > 0.
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For every nonempty closed and convex subsetC of the reflexive

Banach spaceX, setΦC : X → R for the real-valued function

defined by

ΦC(x) = inf
y∈C

‖y − x‖, ∀x ∈ X.

It is straightforward to prove thatΦC is convex and continuous, and

that its level sets satisfy

Cm =







∅ if m < 0,

C + mBX if m ≥ 0.

Let us also remark thatgap(C,D) = infx∈D ΦC(x).
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Lemma (??)

The following result allows us to use our Main Theorem in deciding

whether the nonempty closed and convex setC may be strictly

separated from every disjoint nonempty closed and convex set D.

Let C be a nonempty closed and convex subset of a reflexive Banach

spaceX. The two following assertions are equivalent:

For every nonempty closed and convex subsetD of X such

thatC ∩ D = ∅ one has thatgap(C,D) > 0;

The functionΦC attains its infimum on every nonempty closed

and convex subset ofX.
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Theorem ETZ, JFA, 2005

Proposition (@), Theorem (?) and Lemma (??) allow us to claim:

Let C be a nonempty closed and convex proper subset of a reflexive

Banach spaceX. The two following assertions are equivalent:

C can be strictly separated from every disjoint nonempty

closed and convex subset ofX;

C is a slice-continuous set.
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Sketch of the proof

Lemma (??) implies that(a) holds ⇐⇒ ΦC attains its infimum on

every nonempty closed and convex subset ofX.

From Theorem (?), (a) holds ⇐⇒ C + rBX is a slice-continuous

set for everyr ≥ 0.

The proof will be achieved if we show that for each slice-continuous
setC and eachr ≥ 0, the setsC + rBX are slice-continuous.
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Sketch of the proof

Assume thatC is a slice-continuous set.

It is obvious thatB(C + rBX) = B(C) for everyr ≥ 0.

We know thatC is well-positioned ⇐⇒ IntB(C) 6= ∅.

SoC + rBX is well-positioned for everyr ≥ 0.

Assume thatC + rBX has asymptotes for somer ≥ 0.

Then, by Lemma A, there existw ∈ (C + rBX)∞ = C∞ with

‖w‖ = 1 andz0 ∈ X such thatB := z0 + R+w is disjoint from

C + rBX .

It follows thatB andC are disjoint, and so, using again Lemma A,

C has asymptotes, a contradiction
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Thank You!
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