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Setting

Let QO ¢ RY be open and lef) : Q — RY*Y be measurable with
Q(x) symmetric and positive semidefinite a.e.fonln physics, for
instance, we are often faced to minimize ovet H;((2) , the
extended-real-valued functional H;(Q2) — R U {+oc} given by

+00 otherwise.

o(u) = {%fQ Vu(z)'Q(z)Vu(z)dx if Vu(-)'Q(-)Vu(-) € L'(Q),

Therefore, we are equivalently interested in solving tloduision

dg(u) > 0
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[Important to find an explicit expression foy )

Set/, for the convex and lower semicontinuous function on
L?(Q); H) defined by

(fQ flw,u(w))dw if f(-,u(-)) € L'(Q)

Ir(u) = < .
+00 otherwise

\

f for the mapping given by (z,v) = 207 Q(x)v
andV : H;(Q) — L?(Q; RY), for the continuous linear map defined
by Vu = {241V

ox;

We can expresg in the composite forng = /V.
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When a gualification condition holds

In cases where the constraint qualification
0 € Int(rge A — Dom f)
holds, e.g. when
Q(z) € L®(Q;RY*Y),

Then,
Dom I; = L*(; RY),

the classical chain rule gives:
Dom g = {u € Hy(Q) | Q(-)Vu(-) € L* (4 R"Y) }
0g(u) = —=div|Q(-)Vu(-)].
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Without any qualification condition,
what to do?

When the constraint qualification does not hold, the classibain
rule for subdifferentials of composite convex functionsloager ap-
ply. However, it may still be possible to find the right exmies for

dg through the computation of the so-calleariational composition
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The Main result

This is demonstrated in the following result tladows singular
coefficients Recall, that the dual off; (€2) coincides with the space
H~1(Q) of distributions, and that the divergence is defined (in the
distribution sense) for any distribution.

Main Theorem @ Let (2 bebounded, o > 0, and let

Q € L'(Q;RY*N) besuchthat (v, Q(x)v) > alv|? for all v € R™
and for a.e. z € Q. Then for each u* € H!(Q), thereexistsa

u € H () such that

—div|Q(-)u(-)] = v
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Objective of the talk

B To propose a regularized notion of a composition of a
monotone operator with a linear mapping.

®m This new concept, called the variational composition, can b
shown to be maximal monotone in many cases where the usua
composition Is not.

® The two notions coincide, however, whenever the latter is
maximal monotone.

The utility of the variational composition is demonstratedby

m applications to subdifferential calculus
m theory of measurable multifunctions

m elliptic PDEs on divergence form 916



Notations and Definitions

U and X will be real reflexive Banach spaces antland X*
A set-valued mappin@ : U = U* is calledmonotone If

uy; € T(uy), us € T(ug) = (U — g, u; — usy) > 0,

If a monotone mapping cannot be properly extended to another
monotone mapping fror®y to U*, it is calledmaximal monotone.
An important example is the subdifferential

Of(u)={u* € U" | f(v) > f(u)+ (u",v—u) Yo e U}

of a convex functiory : U — R U {4oc}.
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Duality mapping- Yosida regularization

Ju : U = U*, givenbyJy = 0z ||u|*, ue U;
Ju(u) = {u* € U : (u,u") = [|ul]® = [[u*|*}, u € U.

T —mm,\ > 0, theYosida regularizatiowf order\ > 0

T\ = (T +MJ;H)™!

defined on all/, singled-valued, mm, continuous ;
X-Hilbert: T\ = (1/X\)(I — J}') where

Ji =T+ A)~"

IS the resolvent of ordex of T'; I—identity.
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As usual, the following Minty-Rockafellar criterion for mianal
monotonicity will be crucial.

The Minty-Rockafellar Theorem

A monotone mappin@ : U = U* is maximal if and only if for every
A > 0, rge(T + AJy) = U*. In this case the inversd + A\ Jy) ! is
a single-valued maximal monotone operator which is normdakv

continuous.
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It follows from this and the properties of the chosen nornad, ti 7’
IS maximal monotone, then for any> 0, the Yosida regularization

T=(T"+ ;")

of T'Is single-valued, strongly continuous and maximal moneton
with Dom T\ = U (see for example Attouch).
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The following Is well-known :

Let’]" be maximal monotone.

(@) We hava:* € rge T if and only if the family{u, | A > 0} of
solutions to
T(u) + ANy(u) > u*
remains bounded as\.0. When this happens,

|uall < ||u|| VA > 0, andu, — @ strongly as\\.0, whereu is
the minimum norm solution df' (u) > u*.

(b) We haveu € Dom T if and only if the family{T\(u) | A > 0}
remains bounded as\.0. When this happens,
| (w)|| < ||u*|| andTy(u) — u* strongly as\\.0, whereu* is
the minimum norm element &f (u).
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Let A : X — U be linear and continuous with adjoint
AU — X7,

The composite mapping*T'A : X = X*, given by
A*TA(z) .= U{A*u* |u* € T(Ax)}, IS monotone.
Examples: partial differential equations in divergenaerfo

contains the pointwise sum of two or more operators as aalpeci
case.

Without further conditionsA*T' A may fail to be maximal
monotone

see Rockafellar and Wets 98, Robinson 99 and Pennanen O0Gffor s

ficient conditions.
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Penot - 2005 -

R, (coDomT — R(A)) =U = A*T'Ais mm

R, (coDomT —coDomT)=U = S+ T ismm
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General Idea

It Is then a natural idea to try to approximatél’' A by something
which is guaranteed to be maximal monotone.

A good candidate is1*7) A, whereT), Is the Yosida regularization of
T with parameten > 0.

(after renorming of the space, if necessary)s a monotone
continuous mapping

the same is then true of*7T) A, which guarantees the maximality.

If one now takes the limit ofA* 7\ A asA\.0, in the sense of
graphical convergence, it turns out that one obtains sangethat is

more likely to be maximal monotone than the pointwise contmrs
A*T A.
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This limit mapping, denoted hefel*T'A),,, (to be given a more
precisely later on) is what we call tivariational composition of A
andT'.

The purpose of this talk is to study the relation betwdéi’ A and
(A*TA),, to give sufficient conditions for maximality ofA*T'A),,
and to give applications of this new concept.
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Note that if7; and’; are set-valued mappings fromto X*, their
pointwise sum can be expressed in the composite fdtiMA, by
defininglU = X x X, Az = (z,z), and

T(x1,22) =T1(z1) X T3(xs). INndeed, then

A (2, 15) = oy + 25

and so
A*TA(x) = Ti(z) + T (x).

This fact will allow us to draw connections between the \tsoraal
composition and the variational sum.

p.19/16



Grapn-convergence (In tne sense ol
Painleve-Kuratowski)

{C)\ U= U*})\>0 mm,

m g-liminf,\ , C) = {(u,u") : VA, \0,
A(wp, ut) — (u, ™) with v’ € Cy (u,)}.

m g-limsup,\ o Oy = {(u,u*) : I N0, (up, uy;) —
(u, w*) with w), € C) (uy,)}.

m [f g-liminf,\ o C\ = g-limsup,~ o C\, we say that
{C)}>0 graph-converges ;

the limit is denoted by-lim,\_, C).
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Properties

m g-liminf, \ , C) IS monotone;

m f C'Is mm,g-lim,\ o C)\ = C'If and only if
g-liminf,\ o C)\ D C

m |f C'Is mm,g-lim,\ o C) = C'If and only if

lim (G + Jy) ™ () = (C 4 Jy) ™ (w)vu” € U,
0

(Attouch)
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Variational composition

Ae L(X,U), T :U = U* max-monotone..

Thevariational composition (A*T'A), : X = X* of A andT is the
mapping

(A*T'A), = g-liminf A*T) A.
ANO0

Proposition.
m(A*TA), is monotone ;
m(A*TA), = g-lim A*T)\A, if (A*T'A), is maximal ;
® Dom(A*T'A) C Dom(A*TA), ;
mif (A*T'A), estmm, thetA*T A C (A*TA),.
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Comparison with the variational sum

T, 7? maximal monotone itX ; the variational sum (Attouch,
Baillon et Théra):

(T + T?) := g-liminfy ,\ o /\WEO(Ti + Ti)
LetU = X x X, Az = (z,z) and
T(SIZ’l)SIZ'z) = Tl(ilj'l) X TQ(I’Q). Then,

(A*TA), = g-liminf (T} + T%),
AN0
Then,
T 4 T° C (A'TA),.

In particular,
(ATA), =T+ T%,if T* + T?is mm.
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Comparison with the pointwise composi-
tion

Theorem. If the operatord*T' A (the closure InX x X*) is maximal
monotone, then

(A*TA), = A*TA.

Corollary. If A*T'A is maximal monotone, we have
(A*T'A), = A*T A.

and(A*TA), = A*TA = g-lim,~\_, A*T)\A.
Corollary. If 7", ..., T™ maxial monotone frond to X*. If the
operator]™ + - - - + T™is maximal monotone, then

g-lim(Ty +---+T¢) =T + ... +T™,
A N0
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Considering subdifferentials

f:€eTy(U); A: X — U linear continuous;
For foA we have

0(foA) D A*OfA,
equality holds under a qualification assumption
0 € Int(A(X) — Dom f)

Theorem. Let A : X — U linear and continuous anficonvex, Isc
and proper .
If A(X) N Dom f # (), then

O(feA) = (A"0fA)y.

(Analogous results : Hiriart-Urruty-Phelps, loffe, Penbtibault,
R -Théra. ) p.25/16



Measurability of composite mappings

(2 denotes a measurable space, and all the other spaces aabsepa
Hilbert spaces.

Given a family of set-valued mapping%'(w) : H = H} cq, We
define the mapping,[T] : L*(Q; H) = L*(Q2; H) (the canonical
extension ofl") by

Lo[T)(v) = {v* € L* (G H) | v*(w) € T(w)(v(w)) a.e.orfd } .

A set-valued mapping : {2 = H is measurable if for any open
C C H, the set

SHC)={weQ | SW)NC#D}

IS measurable.
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Measurability of set-valued mappings has been studieahsixey
by many authors; see for example Castaing and Valadierugltto
Rockafellar, Rockafellar and Wets.

Let {T(w) },ecn be a measurable family of maximal monotone
mappings ord. Then,L,|T'| is maximal monotone provided

The above result is closely related to the theory of convernab
iIntegrands .
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A function f on(2 x H Is said to be &onvex normal
integrand if the mapping w — epi f(w, -) ismeasurable
with closed and convex values. If f Isa convex normal
Integrand, then the integral functional

I(u) = {{rgoé(w,u(w))dw if f(-,u(-)) € LY(Q)

otherwise

1S a convex and lower semicontinuous function on
LA(Q; H).
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Attouch’s Theorem

f is a normal integrand if and only {f0 f (w, -) },cq IS @
measurable family of maximal monotone mappings on
H, and there Is a measurable function{) — H such
that f(-, u(-)) is measurable.

The formula

(©) Olf = Lo[0f]

IS valid for any convex normal integrand provided
Dom L5[0f] # 0.
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TheoremLet (€2, 1) be a positiver-finite complete measure space,
let {T(w)}.cq be a measurable family of max-monotone mappings
onU, and letA : ) x X — U be a Carathéodory mapping with
A(w) € L(X,U) for everyw € (.

m |f the mappingA(w)*T (w)A(w) is maximal monotone a.e. on
(2, then{ A(w)*T'(w)A(w) },ecq IS @ measurable family.

mIf T(w) =0f(w,-) for a convex normal integrant] and
rge A(w) N Dom f(w,-) # 0 a.e. onf?, then

0(f(w,)eA(w)) fuea

IS a measurable family, anflw, -)cA(w) is a convex normal
Integrand.
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CaselU = X x X

T(w)(z1,22) = Ti(w)(z1) X To(w)(z2)

and

A(w)(z) = (z,7)

We recover the following result due to Attouch:

Attouch Theorem : Let ({2, 1) be a positives-finite complete mea-
sure space, and |&t (w) and7;(w) be measurable families of max-
imal monotone mappings dn. If for everyw the mappingli(w) +
T>(w) is maximal monotone, then the famif{/’ (w) + To(w) }oeq IS

measurable. 0.31116



Application to PDE’s In divergence form

() ¢ RY—nonempty open sef) : Q) — RY*N
measurable,witld)(x) symmetric and positive
semi-definite a.e. iIf). We consider

g: H}(Q) — RU {+o0}

f 2 o Vu(2)Q(z)Vu(z)dx  if VuQVu € L'(Q),

+00 otherwise

g(u) =

N

(Minimize g in H}(Q))

or

{Solveag(u) > O.J
determinedq!.




g:]fov

where
V: Hy(Q) — L*(Q;Y), is given byVu = {F- 1V

andl; = [, f(x,v)dz, wheref(z,v) = —U-Q( ) .

g IS convex Isc

Of (x,-) = Q(z) anddl; = Lo|Q)]

where
Lo[Q)(v) = {v* € LH(QRY) 1 v*(x) = Q(x)v(x) p.p. inQ}
—the canonical extension 6ff -
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The case with a constraint of qualifica-
tion

0 €nt (A(X)— Dom [y)
For example: If Q(z) € L>°(Q; RY*Y) then
Dom I; = L*(Q; RY)

We have
dg = V*L-5|Q]V, whereV* = —div (the divergence) :
Dom 0g = {u € Hy(Q) : QVu € L*(;RY)}
dg(u) = —div(QVu).
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Le case without constraint of qualifica-
tion

Theorem.
If Q € L} (Q;RYY), thenC>*(Q) C Dom g,

loc

QVu € L (Q;RY) Vu € Dom g, and

loc

Dom 0¢g = {u c Hy () |u € Dom g, div(QVu) € H 1(Q),

(w, —div(QVu)) = / Vw-QVu Yw € Domg},
0
dg(u) = —div(QVu).
In particular,0g = (V*L5[Q]V),
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Corollary.

Let Q be boundedy > 0, and letQ) € L'(Q; RV*Y) be
such that - Q(x)v > «|v|* for all v € R™ and for a.e.
v € Q. Then for each* € H1(Q), there exists a
unique u € H;(Q2) such that

—div(QVu) = u’,
Vu-QVu e LY(Q), QVue L'(QRY),

and (w, —div(QVu)) = / Vw - QVu
0

forallw € H}(Q) such thaVw - QVw € LY(Q).
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Thank you for your attention
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