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Abstract

This thesis provides a summary of some selected research results obtained
after my PhD thesis at the École Polytechnique in 2010. All of them concern
optimal control problems. We have divided our contributions into three parts:

I. Optimal control of partial differential equations.
II. Mean field games.
III. Stochastic optimal control.

Inspired by the theory of Calculus of Variations, in the first part we con-
sider strong local solutions of optimal control problems of partial differential
equations. We introduce and characterize the notion of strong local solution
satisfying a quadratic growth condition, first in the elliptic case, with pure
control constraints, and then in the parabolic framework, where finitely many
state constraints are also considered.

In Part II, we first propose and study the main properties of a natural
extension of classical semi-Lagrangian schemes to the case of Mean Field
Games systems involving non-local couplings. Next, we present some results
related to the variational formulation of some stationary Mean Field Games,
with local couplings, where an additional density constraint is imposed in
order to model some hard congestion effects. The aforementioned variational
formulation is exploited also at the discrete level in order to propose, to
implement and to compare several efficient first order algorithms for solving
some Mean Field Games models.

In Part III, we provide a first order sensitivity analysis for some parame-
terized stochastic optimal control problems. For standard convex problems,
this is done by means of a careful identification between the adjoint states
appearing in a weak form of the stochastic Pontryagin’s principle and the
Lagrange multipliers of the associated abstract optimization problem. We
also consider the more delicate case of the utility maximization models in
incomplete markets. Under a weak formulation, the optimization problem
is reformulated in terms of a support function of a weakly compact set in a
reflexive Banach space. This allows us to carry out a sensitivity analysis by
means of classical tools.
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Résumé

Ce mémoire présente un résumé d’une sélection des travaux de recherche
réalisés après ma thèse de doctorat soutenue à l’Ècole Polytechnique en 2010.
Tous ces travaux portent sur le contrôle optimal et peuvent-être regroupés
dans les trois thématiques suivantes:
I. Contrôle optimal des équations aux dérivées partielles.
II. Jeux à champ moyen.
III. Contrôle optimal stochastique.

Dans la première partie, inspirée par la théorie du Calcul des Variations,
nous considérons des solutions locales dites fortes pour des problèmes de
contrôle optimal des équations aux dérivées partielles. Nous introduisons
et caractérisons la notion de solution locale forte satisfaisant une croissance
quadratique, d’abord dans le cas elliptique et avec contraintes sur le contrôle,
et puis dans le cas parabolique où, additionnellement, l’état est soumis à un
nombre fini de contraintes finales.

Dans la seconde partie, nous étudions d’abord les propriétés principales
d’une extension naturelle des schémas semi-Lagrangians pour les jeux à champ
moyen comportants des couplages non-locaux. Ensuite, nous présentons
quelques résultats liés à la formulation variationnelle de certains jeux à champ
moyen stationnaires, comportants des couplages locaux et contraintes sur la
densité, afin de modéliser des effets de congestion forts. Enfin, cette formula-
tion variationnelle est aussi utilisée pour implémenter et comparer plusieurs
méthodes d’optimisation de premier ordre pour la résolution de systèmes de
jeux à champ moyen discretisés.

Dans la dernière partie du mémoire, nous réalisons une analyse de sensi-
bilité de premier ordre pour des problèmes de contrôle optimal stochastique
paramétrisés. Sous des hypothèses de convexité pour des problèmes stan-
dards, nous dérivons les sensibilités de la fonction valeur en utilisant une
identification entre les états adjoints d’une version faible du principe de Pon-
tryagin stochastique et les multiplicateurs de Lagrange du problème abstrait
associé. Nous considérons aussi le cas, plus difficile, des problèmes de max-
imisation d’utilité dans des marchés incomplets. Sous une formulation faible,
nous réécrivons le problème en termes d’une fonction d’appui d’un ensem-
ble faiblement compact d’un espace de Banach réflexif, ce qui nous permet
d’utiliser des techniques classiques pour obtenir des résultats d’analyse de
sensibilité de la fonction valeur.
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Chapter 1

Introduction

This thesis summarizes the published articles [54, 18, 67, 68, 150, 173, 20,
13] and the preprints [49, 12]. The contribution of these articles is divided
into three related parts: optimal control of Partial Differential Equations
(PDEs), Mean Field Games (MFG) and stochastic optimal control theory.
The purpose of this introductory chapter is first to fix the notation that will
be used through the thesis, and then to introduce and recall some well-known
facts about the three subjects mentioned above and to briefly indicate the
contributions of the works on which I have participated. A more detailed
presentation of the contributions will be given in each dedicated chapter,
where, for ease of reading, we have done an effort in order to summarize
our works without the proper technicalities demanded by the standards of
scientific journals.

1.1 Optimal control of PDEs

Because of its wide applicability to physics, engineering an economical sci-
ences, the theory of optimal control of Partial Differential Equations has
been a very active area of research since the pioneering work by J.-L. Li-
ons [143]. In this thesis we consider the optimal control problem of el-
liptic and parabolic equations. We refer the reader to the monographs
[143, 142, 106, 155, 125, 176, 174] for a comprehensive theoretical back-
ground on PDE optimization for both elliptic and parabolic systems and to
[146, 123] for the corresponding numerical analysis.

In the case of elliptic equations the optimal control problem we consider
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takes the form

min
ş

O `px, ypxq, upxqqdx,

s.t. ´∆y ` fpx, ypxq, upxqq “ 0 in O,

y “ 0 in BO, upxq P rapxq, bpxqs a.e. in O.
(1.1)

In the notation above O Ď Rd is an open and bounded set, u is the control,
y is the associated state, a and b are some real valued functions and f and
` are some nonlinear functions. We refer the reader to [18] for detailed
assumptions on the data ensuring that problem (1.1) is meaningful. In this
elliptic framework we restrict our analysis to the case where only control
constraints are imposed and we refer the reader to [77, 83, 79, 174, 80] for
the more involved case of state constraints.

In the case of parabolic equations the optimal control problem we consider
takes the form

min
ş

Q
`px, t, ypx, tq, upx, tqqdxdt`

ş

O Φpx, ypx, T qqdx,

s.t. Bty ´∆y ` fpx, t, ypxq, upxqq “ 0 in Q,

y “ 0 in Σ, yp¨, 0q “ y0pxq in O,

upx, tq P rapx, tq, bpx, tqs a.e. in Q.

(1.2)

In the problem above, a and b are some functions and `, Φ and f are some
non-linear functions, Q “ Oˆs0, T r, with O Ď Rd being a bounded and open
set, Σ “ BOˆs0, T r and y0 is an initial condition. We will also consider
an extension of the above problem where finitely many state constraints are
imposed on the state variable.

Note that if the partial differential equations appearing in (1.1) and (1.2)
are well-posed, which is of course ensured by standard assumptions on the
data, then the states for both problems can be written as functions of the
controls. As a consequence, the cost functions can also be written as functions
of the controls only. Therefore, the states can be eliminated as independent
variables in the problem and optimality conditions can be derived by studying
variations of the controls. For problem (1.1), first order necessary conditions
in the form of a Pontryagin’s principle [161] have been proved in [165] for
the first time, and then extended in [34, 38, 39]. In the parabolic framework
(1.2), Pontryagin’s principle have been proved in [124, 73, 75].

As in classical finite dimensional optimization, second order necessary
and sufficient conditions play an important role in PDE optimization. As a
matter of fact, for both, constrained and unconstrained problems, the con-
vergence proofs for the solutions of several approximations of the problem at
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hand are usually locally achieved if a second order sufficient condition is satis-
fied at the nominal local solution. Typical approximations using this strategy
include Sequential Quadratic Programming (SQP) approximations, interior
point methods, semi-smooth Newton methods, finite elements approxima-
tions and so forth. An exhaustive list of references of research papers devoted
to such approximations would be too long, and we content ourselves by re-
ferring the interested reader to the monographs [155, 125, 123, 176, 174, 146]
and the references therein.

In view of the above applications, the theoretical study of second order
necessary and sufficient conditions for problems (1.1) and (1.2), and several
extensions including e.g. state constraints, has attracted an important atten-
tion over the past two decades. Of course, second order sufficient conditions
make sense if they are “sufficiently close” to second order necessary condi-
tions. Instead of providing a complete list of articles dealing with second
order analysis in PDE optimization, we refer the reader to [174, Chapter 4
and 5], [40, Chapter 6], the articles by E. Casas and F. Tröltzsch [78, 81, 74]
and the references therein for the state of the art in this subject.

In deriving first and second order optimality conditions, it is important
to distinguish between weak and strong local minima. In the former notion
ones measures the local proximity of controls in terms of their difference in
the L8-norm. In the latter notion, whose origin comes back to the beginning
of Calculus of Variations, the local proximity of the controls is measured in
terms of the difference of the associated states in the L8-norm. Classical es-
timates in PDE theory imply that strong local optimality implies weak local
optimality. On the other hand, it is easy to prove that the converse implica-
tion is, in general, false. Moreover, Pontryagin’s principle, which states that,
as a function of the control, an associated Hamiltonian is minimized a.e.,
is a first order optimality condition satisfied by strong local solutions. On
the other hand, for weak solutions the corresponding first order optimality
conditions says that the first order optimality condition associated to the
minimization of the Hamiltonian holds almost everywhere. Of course, these
two pointwise properties of the Hamiltonian generally differ unless that the
Hamiltonian is a convex function of the control.

In Chapter 2 of this thesis we will review some classical aspects of the
theory of optimal control of PDEs and we present some details of our con-
tributions summarized below.

1.1.1 Contributions

In this subject I have collaborated with J.-F. Bonnans (Inria Saclay and Ecole
Polytechnique) and T. Bayen (Université de Montpellier 2). We present in
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Chapter 2 of this thesis a summary of three articles [18, 173, 20].

• In [18] we have provided a characterization of strong local solutions
satisfying a quadratic growth condition for problem (1.1). This means
that the cost function growths at least quadratically over the set of
controls satisfying that their associated trajectories are locally near,
in the uniform norm, to the trajectory of the nominal control. The
characterization states that this property holds true if and only if the
second derivative of the cost function is coercive over the set of critical
directions (see [40]) and, pointwisely, the Hamiltonian has quadratic
growth. In particular, this implies that in the case of quadratic Hamil-
tonians the notions of quadratic growths for weak and strong solutions
coincide. To the best of our knowledge this is the first contribution on
second order optimality conditions for strong solutions in the frame-
work of PDE optimization.

• In [173] we study second order necessary conditions for weak solutions
of problem (1.2) where in addition finitely many equality and inequal-
ity constraints of integral type are imposed over the final state yp¨, T q.
Using the standard Robinson’s constraint qualification [167], a second
order necessary condition over a set of strict critical directions, which
is a subset of the classical critical cone, is shown to hold. The main
feature of this result is that the qualification condition needed for the
second order analysis is the natural extension of its finite-dimensional
counterpart and does not imply the uniqueness of Lagrange multipli-
ers. In addition, a second order necessary condition over the set of
critical directions is shown to hold under a stronger form of Robin-
son’s condition introduced by Shapiro in [172]. This condition implies
the uniqueness of the Lagrange multiplier associated to the final state
constraints.

• In article [20] we provide a second order analysis for strong local solu-
tions of problem (1.2) and its extension with finitely many state con-
straints. For problem (1.2) we prove a characterization of the quadratic
growth property in the strong sense extending to the time-dependent
case the results in [18]. Assuming a quadratic Hamiltonian in the state
constrained case, we provide a sufficient second order optimality condi-
tion for the quadratic growth property in the strong sense, which does
not impose the uniqueness of the Lagrange multiplier set. As a conse-
quence of our results, in the quadratic Hamiltonian case and under the
qualifications conditions considered in [173] for the state constrained
case, we prove that the notions of quadratic growth in the strong sense
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coincides with the notion of quadratic growth in the weak sense, i.e.
with respect to controls which are uniformly near to the nominal one.

1.2 Stochastic optimal control theory
In this section we introduce some standard notations and recall some impor-
tant results in stochastic optimal control theory. We consider a probability
space pΩ,F ,Pq and a filtration F :“ pFtqtě0, satisfying the usual conditions
(see e.g. [164, Chapter I]), on which a d-dimensional Brownian motion W p¨q
is defined. Given an initial time t P r0, T s and an initial position x P Rd, we
consider the optimal control problem

vpx, tq :“ infu E
´

şT

t
`ps, xpsq, upsqqds` ΦpxpT qq

¯

s.t. dxpsq “ fps, xpsq, upsqqds` σps, xpsq, upsqqdW psq,

xptq “ x P Rd, upω, sq P U a.s.

(1.3)

Here, U Ď Rd is a given nonempty closed set. We omit in this introduction
some standard assumptions on `, Φ, f and σ guaranteeing that the value
function v : Rd ˆ r0, T s ÞÑ R is well-defined (see e.g. [108, 178] for detailed
statements).

If problem (1.3) is not convex, then the existence theory of optimal solu-
tions is more delicate than its deterministic counterpart (we refer the reader
to the monograph [30] for a nice account of existence theory for determinis-
tic optimal control problems). In this report, we will not address existence
issues. Instead, we refer the interested reader to the survey [43] by Borkar
for an account of several points of view (compactness of controlled densi-
ties [26, 95, 33, 100], weak convergence arguments of the laws in the space
of continuous functions induced by relaxed controlled trajectories [131, 99],
occupation measures [44], etc...).

As in the deterministic case, there are two main approaches to study
problem (1.3); the first one deals with necessary conditions satisfied by any
solution and takes the form of a minimum principle extending to the stochas-
tic case Pontryagin’s principle, which is a fundamental result in deterministic
optimal control theory [161]. The second approach, which is the most pop-
ular, is based on the Dynamic Programming Principle (DPP) proposed by
Bellman [22], which, together with the theory of viscosity solutions developed
by Crandall and Lions (see [90] for a survey), characterizes the value function
v by means of a fully nonlinear PDE known as the Hamilton-Jacobi-Bellman
(HJB) equation.

The stochastic minimum principle. The minimum principle in stochastic



12

optimal control theory has a long story, starting with the works by Kush-
ner [132] and by Bismut [31, 32] and then extended by several authors (see
e.g. [33, 27, 120, 52]). In the pioneering work [31], the author introduces
the notion of Backward Stochastic Differential Equation (BSDE for short),
which is a very useful tool nowadays in stochastic control and mathemati-
cal finance theories, allowing to generalize to the stochastic case the notion
of adjoint state appearing in the deterministic PMP. In the case of convex
stochastic optimal control problems, the theory exposed in [31] refines the
results in [168] and proves that the adjoint state associated to an optimal
solution solves a related dual stochastic optimal control problem in which
the state equation is backward. Using classical arguments in convex anal-
ysis (see [169, 98]) this implies that the optimal control minimizes almost
surely an associated Hamiltonian. More precisely, define the Hamiltonian
H : r0, T s ˆ Rd ˆ Rm ˆ Rd ˆ Rdˆd ÞÑ R as

Hps, x, u, p, qq :“ `ps, x, uq ` p ¨ fps, x, uq `
d
ÿ

i“1

qj ¨ σjps, x, uq. (1.4)

Now, if u solves (1.3) and X is its associated state, defining pp, qq as the
unique solution of the BSDE

dp “ ´BxHps, xptq, upsq, ppsq, qpsqqds` qpsqdW psq,
ppT q “ ∇ΦpxpT qq,

(1.5)

then u satisfies that almost surely (a.s.)

ups, ωq P argminvPU Hps, xps, ωq, v, pps, ωq, qps, ωqq. (1.6)

In this convex framework, as one can expects, conditions (1.5)-(1.6) are also
sufficient. It turns out that the above conditions are also necessary for non-
convex problems when σ is independent of u, hence, generalizing the PMP
in the deterministic case.

In the case of non-convex problems with σ depending on u, Peng proved
a general version of the stochastic minimum principle in the article [158]. It
is shown that a minimum condition similar to (1.6) is satisfied at an optimal
solution but the Hamiltonian H has to be modified by introducing a second
pair of adjoint processes. This result is an important contribution since very
elementary examples show that in this case condition (1.6) can be violated
at an optimizer (see e.g. [178, Chapter 3, Example 3.1]).

We point out that if in addition U is a convex, then we always have that
a.s.

BuH ps, xps, ωq, ups, ωq, pps, ωq, qps, ωqq ¨ pu´ ups, ωqq ě 0 @ u P U. (1.7)
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Condition (1.7) is obtained directly from (1.6) when σ does not depend
on u, and, in the general case, can be obtained using the results in [158].
Note that if by using condition (1.7) we can recover ups, ωq as a function of
ps, xps, ωq, pps, ωq, qps, ωqq then, at least in the convex case, the optimality of
u can be characterized in terms of a system of Forward-Backward stochastic
differential equations involving the unknowns px, p, qq (see [147]).

The HJB equation. Under standard assumptions, the value function satis-
fies the following Dynamic Programming Principle (DPP): for all h P r0, T´tr
we have that

vpx, tq :“ infu E
ˆ
ż t`h

t

`ps, xpsq, upsqqds` vpxpt` hq, t` hq

˙

. (1.8)

Actually, (1.8) also holds true if t`h is replaced by any stopping time τ taking
values in rt, T s. Contrary to deterministic optimal control problems, the proof
of the DPP in the stochastic case is very involved due to several measurability
issues. We refer the reader to the pioneering work by Krylov (see [130]), which
proves (1.8) by approximating vpx, tq by analogous problems but considering
controls that are piecewise constant, and to the more recent contributions
[108, 45, 102, 103, 88].

A consequence of (1.8) and Ito’s calculus is that if v is sufficiently regular,
then it solves the PDE, called Hamilton-Jacobi-Bellman equation,

´Btv `Hpt, x,D
2v,∇vq “ 0 in Rd ˆ p0, T q,

vp¨, T q “ Φp¨q in Rd,
(1.9)

where the differential operators D2 and ∇ act on the space variable and given
d-dimensional symmetric matrix A and p P Rd we have set

Hpt, x, A, pq :“ supuPU
 

´`px, uq ´ 1
2
tr
`

σpx, uqσpx, uqJA
˘

´ p ¨ fpx, uq
(

.

Conversely, any regular solution of (1.9) must be equal to the value function
v. Therefore, assuming that v is regular enough, (1.9) characterizes v. Un-
fortunately, even assuming that the data is C8, the value function v is in
general nonsmooth. Surprisingly enough, under rather general assumptions,
the function v is still characterized by (1.9) when the solutions of the latter
system are understood in a weaker sense, namely the viscosity sense. This
notion, introduced by Crandall and Lions in the 80’s (see [90, 108] and the
references therein for a complete bibliographical account) has proven to be
fundamental in the understanding of stochastic optimal control theory. An
interesting application of this characterization has been found in the arti-
cle [16], where the convergence analysis of a large spectrum of approxima-
tion schemes to solve (1.3) (or equivalently (1.9)) is tackled using analytical



14

techniques, differing from the purely probabilistic arguments proposed pre-
viously by Kushner (see [133] for a nice exposition of this subject). We refer
the reader to the monograph [108] for a rather complete presentation of the
applications of viscosity solutions theory to stochastic optimal control.

1.2.1 Contributions

The contributions [13, 12], obtained in collaboration with J. Backhoff (Vi-
enna University of Technology), concern the sensitivity analysis of the value
function v in (1.3) under various perturbations of f and σ. A detailed sum-
mary of the results in [13, 12] is presented in Chapter 4.

• In [13] we first establish a rigorous one to one correspondence between
the Lagrange multipliers associated to the SDE constraint in (1.3) and
the adjoint state appearing in what we call the weak version of Pontrya-
gin minimum principle (1.7). Using these relations we directly compute
the directional derivatives of v, seen as a function of the varying pa-
rameters, in the case of convex problems and linear perturbations of
f and σ. Next, using recent techniques in perturbation theory of ab-
stract optimization problems (see [40] for a throughout presentation of
the theory) we perform a precise sensitivity analysis for the stochas-
tic Linear Quadratic (LQ) and the Mean-Variance portfolio selection
problems. In both cases the perturbations aremultiplicative and, hence,
cannot be directly treated using classical duality theory (see [169]).

• In the preprint [12] we consider the sensitivity analysis of utility maxi-
mization problems coming from Mathematical Finance. The main dif-
ficulty here is the absence of locally convex topologies for the decision
variables, which avoids the application of abstract results in perturba-
tion theory of optimization problems. Using a change of variable and
the results in [11], the original problem can be reformulated in terms
of a support functional of a weakly-compact set, for which classical
techniques apply. In this way, we are able to compute rather explicit
expressions for the sensitivity of the optimal expected utility under per-
turbations acting on the price process. We work in the framework of
weak perturbations affecting the law induced by the wealth process. We
compare our results against what we call strong perturbations, where
the wealth equation is directly influenced by the changing parameters.
We find that both points of view yield different sensitivities unless the
initial and perturbed parameters are both deterministic.
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1.3 Mean Field Games
In one of it simplest form, time-dependent Mean Field Games (MFG) can be
synthesized in the following system of two PDEs:

´Btv ´
1
2σ

2∆v `Hpx,∇vq “ `px,mptqq, in Rd ˆ p0, T q,

Btm´
1
2σ

2∆m´ div
`

BpHpx,∇vqm
˘

“ 0, in Rd ˆ p0, T q,

vpx, T q “ Φpx,mpT qq for x P Rd , mp0q “ m0 P P1pRdq.

(1.10)

In the above notation σ P R, H : Rd ˆ Rd Ñ R is a convex function w.r.t.
its second variable, the gradient operator ∇ and the Laplacian ∆ act on the
space variable x, the functions ` and Φ are defined in Rd ˆ P1pRdq, where
P1pRdq denotes the set of probability measures m on Rd with first order
moments, i.e.

ş

Rd |x|dmpxq ă 8, and the functions v : Rd ˆ r0, T s Ñ R,
m : r0, T s Ñ P1pRdq are the unknowns.

System (1.10) has been introduced by J.-M. Lasry and P.-L. Lions in
the papers [139, 140, 141] in order to model the asymptotic behaviour of
symmetric and stochastic differential games with a very large number of small
and indistinguishable players. We refer the reader to the lectures by Lions in
[144], and the surveys [57, 119] for more information on the modelling behind
(1.10) as well as its connections with Game Theory. Notice that system (1.10)
couples a HJB equation with a final condition and a Fokker-Planck (FP) with
an initial condition. Assuming, for simplicity, that Φ does not depend on m,
the coupling in system (1.10) is basically reduced to the dependence on mptq
of `px, ¨q, which can be local, i.e. `px,mptqq “ ˆ̀px,mpx, tqq, where mp¨, tq is
the density of mptq w.r.t. the Lebesgue measure (assuming that it exists)
and ˆ̀ : Rn ˆ r0, T s Ñ R is some function, or non-local, e.g. when `px,mptqq
can be written in terms of the distribution mptq over a ball centred at x.

In order to provide a heuristic interpretation of system (1.10), consider a
probability space pΩ,F ,Pq, a filtration F :“ pFtqtPr0,T s and a d-dimensional
Brownian motion W p¨q adapted to F. Loosely speaking, if for a given px, tq P
Rdˆp0, T q and a square-integrable Rd-valued and F-adapted control process
αp¨q we define Xx,trαsp¨q as the unique solution of

dXpsq “ ´αpsqds` σdW psq, s P pt, T q, Xptq “ x, (1.11)

then, formally, the solution v of Hamilton-Jacobi-Bellman (HJB) equation in
(1.10) can be represented as

vpx, tq “ infα E
´

şT
t

“

H˚pXx,trαspsq, αpsqq ` `pXx,trαspsq,mpsqq
‰

ds

` ΦpXx,trαspT q,mpT qq
˘

,
(1.12)
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where H˚ denotes the Fenchel transform of H w.r.t. the second variable.
Thus, we can interpret vpx, tq as the optimal cost of an agent whose initial
position is x at time t and, at each time s Pst, T s, has a cost depending on the
distribution mpsq of all the players at time s. Formally again, the optimal
solution of the optimization problem in (1.12) is given in feedback form by
αpx, tq “ BpHpx,∇vpx, tqq and, as a consequence, the optimal trajectory X̂x,t

solves

dXpsq “ ´BpHpXpsq,∇vpXpsq, tqqds` σdW psq, s P pt, T q,

Xptq “ x.
(1.13)

Therefore, if all the players defining the initial distribution m0 behave op-
timally, i.e. following X̂ ¨,0p¨q, classical arguments in diffusion theory, imply
that the evolution µp¨q of the initial distribution m0 will be characterized by
the Fokker-Planck (FP) equation

Btµ´
1
2
σ2∆µ´ div

`

BpHpx,∇vpx, tqqµ
˘

“ 0, Rd
ˆ p0, T q, µp0q “ m0,

and the equilibrium condition reads m must equals µ. This means that, at
least formally, system (1.10) is satisfied at the equilibrium configuration t P
r0, T s ÞÑ mptq P P1pRdq. Of course, the existence of such an equilibrium must
be studied carefully. As a first step, it is natural to focus the mathematical
analysis directly on the PDE system (1.10) by using analytical techniques,
hence, “translating” the existence of an equilibrium to the existence of a
solution pv,mq of (1.10). Assuming again that Φ is independent of m, using
different approaches and often replacing Rd by the d-dimensional torus Td,
the well-posedness of (1.10) has been studied when σ ‰ 0 and ` is non-local
and smoothing (see [144] and the lecture notes [57]), when σ “ 0 and ` is
non-local in m and smoothing (see [141, 57]), when σ ‰ 0 and ` is local in m
(see [141, 139, 62, 117, 162, 115, 116, 8]), and when σ “ 0 and ` is local in
m (see [60, 61, 64, 58]).

The ergodic version of (1.10) is given by (see [139, 141, 62, 63, 56])

´1
2σ

2∆v `Hpx,∇vq ´ λ “ `px,mptqq, in Rd ˆ p0, T q,

´1
2σ

2∆m´ div
`

BpHpx,∇vqm
˘

“ 0, in Rd ˆ p0, T q,
ş

Rdmpxqdx “ 1,
ş

Rd upxqdx “ 0.

(1.14)

When σ ą 0, well-posedness of system (1.14) has been studied in several
articles, starting with the works by J.-M. Lasry and P.-L. Lions [139, 141],
followed by [114, 118, 86, 113, 7, 160, 86, 15, 107, 87]. When σ “ 0, we refer
the reader to the articles [60, 56].
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Numerical methods to solve systems (1.10)-(1.14) have been a very active
area of research over the last years. Finite-difference schemes have been
introduced an studied deeply in (see [4, 2, 3, 5, 6, 51]). We refer the reader
to [1, Chapter 1] for an interesting survey on these methods, which can
be applied to both, local and non-local couplings. As explained in [141],
in the context of local coupling, systems (1.10)-(1.14) can be interpreted
as the optimality systems associated to some suitable variational problems.
Numerical methods based on these formulations have been proposed and
implemented in [134, 24, 10, 25, 50].

Finally, we point out that the existence of a Nash equilibrium for the
game with a continuous number of players can also be tackled using prob-
abilistic tools via the stochastic Pontryagin’s principle (see Section 1.2) or
weak formulations of some stochastic optimal control problems. In this line of
research we refer the reader to the interesting articles [70, 69, 71, 72, 135, 136].

1.3.1 Contributions

In this subject I have collaborated with L. Briceño-Arias (Universidad Fed-
erico Santa María), F. Camilli (Università La Sapienza), E. Carlini (Univer-
sità La Sapienza), D. Kalise (RICAM) and A. Richárd Mészáros (UCLA). In
Chapter 3 we summarize the following contributions:

• In [54], in collaboration with F. Camilli, and in [67, 68], in collaboration
with E. Carlini, we have proposed and studied some Semi-Lagrangian
discretizations of system (1.10) when the coupling is non-local and the
diffusion parameter σ can be null. We have proven that the scheme is
well-posed and we have studied the convergence of the scheme. The
approach to construct the scheme is trajectorial and allows for large
time steps. An important feature of the scheme is that it is easy to
implement and robust w.r.t. to the parameter σ. In some sense, the
scheme is related to the works by Kushner (see [133] and the references
therein) and, hence, can be adapted to general Markov chain discretiza-
tions of the stochastic optimal control problem solved by each typical
player.

• In the article [150], in collaboration with A. Richárd Mészáros, we
have considered a variational approach in order to establish the well-
posedness of some MFG systems with local couplings and involving
density constraints. These constraints can be interpreted as hard con-
gestion effects (see [171]). We study the case of power-like Hamiltonians
H and establish the well-posedness of the resulting system directly us-
ing abstract optimization theory when the growth ofH is in the interval
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s1, d{pd ´ 1qr and using a penalization argument and PDE techniques
in the general case.

• In the preprint [49], using a purely variational approach we first recover
some well-posedness results for the finite differences schemes introduced
in [4] to solve (1.14). Next, using the same approach, we prove that
natural extensions of the scheme in [4] to solve the MFG systems with
density constraint studied in [150] are also well-posed. Then, we study
the implementation and the performance of several proximal meth-
ods (see [17] and the Appendix of this mémoire) to solve the resulting
finite-difference discretizations. These algorithms have several interest-
ing features, such as global convergence and stability with respect to
the viscosity parameter, which can eventually be zero. We assess the
performance of the methods via several numerical experiments.
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Chapter 2

Second order optimality
conditions in the control of
elliptic and parabolic PDEs

In this chapter we present a summary of the main results in [18, 173, 20]
concerning second order necessary and sufficient conditions in the optimal
control of semi-linear elliptic and parabolic equations. For the sake of sim-
plicity, we will consider simplified versions of (1.1)-(1.2) by taking quadratic
costs and PDEs depending linearly on the controls. We begin by considering
the elliptic case and, for the sake of completeness, we recall the classical the-
ory revisiting some of the arguments in [37, 40]. We refer the reader to [174,
Chapter 4] and the survey [74] for a more complete analysis. Then, since
in several aspects the ideas to tackle the parabolic case (1.2) are similar to
those for the elliptic case, we do not recall the basic theory (see e.g. [174,
Chapter 5] for a nice survey) and we present immediately the main results
in [173, 20].

2.1 Optimal control of elliptic equations

2.1.1 Preliminaries

In this section we consider a particular instance of problem (1.1), introduced
in Section 1.1. The proof of the results in this section are classical and we refer
the reader to [40, Chapter 6], [37] and [174, Chapter 4] for a detailed account
of the theory. Throughout the chapter O Ď Rd will be a nonempty bounded
open set with a smooth boundary and f : R Ñ R will be a nondecreasing,
Lipschitz, continuously differentiable function satisfying that fp0q “ 0 (for
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the sake of simplicity). For s P r1,`8s and k ě 1 we will denote by } ¨ }k,s
and } ¨}s the standard norms inW k,spOq and LspOq, respectively. Let us first
give some elementary properties of the semi-linear elliptic equation that will
appear in the constraints. Given a control u P L2pOq, consider the following
semilinear elliptic equation

#

´∆y ` fpyq “ u in O,
y “ 0 on BO.

(2.1)

We say that y P H1
0 pOq is a weak solution of (2.1) if for all φ P H1

0 pOq
ż

O
r∇ypxq ¨∇φpxq ` fpypxqqφpxqs dx “

ż

O
φpxqupxqdx. (2.2)

We have that equation (2.1) admits a unique weak solution yrus, called the
state associated to the control u, and there exists a constant c1 ą 0 such
that }yrus}2,2 ď c1}u}2. Moreover, if in addition u P LspOq (s ě 2), then
yrus P Ys :“ W 2,spOqXW 1,s

0 pOq and there exists a constant c2 ą 0 such that
}yrus}2,s ď c2}u}s. An easy consequence of the previous inequality, is that
the application u P LspOq ÞÑ yrus P Ys is continuous when LspOq and Ys
are endowed with their weak topologies. We can also prove, with the help of
the implicit function theorem, some differentiability properties: we have that
u P LspOq ÞÑ yrus P Ys is C1 and the derivative of y at u in the direction v
is given by the unique solution z1rvs of

´∆z1rvs ` f
1pyrusqz1rvs “ v in O,

z1rvs “ 0 on BO.
(2.3)

Moreover, if s ą d{2 (s “ 2 if d “ 3), then u P LspOq ÞÑ yrus P Ys is C2

and for any v1, v2 P L
spOq we have that D2yruspv1, v2q is given by the unique

solution z2rv1, v2s of

´∆z2rv1, v2s ` f
1pyrusqz2rv1, v2s ` f

2pyrusqz1rv1sz1rv2s “ 0 in O,
z2rv1, v2s “ 0 on BO.

(2.4)

Now, let us associate a cost to each control u P L2pOq. Given γ ą 0 and a
reference state ŷ P L8pOq, we define the cost function J : L2pOq Ñ R as

Jpuq :“ 1
2

ż

O
pyruspxq ´ ŷpxqq2dx` 1

2
γ

ż

O
upxq2dx. (2.5)

It can be checked that J is weakly lower semicontinuous, continuously differ-
entiable, with derivative given by

DJpuqv “

ż

O
rpyruspxq ´ ŷpxqqz1rvspxq ` γupxqvpxqsdx, @ v P L

2pOq, (2.6)
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and, if s ą d{2, restricted to LspOq, J is C2, with second derivative given by

D2Jpuqpv1, v2q “

ż

O
rzrv1szrv2s ` pyrus ´ ŷqzrv1, v2s ` γv1v2s dx. (2.7)

Moreover, in this case, the particular structure of our problem enable us to
prove the following second order expansion: as v Ñ 0 in LspOq we have that

Jpu` vq “ Jpuq `DJpuqv ` 1
2
D2Jpuqpv, vq ` op}v}22q, (2.8)

As usual in optimal control theory, there is an alternative way to write down
the first and second order derivatives of J at u, in terms of the adjoint state
prus P H2pOq XH1

0 pOq, defined as the unique solution of
#

´∆p` f 1pyrusqp “ yrus ´ ŷ in O,
ppxq “ 0 on BO.

(2.9)

An integration by parts argument yields that

DJpuqv “

ż

O
ppruspxq ` γupxqq vpxqdx @ v P L2

pOq, (2.10)

and, if s ą d{2,

D2Jpuqpv, vq “

ż

O

“

γvpxq2 ` p1´ pruspxqf2pyruspxqqq z1rvspxq
2
‰

dx. (2.11)

If s ą d{2, by the Sobolev inequalities we have that yrus P Ys can be identified
with a continuous function. It is easy to see that the same holds true for prus.
Therefore, it is immediate to check that D2Jpuq admits a unique extension
to L2pOq ˆ L2pOq.

2.1.2 Optimal control problem and optimality condi-
tions

Let K Ď L2pOq be non-empty, closed and convex. We consider the optimal
control problem

Min Jpuq subject to u P K. (2.12)

Since J is coercive and weakly lower semicontinuous, we have that problem
(2.12) admits at least one solution ū P K. In order to derive optimality
conditions at ū define the radial, the tangent and the normal cones to K at
ū respectively as

RKpūq :“ tv P L2pOq ; D τ ą 0; rū, ū` τvs P Ku, TKpūq “ RKpūq,

NKpūq :“ TKpūq
˝ “ tv˚ P L2pOq ;

ş

O v
˚pxqvpxqdx ď 0, @ v P TKpūqu,
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where rū, ū ` τvs denotes the set of convex combinations of ū and ū ` τv
and for a cone C we denote by C˝ its polar. Using expression (2.10), clas-
sical arguments in optimization theory imply that at every local solution ū
of (2.12), w.r.t. to the L2pOq topology, we have the following first order
necessary condition

ū P pI `NKq
´1
p´p̄{γq i.e ū “ PKp´p̄{γq, (2.13)

where, for simplicity, we have written p̄ :“ prūs. In (2.13) PK denotes the
projection in L2pOq onto the set K.

Now, let us consider second order optimality conditions. Expansion (2.8)
easily gives that at every local solution ū satisfying that ū P LspOq for some
s ą d{2, we have that

D2Jpūqpv, vq ě 0 for all v P RKpūq XKerDJpūq X LspOq

and so, using that v P L2pOq ÞÑ D2Jpūqpv, vq is continuous (because s ą d{2),
we get that

D2Jpūqpv, vq ě 0 for all v P RKpūq XKerDJpūq X LspOq, (2.14)

where the closure is taken w.r.t. the L2-norm. Note that our arguments
imply that (2.14) also holds true if we assume that ū is a local solution of
(2.12) w.r.t. to the LspOq topology, which is a weaker statement than the
previous one.

When the set K is defined by bound constraints such as K “ K̂1, K̂2 and
K̂3 with

K̂1 “ tu P L2pOq ; a ď u a.e. in Ou,
K̂2 “ tu P L2pOq ; u ď b a.e. in Ou,
K̂3 “ tu P L2pOq ; a ď u ď b a.e. in Ou,

(2.15)

for some a, b P L8pOq, we can prove that

RKpūq XKerDJpūq X LspOq “ CKpūq :“ TKpūq XKerDJpūq. (2.16)

The set CKpūq is called the critical cone to K at ū, which, as we will see,
also appears in the second order sufficient conditions. Moreover, for sets K’s
of the form (2.15), we have pointwise expressions for TKpūq and CKpūq. Let
us take, for example, K “ K̂3. In this case, we have

TK̂3
pūq “ tv P L2

pOq ; v ě 0 in tū “ au and v ď 0 in tū “ buu,
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where, taking representatives of ū, a and b, tū “ au :“ tx P O ; ūpxq “ apxqu,
with a similar definition for tū “ bu. The critical cone is given by

CK̂3
pūq “

 

v P TK̂3
pūq ; pp̄` γūq v “ 0 a.e. in O

(

.

Evidently, if ū is a local solution of (2.12) with K “ K̂3, then ū P L8pOq Ď
LspOq. In this case, the first and second order necessary optimality conditions
read as follows:

ū “ Pra,bsp´p̄{γq a.e. in O and

D2Jpūqpv, vq ě 0 for all v P CK̂3
pūq.

(2.17)

Note that, since p̄` γū “ 0 in tx P O ; apxq ă ūpxq ă bpxqu, we have that

CK̂3
pūq “

 

v P TK̂3
pūq ; pp̄` γūq v “ 0 a.e. in tū “ au Y tū “ bu

(

.

Since K̂3 is essentially bounded, it can be checked that the topologies induced
on K̂3 by } ¨ }s are the same for any s P r1,`8r. This implies that conditions
(2.17) are satisfied by a local solution of (2.12) independently of the Ls-
topology that we consider. In the case where K “ K̂1 or K “ K̂2, if we
assume the existence of a local solution ū w.r.t. to the topology in LspOq,
with s ą d{2, then the second order necessary condition in (2.17) is satisfied,
since the expansion (2.8) holds in LspOq and (2.16) holds true. Regarding
the projection formula in (2.17), which is equivalent to DJpūqv ě 0 for all
v P TKpūq, we also have that it is satisfied because DJpūqv ě 0 for all
v P RKpūqXL

spOq, and RKpūqXL
spOq is shown to be dense in TKpūq, w.r.t.

to the L2pOq topology, and DJpūqp¨q is continuous in L2pOq.
The previous discussion is relevant, since second order sufficient condi-

tions at some point ū P K X LspOq (s ą d{2) guarantee that ū is a local
solution of (2.12) w.r.t. to the Ls-topology. Indeed, if ū P K XLspOq is such
that (2.13) is satisfied and there exists α ą 0 such that

D2Jpūqpv, vq ě α}v}22 for all v P CKpūq, (2.18)

then, there exists ε ą 0 such that

Jpūq`
α

2
}u´ ū}22 ď Jpuq @ u P KXLspOq, such that }u´ ū}s ď ε. (2.19)

The proof of the above result can be found in [40, Theorem 6.31]. It is a proof
by contradiction which uses as central argument the fact that v P L2pOq ÞÑ
D2Jpūqpv, vq is weakly lower semicontinuous and that if vk Ñ v weakly in
L2pOq and D2Jpūqpvk, vkq Ñ D2Jpūqpv, vq then vk Ñ v strongly.



24

2.1.3 Characterization of strong solutions satisfying the
quadratic growth condition

In this section we present some of the main results in [18] applied to (2.12)
with K “ K̂3. We will deal with the notion of strong minimum, which
comes back to the calculus of variations (see e.g. [151, 19] and the references
therein). We say that ū is a strong local solution of (2.12) if there exists ε ą 0
such that Jpūq ď Jpuq for all u P K satisfying that }yrus ´ yrūs}8 ď ε. In
addition, if there exists α ą 0 such that

Jpūq ` 1
2
α}u´ ū}22 ď Jpuq @ u P K such that }yrus ´ yrūs}8 ď ε, (2.20)

then we will say that ū is a strong local solution of (2.12) satisfying the
quadratic growth condition. The main result in [18] is a characterization of
(2.20) for general optimal control problems of elliptic equations with bound
constraints over the control (see [18, Theorem 4.24]). In order to state the
result, adapted to our simpler framework, let us define the Hamiltonian H :
O ˆ R3 ÞÑ R as

Hpx, y, p, uq :“
py ´ ŷpxqq2

2
`
γ

2
u2
` ppu´ fpyqq. (2.21)

Note that, with this notation, given ū P L2pOq and setting ȳ “ yrūs and
p̄ “ prūs, we have that

DJpūqv “

ż

O
BuHpx, ȳpxq, p̄pxq, ūpxqqvpxqdx @ v P L2

pOq,

and, if ū P LspOq with s ą d{2, for all v P L2pOq

D2Jpūqpv, vq “

ż

O
D2
py,uq2Hpx, ȳpxq, p̄pxq, ūpxqqpzrvspxq, vpxqq2dx.

Now, let uk be a sequence converging strongly to ū in L2pOq as k Ò `8, then
defining the sets

Ak :“
!

x P O | |ukpxq ´ upxq| ď
a

}uk ´ u}1

)

and Bk :“ OzAk, (2.22)

by the Chebyshev’s inequality, we have that LebpBkq Ñ 0, where Lebp¨q
denotes the Lebesgue measure. Setting

"

uAk “ uk on Ak, uAk “ u on Bk,
uBk “ u on Ak, uBk “ uk on Bk.
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we have that δku :“ uk ´ ū “ δAku` δBku, where

δAku :“ uAk ´ u, δBku :“ uBk ´ u. (2.23)

It is proved in [18, Theorem 3.7] that we can expand Jpukq as

Jpukq “ Jpūq `
ş

Bk
δHkpxqdx`DJpūqδAku

`1
2
D2JruspδAku, δAkuq ` op}δku}

2
2q,

(2.24)

where

δHk
pxq :“ Hpx, ȳpxq, p̄pxq, ukpxqq ´Hpx, ȳpxq, p̄pxq, ūpxqq.

Thus, (2.24) is a decomposition result showing that the effect on the cost of
small perturbations δku on the control in the L2-norm can be decomposed
as the effect of small perturbations δAku in the L8-norm and the effect of
large perturbations δBku in the L8-norm but supported on sets of small
measure Bk. We refer the reader to [36] for a simple proof of this result in
the framework of optimal control of differential equations.

Now, we use (2.24) in order to provide a second order sufficient condition
for strong minima satisfying the quadratic growth condition. As before, given
the nominal point ū P K we set ȳ :“ yrūs and p̄ :“ prūs. Suppose that the
first order condition

BuHpx, ȳpxq, p̄pxq, ūqv ě 0 @ v P Trapxq,bpxqspūpxqq, (2.25)

a.e. holds true. Equivalently, a.e.

BuHpx, ȳpxq, p̄pxq, ūq

$

’

&

’

%

“ 0 if apxq ă ūpxq ă bpxq,

ě 0 if ūpxq “ apxq,
ď 0 if ūpxq “ bpxq,

which can be expressed as ū “ Pra,bsp´p̄{γq a.e. in O. Then, using the
structure of H in (2.21), for a.a. x P O and for all u P rapxq, bpxqs we get
that

Hpx, ȳpxq, p̄pxq, uq ě Hpx, ȳpxq, p̄pxq, ūpxqq ` γ

2
|u´ ūpxq|2 (2.26)

Now, we claim that (2.18) and (2.26) imply that (2.20) holds true (note that
this is a stronger result than (2.19)). Indeed, if not, we get the existence of a
sequence uk P K such that, setting yk :“ yruks, }yk ´ ȳ}8 Ñ 0 as k Ò 8 and

Jpukq ´ Jpuq ď op}uk ´ ū}
2
2q. (2.27)
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Considering the sets Ak, Bk in (2.22) and the decompositions δAku and δBku
of δku :“ uk ´ ū (see (2.23)), the decomposition (2.24) yields

ż

Bk

δHk
pxqdx`DJpūqδAku`

1
2
D2JpūqpδAku, δAkuq ď op}δku}

2
2q. (2.28)

Now, set

σAk :“ }δAku}2, σBk :“ }δBku}2 and, hence, }δku}22 “ σ2
Ak
` σ2

Bk
.

If σAk “ opσBkq, using (2.25) and that D2JpūqpδAku, δAkuq “ opσ2
Bk
q, in-

equality (2.24) and (2.26) imply that σ2
Bk
ď opσ2

Bk
q, which is impossible.

Thus, let us assume that, up to some subsequence, σBk “ OpσAkq and define
hk :“ δAku{σAk . Using (2.26) and (2.28) we easily get that

0 ď DJpūqhk ď opσAkq, (2.29)

and
1
2
D2Jpūqphk, hkq ď op1q. (2.30)

Now, since hk P TKpuq and }hk}2 “ 1, up to some subsequence, hk converges
weakly in L2pOq to some h̄. Since TKpuq is weakly closed, we get that h̄ P
TKpuq. Thus, using (2.29) we get that DJpūqh̄ “ 0 and so h̄ P CKpuq.
On the other hand, using the weak lower semicontinuity of v P L2pOq ÞÑ
D2Jpūqpv, vq P R, inequalities (2.30) and (2.18), we get

0 ď D2Jpūqph̄, h̄q ď lim inf
kÑ8

D2Jpūqphk, hkq ď lim sup
kÑ8

D2Jpūqphk, hkq ď 0.

Thus, D2Jpūqph̄, h̄q “ limkÑ8D
2Jpūqphk, hkq “ 0 and so, by (2.18), we get

that h̄ “ 0. Moreover, from the convergence of D2Jpūqphk, hkq to 0, it is easy
to see that hk must converge to h̄ “ 0, which is impossible because }hk}2 “ 1.

As a consequence, we have that conditions (2.25) and (2.18) characterize
(2.20). Indeed, we have seen above that they are sufficient. In order to show
that they are also necessary, notice that if ū satisfies (2.20), then ū solves
locally in LspOq (for any s P r1,`8s), the problem

Min Jpuq ´ 1
2
α}u´ ū}22 subject to u P K. (2.31)

It is straightforward to check that the first and second order necessary condi-
tions associated to this problem at ū are given by (2.25) and (2.18), respec-
tively. Moreover, since (2.25) and (2.18) are also necessary conditions for a
control ū satisfying (2.19) with s P r1,8s arbitrary, we get that (2.20) and
(2.19), with s P r1,8s arbitrary, are actually equivalent.
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2.1.4 Comments and perspectives

• As explained previously, in the presence of pure control constraints, the
results proved in [18] are more general since they can be applied to the
general optimal control problem (1.1). Indeed, in [18] it is shown that
a strong local solution ū of problem (1.1) satisfies the quadratic growth
property (2.20) iff condition (2.18) holds true and the Hamiltonian as-
sociated to problem (1.1) satisfies the quadratic growth property (2.26)
at ū.

• It is easy to construct examples showing that properties (2.19), with
s “ `8, and (2.20) are not equivalent for the general optimal control
problem (1.1). In this section we have obtained the equivalence in the
particular instance of (1.1) where the cost functional is given by (2.5)
and the PDE constraint is given by (2.1). Another peculiarity of the
problem studied in this section is that, as in the finite dimensional case,
condition (2.18) is equivalent to

D2Jpūqpv, vq ą 0 @ v P CKpūqzt0u.

The proof of this result is not difficult and can be found e.g. in [40,
Theorem 6.31] and [74, Theorem 4.11].

• Similarly to [35], it would be interesting to generalize the results in [18]
to the case where state constraints (at least finitely-many) are imposed
on the problem.

2.2 Optimal control of parabolic equations

2.2.1 Preliminaries

In this section we consider the following controlled semi-linear parabolic equa-
tion

Bty ´∆y ` fpyq “ u in Q,
y “ 0 in Σ,

yp0, ¨q “ y0p¨q in O.
(2.32)

In the above equation, O is as in the previous section, Q :“ Oˆs0, T r,
Σ “ BOˆs0, T r, and u is the control that will be supposed to belong to
L8pQq. If y0 belongs to W 2´ 2

s
,s

0 pOq, with s ą pd` 2q{2, classical results (see
[137, 124, 73]) imply that (2.32) admits a unique weak solution yrus, called



28

the state associated to u, which, for all s Ps1,8r, can be identified with an
element of

Vs :“ Lspr0, T s;Ysq XW 1,s
pr0, T s;LspOqq.

In particular, it is possible to show that yrus P CpQq. As in the elliptic case,
we associate to each control u P L8pQq a cost Jpuq given by

Jpuq :“ 1
2

ş

Q
rpyruspx, tq ´ ŷpx, tqq2 ` γupx, tq2s dxdt

`1
2

ş

Opyruspx, T q ´ ŷpx, T qq
2dx,

where ŷ P CpQq is a target trajectory. Given two functions a, b P L8pQq we
define the set

K1 “ tu P L
8
pQq ; apx, tq ď upx, tq ď bpx, tq, for a.a. px, tq P Qu .

We consider the optimal control problem, analogous to (2.12),

Min Jpuq subject to u P K1. (2.33)

We will also study a variation of (2.33) involving finitely many final integral
state constraints. For nE, nI P N let ΦE : RÑ RnE and ΦI : RÑ RnI be C2

and define GE : L8pQq Ñ RnE , GI : L8pQq Ñ RnI and G : L8pQq Ñ RnE`nI

as
Gi
Epuq :“

ş

O Φi
EpyruspT, xqqdx @ i “ 1, . . . , nE,

Gj
Ipuq :“

ş

O Φj
IpyruspT, xqqdx @ j “ 1, . . . , nI ,

Gpuq :“ pGEpuq, GIpuqq.

Let us set
K2 :“ t0unE ˆ RnI

´ , C :“ K1 XG
´1
pK2q.

We consider also the optimal control problem

Min Jpuq subject to u P C. (2.34)

Classical arguments imply that both problems (2.33) and (2.34) admit global
solutions (see e.g. [174, Section 5.3]).

2.2.2 Optimality conditions and strong solutions

In this section, based on [173, 20], we briefly present extensions to the
parabolic case of the results presented in the elliptic framework.

As previously, let us define the Hamiltonian H : Qˆ R3 ÞÑ R as

Hpx, t, y, p, uq :“ 1
2
py ´ ŷpx, tqq2dx` 1

2
γu2

` ppu´ fpyqq (2.35)
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Given u P L8pQq the adjoint state prus P W p0, T q :“ L2pr0, T s;H1
0 pOqqX

W 1,2pr0, T s;L2pOqq is defined as the unique solution of

´Btp´∆p “ Hypt, x, ȳ, p, ūq in Q,

p “ 0 in Σ,

pp¨, T q “ yrusp¨, T q ´ ŷp¨, T q in O.
(2.36)

By the maximum principle, prus P L8pQq. It can be proved that J is C2 and
for all v P L8pQq we have that DJpuq and D2Jpuq can be expressed in terms
of prus as follows (omitting the dependence on px, tq for yrus, prus, u and v):

DJpuqv “
ş

Q
BuHpx, t, yrus, prus, uqvdxdt,

D2Jpuqpv, vq “
ş

Q
D2
py,uq2Hpx, t, yrus, prus, uqpzrvs, vq2dxdt

`
ş

OpzrvspT, xqq
2dx,

(2.37)

where zrvs P W p0, T q is defined as the unique solution of

Btzrvs ´∆zrvs ` f 1pyrusqzrvs “ v in Q,
zrvs “ 0 in Σ,

zrvsp0, ¨q “ 0 in O.
(2.38)

Using classical results for linear parabolic equations (see e.g. [137]), it is
easy to check that that DJpuqp¨q and D2Jpuqp¨, ¨q admit unique extensions
to L2pOq and L2pOq ˆ L2pOq, respectively. Exactly as in the elliptic case,
we can prove that at any ū P K1

RK1pūq X L
8pQq “ TK1pūq,

RK1pūq XKerDJpūq X L8pQq “ CK1pūq,
(2.39)

where the closures are taken in L2pQq. The first equality together with the
expression for DJpūqv in (2.37) imply that if ū is a local solution, then
DJpūqv ě 0 for all v P TK1pūq, which, setting p̄ :“ prūs, is equivalent to

ū “ Pra,bsp´p̄{γq a.e. in Q. (2.40)

The second equality in (2.39) implies the second order necessary condition

D2Jpūqpv, vq ě 0 @ v P CK1pūq. (2.41)

On the other hand, regarding sufficient conditions, if ū satisfies (2.40) and
there exists α ą 0 such that

D2Jpūqpv, vq ě α}v}22 @ v P CK1pūq, (2.42)
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then, using a fine expansion of Jpuq and the particular structure of our control
problem, it can be proved that, for some s1 Ps1,8r there exists ε ą 0 such
that

Jpūq ` 1
2
α}u´ ū}22 ď Jpuq @ u P K1 such that }u´ ū}s1 ď ε. (2.43)

Therefore, since the topologies induced onK1 by the norms }¨}s (s P r1,`8r)
are equivalent (becauseK1 is essentially bounded), we have that (2.43) is true
for all s P r1,8r (by possibly modifying ε). Conversely, if there exist α ą 0
and ε ą 0 such that

Jpūq ` 1
2
α}u´ ū}22 ď Jpuq @ u P K1 such that }u´ ū}8 ď ε, (2.44)

which is weaker that (2.43), then ū solves locally the problem

Min Ĵpuq :“ Jpuq ´ 1
2
α}u´ ū}22 subject to u P K1,

which, reasoning as before for the necessary conditions, implies (2.40) and
(2.42). Finally, a decomposition result in the parabolic case, analogous to
(2.24), is proved in [20, Theorem 4.3]. This implies that (2.40) and (2.42)
are also sufficient for the following quadratic growth condition in the strong
sense, i.e. there exists ε ą 0 such that

Jpūq ` 1
2
α}u´ ū}22 ď Jpuq @ u P K1 such that }yrus ´ yrūs}8 ď ε. (2.45)

In particular, we conclude that (2.44), (2.43), and (2.45) are equivalent for
this specific class of optimal control problems.

Remark 1 In our particular framework, an alternative argument to prove
that (2.40)-(2.42) are sufficient for (2.45) is given in [74, Corollary 4.14].

Now, let us discuss the optimality conditions for problem (2.34). The next
results summarize some of the findings in [173, 20]. Given λ “ pλE, λIq P
RnE ˆ RnI let us define

Φrλspx, yq :“ 1
2
py ´ ŷpx, T qq2 ` λE ¨ΦEpyq ` λI ¨ΦIpyq for all y P R, x P O.

Let us fix a nominal control ū P C and set ȳ :“ yrūs. The adjoint state p̄λ
associated to pū, λq is defined as the unique weak solution of

´Btp´∆p “ ByHpx, t, ȳpx, tq, ppx, tq, ūpx, tqq in Q,

p “ 0 in Σ,

ppT, ¨q “ d
dy

Φrλsp¨, ȳpT, ¨qq,

(2.46)
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Let us introduce the Lagrangian L : L8pQq ˆ RnE ˆ RnI Ñ R defined as

Lpu, λq :“ Jpuq ` λ ¨Gpuq. (2.47)

Then, similarly to (2.37), L is C2 and for all v P L8pQq we have that

DuLpū, λqv “
ş

Q
BuHpx, t, ȳ, p̄λ, ūqvdxdt,

D2
uuLpū, λqpv, vq “

ş

Q
D2
py,uq2Hpx, t, ȳ, p̄λ, ūqpzrvs, vq2dxdt

`
ş

OD
2
yyΦrλspx, yqpzrvspT, xqq

2dx,

(2.48)

and DuLpū, λqp¨q, D2
uuLpū, λqp¨, ¨q admit unique continuous extensions to

L2pQq and L2pQq ˆ L2pQq, respectively.
First order optimality conditions for problem (2.34) can be proven in

terms of the Lagrangian L, under a constraint qualification condition. We
say that λ “ pλE, λIq P RnE`nI is a Lagrange multiplier at ū P C if

DuLpū, λqv ě 0 for all v P TK1pūq,

λjI ě 0, λjIG
j
Ipūq “ 0, for all j “ 1, . . . , nI .

(2.49)

The set of Lagrange multipliers at ū is denoted as ΛLpūq. The first condition
in (2.49) is equivalent to

ū “ Pra,bsp´p̄λ{γq a.e. in Q, (2.50)

and also to

Hpt, x, ȳpt, xq, p̄λpt, xq, ūpt, xqq ` α
2 |u´ ūpt, xq|

2 ď Hpt, x, ȳpt, xq, p̄λpt, xq, uq

@ u P rapt, xq, bpt, xqs.
(2.51)

Under the following Robinson’s constraint qualification condition (see [167])

D δ ą 0 such that Bp0, δq Ď Gpūq `DGpūq pK1 ´ ūq ´K2 pRCQq

we can prove that at every local solution ū of (2.34) we have that ΛLpūq is a
nonempty compact subset of RnE`nI .

Now, we state two second order necessary conditions for optimality proven
in [173]. Recall that

CCpūq :“ TCpūq XKerDJpūq.

In the first condition, assuming pRCQq we have the positivity of v P L2pOq ÞÑ
maxλPΛLpūqD

2Lpū, λqpv, vq for v belonging to a strict subset of the set of
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critical directions CCpūq. In the second case, assuming a stronger condi-
tion than pRCQq, due to Shapiro (see [172, 42]), which implies in partic-
ular the existence of a unique Lagrange multiplier, we obtain positivity of
v P L2pOq ÞÑ D2Lpū, λqpv, vq for v P CCpūq.

More precisely, let

Aapūq :“ tpt, xq P Q ; ūpt, xq “ apt, xqu,

Abpūq :“ tpt, xq P Q ; ūpt, xq “ bpt, xqu,

and define the strict critical cone

Cs
Cpūq :“ tv P CCpūq ; v “ 0 a.e. in Aapūq Y Abpūqu.

Then, if ū is a local solution of (2.34) and pRCQq is satisfied, then (see [173,
Theorem 5.2])

for every v P Cs
Cpūq, max

λPΛLpūq
D2Lpū, λqpv, vq ě 0. (2.52)

Now, in order to obtain a second order necessary condition satisfied at every
v P CCpūq, we assume the following qualification condition, which is stronger
that pRCQq: there exists λ P ΛLpūq and δ ą 0 such that

Bp0, δq Ď DGpūq rpK1 ´ ūq XKer DuLpū, λqs ´ pK2 ´Gpūqq X λ
K, (2.53)

where λK is the subspace of RnE ˆRnI which is orthogonal to tλu. It is easy
to see that (2.53) implies that ΛLpūq “ tλu (see [173, Lemma 5.4 (ii)]). In
[173, Theorem 5.7] it is shown that if ū is a local solution of (2.34) and (2.53)
holds, then

for every v P CCpūq, D2Lpū, λqpv, vq ě 0. (2.54)

Regarding second order sufficient conditions, Theorem 3.10 in [20], which is
the main result of that article, shows that (2.49) and the existence of α ą 0
such that

max
λPΛLpūq

D2Lpū, λqpv, vq ě α}v}2 @ v P CCpūq, (2.55)

are sufficient for strong optimality of ū. More precisely, there exists ε ą 0
such that

Jpūq ` 1
2
α}u´ ū}22 ď Jpuq @ u P C such that }yrus ´ ȳ}8 ď ε. (2.56)

The proof of [20, Theorem 3.10] is based on a decomposition result for
Lp¨, λq, similar to (2.24), with a remainder term in the expansion which is
uniformly small w.r.t. λ in a bounded set (see [20, Theorem 4.3]).
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From the necessary and sufficient conditions stated above we get that
if pRCQq is satisfied at ū P C and Cs

Cpūq “ CCpūq, then property (2.56) is
equivalent to (2.49) together with (2.55) (see [20, Theorem 3.12]). Moreover,
(2.56) and (2.49)-(2.55) are equivalent to (see [20, Theorem 3.14])

Jpūq ` 1
2
α}u´ ū}22 ď Jpuq @ u P C such that }u´ ū}8 ď ε. (2.57)

Analogously, if (2.53) is satisfied at some λ P ΛLpūq (and so ΛLpūq “ tλu)
then we have the same conclusions, i.e. the equivalence between (2.56),
(2.49)-(2.55) and (2.57) (see [20, Theorem 3.13]).

2.2.3 Comments and perspectives

• As in the elliptic case, the results presented previously for the case
of pure control constraints are particular consequences of the results
in [20], where property (2.45) is characterized for the general problem
(1.2).

• We point out that our results are no longer valid if γ “ 0, even when
no state constraints are considered. We refer the reader to the recent
articles [74, 82, 76] for some second order sufficient conditions for strong
optimality covering also this case.

• In the state constrained case, the proof of a second order necessary
condition at a local solution ū, having the form

for every v P CCpūq, max
λPΛLpūq

D2Lpū, λqpv, vq ě 0 (2.58)

by assuming only pRCQq is still an interesting open question, since,
comparing with (2.52), in general the strict critical cone Cs

Cpūq is smaller
than CCpūq. On the other hand, assumption (2.53), which implies (2.58)
at the local solution ū, is too strong since it implies in particular the
uniqueness of the Lagrange multiplier. We conclude that there is still
a gap between the second order necessary and sufficient conditions in
the state constrained case.
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Chapter 3

Some contributions in the theory
of Mean Field Games

In this chapter we will present some contributions in the theory of MFG
systems obtained in collaboration with several researchers. In the first part,
we present some Semi-Lagrangian schemes to solve some specific instances
of (1.10) when the coupling is non-local and the diffusion operator can be
degenerated. In the context of MFG problems, this type of methods has
been proposed and studied in collaboration with F. Camilli (Università La
Sapienza) and E. Carlini (Università La Sapienza). Next, in Section 3.2 we
present some results concerning stationary MFGs with local coupling involv-
ing density constraints. This work has been done in collaboration with A.-R.
Mészáros (UCLA) after the problem was suggested by F. Santambrogio (Uni-
versité Paris Orsay). Finally, in Section 3.3 we present some recent results
obtained with L. Briceño-Arias (Universidad Federico Santa María) and D.
Kalise (RICAM) on the resolution of the finite-difference schemes introduced
by Y. Achdou and I. Capuzzo-Dolcetta in [4] to solve some stationary MFGs
with local couplings. Our approach is variational and can be adapted to deal
with degenerated systems and also MFGs involving density constraints as
those presented in Section 3.2.

3.1 Semi-Lagrangian schemes for MFGs

3.1.1 Introduction

In this section, we present a brief summary of the results in [54, 67, 66,
68], which consider a different approach to that in [4] in order to derive a
numerical scheme for (1.10). The point of view is trajectorial, in the sense
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that the optimal control problem associated to the first equation in (1.10) is
discretized first in time and then in space. Similarly, the second equation
in (1.10) is discretized, first in time and then in space, taking advantage of
the well-known result which says that the solution mptq of the Fokker-Planck
equation at time t is given by the probability distribution of XX0,0ptq, the
solution of

dXptq “ ´BpHpXptq,∇vpXptq, tqqdt` σdW ptq, t P p0, T q,

Xp0q “ X0,
(3.1)

where the initial condition X0 is random, independent of W p¨q, and has
m0 as a probability distribution. Based on both trajectorial interpretations,
we propose a semi-Lagrangian scheme for the HJB equation (see [53, 105])
coupled with a conservative and also trajectory-based scheme for the Fokker-
Planck equation. In order to keep the analysis at a reasonable length, we
have decided to present in more detail the work [67] which deals with the
case σ “ 0 and thus the optimal control problem determining the strategy
of a typical player is deterministic.

3.1.2 Notations and main asssumptions

In what follows, we suppose that Hpx, pq “ 1
2
|p|2 and so (3.1) takes the form

dXptq “ ´∇vpXptq, tqdt` σptqdW ptq, t P p0, T q,

Xp0q “ X0,
(3.2)

where σ : r0, T s ÞÑ Rdˆd. Arguing heuristically as Section 1.3, the MFG
system takes now the form

´Btv ´
1
2trpσptqσJptqD2vq ` 1

2 |∇v|
2 “ `px,mptqq, in Rd ˆ p0, T q,

Btm´
1
2trpσptqσJptqD2mq ´ div

`

∇vm
˘

“ 0, in Rd ˆ p0, T q,

vpx, T q “ Φpx,mpT qq for x P Rd, mp0q “ m0 P P1pRdq,

(3.3)

where trpAq “
řd
i“1Aii for all A P Rdˆd and the second order operator

D2 acts on the space variable x. The set P1pRdq is endowed with the
Kantorovich-Rubinstein distance

d1pµ, νq “ sup

"
ż

Rd
φpxqdrµ´ νspxq ; φ : Rd

Ñ R is 1-Lipschitz
*

. (3.4)

In the entire section c ą 0 will denote a generic constant, whose value can
change from line to line. We will suppose that the following assumptions



37

hold true:
(H1) ` and Φ are continuous over Rd ˆ P1pRdq.
(H2) There exists a constant c ą 0 such that for any m P P1pRdq

}`p¨,mq}C2 ` }Φp¨,mq}C2 ď c,

where }fp¨q}C2 :“ supxPRdt|fpxq| ` |Dfpxq| ` |D
2fpxq|u.

(H3) Denoting by σp : r0, T s Ñ Rd (p “ 1, . . . , d) the p column vector of the
matrix σ, we assume that σp is continuous.
(H4) The initial condition m0 P P1 is absolutely continuous with respect to
the Lebesgue measure, with density still denoted by m0, which belongs to
L8pRdq. We also suppose that the support of m0, denoted by supppm0q, is
compact.

Since the second order operator in (3.3) is not uniformly elliptic, in general
we cannot expect the existence of regular solutions for (3.3). By the same
reason, we cannot expect neither an uniform strict positivity of the density
m. Since these properties are crucial in the convergence proof for the finite
difference schemes proposed in [4, 2, 3], in order to solve (3.3) we consider
another type of scheme, that we call Semi-Lagrangian (SL) scheme.

3.1.3 A Semi-Lagrangian scheme for the first order MFG
system

In this section we suppose that σ ” 0 in (3.3), i.e. we consider the system

´Btvpx, tq `
1
2
|∇vpx, tq|2 “ `px,mptqq in Rd ˆ p0, T q,

vpx, T q “ Φpx,mpT qq in Rd,

Btmpx, tq ´ divp∇vpx, tqmpx, tqq “ 0 in Rd ˆ p0, T q,

mp0q “ m0 in Rd.

(3.5)

The existence of at least one solution pv,mq P W 1,8
loc pRdˆr0, T sqˆL1pRdˆ

r0, T sq of (3.5), where the first equation is satisfied in the viscosity sense and
the second one is satisfied in the distributional sense, has been proved in
[141] (see also [57]).

In order to introduce the SL discretization, we consider both equations
in (3.5) separately. Given µ P Cpr0, T s,P1pRdqq we know (see e.g. [14]) that
there exists a unique viscosity solution vrµs of the HJB equation

´Btvpx, tq `
1
2
|Dvpx, tq|2 “ `px, µptqq, in Rd ˆ p0, T q,

vpx, T q “ Φpx, µpT qq in Rd.
(3.6)
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Moreover, given px, tq P Rd ˆ p0, T q, α P L2pr0, T s;Rdq and defining

Xx,t
rαsp¨q :“ x´

ż ¨

t

αpsqds,

we have that vrµspt, xq can be represented as the optimal cost of the following
optimal control problem (see e.g. [14])

vrµspx, tq “ infα
şT

t

“

1
2
|αpsq|2 ` `pXx,trαspsq, µpsqq

‰

ds

`ΦpXx,trαspT q, µpT qq.
(3.7)

Therefore, by the DPP (see (1.8)) for all 0 ď h ă T ´ t the value function
satisfies

vrµspx, tq “ infα
 

vrµspXx,trαspt` hq, t` hq

`
şt`h
t

“

1
2 |αpsq|

2 ` `pXx,trαspsq, µpsqq
‰

ds
)

,
(3.8)

and vrµsp¨, T q “ Φp¨, µpT qq. Now, given a time step h ą and N P N such
that Nh “ T , a natural approximation of vrµs is obtained by discretizing in
time the DPP. For k “ 0, . . . , N and x P Rd let us define recursively

#

vkrµspxq “ inf
αPRd

 

vk`1rµspx´ hαq `
1
2
h|α|2

(

` h`px, µptkqq,

vN rµspxq “ Φpx, µptNqq.
(3.9)

A rigorous study of the semi-discrete approximation vkrµs of vrµs has been
carried out in [93, 94] in a much broader framework. In particular, it is shown
that extending vkrµspx, tq for the intermediate times t P ptk, tk`1q as

vhrµspx, tq “ vkrµspxq if t P rtk, tk`1q, (3.10)

we have that vhrµs Ñ vrµs uniformly on compact sets as h Ó 0.
The fully discrete approximation of (3.6) is induced by the semi-discrete

scheme (3.9) and linear interpolation in the space variable. More precisely,
given ρ ą 0, let us define Gρ :“ txi “ ρi ; i P Zdu and consider a regular
triangulation Tρ of Rd with vertices belonging to Gρ. In this triangulation, we
define a P1-basis, i.e. a collection of continuous functions tβiuiPZd , affine on
each element of Tρ, satisfying that βipxjq “ δij for all xj P Gρ (the Kronecker
symbol). Moreover, βi have compact support, 0 ď βi ď 1, and

ř

iPZd βipxq “
1 for all x P Rd. Given a function f : Gρ ÞÑ R we define its interpolate

Irf sp¨q :“
ÿ

iPZd
fiβip¨q. (3.11)
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By discretizing the the unknown space-dependent functions using the inter-
polation operator I, we get the following fully-discrete scheme

$

&

%

vi,krµs “ infαPRd
 

Irv¨,k`1rµsspxi ´ hαq `
1
2
h|α|2

(

` h`pxi, µptkqq,

vi,N rµs “ Φpxi, µptNqq.

(3.12)
The scheme is extended as a function defined in Rd ˆ r0, T s as

vρ,hrµspx, tq :“ Irv¨,kspxq if t P rtk, tk`1q. (3.13)

As long as pρ, hq Ñ p0, 0q with ρ2{h Ñ 0, the convergence of vρ,hrµs to vrµs
is proved in [104] even in cases involving more accurate discretizations (see
also [105] for a nice overview on the subject).

Now, let us discuss the discretization of the Fokker-Planck equation,
which in this deterministic framework (σ “ 0) is often called the continuity
or Liouville equation. In order to motivate the scheme, consider the system

Btm` div
`

bm
˘

“ 0, in Rd ˆ p0, T q,

mpx, 0q “ m0pxq in Rd,
(3.14)

where b : Rd ˆ p0, T q Ñ Rd is bounded and Lipschitz with respect to x,
uniformly in t P p0, T q. It is well known (see e.g. [57]), that (3.14) ad-
mits a unique solution, m P Cpr0, T s,P1pRdqq. Moreover, defining the flow
Φpt1, t2, ¨q, with 0 ď t1 ď t2 ď T , as Φpt1, t2, xq “ Xpt2q where X solves

9Xptq “ bpXptq, tq for t P pt1, T q, Xpt1q “ x,

we have that mptq “ Φp0, t, ¨q7m0, which means that
ż

Rd
φpxqdmptqpxq “

ż

Rd
φpΦp0, t, xqqdm0pxq @ φ P CbpRd

q,

where CbpRdq denotes the set of continuous and bounded real-valued func-
tions defined on Rd.

The above result motivates the following time-discretization: define the
discrete flow Φhptk, tk`1, xq :“ x` hbpx, tkq and the sequence of measures

mk`1 :“ Φhptk, tk`1, ¨q7mk k “ 0, . . . , N ´ 1, (3.15)

where we recall that m0 is given. The sequence of measures mk are extended
to an element of Cpr0, T s;P1pRdqq as follows

mhptq :“
tk`1 ´ t

h
mk `

t´ tk
h

mk`1 if t P rtk, tk`1s. (3.16)
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In order to discretize the measures in the space, we use the grid Gρ, the
P1-basis tβiuiPZd and for every i P Zd and k “ 0, . . . , N ´ 1 we set

Ei :“ rxi ˘
1
2
ρe1s ˆ ...ˆ rxi ˘

1
2
ρeds,

Φi,k :“ Φhptk, tk`1, xiq “ xi ` hbpxi, tkq,
(3.17)

where te1 . . . edu is the canonical basis in Rd. We consider the following fully
discretization of (3.14)

mi,k`1 “
ÿ

jPZd
βi pΦj,kqmj,k, mi,0 “

ż

Ei

m0pxqdx. (3.18)

Note that this scheme is conservative
ÿ

iPZd
mi,k “

ÿ

jPZd
mj,k

ÿ

iPZd
βi pΦj,kq “

ÿ

iPZd
mi,k “

ÿ

iPZd
mi,0 “ 1.

For some technical reasons, the scheme is modified by extending its domain
to Rd ˆ p0, T q as follows: if t P rtk, tk`1q we set

mρ,hpx, tq :“
1

ρd

«

tk`1 ´ t

h

ÿ

iPZd
mi,kIEipxq `

t´ tk
h

ÿ

iPZd
mi,k`1IEipxq

ff

. (3.19)

In this manner, mρ,h can be identified to an element of Cpr0, T s;P1pRdqq,
which for every time t has an essentially bounded densitymρ,hp¨, tq. Moreover,
mρ,h P L

8pRdˆp0, T qq. The scheme (3.18) can be formally derived using the
weak-formulation of (3.14) and the extended version of the scheme, given by
(3.19), can be proved to be weakly convergent ([65]).

We will apply the previous scheme to discretize the continuity equation
in (3.5). Given µ P Cpr0, T s;P1pRdqq, recall that vrµs denotes the unique
viscosity solution of (3.6). Using the representation formula (3.8) and our
assumptions on ` and Φ, we have that vrµs is Lipschitz and thus, for all
t P p0, T q we have that ∇vrµspx, tq exists for a.a. x P Rd. Moreover, it can be
proved that vrµs is uniformly semiconcave with respect to the space variable
x (see e.g. [55]), i.e. there exists c ą 0 such that

vrµspx` h, tq ´ 2vrµspx, tq ` vrµspx´ h, tq ď c|h|2 @ h P Rd, (3.20)

(we say vrµsp¨q is semiconcave with constant c and it is uniformly semiconcave
because c is independent of pµ, tq). Now, let us consider the equation

Btmpx, tq ´ div
`

∇vrµspx, tqmpx, tq
˘

“ 0 in Rd ˆ p0, T q,

mpx, 0q “ m0pxq Rd.
(3.21)
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Note that in this case the velocity field ´∇vrµs is not regular and so we
cannot apply directly the existence and uniqueness result mentioned above.
However, it is possible to prove that for any 0 ď t1 ď t2 ď T and almost all
x P Rd, the equation

9Xptq “ ´∇vrµspXptq, tq for t P pt1, T q, Xpt1q “ x, (3.22)

admits a unique solution. The key argument in the the proof is the fact that
the velocity field is minus the derivative w.r.t. to the initial condition of the
value function which has a unique optimizer for almost all initial condition
x P Rd (see [55] and [57] for more on this). Using this fact and defining the
flow Φrµspt1, t2, xq as the unique solution of (3.22) for almost all x P Rd it
is easy to show that mrµsptq :“ Φrµsp0, t, ¨q7m0 is a distributional solution
of (3.21). The tricky fact is the uniqueness of the solution of (3.21), which
can be proved using the semiconcavity property (3.20) and a superposition
principle proposed in e.g. [9] (see [57] for a self-contained proof using this
argument).

Therefore, it is natural to propose (3.15) as a discretization in time of
(3.21) with bpx, tkq replaced by ´∇vkrµspxq (see (3.9)). On the other hand,
there are some issues in defining the corresponding fully-discrete scheme
(3.18) since the corresponding “velocity field” ´∇vρ,hrµspx, tq does not ex-
ists if x P Gρ. Therefore, we have to regularize vh,ρrµs with a mollifier. More
precisely, given a regular function ρ P C8c pRdq satisfying that ρ ě 0 and
ş

Rd ρpxqdx “ 1, for ε ą 0 consider the mollifier ρεpxq :“ 1
εd
ρ
`

x
ε

˘

and set

vερ,hrµsp¨, tq :“ ρε ˚ vρ,hrµsp¨, tq for all t P r0, T s. (3.23)

Thus, we consider the scheme (3.18) with bpxi, tkq “ ´∇vερ,hrµspxi, tkq and
we denote Φε

i,krµs :“ xi ´ h∇vερ,hrµspxi, tkq. This gives the scheme
#

mε
i,k`1rµs “

ř

jPZd βi
`

Φε
j,krµs

˘

mε
j,krµs,

mε
i,0rµs “

ş

Ei
m0pxqdx.

(3.24)

We extend the previous scheme to a function mε
ρ,hrµs P L8pRd ˆ p0, T qq

defined as

mε
ρ,hrµspx, tq :“

ˆ

tk`1 ´ t

h

˙

m̂εrµsptk, xq `

ˆ

t´ tk
h

˙

m̂εrµsptk`1, xq, (3.25)

if t P rtk, tk`1s, where

m̂ε
rµsptk, xq :“

1

ρd

ÿ

iPZd
mε
i,kIEipxq. (3.26)
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Let us summarize the problem that we have considered so far.
(i) The continuous case: To solve (3.5) is equivalent to solve the following
fixed point problem

Find µ P Cpr0, T s;P1pRdq such that µ “ mrµs. (3.27)

(ii) The semi-discrete in time problem: Given the semi-discrete scheme
(3.9) for the HJB equation (3.6) and the semi-discrete scheme (3.15) (with
b “ ´∇vhrµs) for the continuity equation (3.21), we consider the following
semi-discrete in time scheme for (3.27):

Find µ P Cpr0, T s;P1pRdq such that µ “ mhrµs. (3.28)

(ii) The fully-discrete problem: Given the fully SL discretization (3.12) for
the HJB equation (3.6) and the fully-discrete scheme (3.24) for (3.21), we
consider the following fully-discrete scheme for (3.27):

Find µ P Cpr0, T s;P1pRdq such that µ “ mε
ρ,hrµs. (3.29)

The existence of at least one fixed point in problems (3.27), (3.28) and
(3.29) follow from standard arguments, taking advantage that the mappings
µ ÞÑ mrµs, µ ÞÑ mhrµs and µ ÞÑ mε

ρ,hrµs are continuous and take values in
suitable pre-compact sets. The delicate issue is the proof of the convergence
of solutions of (3.28) and (3.29) to solutions of (3.27). A convergence result
for (3.28) has been proved in [54]. The corresponding proof of the convergence
for solutions of (3.29) is much more elaborate and it is available only in the
scalar case d “ 1. The crucial point is that only when d “ 1 we are able to
prove uniform L8-bounds for mε

ρ,hrµs and these bounds are fundamental in
order to justify the convergence. We only state the result referring the reader
to [67] for a complete proof.

Theorem 2 Suppose that d “ 1 and that ρn “ o phnq, hn “ opεnq as εn Ñ 0.
Then any limit point in Cpr0, T s;P1q of discrete solutions mεn

ρn,hn
of (3.29)

solves (3.27). In particular, if the continuous problem has a unique solution
pv,mq, then mεn

ρn,hn
Ñ m in Cpr0, T s;P1q.

3.1.4 The SL scheme in the second order case

In this section we consider an extension of the previous scheme to the second
order and possibly degenerated case (3.2). For the sake of simplicity, we
limit ourselves to the presentation of the scheme and the statement of the
convergence result. A much more detailed presentation, as well as the proof
of the convergence of the fully discrete-scheme, can be found in [68].
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As presented before, we consider the discretization of both equations in
(3.3) separately. The main difference between the first and second order
case in the trajectorial approach devised to construct our scheme is that the
representation formulae for the solutions of the second order HJB and FP
equations depend on some diffusion processes instead than on deterministic
trajectories. Indeed, since the driving equation is given by (3.2), a natural
way to discretize the stochastic optimal control problem is to approximate
the underlying Brownian motion by a conveniently scaled random walk in
Rd. Thus, if for a given µ P Cpr0, T s;P1pRdqq we consider the HJB equation

´Btv ´
1
2trpσptqσJptqD2vq ` 1

2 |Dv|
2 “ `px,mptqq, in Rd ˆ p0, T q,

vpx, T q “ Φpx, µpT qq for x P Rd,
(3.30)

and we denote by vrµs its unique viscosity solution, for given h ą 0 and N
such that Nh “ T , the previous discussion yields the semidiscrete approxi-
mation

vkrµspxq “ infαPRd
”

1
2d

řd
p“1

´

vk`1rµspx´ hα˘
?
hrσpptkqq

¯

` 1
2h|α|

2 ` h`px, µptkqq
‰

,

vN rµspxq “ Φpx, µptN qq,

(3.31)

where, for a function θ : Rd ÞÑ R, we have used the notation θpx1 ˘ x2q :“
θpx1 ` x2q ` θpx1 ´ x2q. Using the interpolation operator defined in (3.11),
we obtain the following fully-discrete scheme for (3.30), first proposed in [53]
and thoroughly studied in [91],

#

vi,k “ Ŝρ,hrµspv¨,k`1, i, kq for all i P Gρ, k “ 0, . . . , N ´ 1,

vi,N “ Φpxi, µptNqq, for all i P Gρ,
(3.32)

where, for every f : Gρ Ñ R, i P Zd, k “ 0, . . . , N ´ 1, Ŝρ,hrµspf, i, kq is
defined as

Ŝρ,hrµspf, i, kq :“ inf
αPRd

«

1

2d

d
ÿ

p“1

´

Irf spxi ´ hα˘
?
hrσpptkqq

¯

` 1
2h|α|

2 ` h`pxi, µptkqq
‰

.

(3.33)

The solution of the scheme (3.32) is extended to a function vρ,h : Rdˆr0, T s Ñ
R as in (3.13).

In order to discretize the equation (for a given µ P Cpr0, T s;P1pRdq)

Btm´
1
2trpσptqσJptqD2mq ´ div

`

Dvrµsm
˘

“ 0, in Rd ˆ p0, T q,

mp0q “ m0,
(3.34)
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the idea is the same as the one in the deterministic case, the difference being
that we have to take into account all the possible values of the random walk
discretizing the Browian motion W p¨q. For ε ą 0, i P Zd, p “ 1, . . . , d and
k “ 0, . . . , N ´ 1 let us set

Φε,p,`
i,k rµs :“ xi ´ h∇vερ,hrµspxi, tkq `

?
dhσpptkq,

Φε,p,´
i,k rµs :“ xi ´ h∇vερ,hrµspxi, tkq ´

?
dhσpptkq,

(3.35)

where vερ,hrµs is a regularization of vρ,hrµs (see (3.23)). Now, let us define
tmε

i,krµs ; i P Zd, k “ 0, . . . , Nu recursively as

mε
i,k`1rµs :“

1

2d

ÿ

jPZd

d
ÿ

p“1

“

βi
`

Φε,p,`
j,k rµs

˘

` βi
`

Φε,p,´
j,k rµs

˘‰

mε
j,krµs,

mε
i,0rµs :“

ż

Ei

m0pxqdx.

(3.36)

where we recall that Ei is defined in (3.17). The scheme is extended to a
function mε

ρ,hrµs P L
8pRd ˆ p0, T qq as in (3.25).

The fully discretization of (3.3) proposed in [68] reads

Find µ P Cpr0, T s;P1q such that mε
ρ,hrµs “ µ. (3.37)

Using Brouwer fixed point theorem, it is proved that (3.37) admits at least
one solution. The main result in [68] is the convergence of solutions of (3.37)
to a solution of (3.3), where, for the same reasons than those in the first
order case, the proof is valid only in the scalar case d “ 1.

Theorem 3 Suppose that d “ 1 and that ρn “ o phnq, hn “ opε2
nq, as εn Ñ 0.

Let tmnunPN be a sequence of solutions of (3.37) for the corresponding param-
eters ρn, hn, εn and vn :“ vρn,hnrm

ns. Then, in the space Cpr0, T s;P1pRdqq,
any limit point m̄ of discrete solutions mn (there exists at least one) satisfies
that pvrm̄s, m̄q solves (3.3) and, up to some subsequence, vn Ñ vrm̄s uni-
formly in compact subsets of Rd ˆ p0, T q. In particular, if the continuous
problem has a unique solution pv,mq, then mn Ñ m in Cpr0, T s;P1pRdqq.

Remark 4 (i) In order to get the existence, up to some subsequence, of a
limit point m̄ of mn in Cpr0, T s;P1pRdqq, a key argument in the proof is to
prove the existence of a constant c ą 0 such that for any s, t P r0, T s

d1pm
n
ptq,mn

psqq ď c
a

|t´ s|, sup
tPr0,T s

ż

Rd
|x|2dmn

ptqpxq ď c
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(see [9]). In order to prove the above estimates, it is useful to think on mε
p¨q,p¨q,

defined in (3.36), as the law of a non-homogeneous Markov chain tXku
N
k“1

taking values in Zd, with transition probabilities at time k´ 1 (k “ 1, . . . , N)
given by

pk´1
j,i “ PpXk “ i|Xk´1 “ jq “

1

2d

d
ÿ

p“1

“

βi
`

Φε,p,`
j,k rµs

˘

` βi
`

Φε,p,´
j,k rµs

˘‰

.

Moreover, this argument can be employed to prove also the convergence of
the proposed scheme for more general nonlinear FP equations (see [65]).

3.1.5 Numerical tests

We assume that the final cost Φpx,mq is zero and that `px,mq is given by

`px,mq “ 5px´ p1´ sinp2πtqq{2q2 ` Vδpx,mq,

where

Vδpx,mq “ φδ ˚ rφδ ˚ms pxq and φδpxq “
1
?

2π
e´x

2{p2δ2q.

The interpretation is that agents wants to be close to the curve t P r0, T s ÞÑ
p1 ´ sinp2πtqq{2 P R, but at the same time the pay a cost Vδpx,mq related
to congestion at point x when the global distribution is m, i.e. agents try
to avoid places with a high concentration of the population. We consider a
numerical domain Qb ˆ r0, T s “ r0, 1s ˆ r0, 2s and we choose as initial mass
distribution:

m0pxq “
νpxq

ş

R νpxqdx
with νpxq “ e´px´0.5q2{p0.1q2 .

In Figure 3.1 we show the result of an heuristic numerical resolution of the
fully-discrete SL scheme when the game is deterministic, i.e. σ “ 0. In Figure
3.2 we simulate the second order non-degenerate case with σ “ 0.2. The
regularizing effect of the diffusion can be clearly observed. Finally, in Figure
3.3 we consider an “intermediate” case when σptq :“ maxp0, 0.2´ |t´ 1|q, i.e.
a degenerate diffusion.
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Figure 3.1: Test 1: Mass evolution mε
i,k

3.1.6 Comments and perspectives

It can be proved that the convergence result in Theorem 3 is valid in general
dimensions if the solution of the HJB equation is smooth. This covers, in
particular, the case when σ is uniformly elliptic.

The following investigations would be interesting

• To provide a convergent algorithm, at least locally, to compute the
solution of the discretized MFG system.

• To consider cases when σ depends on x. An even more challenging case
would be the case of control dependent volatilities.

• Is it possible to extend somehow the previous analysis to the case of
local couplings? (see the next section for a different approach).

• What about the ergodic case?
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Figure 3.2: Test 2: Mass evolution mε
i,k

Figure 3.3: Test 3: Mass evolution mε
i,k
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3.2 On the variational formulation of some sta-
tionnary MFG

In this section we consider the following ergodic MFG system
$

’

’

’

’

&

’

’

’

’

%

´σ2

2
∆vpxq `Hpx,∇vpxqq ´ λ “ `px,mpxqq in Rd,

´σ2

2
∆mpxq ´ div pBpHpx,∇vpxqqmpxqq “ 0 in Rd,
ż

Rd
mpxq dx “ 1,

ż

Rd
vpxq dx “ 0, m ě 0,

(3.38)

where σ P R. As pointed out in [141], if for all x P Rd the function `px, ¨q
is nondecreasing, then system (3.38) can be obtained, at least formally and
when the solution m of the second equation of (3.38) is strictly positive, as
the optimality condition of the following convex optimization problem

infpm,wq

ż

Rd

"

mpxqH˚

ˆ

x,´
wpxq

mpxq

˙

` F px,mpxqq

*

dx,

s.t. ´ σ2

2
∆m` divpwq “ 0,

ż

Rd
mpxq dx “ 1, m ě 0,

(3.39)

where F px, ¨q :“
şp¨q

0
`px,m1qdm1 and H˚px, ¨q is the convex conjugate of the

convex function Hpx, ¨q. This variational argument has been studied rigor-
ously in several articles in order to give a meaning to the solution of MFG
systems in degenerate cases (e.g. when σ “ 0) and local couplings. We refer
the reader to the series of articles by Cardaliaguet and several collaborators
[58, 60, 61, 64] dealing mostly with time-dependent problems and first or-
der MFG systems (or degenerated second order MFG systems). In the same
spirit than [23, 59], focused on optimal mass transfer problems, the main idea
of the aforementioned articles is to apply convex analysis techniques and re-
laxation theory (see e.g. [98]) in order to establish a complete duality theory
for the variational problem. Adapting their ideas to the stationary case, the
strategy would be to consider as primal problem the dual of (3.39), which
can be formally computed easily, to apply then the Fenchel-Rockafeller The-
orem, which yields the existence of solutions for (3.39) in suitable functional
spaces, and to relax the primal problem in order to get existence of solutions.
Loosely speaking, once this is achieved, existence of weak solutions for (3.38)
follows from the existence of solutions for both the primal and dual problem
and the equality of the corresponding optimal cost functions.

In this section, motivated by [171], where density constrained MFGs are
introduced in order to model hard congestion effects, we consider problem
(3.39) with σ ‰ 0, H˚px, 9q “ |¨|q{q, we work on a bounded domain O (instead
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of Rd), we assume Neumann boundary conditions for the PDE constraint,
and we impose the additional constraint that m ď 1 a.e. in O. We describe a
suitable functional framework that allows us to obtain directly the existence
of an optimal solution and to compute optimality conditions when q ą d.
These optimality conditions take the form (3.38) with the additional density
constraint m ď 1 and the appearance of a Lagrange multiplier p in the first
equation, which is a non-negative measure concentrated in the saturation
zones. The case when q Ps1, ds is treated by the approximation of primal-
dual solutions of the initial problem by primal-dual solutions of a sequence
of convex problems with cost functions having growths larger than d. This
technique leads to a MFG system of the same form than the one explained
above, with solutions that are weak in a sense to be specified.

This section constitutes a brief summary of the results in [150], in collab-
oration with A.-R. Mészáros.

3.2.1 Functional framework

We consider a non-empty, bounded open set O with a smooth boundary and
we denote by n the outward normal to BO. We will assume that LebpOq ą 1.
Let q ą 1 and denote by q1 :“ q{pq ´ 1q ą 0 the conjugate of q. For
notational convenience denote byM :“ W 1,qpOq, W :“ pLqpOqqd and define
the mappings bq : Rˆ Rd ÞÑ RY t`8u and Bq :MˆW ÞÑ RY t`8u as

bqpa, bq :“

$

’

’

&

’

’

%

|b|q

qaq´1 if a ą 0,

0 if pa, bq “ p0, 0q,

`8 otherwise.

Bqpm,wq :“

ż

O
bqpmpxq, wpxqqdx.

Let ` : O ˆ R ÞÑ R be a continuous function, increasing w.r.t. the sec-
ond variable, and define the convex, proper and l.s.c. function F px,mq “
şm

0
`px,m1qdm1 if m ě 0 and `8 otherwise. In this section we consider the

problem
infpm,wqPMˆW Bqpm,wq `

ş

O F px,mpxqq dx,

s.t. ´ σ2

2
∆m` divpwq “ 0 in O,

p∇m´ wq ¨ n “ 0 on BO,
ş

Ompxq dx “ 1, 0 ď m ď 1,

(3.40)

where σ ‰ 0, and the PDE in (3.40), together with the boundary condition,
is interpreted in the weak sense

ż

O

σ2

2
∇mpxq ¨∇ϕpxq dx “

ż

O
wpxq ¨∇ϕpxq dx @ ϕ P C1

pOq. (3.41)
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Note that the constraint m ě 0 in (3.40) is implicitly imposed through
the cost function, so we can eliminate this condition from the constraints.
Now, in order to tackle the problem with abstract optimization tools set
V :“

 

v P W 1,q1pOq :
ş

O v “ 0
(

and define the linear bounded operators A :
M ÞÑ V˚ and B :W Ñ V˚ as

xAm, φyV˚,V :“

ż

O

σ2

2
∇mpxq¨∇φpxq dx, xBw, φyV˚,V :“ ´

ż

O
wpxq¨∇φpxq dx,

for all m PM, w PW and φ P V . Now, defining C :“ tm PM ; m ď 1u and
G :“MˆW ÞÑ V˚ ˆ R as

Gpm,wq :“

ˆ

Am`Bw,

ż

O
mpxq dx´ 1

˙

,

we can rewrite problem (3.40) in the form

inf
pm,wqPMˆW

Bqpm,wq `
ż

O
F px,mpxqqdx s.t. Gpm,wq “ 0, m P C. (3.42)

3.2.2 Main results

A first result is that when q ą d, problem (3.42) admits at least one solution
pm,wq. This follows by the direct method of the calculus of variations using
that any minimizing sequence pmn, wnq satisfies that 0 ď mn ď 1 which, by
the uniform bound in n of Bqpmn, wnq, yields to a uniform bound for wn inW .
Then, using that there exists a constant c ą 0 such that }mn}M ď c}wn}W
(see e.g. [150, Lemma A.2]) classical weak-convergence arguments and the
weak lower semicontinuity of the cost, yield the existence of an optimizer
pm,wq. Uniqueness also follows easily assuming that `px, ¨q is strictly in-
creasing (which implies the strict convexity of m PM ÞÑ

ş

O F px,mpxqqdx).
In order to establish first order optimality conditions at a solution pm,wq

of (3.42), it is important to verify that the constraints are qualified (see e.g.
[40, Chapter 2]). This property implies the existence of Lagrange multipliers
at pm,wq. In our case the qualification condition is satisfied thanks to the
surjectivity of A (see again e.g. [150, Lemma A.2]) and the fact that C has a
non-empty interior if q ą d, by the Sobolev inequalities. We refer the reader
to [150, Lemma 3.2] for more details on this. Denoting byMpOq the space
of (signed) Radon measures over O, the arguments above give the existence
of pv, λ, pq P V ˆ RˆMpOq such that

˜

A˚v ´ p` λ´ `p¨,mq

B˚v

¸

P BBqpm,wq, (3.43)
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which implies, in particular, that BBqpm,wq is non-empty at any solution
pm,wq of (3.42). In order to provide a more explicit form of (3.43), we need
to calculate BBqpm,wq. In order to get an idea of the result, note that easy
computations show that the conjugate b˚q is given by χAq , where

Aq1 “

"

pα, βq P Rˆ Rd ; α `
|β|q

1

q1
ď 0

*

,

and χAq is the indicator function (in the sense of convex analysis) of the
closed and convex set Aq1 . From this, it is immediate to obtain that

Bbqpm,wq “

$

’

’

&

’

’

%

´

1
q1
|w|q

mq
, |w|

q´2w
mq´1

¯

if m ą 0,

Aq1 if pm,wq “ p0, 0q,

H otherwise.

In the case of Bq we obtain that B˚q “ χAq1 (see [150, Lemma 2.1]), where

Aq1 :“

"

pα, βq PMpOq ˆ Lq1pOqd : α `
1

q1
|β|q

1

ď 0

*

.

Setting ŵ :“ pw{mqItmą0u, in [150, Theorem 2.2] it is proven that BBqpm,wq “
H if ŵ RW , else

BBqpm,wq “
"

pα, βq P Aq1 ; pα, βq tm ą 0u “

ˆ

´
1

q1
|ŵ|q, |ŵ|q´2ŵ

˙*

.

In particular, if pα, βq P BBqpm,wq and dα “ αacdx ` dαs is the Lebesgue
decomposition of α w.r.t. to the Lebesgue measure, we get that αs is a
non-positive measure supported on the set tm “ 0u. Combining this char-
acterization of BBqpm,wq with (3.43) and noting that A˚v “ ´σ2

2
∆v and

B˚v “ ´∇v, we easily get that at any solution pm,wq PMˆW , there exists
pv, λ, pq P V ˆ RˆMpOq such that

$

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

%

´σ2

2
∆v ` 1

q1
|∇v|q1 ´ p´ λ ď `px,mq in O,

∇v ¨ n “ 0 on BO,

´σ2

2
∆m´ div

´

m|∇v|
2´q
q´1∇v

¯

“ 0 in O,
∇m ¨ n “ 0 on BO,

ż

O
m dx “ 1, 0 ď m ď 1, in O,

sptppq Ď tm “ 1u,

(3.44)
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and the first inequality becomes an equality on the set tm ą 0u. Additional
regularity results for v and m can be obtained on the open set t0 ă m ă 1u
(see [150, Corollary 4.2]).

When, 1 ă q ď d the previous arguments, based on abstract optimization
tools, can no longer be directly applied because the interior of the set C in
M is in general empty. In order to solve this issue, for ε ą 0 and r ą d we
consider the following modification of problem (3.42)

infpm,wqPMˆW Bqpm,wq ` εBrpm,wq `
ş

O F px,mpxqqdx

s.t. Gpm,wq “ 0, m P C.
(3.45)

By the results explained above, for each ε ą 0 problem (3.45) admits at
least one solution pmε, wεq P M ˆW . Moreover, there exists pvε, λε, pεq P
V ˆ R ˆMpOq such that a PDE system, similar to (3.44) is satisfied. The
idea then is to pass to the limit as ε Ó 0 in the modified system in order to
obtain a weak version of (3.44). This can be done by means of some uniform
bounds with respect to ε and recent results on estimates on the gradients for
solutions of elliptic equations with measure data (see [152]). At the end, we
get the following existence result:

Theorem 5 There exists pm, v, p, µ, λq PMˆV ˆMpOqˆMpOqˆR such
that p and µ are non-negative Radon measures and

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

´σ2

2
∆v ` 1

q1
|∇v|q1 ` µ´ p´ λ “ `px,mq in O,

∇v ¨ n “ 0 on BO,

´σ2

2
∆m´ div

´

m|∇v|
2´q
q´1∇v

¯

“ 0 in O,
∇m ¨ n “ 0 on BO,

ż

O
m dx “ 1, 0 ď m ď 1, in O,

where the coupled system for pv,mq is satisfied in the weak sense. Moreover,
defining

xµ´ p,my :“ λ`

ż

O

„

`px,mq ´
1

q1
|∇v|q1



m dx´

ż

O

σ2

2
∇m ¨∇v dx

we have the inequality
ż

O
dp` xµ´ p,my ď 0. (3.46)
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Remark 6 Inequality (3.46) is a sort of “weak concentration property”. In
fact, by an approximation argument it is easy to see that if m is continuous,

we would have that xµ ´ p,my “

ż

O
m dpµ ´ pq and so (3.46) would imply

that
ş

Om dµ “ 0 and
ş

Op1´mq dp “ 0,

i.e. sptpµq Ď tm “ 0u and sptppq Ď tm “ 1u.

3.2.3 Comments and perspectives

The previous analysis can be extended to cases where ` is not increasing
w.r.t. its second argument and to more general Hamiltonians. Moreover, we
can also get rid of the density constraint and prove the existence of solutions
of some stationary MFG system with a purely variational approach.

The following investigations would be interesting

• To extend the previous analysis to more general Hamiltonians, includ-
ing for example dependence on the density m which could, eventually,
lead to the analysis of the ergodic control of McKean-Vlasov equations.

• The time-dependent case, including congestion effects and final con-
straints on the density.
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3.3 Proximal methods to solve some stationary
MFGs

In this section, based on [49], we consider the numerical approximation of
finite-difference schemes for the stationary MFG system

´σ2

2
∆v ` 1

q1
|∇v|q1 ´ λ “ `px,mpxqq in Td,

´σ2

2
∆m´ div

´

m|∇v|
2´q
q´1∇v

¯

“ 0 in Tn,
m ě 0,

ş

Tdmpxqdx “ 1,
ş

Td vpxqdx “ 0,

(3.47)

where Td denotes the d-dimensional torus. We also consider the correspond-
ing finite-difference scheme for the density constrained system (3.44), pre-
sented in the previous section, with a density constraint d̄ ą 1, with O
replaced by Td and without the Neumann boundary condition, i.e.

´σ2

2
∆v ` 1

q1
|∇v|q1 ´ p´ λ ď `px,mpxqq in Td,

´σ2

2
∆m´ div

´

m|∇v|
2´q
q´1∇v

¯

“ 0 in Td,
ş

Tdmpxqdx “ 1,
ş

Td vpxqdx “ 0,

0 ď m ď d̄, p ě 0, sptppq Ď tm “ d̄u,

(3.48)

where the first inequality becomes an equality on the set tm ą 0u.
Our approach is variational, because we prove the existence of solutions of

the aforementioned schemes using that they correspond to optimality systems
associated to suitable optimization problems which admits solutions. In order
to prove this result, monotonicity of `px, ¨q is not assumed, which allow us to
recover some of the results in [4], regarding the finite-difference scheme for
(3.47), and to obtain extensions of these results to the first order case σ “ 0.

When σ ‰ 0, the finite-difference scheme proposed in [4] is usually solved
using Newton’s type methods and consequently the computation is efficient
if the initial guess is near the solution. In [2, Section 5.5], [5, Section 2.2] and
[51, Section 9] the authors explain that numerical experiments show that the
performance of Newton’s method decays as the viscosity parameter σ tends
to zero and even can lead to breakdowns due to possible negative iterates for
the density m. If for all x P Td the function `px, ¨q is increasing, then the
variational problems associated to the finite-difference schemes are convex.
Therefore, it is very natural to propose convex minimization algorithms in
order to find the solutions of the finite-difference schemes and thus to avoid
the issues related to Newton’s method for small viscosity parameters. This
line of research has been already investigated in the literature. Indeed, when
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σ “ 0 in the articles [24, 25] the authors apply a variation of the Augmented
Lagrangian method, known as the Alternating Direction Method of Multipli-
ers (ADMM), introduced in [112, 111, 110], to solve the infinite dimensional
convex optimization problem associated to (3.47). When, σ ‰ 0 recent pro-
gresses have been done in the article [10].

In this section, we present the optimization problems related to finite-
difference schemes for (3.47)-(3.48) and we show how the proximal point
methods recalled in the Appendix A perform in their numerical resolution.
As explained in [49, Section 4] we can implement at least two versions of the
algorithms, with and without splitting the influence of the matrix defining
the linear constraints. In the former case we can project the iterates into
the constraints in order to accelerate the convergence. For discretizations of
system (3.47), with quadratic Hamiltonians, we compare the algorithms, with
both implementations, and we show that consistently the algorithm proposed
by Chambolle and Pock in [84] has a better performance. Next, we compare
the algorithm by Chambolle and Pock and the ADMM finding that the former
has a better performance for null or small viscosity parameters. For larger
viscosity parameters we have observed better results for the ADMM method.
Finally, we show the performance of the algorithm by Chambolle and Pock
in the case of discretizations of system (3.48).

3.3.1 The discrete optimization problems

For the sake of simplicity we will work in space dimension d “ 2. Given a
space step ρ ą 0 and Nρ P N such that Nρρ “ 1, we consider an uniform
grid T2

ρ of T2. Let us define the finite difference operator which will appear
in the discretization of systems (3.47)-(3.48). This type of scheme for MFG
systems has been originally introduced by Achdou and Capuzzo-Dolcetta in
[4]. Given a function y defined on T2

ρ and 0 ď i, j ď Nρ ´ 1, we set

pD1yqi,j :“
yi`1,j´yi,j

ρ
, pD2yqi,j :“

yi,j`1´yi,j
ρ

,

rDρysi,j :“ ppD1yqi,j, pD1yqi´1,j, pD2yqi,j, pD2yqi,j´1q .

The discrete Laplace operator ∆ρy : T2
ρ Ñ R is defined as

p∆ρyqi,j :“ ´
1

ρ2
p4yi,j ´ yi`1,j ´ yi´1,j ´ yi,j`1 ´ yi,j´1q .

LetMρ :“ RNρˆNρ , Wρ :“ pR4qNρˆNρ and consider the mappings A :Mρ Ñ

Mρ and B :Wρ ÑMρ defined as

pAmqi,j “ ´
σ2

2
p∆ρmqi,j,

pBwqi,j :“ pD1w
1qi´1,j ` pD1w

2qi,j ` pD2w
3qi,j´1 ` pD2w

4qi,j.
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Define the set K “ R` ˆ R´ ˆ R` ˆ R´ and the function

b̂ : Rˆ R4
Ñs ´8,`8s : pm,wq ÞÑ

$

’

’

&

’

’

%

|w|q

q mq´1
, if m ą 0, w P K,

0, if pm,wq “ p0, 0q,
`8, otherwise.

As in the previous section, we set F px,mq “
şm

0
`px,m1qdm1 if m ě 0 and

`8 otherwise. Define the functions onMρ ˆWρ

Bρpm,wq “
ř

i,j b̂pmi,j, wi,jq and Fρpmq :“
ř

i,j F pxi,j,mi,jq,

Gpm,wq :“ pAm`Bw, ρ2
ř

i,jmi,jq PMρ ˆ R,

3.3.2 The case without density constraint

Let us first consider the following optimization problem

inf
pm,wqPMρˆWρ

Bρpm,wq ` Fρpmq s.t. Gpm,wq “ p0, 1q PMρ ˆ R. (3.49)

For this problem we have the existence of at least one solution pmρ, wρq.
Moreover, we have the existence of pvρ, λρq PMρ ˆ R such that

´σ2

2 p∆ρv
ρqi,j `

1
q1 |

{rDρvρsi,j |
q1 ´ λρ ď `pxi,j ,m

ρ
i,jq, @ pi, jq,

´σ2

2 p∆ρm
ρqi,j ´ Ti,jpvρ,mρq “ 0, @ pi, jq

mρ
i,j ě 0, @ pi, jq, ρ2

ř

i,jm
ρ
i,j “ 1,

ř

i,j v
ρ
i,j “ 0,

(3.50)

where, for all y, v1 and m1 PMρ

{rDρysi,j :“
`

pD1yq
´
i,j ,´pD1yq

`
i´1,j , pD2yq

´
i,j ,´pD2yq

`
i,j´1

˘

and,

Ti,jpv1,m1q :“ 1
ρ

´

´m1i,j |
{rDρv1si,j |

2´q
q´1 pD1v

1q
´
i,j `m

1
i´1,j |

{rDρv1si´1,j |
2´q
q´1 pD1v

1q
´
i´1,j

`m1i`1,j |
{rDρv1si`1,j |

2´q
q´1 pD1v

1q
`
i,j ´m

1
i,j |

{rDρv1si,j |
2´q
q´1 pD1v

1q
`
i´1,j

´m1i,j |
{rDρv1si,j |

2´q
q´1 pD2v

1q
´
i,j `m

1
i,j´1|

{rDρv1si,j´1|
2´q
q´1 pD2v

1q
´
i,j´1

`m1i,j`1|
{rDρv1si,j`1|

2´q
q´1 pD2v

1q
`
i,j ´m

1
i,j |

{rDρv1si,j |
2´q
q´1 pD2v

1q
`
i,j´1

¯

.

The first inequality in (3.50) becomes an equality if mρ
i,j ą 0. When σ ‰ 0,

it is possible to prove that mρ
i,j ą 0 for all pi, jq. Then, from (3.50) we get

that pmρ, vρ, λρq solve

´σ2

2
p∆ρv

ρqi,j `
1
q1
|{rDρvρsi,j|

q1 ´ λρ “ `pxi,j,m
ρ
i,jq,

´σ2

2
p∆ρm

ρqi,j ´ Ti,jpvρ,mρq “ 0,

mρ
i,j ě 0, ρ2

ř

i,jm
ρ
i,j “ 1,

ř

i,j v
ρ
i,j “ 0.

(3.51)
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System (3.51) is the stationary system considered in [4] in the case of local
couplings. Since, at this stage, ` is not assumed to be increasing w.r.t. its
second argument, we recover thus some of the general existence results in [4].
When, σ “ 0, system (3.50) yields that pmρ, vρ, λρq solves

1
q1
|{rDρvρsi,j|

q1 ´ λρ ď `pxi,j,m
ρ
i,jq,

Ti,jpvρ,mρq “ 0,
ř

i,j v
ρ
i,j “ 0, 0 ď mρ

i,j, ρ2
ř

i,jm
ρ
i,j “ 1,

(3.52)

where, at each i, j, the first inequality is in fact an equality if mρ
i,j ą 0.

Therefore, we obtain the existence of a solution to a system which is the nat-
ural discretization of a stationary MFG system with local couplings (see
[60, Definition 4.1]). Strict positivity of mρ

i,j for all pi, jq holds true if
limmÓ0 `pxi,j,mq “ ´8 for all i, j (see [49, Proposition 3.1]).

Now regarding the applications of the methods recalled in the Appendix,
a key step is the efficient computation of the proximal operator of the function

pm,wq ÞÑ b̂pm,wq ` F pxi,j,mq.

The result can be found in [49, Corollary 4.2]. Let us first consider an
example with explicit solutions, a fact that is useful to check the convergence
properties of the algorithms. We take

`px, y,mq “ logm´ sinp2πxq ´ sinp2πyq, q “ 2,

which gives

v ” 0, mpx, yq “ esinp2πxq`sinp2πyq´λ , λ “ log

ˆ
ż

T2

esinp2πxq`sinp2πyqdxdy

˙

as an explicit solution of (3.47). Using the following abbreviations for the
methods in the Appendix
• ADMMM: Alternating direction method of multipliers.

• CP-U: Chambolle-Pock algorithm without splitting.

• PCPM-U: Predictor-corrector proximal multiplier method without splitting.

• MS-U: Monotone+skew without splitting.

• CP-SP: Chambolle-Pock algorithm with splitting and projected on the mass con-
straint.

• MS-SP: Monotone+skew with splitting and projected on the mass constraint.

• PCPM-SP: Predictor-corrector proximal multiplier method with splitting and pro-
jected on the mass constraint.
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we obtain the following results for different discretization parameters ρ and
the related number of degrees of freedom DoF “ 1{ρ2. Results presented
in Figure 3.4 indicate that although all the algorithms achieve the same
convergence rate in ρ, (measured in the L2 norm with respect to the exact
solution), the unsplit versions have smaller error. More importantly, when
comparing CPU time (or number of iterations) against L2 errors, unsplit
algorithms perform considerably better. However, split algorithms are still
competitive and provide a reliable way to approximate the solution without
performing any matrix inversion. Overall, the Chambolle-Pock algorithm
exhibits the best performance and accuracy in both unsplit and split versions.
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Figure 3.4: Left: convergence rates for the proposed schemes, fisrt-order convergence
with respect to the number of nodes is achieved in all the cases. Right: efficiency plots
error vs. CPU time, the Chambolle-Pock algorithm is consistently the most efficient
implementation.

In the second test, based on the recent work [24], we compare the per-
formance of the ADMM and the CP-U methods for different discretization
parameters and viscosity values σ. For this, the system (3.47) is cast with
`px,mq “ 1

2
pm ´ m̄pxqq2 and q “ 2, where m̄pxq is a Gaussian profile as

depicted in Figure 3.5. In the case σ “ 0, since our reference m̄ is already
of mass equal to 1, the exact solution for this problem is given by v ” 0,
λ “ 0, m “ m̄pxq, and a convergence analysis with respect to this solution is
presented in Table 3.1. From this same table, it can be seen that for differ-
ent discretization parameters the CP-U algorithm converges to solutions of
the same accuracy in a reduced number of iterations. For a fixed discretiza-
tion, and with varying small viscosity values, the same conclusion is reached
in Figure 3.5. However, as viscosity increases, the ADMM algorithm yields
faster computation times than the CP-U implementation (see Table 3.2).
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Figure 3.5: Left: reference mass m̄. Right: iterative behavior of different schemes, for
mesh parameter ρ “ 1

100 and different values of ν :“ σ2

2 . The unsplit Chambolle-Pock
algorithm (CP-U) outperforms the ADMM algorithm for low values of ν.

ADMM CP-U

DoF Time Iterations L2 error Time Iterations L2 error

202 1.6 [s] 15 5.42E-4 0.4 [s] 4 1.10E-4
402 3.7 [s] 19 8.44E-5 0.9 [s] 6 9.44E-5
602 21.2 [s] 21 8.16E-5 7.0 [s] 8 9.15E-5
802 33.2 [s] 22 7.92E-5 10.2 [s] 9 8.99E-5
1002 87.41 [s] 23 7.35E-5 30.3 [s] 11 7.04E-5

Table 3.1: Different tests with varying number of grid nodes (DoF). Case with σ “ 0,
exact solution m “ m̄. For a similar accuracy, the CP-U algorithm has a reduced number
of iterations in comparison to the ADMM routine.
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ADMM CP-U

ν Time Iterations Time Iterations

1 8.4 [s] 16 17.5 [s] 46
0.1 30.4[s] 31 65.6 [s] 73
1E-2 26.4 [s] 27 9.8 [s] 11
1E-3 21.3 [s] 21 7.3 [s] 8
0 21.2 [s] 21 7.0 [s] 8

Table 3.2: Different tests with varying viscosity parameter ν :“ σ2

2 . Discretization
parameter ρ “ 1

60 . The ADMM algorithm performs better for higher viscosity values, the
CP-U algorithm is consistently faster for low viscosities.

In the third test, we further explore the versatility of the proposed frame-
work by considering, as in [4],

`px, y,mq “ m2
´ sinp2πyq ´ sinp2πxq ´ cosp4πxq, (3.53)

but with different values of q ą 1. Results are presented in Figure 3.6.
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Figure 3.6: Contour plots for the unconstrained mass as in the setting of Test 3, with
ν :“ σ2

2 “ 1. CP-U algorithm with 502 nodes. Increasing the value of q generates
concentration of mass.
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In general, it can be observed that the performance of the CP-U method
remains unaltered, and solutions tend to be uniform when q is close to 1,
whereas increasing q leads to sharper solutions with higher extremal values,
as shown in Table 3.3.

q Time Iterations minm maxm

1.2 6.82 [s] 11 0.9989 1.0012
2 6.70 [s] 11 0.9072 1.0737]
3 10.57 [s] 21 0.7348 1.2365
10 24.66 [s] 57 0.5628 1.3905

Table 3.3: Test 4. Performance for the CP-U algorithm and extremal values
of the mass.

3.3.3 The density constrained case

Now, we consider the finite-difference discretization of system (3.48). Defin-
ing

D :“ tpm1, w1q PMρ ˆWρ ; m1
i,j ď d̄ for all i, ju,

we consider the problem

infpm,wqPMρˆWρ Bρpm,wq ` Fρpmq

s.t. Gpm,wq “ p0, 1q PMρ ˆ R, m P D.
(3.54)

As before, existence of at least one solution pmρ, wρq holds true and so we
can prove that there exists pvρ, pρ, λρq PMρ ˆMρ ˆ R such that

´σ2

2 p∆ρv
ρqi,j `

1
q1 |

{rDρvρsi,j |
q1 ´ pρi,j ´ λ

ρ ď `pxi,j ,m
ρ
i,jq, @ pi, jq,

´σ2

2 p∆ρm
ρqi,j ´ Ti,jpvρ,mρq “ 0, @ pi, jq

0 ď mρ
i,j ď d̄, pd̄´mρ

i,jqp
ρ
i,j “ 0 @ pi, jq,

ρ2
ř

i,jm
ρ
i,j “ 1,

ř

i,j v
ρ
i,j “ 0.

(3.55)

In order to solve the previous optimality system, we will apply the Chambolle-
Pock algorithm. In this case, a crucial point again is the computation of the
proximal operator of the function

pm,wq ÞÑ b̂pm,wq ` F pxi,j,mq ` χr0,d̄s.
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The result can be found in [49, Proposition 4.1]. For the next test, we consider
the r.h.s. (3.53) and different values for the viscosity parameter ν :“ σ2

2
and

the density constraint d̄. In Table 3.4 (right), we observe that the scheme
does not deteriorate its performance in the constrained formulation, leading
to convergence in a similar number of iterations as in the unconstrained case.

Unconstrained mass Constrained mass m ď d̄

ν Time Iterations λ Time Iterations d̄

1 6.82 [s] 11 0.9786 16.9 [s] 32 1.05
0.1 13.26 [s] 27 1.100 11.1 [s] 19 1.3
1E-2 34.62 [s] 78 1.1874 32.3 [s] 62 1.4
1E-3 22.88 [s] 84 1.1922 27.2 [s] 91 1.4

Table 3.4: Performance for the CP-U algorithm in [4] with different viscosity parameter
ν, and upper bound on the mass, m ď d̄. Mesh parameter is set to ρ “ 1{50. The results
for the unconstrained case are in accordance, in accuracy with the values for λ presented
in [51]. Our scheme performs robustly with respect to the viscosity parameter and the
inclusion of mass constraints.

3.3.4 Comments and perspectives

The previous analysis can be extended without difficulties to the time-dependent
case. However, we have to be careful with the choice of splitting or not the
influence of the linear constraints, because it is likely that matrix inversions
in the time-dependent case will be costly.

The following investigations would be interesting:

• To test how the different algorithms behave in the resolution of optimal
transport problems and, more generally, in the resolution of planning
problems.

• To include congestion costs in the time-dependent case.

• To consider more general Hamiltonians and non-local dependencies on
m. Both modifications make the computation of the corresponding
proximal operators more difficult and less efficient from the computa-
tional point of view.
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Figure 3.7: Left: unconstrained mass solutions for different viscosity parameters ν :“ σ2

2 .
Right: constrained mass solutions for different viscosity parameters. In both cases the
upper bound is active in some regions.
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Chapter 4

Sensitivity analysis of some
stochastic optimal control
problems

In this final chapter, we present a summary of the articles [28, 12], in collab-
oration with J. Backhoff (TU Wien), which concern the sensitivity analysis
of the value function of some stochastic optimal control problems. In the
first section, based on [28], we consider a parameterized version of problem
(1.3) and we study some first order differentiability properties of the value
function with respect to the parameters, which can be random. The main
tool here is the identification of the Lagrange multipliers associated to the
SDE constraint, when we see the optimal control problem as an abstract
optimization problem defined on a suitable Hilbert space, and the adjoint
states appearing in a weak form of stochastic Pontryagin’s principle (see Sec-
tion 1.2). We apply our results to Linear Quadratic (LQ) and Mean Variance
portfolio selection problems and we find rather explicit expressions for the
first order sensitivities.

In Section 4.2, we first recall some basic facts about utility maximization
theory in continuous time and incomplete markets. Next, we recall some
interesting results by Backhoff and Fontbona (see [11]) providing a functional
framework which is suitable for the first order sensitivity analysis of the
optimal expected utility when the parameters defining the price process are
perturbed. We consider weak perturbations of the price process, meaning
that drift and volatility misspecification does not affect directly the wealth
equation, but it affects the reference probability measure induced by the
nominal parameters (see [127]). Under a stability assumption on the Kernels
of the nominal and perturbed volatilities we prove that the value function is
Hadamard differentiable and we compute its directional derivatives.
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4.1 Sensitivity analysis of standard stochastic
control problems

Let T ą 0 and consider a filtered probability space pΩ,F ,F,Pq, on which
a d-dimensional Brownian motion W p¨q is defined. We suppose that F “
tFtu0ďtďT is the natural filtration, augmented by all P-null sets in F , associ-
ated to W p¨q. We recall that F is right-continuous (see e.g. [164, Chapter I,
Theorem 31]).

In this section we consider parametrized stochastic optimal control prob-
lems of the form

vpP q :“ infx,u E
”

şT

0
`pω, t, xptq, uptqqdt` Φpω, xpT qq

ı

s.t. dxptq “ fpω, t, xptq, uptq, Pf qdt` σpω, t, xptq, uptq, PσqdW ptq,

xp0q “ x0 ` P0 P Rd, upω, tq P U for a.a. pt, ωq.

pPP q

In the above problem P :“ pP0, Pf , Pσq is a parameter, possibly random,
belonging to some functional space. For the remainder of this section we will
assume that the set U Ă Rm, which defines the pointwise control constraints,
is a closed and convex set. Our aim here is to study the differentiability of
P ÞÑ vpP q in some particular cases and to provide explicit expressions for
the directional derivatives of v (if they exist). If we are interested only in the
sensitivity analysis w.r.t. the initial condition, then several results already
exist and relate the corresponding sensitivities to the value pp0q, where p
is the first component of the adjoint state pp, qq appearing in the stochastic
minimum principle (see Section 1.2). We refer the reader to [178, Chapter 5]
and the interesting article [145] for several results in this direction.

As one can expect, the sensitivity analysis for problem pPP q is intimately
related to the Lagrange multipliers theory associated to pPP q when we see
it as an abstract optimization problem in an appropriate Hilbert space. In
Section 4.1.1 we propose a simple functional framework allowing us to es-
tablish a one to one correspondence between Lagrange multipliers for pPP q
and the adjoint states pp, qq appearing in a weak form of the stochastic min-
imum principle. In the case of convex problems and additive perturbations,
classical arguments in convex analysis and the aforementioned identification
directly yield the desired sensitivities. If we consider still a convex framework
but non-additive perturbations, then the analysis is more involved but can
be tackled with recent results in abstract optimization theory (see e.g. [40]).
This is the case, for example, when we perturb the matrices defining the dy-
namics of a Linear Quadratic (LQ) problem, as well as when we perturb the
drift and the volatility defining the price process in a Mean-Variance port-
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folio selection model. In Section 4.1.2, we prove that for both problems the
value function v is C1 and we compute the sensitivities of v under random
functional perturbations of a nominal parameter.

This chapter is a summary of article [13], where the interested reader
can find full statements and proofs of the results presented here. We point
out that in [13] more general problems, involving final state constraints, are
considered.

4.1.1 Functional framework and Lagrange multipliers

Let us begin by providing a functional framework for problem

infx,u E
”

şT

0
`pω, t, xptq, uptqqdt` Φpω, xpT qq

ı

s.t. dxptq “ fpω, t, xptq, uptqqdt` σpω, t, xptq, uptqqdW ptq,

xp0q “ x0 P Rd, upω, tq P U for a.a. pt, ωq.

(4.1)

The space H2
F is defined as

H2
F :“

 

v P L2
pp0, T q ˆ Ωq ; pt, ωq Ñ vpt, ωq is F-progressively measurable

(

.

It is elementary to check that endowed with the scalar product

xv1, v2yL2 :“ E
ˆ
ż T

0

v1ptqv2ptqdt

˙

,

the space pH2
F, x¨, ¨y2q is a Hilbert space. We consider the space Id of Rd-

valued Itô processes defined by

Id :“
!

x0 `
şp¨q

0
x1ptqdt`

şp¨q

0
x2ptqdW ptq, x0 P Rd,

x1 P pH2
Fq
d and x2 P pH2

Fq
dˆd

(

.

It is easy to show that given x P Id there exists a unique px0, x1, x2q P

Rd ˆ pH2
Fq
d ˆ pH2

Fq
dˆd such that

xptq “ x0 `

ż t

0

x1psqds`

ż t

0

x2psqdW psq @ t P r0, T s.

Endowed with the scalar product

xx, yyId “ x0 ¨ y0 ` E
ˆ
ż T

0

x1ptq ¨ y1ptqdt

˙

` E
ˆ
ż T

0

tr
“

x2ptq
Jy2ptq

‰

dt

˙

,



68

we have that Id is a Hilbert space, which can be identified with RdˆpH2
Fq
dˆ

pH2
Fq
dˆd. Thus, from now on, we will identify the topological dual of pIdq˚

with the space Id itself.
Under standard assumptions (see [13, Section 3]), involving adaptedness

of
pt, ωq ÞÑ pfpt, ω, x, uq, σpt, ω, x, uqq ,

for any fixed px, uq, uniform linear growth and Lipschitzianity of

px, uq ÞÑ pfpt, ω, x, uq, σpt, ω, x, uqq ,

independently of pt, ωq, we have that G : Id ˆ pH2
Fq
m ÞÑ Id defined as

Gpx, uqp¨q :“

ż p¨q

0

fps, xpsq, upsqqds`

ż p¨q

0

σps, xpsq, upsqqdW psq ´ xp¨q,

is well-defined, Lipschitz continuous and Gâteaux differentiable, with deriva-
tive given by

DGpx, uqpz, vqp¨q “
şp¨q

0 Dpx,uqfpt, xptq, uptqqpzptq, vptqqdt

`
şp¨q

0 Dpx,uqσpt, xptq, uptqqpzptq, vptqqdW ptq ´ zp¨q.
(4.2)

for all pz, vq P Id ˆ pH2
Fq
m. On the other hand, if ` and Φ satisfy standard

quadratic growth and differentiability conditions w.r.t. px, uq, independently
of pt, ωq, we have that F : Id ˆ pH2

Fq
m Ñ R, defined as

F px, uq :“ E
”

şT

0
`pt, xptq, uptqqdt` ΦpxpT qq

ı

, (4.3)

is well defined, continuously differentiable with derivative given by

DF px, uqpz, vq “ E
ˆ
ż T

0
Dpx,uq`pt, xptq, uptqqpzptq, vptqqdt` ΦxpxpT qqzpT q

˙

.

(4.4)
Finally, defining

U :“
 

u P pH2
Fq
m ; upω, tq P U for a.a. pω, tq P Ωˆ r0, T s

(

, (4.5)

problem (4.1) can be rewritten as

inf F px, uq s.t. Gpx, uq ` x0 “ 0, u P U . (4.6)

The Lagrangian L : Id ˆ pH2
Fq
m ˆ Id ÞÑ R associated to problem (4.6) is

defined by
Lpx, u, λIq :“ F px, uq ` xλI , Gpx, uq ` x0yI . (4.7)
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Definition 7 We say that λ̄I is a Lagrange multiplier at px̄, ūq if

0 “ DxLpx̄, ū, λ̄Iq,
0 ď DuLpx̄, ū, λ̄Iqpv ´ ūq @v P U .

(4.8)

Remark 8 Under our assumptions, it can be proved that if at px̄, ūq a La-
grange multiplier exists, then it is unique. Indeed, if λ̄1 and λ̄2 are two La-
grange multipliers, then the first equation in (4.8) yields pDxGpx̄, ūqq

˚pλ̄1 ´

λ̄2q “ 0. Using the theory of linear SDEs it is straightforward to check that
z P Id ÞÑ DxGpx̄, ūqz P Id is surjective. Therefore, pDxGpx̄, ūqq

˚ is injective
(see e.g. [47, Corollary 2.18(ii)]) and so λ̄1 “ λ̄2.

Recall that the Hamiltonian for problem (4.6) (see Section 1.2) is defined as

Hpt, x, u, p, qq :“ `pt, x, uq ` p ¨ fpt, x, uq `
d
ÿ

i“1

qj ¨ σjpt, x, uq.

We have the following result, which identifies Lagrange multipliers for prob-
lem (4.6) with the adjoint states appearing in a weak form of the stochastic
minimum principle.

Theorem 9 Let px̄, ūq be an admissible pair for problem (4.6). Define pp̄, q̄q
as the unique solution of the BSDE

dp̄ptq “ ´BxHpt, x̄ptq, ūptq, p̄ptq, q̄ptqqJdt` q̄ptqdW ptq,

p̄pT q “ ∇Φpx̄pT qqJ,
(4.9)

and suppose that almost surely

BuHpt, x̄pt, ωq, ūpt, ωq, p̄pt, ωq, q̄pt, ωqqpv ´ ūpω, tqq ě 0 @v P U . (4.10)

Then,

λ̄Ip¨q :“ p̄p0q `

ż p¨q

0

p̄ptqdt`

ż p¨q

0

q̄ptqdW ptq P Id (4.11)

is a Lagrange multiplier at px̄, ūq. Conversely, if λ̄I P Id is a Lagrange
multiplier at px̄, ūq, then pλ̄Iq0 “ pλ̄Iq1p0q and pp̄, q̄q :“ ppλ̄Iq1, pλ̄Iq2q satisfies
(4.9)-(4.10).

Sketch of the proof. We have that DxLpx̄, ū, λ̄Iqz “ 0 iff for all z P Id

0 “ E
´

şT

0
`xptqzptqdt` Φxpx̄pT qqzpT q

¯

`

A

λ̄I ,
şp¨q

0
fxptqzptqdt

E

I

`

A

λ̄I ,
şp¨q

0
σxptqzptqdW ptq

E

I
´
@

λ̄I , zp¨q
D

I ,

(4.12)
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where we denote by `x the partial derivatives w.r.t. x (with similar definitions
for fx and σx). Defining the linear bounded operator A : Id ÞÑ Id as

Az :“

ż p¨q

0

fxptqzptqdt`

ż p¨q

0

σxptqzptqqdW ptq

it can be proved (see [13, Corollary 5.4]) that its adjoint A˚ : Id ÞÑ Id is
given by

A˚λ “ pλp0q `

ż p¨q

0

pλptqdt`

ż p¨q

0

qλptqdW ptq @ λ P Id,

where ppλ, qλq P Id ˆ pL2,2
F q

dˆd is the unique solution of the following BSDE

dpptq “ ´

”

fxptq
Jλ1ptq `

řd
j“1pσ

j
xptqq

Jλj2ptq
ı

dt` qptqdW ptq,

ppT q “ 0.

In a similar manner (see [13, Proposition 5.3]),

E
´

şT

0
`xptqzptqdt` Φxpx̄pT qqzpT q

¯

“

A

p̃p0q `
şp¨q

0
p̃ptqdt`

şp¨q

0
q̃ptqdW ptq, z

E

I
,

where pp̃, q̃q solves the BSDE

dp “ ´`xptq
Jdt` qptqdW ptq, ppT q “ Φxpx̄pT qq

J.

The pair pp1, q1q :“ pp̃` pλ, q̃ ` qλq is clearly the unique solution of

dpptq “ ´

”

`xptq
J ` fxptq

Jλ1ptq `
řd
j“1pσ

j
xptqq

Jλj2ptq
ı

dt` qptqdW ptq,

ppT q “ Φxpx̄pT qq
J.

and, by (4.12), DxLpx̄, ū, λ̄Iqz “ 0 iff pp1p0q, p1, q1q “ pλ̄0, λ̄1, λ̄2q and so, since
the BSDE (4.9) admits a unique solution, iff pλ̄1, λ̄2q satisfies (4.9) and λ̄0 “

λ̄1p0q. Finally, it is immediate if DxLpx̄, ū, λ̄Iqz “ 0 then DuLpx̄, ū, λ̄Iqpv ´
ūq “ 0 iff

E
ˆ
ż T

0

BuHpω, t, x̄ptq, ū, p̄ptq, q̄ptqqpvptq ´ ūptqqdt
˙

ě 0 @ v P U .

Classical localization arguments (see e.g. [52, Theorem 1.5]) implies that this
holds true iff relation (4.10) is satisfied. The result follows.
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4.1.2 Sensitivity Analysis

In this section we take advantage of the Lagrange multiplier interpretation of
the adjoint states to provide a sensitivity analysis for convex problems under
functional, stochastic perturbations of the data.

Let us define the perturbation space P1 :“ Rd ˆ pH2
Fq
d ˆ pH2

Fq
dˆd and let

P :“ px0, f̂ , σ̂q P P1. We consider the problem

inf
px,uqPIdˆpH2

Fq
m
E
ˆ
ż T

0
`pt, ω, xptq, uptqqdt` Φpω, xpT qq

˙

s.t.

$

’

’

’

’

&

’

’

’

’

%

dxptq “ rfpt, ω, xptq, uptqq ` f̂pt, ωqsdt

`rσpt, ω, xptq, uptqq ` σ̂pt, ωqsdW ptq,

xp0q “ x0,

u P U

pP1,P q

and set vpP q for its value. Under our assumptions, P P P1 ÞÑ vpP q P R is
well defined. Our objective now is to study the sensitivity of v. In order to
proceed, recall that given two Banach spaces pX , } ¨ }X q and pZ, } ¨ }Zq a map
f : X Ñ Z is directionally differentiable at x if for all h P X the limit in Z

Dfpx;hq :“ lim
τÓ0

fpx` τhq ´ fpxq

τ

exists. If in addition, Dfpx, ¨q is a linear and bounded operator we say that
f is Gâteaux differentiable at x. Moreover, if for all h P X the equality in Z

Dfpx;hq “ lim
τÓ0, h1Ñh

fpx` τh1q ´ fpxq

τ

holds true, then we say that f is directionally differentiable at x in the
Hadamard sense.

We assume that

px, uq ÞÑ `pt, ω, x, uq, x ÞÑ Φpω, xq are convex,

px, uq ÞÑ pfpt, ω, x, uq, σpt, ω, x, uqq is affine.
(4.13)

Using Theorem 9 and Remark 2, the following result is a direct conse-
quence of standard results in perturbation analysis of optimization problems
in Banach spaces (see e.g. [169] and [40, Chapter 4]).

Theorem 10 Assume (4.13) and that for P P P1 problem pP1,P q admits at
least one solution. Then, there exists pp̄, q̄q P IdˆpH2

Fq
dˆd such that for every
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solution px̄, ūq of pP1,P q, the pair pp̄, q̄q is the unique adjoint pair such that
(4.9)-(4.10) are satisfied. Moreover, the value function v is continuous at P ,
Hadamard and Gâteaux directionally differentiable at P and its directional
derivative DvpP ; ¨q : P1 Ñ R is given by

DvpP ; ∆P q “ p̄p0q ¨∆x0 ` E
´

şT

0
p̄ptq ¨∆fptqdt

¯

`E
´

şT

0
tr
“

q̄ptqJ∆σptq
‰

dt
¯

,
(4.14)

for all ∆P “ p∆x0,∆f,∆σq P P1.

4.1.2.1 Perturbation analysis for stochastic LQ problems

We denote by L8,8F the set of progressively measurable processes v : r0, T s ˆ
Ω ÞÑ R that are essentially bounded. Given Q P pL8,8F qdˆd, N P pL8,8F qmˆm

and M : Ω Ñ Rdˆn, measurable w.r.t. FT , let us define F : IdˆpH2
Fq
m :ÞÑ R

as

F px, uq “
1

2
E
„
ż T

0

“

xptqJQptqxptq ` uptqJNptquptq
‰

dt` xpT qJMxpT q



.

In this section we are concerned with the following LQ problem:

inf
px,uqPIdˆpH2

Fq
m

F px, uq

s.t.

$

’

’

’

&

’

’

’

%

dxptq “ rAptqxptq `Bptquptq ` eptqsdt

`
d
ř

j“1
rCjptqxptq `Djptquptq ` f jptqsdW jptq,

xp0q “ x0 P Rd.

pP2,P q

We assume that:

˛ A and Cj belong to pL8,8F qdˆd, B and Dj belong to pL8,8F qdˆm,

˛ e and f j belong to pH2
Fq
d,

˛ almost surely Q and M are positive semidefinite,

˛ There exists δ ą 0 such that almost surely x ¨Nx ě δ|x|2.

We will see P :“ px0, A,B,C
j, Dj, e, f jq (j “ 1, . . . , d) as a parameter for

problem pP2,P q. Under the above assumptions, the above problem is convex
and the direct method of calculus of variations gives the existence of a unique
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solution pxrP s, urP sq of pP2,P q for each P . Moreover, by the stochastic Pon-
tryagin’s principle we get the existence of pprP s, qrP sq such that (omitting
the dependence on P )

dxptq “ rAptqxptq `Bptquptq ` eptqsdt

`
d
ř

j“1
rCjptqxptq `Djptquptq ` f jptqsdW jptq,

uptq “ ´Nptq´1
”

BptqJpptq `
řd
j“1D

jptqJqjptq
ı

,

dpptq “ ´rAptqJpptq `
řd
j“1C

jptqJqjptq `Qptqxptqsdt

`
řd
j“1 q

jptqdW jptq,

xp0q “ x0 , ppT q “MxpT q.

(4.15)

Denoting, as before, vpP q for the optimal cost associated to the parameter
P , we are interested in the stability and sensitivity of vp¨q.

Note that the perturbations considered in this framework are not addi-
tive. Therefore, the standard results in abstract convex optimization theory
applied in the previous section to deduce the sensitivity of v are no longer
applicable. Instead, we will be forced to study the stability of the solutions
pxpP q, upP qq in order to establish differentiability properties of vp¨q. In this
direction we have the following result, whose proof given in [13, Proposition
4.8] crucially uses stability results for the BSDE appearing in (4.15).
Proposition 11 Let P k be a sequence of parameters converging to P . Call

pxk, uk, pk, qkq :“ pxrP ks, urP ks, prP ks, qrP ksq,

px̄, ū, p̄, q̄q :“ pxrP s, urP s, prP s, qrP sq.

Then:
(i) Convergence of the value functions holds: vpP kq Ñ vpP q.

(ii) pxk, uk, pk, qkq Ñ px̄, ū, p̄, q̄q strongly in Id ˆ pH2
Fq
m ˆ Id ˆ pH2

Fq
dˆd .

Using this stability result and the theory exposed in [40, Chapter 4], we
can prove the following sensitivity result for the value function:
Theorem 12 The value function vp¨q is of class C1. Setting px̄, ū, p̄, q̄q “
pxrP s, urP s, prP s, qrP sq for a nominal parameter P , the directional derivative
of v at P in the direction

∆P :“ p∆x0,∆A,∆B, t∆C
j
u, t∆Dj

u,∆e, t∆f juq

is given by

DvpP ; ∆P q “ p̄p0q∆x0 ` E
´

şT
0 p̄ptq

J r∆Aptqx̄ptq `∆Bptqūptq `∆eptqs dt
¯

`E
´

şT
0

řd
j“1 q̄

jptqJ
“

∆Cjptqx̄ptq `∆Djptqūptq `∆f jptq
‰

dt
¯

.
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4.1.2.2 Perturbation analysis for Mean-Variance portfolio selec-
tion problems

In this section we consider a market modelled by d ` 1 stocks S0, S “

pS1, . . . , Sdq, whose prices are defined by

dS0ptq “ rS0ptq, for t P r0, T s, S0p0q “ 1,

dSptq “ diagpSptqqµptqdt` diagpSptqqσptqdW ptq for t P r0, T s,

Sp0q “ S0 P Rd.

In the above notation, W is a d-dimensional Brownian motion, r ą 0,
µ P pL8,8F qd, σ P pL8,8F qd and diagpSptqq denotes the d ˆ d diagonal matrix
such that diagpSptqqi,i “ Siptq. Given this price process and a self-financing
portfolio π P pH2

Fq
d, measured in units of wealth, the wealth process X is

defined through the SDE:

dXptq “
“

rptqXptq ` πptqJpµptq ´ rptq1q
‰

dt` πptqJσptqdW ptq,

Xp0q “ x,

where 1 P Rd is such that 1i “ 1 for all i “ 1, . . . , d. The objective here is to
minimize the risk, measured in terms of the variance, subject to a prescribed
expected final return, i.e.

inf
pX,πqPI1ˆpH2

Fq
d
E
`

rXpT q ´ As2
˘

s. t. E pXpT qq “ A, pP3,P q

where A ą x is given.

Remark 13 Note that problem pP3,P q involves a final state constraints. As
we explained in the introduction of this chapter, the Lagrangian formalism
identifying the Lagrange multipliers and the adjoint states appearing in the
stochastic Pontryagin’s minimum principle can be extended to this case.

In this framework, we consider P “ px, r, µ, σ, Aq as a perturbation parameter
for which we impose that

d
ÿ

i“1

ˇ

ˇ

ˇ

ˇ

E
ˆ
ż T

0

rµiptq ´ rptqsdt

˙
ˇ

ˇ

ˇ

ˇ

ą 0. (4.16)

as well that the existence of δ ą 0 such that z ¨ σσJz ě δ|z|2 for all z P Rd.
In this case, we say that P is an admissible parameter. The value function
associated to P is again denoted by vpP q.
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Remark 14 Condition (4.16) is imposed on P in order to ensure that the
feasible set of pP3,P q is nonempty.

In the next result, we state some basic properties of problem pP3,P q.

Proposition 15 We have that vpP q ă 8, and further this value is attained
at a unique feasible pair pXrP s, πrP sq. Moreover, there exists

pprP s, qrP s, λErP sq P I ˆ pH2
Fq

1ˆd
ˆ R

such that

dprP sptq “ ´rptqprP sptqdt` qrP sptqdW ptq,

prP spT q “ 2rXrP spT q ´ As ` λErP s a.s. in Ω,

σpqrP sqJ “ ´prP spµ´ r1q a.s. in r0, T s ˆ Ω.

(4.17)

As in the linear quadratic case, the perturbation considered here are non
additive. Therefore, in order to study the differentiability of v we need the
following preliminary result, establishing the stability of the optimizers.

Proposition 16 For any sequence of admissible parameters P k Ñ P we
have:

(i) Convergence of value functions holds: vpP kq Ñ vpP q.

(ii) The sequence of optimal solutions
`

Xk, πk
˘

of pP3,Pkq converges strongly
in I1 ˆ pH2

Fq
d to the solution

`

X̄, π̄
˘

of pP3,P q.

Finally, using this result, the identification of Lagrange multipliers for prob-
lem pP3,P q with the adjoint states in (4.17) and the perturbation theory in
[40, Chapter 4], we are able to prove the following sensitivity result:

Theorem 17 The value function v is C1 on the set of admissible parameters.
Moreover, at every admissible P “ px, r, A, µ, σq we have that

DxvpP ; ∆xq “ p̄p0q∆x,

DrvpP ; ∆rq “ E
”

şT
0 p̄ptqpX̄ptq ´ π̄

J1q∆rdt
ı

,

DAvpP ; ∆Aq “ ´λ̄E∆A,

DµvpP ; ∆µq “ E
”

şT
0 π̄ptq

J∆µptqp̄ptqdt
ı

,

DσvpP ; ∆σq “ E
”

şT
0 π̄ptq

J∆σptqq̄ptqJdt
ı

,

where

pX̄, π̄q “ pXrP s, πrP sq and pp̄, q̄, λ̄Eq “ pprP s, qrP s, λErP sq.
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4.1.3 Comments and perspectives

Sensitivity analysis for stochastic optimal control problems is an interesting
research subject, which, unlike the analogous study in the deterministic case
(see e.g. the lectures notes [148] and the references therein), has not been
sufficiently explored. Indeed, to the best of our knowledge, the only articles
available treating this topic are [145, 29, 13]. If we follow the line of research
developed in the deterministic case, in the stochastic case several problems
remain open. From our point of view, the most relevant are:

• To consider second order expansions of the value function, even in the
convex framework. For example, if we consider a deterministic problem
and we add a small noise, then, since the adjoint pp̄, q̄q at the nominal
solution satisfies that q̄ “ 0, (10) shows that the the value function is,
at the first order, insensitive to this perturbation. Therefore, it seems
unavoidable to expand at least to the second order in order to obtain
some useful information.

• The analysis of the stability and sensitivity of the value function and
of the solutions in the non-convex case. In the deterministic case, this
type of study is strongly related to second order sufficient conditions
at the nominal point. However, in the stochastic case, some progress
have been done only for second order necessary optimality conditions
(see e.g. [41, 179]) and sufficient condition remain as an interesting and
difficult challenge.

• I would be interesting to extend the results in the previous section to
the case of Mean Field type control problems (see [28]).

4.2 Utility maximization theory
In this section we first fix the notation and recall some important results in
the theory of utility maximization (we refer the reader to [159, Chapter 7]
for a more detailed survey). Next, we present the main results in [12] dealing
with first order sensitivity analysis for optimal expected utilities when the
price process is perturbed.

4.2.1 Preliminaries

We consider a price process defined by a Rd-valued semimartingale S “

pS1, . . . , Sdq, where each process Si (i “ 1, . . . , d) models the evolution of
the price of the ith stock. Given S and a portfolio π “ pπ1, ¨ ¨ ¨ , πdq, where
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each πi progressively measurable, Si-integrable and represents the amount of
shares invested in the ith stock, the wealth process is defined as

Xπ
ptq :“ x`

ż t

0

πpsqdSpsq :“ x`
d
ÿ

i“1

ż t

0

πipsqdSipsq @ t P r0, T s, (4.18)

where x ą 0 is the initial wealth. A portfolio is said to be admissible if
Xπp¨q ě 0 almost surely.

The first important assumption of the theory is that

Me
pSq :“ tQ „ P : S is a Q-local martingaleu is non-empty. (4.19)

The underlying market is coined complete ifMepSq is a singleton and incom-
plete otherwise.

Remark 18 Condition (4.19) is called “no free lunch” condition (see [92])
and implies, for example, that for x “ 0 there is no admissible π such that
PpXπpT q ą 0q ą 0. This follows directly from the fact that if π is admissible,
then

ş¨

0
πptqdSptq is a non-negative Q-local martingale for any Q P MepSq

and so a Q-supermartingale. Therefore, EQ
´

şT

0
πptqdSptq

¯

ď 0 which implies
the the claim, since π admissible, the previous inequality and Q „ P imply
that XπpT q “

şT

0
πptqdSptq “ 0 P-a.s.

Now, let us consider a concave function U : R Ñ R Y t´8u, called utility
function, satisfying that Upxq “ ´8 if x ă 0, U is differentiable, strictly
increasing and strictly concave in s0,`8r. The most typical examples are

Upxq “ lnx and, for p Ps0, 1r, Upxq “

#

xp

p
if x ě 0,

´8 otherwise.
(4.20)

We consider the optimization problem, parametrized by the initial wealth x,

vpxq :“ sup E pUpXπ
pT qqq s.t. Xπ solve (4.18) with π admissible. (4.21)

Problem (4.21) has the same value as the following problem which does not
depend on the choice of the portfolio π,

vpxq “ sup E pUpZqq s.t. sup
QPMepSq

EQ
pZq ď x, Z P L0

`, (4.22)

where L0
` is the set of non-negative FT -measurable functions. Indeed, if π is

feasible for (4.21) and Q PMepSq, then since
şp¨q

0
πdS is a Q-supermartingale,

we get that EQpXπpT qq ď x and so XπpT q is admissible for (4.22) and thus
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the value of (4.21) is at most the value of (4.22). Conversely, given an
admissible Z for problem (4.22) it can be proved that

Lp¨q :“ ess supQPMepSqEQ `Z|Fp¨q
˘

(or more precisely a càd-làg modification of L) is a supermartingale under any
Q PMepSq (see [101, Proposition 2]). Then, using the optional decomposi-
tion Theorem by Föllmer and Kabanov (see [109]), we get the existence of π,
integrable w.r.t. S and an optional non-decreasing process O (i.e. adapted
and measurable w.r.t. the filtration generated by the set of càd-làg pro-
cesses), with Op0q “ 0, such that Lp¨q “ supQPMepSq EQ pZq `

şp¨q

0
πdS ´Op¨q.

Thus, Z “ LpT q ď x `
şT

0
πdS and so E pUpZqq ď E

´

U
´

x`
şT

0
πdS

¯¯

for
an admissible portfolio π and so the value of (4.21) is at least the value of
(4.22).

Note that problem (4.22) is a convex optimization problem, where the
vector space L0pΩ,FT ,Pq for the primal variables is not locally convex when
it is endowed with the topology induced by convergence in probability. This
fact avoids a direct application of abstract duality theory (see [169, 98]),
in order to obtain more information on the optimizers. Nevertheless, in the
article [129] the authors provide a complete duality theory under the following
additional assumptions on U

• Inada conditions

U 1p0`q :“ lim
xÓ0

U 1pxq “ `8, U 1p`8q :“ lim
xÑ`8

U 1pxq “ 0. (4.23)

• Reasonable asymptotic elasticity

lim sup
xÑ`8

xU 1pxq

Upxq
ă 1. (4.24)

Note that the standard examples in (4.20) satisfy both conditions above.
Now, defining

Ūpyq :“ supxą0 tUpxq ´ xyu

formal manipulations suggest problem

infyą0 txy ` v̄pyqu , where

v̄pyq :“ inf
 

E
`

ŪpyY q
˘

; Y “ dQ
dP for some Q PMepSq

(
(4.25)

as a natural dual problem for vpxq. As usual in convex optimization theory,
in order to get optimality conditions primal and dual attainability must be



79

ensured. The existence of a primal solution Z̄ of (4.22) can be proved by
means of the direct method of the calculus of variations using Komlos The-
orem [128], to get the existence of a limit point of a minimizing sequence
Zn, and condition (4.24) to get uniform integrability of UpZnq. On the other
hand, following [129], let us define

X pxq :“ tX ě 0 a.s. in Ωˆ r0, T s ; X as in (4.18)u ,

YPpyq :“ tY ě 0 a.s. in Ωˆ r0, T s ;Y p0q “ y, and XY is a

P-supermartingale @X P X p1qu .
(4.26)

In order to get existence of a solution for v̄pyq, this problem is relaxed to

v̄pyq :“ inf
 

E
`

ŪpY pT qq
˘

; Y P YPpyq
(

. (4.27)

It can be proved that the above notation is consistent, i.e. the problem above
is a relaxation of the one in (4.25) (see [159, Theorem 7.3.5]) and there is
dual attainment. Moreover, we have the following conjugacy relations (see
[129, Theorem 2.1])

vpxq “ inf
yą0
txy ` v̄pyqu px ą 0q, v̄pyq “ inf

xą0
tvpxq ´ xyu py ą 0q, (4.28)

and there exists ŷ ą 0 such that

vpxq “ xŷ ` v̄pŷq. (4.29)

In the proof of the statements above, the Inada condition (4.23) plays a
crucial role. Using (4.29) and that there is primal-dual attainment, it is easy
to prove that the solution Ẑ of (4.22) is characterized by the existence of a
unique pair pŷ, Ŷ q such that ŷ solves (4.29) and Ŷ “ Y pT q, with Y being the
unique solution of problem (4.27) with y “ ŷ, and

U 1pẐq “ Ŷ and EpŶ Ẑq “ xŷ. (4.30)

Therefore, if we want to express the primal solution pair pX̂p¨q, π̂p¨qq solving
(4.21) in terms of the dual solution pŷ, Ŷ q, we put

X̂p¨q “ ess supQPMepSqEQ
´

pU 1q´1
pŶ q|Fp¨q

¯

,

(or more precisely, X̂p¨q is a càd-làg modification of the r.h.s. above), which
is a Q-supermartingale for any Q P MepSq, and the optimal portfolio π̂ is
given by the optional decomposition Theorem by Föllmer and Kabanov [109].
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Finally, if the dual solution pŷ, Ŷ q is such that dQ̂ :“ Ŷ
ŷ

dP P MepSq

(which holds in the case of complete markets) then, using that X̂ is a Q̂-
supermartingale and, by (4.30), EQ̂pX̂pT qq “ x, we have that X̂ is a Q̂-
martingale and so, it can be written as

X̂p¨q “ EQ̂
´

pU 1q´1
pŶ q|Fp¨q

¯

.

We end this section by recalling some interesting results in [11], which pro-
vide a suitable functional framework that will allow us to perform a sensitivity
analysis for problem (4.21) under perturbations modifying the price process
S. For the sake of simplicity we assume that U is positive, Up0q “ 0 and
that U´1 :s0,`8rÞÑs0,`8r is well-defined. Let us set Yp1q “ tY pT q ; Y P
YPp1qu. Observe that, by the definition of YPp1q, for X P X pxq we have

sup
Y PYp1q

E
“

Y U´1
˝ UpXpT qq

‰

ď x,

Thus, setting
Jp¨q :“ sup

Y PYp1q
E
“

Y U´1
p| ¨ |q

‰

, (4.31)

for every X P X pxq we have that JpUpXqq ď x. Therefore we may con-
jecture that if J was connected to a norm (or say, grew stronger than it)
and if the space defined by such a norm, which we shall soon call LJ , was a
strong dual one, then we would get the weak* relative compactness of the set
tUpXq : X P X pxqu immediately from Banach-Alouglu’s Theorem. Define
I : L0pΩ,FT ,Pq ÞÑ RY t`8u as

IpZq :“ inf
Y PY

E
“

|Z|Ū pY {|Z|q
‰

.

It is proved in [11, Lemma 5.1] that functions I and J are convex. Now,
consider the spaces

LI :“ tZ P L0pΩ,FT ,Pq : IpαZq ă 8 for some α ą 0u ,

EI :“ tZ P L0pΩ,FT ,Pq : IpαZq ă 8 for every α ą 0u ,

LJ :“ tZ P L0pΩ,FT ,Pq : JpαZq ă 8 for some α ą 0u ,

EJ :“ tZ P L0pΩ,FT ,Pq : JpαZq ă 8 for every α ą 0u ,

(4.32)

and for F denoting I or J , we set the equivalent norms (see [153, Theorem
1.10]):

}s}F,` :“ inftβ ą 0 : F ps{βq ď 1u,

}s}F,a :“ inf
!

1
k
`

F pksq
k

: k ą 0
)

.
(4.33)



81

After identifying almost equal elements, for γ “ `, a we have that pEF , }¨}F,γq,
pLF , } ¨ }F,γq are normed linear spaces. Moreover, EF is a closed subspace of
LF and both EI and LJ are Banach spaces (see [11]). Now, define

Y˚ :“ tY P Yp1q : Y ą 0 and @β ą 0, ErŪpβY qs ă 8u

and suppose that

Y˚ ‰ H, IpZq “ inf
Y PY˚

Er|Z|V pY {|Z|qs , and JpXq “ sup
Y PY˚

ErY U´1
p|X|qs.

Remark 19 ([11, Lemma 5.7]) The condition above is satisfied for instance
if the price process S satisfies that dS “ λdxMy ` dM for a continuous
martingale M , λ is M-integrable, the market model is viable and for all
β ą 0

E

«

Ū

˜

βE

˜

ż p¨q

0

λdMptq

¸

pT q

¸ff

ă 8,

where, given a semimartingale L, the process EpLqp¨q is the Doléans-Dade
stochastic exponential, defined as the solution of Zt “ 1 `

şt

0
ZpsqdLpsq, for

t P r0, T s.

The next result, proved in [11, Proposition 5.10], establishes that LJ is a
strong dual space.

Theorem 20 Under the previous assumptions, the dual of pEI , } ¨ }I,aq is
isometrically isomorphic to pLJ , } ¨ }J,`q.

Remark 21 The spaces LJ , LI are examples of so-called modular spaces,
which are generalizations of Orlicz spaces introduced by H. Nakano (see [154,
153]).

4.2.2 Sensitivity analysis for expected utility maximiza-
tion in incomplete brownian market models

Using the functional framewor introduced in the previous section, we now
study the effect of perturbations of the price process on the optimal ex-
pected utility in the case of incomplete markets. We will work in a particu-
lar instance of the problem presented in the previous section by considering
a Samuelson’s price model, where discounted prices evolve continuously as
geometric Brownian motions with progressively measurable drift and volatil-
ity coefficients, and we consider power utility functions. Specifically, suppose
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that the market consists of d assets S1, . . . , Sd whose prices (denoted likewise)
evolve under P as

dSptq “ diagpSptqqµ̄ptqdt` diagpSptqqσ̄ptqdW ptq for t P r0, T s,

Sp0q “ s0 P Rd,
(4.34)

where S :“ pS1, . . . , Sdq and W is a P-brownian motion in Rn (n ě d). We
assume that µ̄ and σ̄ are progressively measurable and essentially bounded.
The precise properties on the process σ̄ will be given shortly and will imply
that the financial market is viable and moreover standard (see e.g. [126,
Chapter 1] or [159, Chapter 7.2.4] for these concepts and the modelling de-
tails).

Given an initial wealth x ą 0 and a self-financing portfolio π measured
in units of wealth such that πi P L2

locpW
kq (i P 1, . . . , d and k “ 1, . . . , n),

which we denote π P Π, the associated wealth process X is defined through
the equation

dXπptq “ πptq ¨ rµ̄ptqdt` σ̄ptqdW ptqs for t P r0, T s,
Xπp0q “ x.

(4.35)

Let vpµ̄, σ̄q be the optimal expected utility (4.21), associated with the con-
trolled wealth processes given by (4.35) and U given by the power function
in (4.20), for some p Ps0, 1r. If we want to perform a sensitivity analysis with
respect to the new parameters µτ , στ (indexed by a “size factor” τ ą 0), there
are at least two modelling options. One, which we call the strongly perturbed
formulation, is to consider a new process Sτ with dynamics like that of S
but under the new parameters, so that the perturbed wealth processes have
the form:

dXπ,τ ptq “ πptq ¨ rµτ ptqdt` στ ptqdW ptqs for t P r0, T s,
Xπ,τ p0q “ x.

(4.36)

The perturbed problem becomes (we use the s to denote strongly perturbed)

vspµτ , στ q :“ sup
πPΠτ

E rUpXπ,τ
pT qqs . (4.37)

where the set of admissible portfolios Πτ is defined as before, i.e. as the
set of portfolios such that Xπ,τ ě 0 almost surely. Now, let us assume that
σ̄ has full rank almost everywhere and that pσ̄σ̄Jq´1 is essentialy bounded.
Defining the market price of risk process

λ̄ :“ σ̄Jpσ̄σ̄Jq´1µ̄,
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which is a progressively measurable and essentially bounded process, equa-
tion (4.35) can be written as

dXπptq “ πptq ¨ σ̄ptq
“

λ̄ptqdt` dW ptq
‰

for all t P r0, T s,
Xπp0q “ x.

(4.38)

Following [127], instead of fixing the reference probability measure P and
considering perturbations directly affecting the dynamics of the X’s, it is
reasonable to fix the latter processes (i.e. with the nominal parameters) and
assume that the reference probability measure is perturbed. Given the per-
turbed parameters pµτ , στ q, assuming that pστ pστ qJq´1 is essentially bounded
and setting

λτ :“ pστ qJpστ pστ qJq´1µτ ,

for the corresponding perturbed market price of risk process, its is natural
to define the measure

dPτ :“ E
`ş

pλτ ´ λ̄qJdW
˘

pT qdP.

Note that Novikov’s condition (see [166, Chapter VIII, Proposition p1.15q])
implies that Pτ is a probability measure, equivalent to P. As explained in
[127, Section 2.2], if pµτ , στ q converges to pµ̄, σ̄q, then Pτ converges to P in
the total variation norm. Therefore, taking this point of view, we define

vwpµτ , στ q :“ sup
πPΠ

EPτ
rUpXπ

pT qqs , (4.39)

and we call vw the weakly perturbed formulation of vpµ̄, σ̄q, where we insist,
one modifies the initial problem by changing the probability measure. Of
course vspµ̄, σ̄q “ vwpµ̄, σ̄q “ vpµ̄, σ̄q. We will assume that

(A) The matrix σ̄ has full rank and pσ̄σ̄Jq´1 is uniformly bounded in pt, ωq.
Moreover, the perturbations στ of σ̄ satisfy Kerpσ̄q “ Kerpστ q (equiv-
alently Impσ̄Jq “ Imprστ sJq) and pστ pστ qJq´1 is uniformly bounded in
pt, ωq.

The above assumptions for στ are satisfied for στ “ σ̄ ` Aτ pσ̄σ̄Jq´1σ̄ where
Aτ P pL8,8F qdˆd has small enough norm. This holds in particular for στ “
σ̄ ` τApσ̄σ̄Jq´1σ̄ with A P pL8,8F qdˆd arbitrary and τ a small enough real
number. As discussed in [12], the sensitivity analysis of vw is meaningful only
under this stability condition for the Kernels. This is our main assumption
leaving the case of general perturbations of σ̄ for future research (see [177]
for an insight into the difficulties to be expected).
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Example 2 in [12] shows that the values of vs and vw, as well as their
sensitivities, generally differ. On the other hand, it is shown in [12, Propo-
sition 2.1] that if the parameters µ̄, σ̄ and their perturbations µτ , στ are
deterministic, then vs and vw (and so their sensitivities) do coincide. This
fact does not depend on the particular form of the utility function U .

Now, considering the weakly perturbed problem vwpµτ , στ q, reasoning as
in Section 4.2.1 we have

vwpµτ , στ q “ sup
!

E
“

E
`ş

pλτ ´ λ̄q
J

dW
˘

pT qZ
‰

; JpZq ď x, Z P L0
`

)

,

“ sup
!

E
“

E
`ş

pλτ ´ λ̄q
J

dW
˘

pT qZ
‰

; JpZq ď x, Z P L`J

)

,
(4.40)

where the last equality follows from the definition of the space L`J in (4.32)
and the constraint JpZq ď x. The definition of the second norm in (4.33)
implies that tZ P L`J : JpZq ď xu is bounded in L`J , hence, Theorem 20 and
the Banach-Alaoglu theorem imply that this set is weak* compact. There-
fore, (4.40) says that vwpµτ , στ q can be written as the support function of
a weak* compact. Using this fact, Danskin’s Theorem [40, Section 4.3] and
differential calculus in the spaces LI and LJ allow us to establish the fol-
lowing sensitivities: given progressively measurable and essentially bounded
perturbations ∆µ and ∆σ of µ̄ and σ̄, respectively, such that στ :“ σ̄` τ∆σ
satisfies pAq, we have

Dµv
w
pµ̄, σ̄q∆µ “ E

„

UpX̄pT qq

ż T

0

rσ̄Jrσ̄σ̄Js´1∆µsJdW



and

Dσv
wpµ̄, σ̄q∆σ “

E
”

UpX̄pT qq
şT
0

 

∆σJrσ̄σ̄Js´1µ̄´ σ̄Jrσ̄σ̄Js´1rσ̄∆σJ `∆σσ̄Jsrσ̄σ̄Js´1µ̄
(J

dW
ı

,

where X̄pT q is the unique optimal terminal wealth attaining vpµ̄, σ̄q. In
particular, if the market defined by pµ̄, σ̄q is complete, then n “ d and σ̄
is invertible (see e.g. [126, Theorem 6.6, Chapter 1]). In this case, vw is
Hadamard differentiable at pµ̄, σ̄q and

Dvwpµ̄, σ̄qp∆µ,∆σq “ E
”

UpX̄pT qq
şT
0 rσ̄

´1∆µ´ σ̄´1∆σσ̄´1µ̄sJdWt

ı

. (4.41)

4.2.3 Comments and perspectives

Our results depend crucially on the functional framework established in [11].
Therefore, any of the extensions proposed below should also motivate gener-
alizations of the results in the aforementioned paper. It would be interesting:
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• To consider unbounded drifts and volatilities and to include random
endowments.

• To consider more general utility functions, perturbations of the volatil-
ity and prices processes.

• As in the case of standard stochastic optimal control problems, it would
be interesting to study the stability of the optimal solutions as well as
their sensitivities. A related analysis, and interesting by itself, would
be the study of a second order expansion of the value function. Using
different techniques and in some particular situations, these type of
results have been explored in the framework of strong perturbations in
the article [138].
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Appendix A

Review of some proximal point
algorithms in convex optimization

In this Appendix, borrowed from [49, Section 3], we review some splitting
methods for solving nonsmooth convex optimization problems, which lead
us to focus in methods performing implicit instead of gradient steps. The
performance of these splitting algorithms rely on the efficiency on the compu-
tation of the implicit steps, in which the proximity operator arises naturally.
The methods that we present were implemented and compare in the article
[49], summarized in Section 3.3.

Let us recall that, for any convex lower semicontinuous (l.s.c.) function
ϕ : Rd Ñs ´ 8,`8s (eventually non-smooth), and x P Rd, there exists a
unique solution to

minyPRdϕpyq `
1

2
|y ´ x|2, (A.1)

which is denoted by proxϕx. The proximity operator, denoted by proxϕ,
associates proxϕx to each x P Rd. From classical convex analysis we have

p “ proxϕx ô x´ p P Bϕppq. (A.2)

For understanding the meaning of a proximal step, let γ ą 0, x0 P Rd,
suppose that ϕ is differentiable, and consider the proximal point algorithm
[149, 170]

p@n ě 0q xn`1 “ proxγϕxn. (A.3)

In this case, it follows from (A.2) that (A.3) is equivalent to

xn ´ xn`1

γ
“ ∇ϕpxn`1q, (A.4)

which is an implicit discretization of the gradient flow. Then, the proximal
iteration can be seen as an implicit step, which can be efficiently computed in
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several cases (see e.g., [89]). The sequence generated by this algorithm (even
in the non-smooth convex case) converges to a minimizer of ϕ whenever it
exists.

In order to study convex optimization problems with constraints, let us
start with a general setting. Let ϕ : Rd Ñs´8,`8s and ψ : RM Ñs´8,`8s
be two convex lower semicontinuous proper functions, and let Ξ P RMˆd.
Consider the optimization problem

min
yPRd

ϕpyq ` ψpΞyq (A.5)

and the associated Fenchel dual problem

min
σPRM

ψ˚pσq ` ϕ˚p´ΞJσq. (A.6)

Moreover, under some qualification conditions, any primal-dual solution pŷ, σ̂q
to (A.5)-(A.6) satisfies, for every γ ą 0 and τ ą 0,

#

´ΞJσ̂ P Bϕpŷq

Ξŷ P Bψ˚pσ̂q
ô

#

proxτϕpŷ ´ τΞJσ̂q “ ŷ

proxγψ˚pσ̂ ` γΞŷq “ σ̂.
(A.7)

In the rest of this section we recall some algorithms to solve (A.5).
Alternating direction method of multipliers: Let us briefly recall Al-
ternating direction method of multipliers (ADMM) method [112, 111, 110],
which is a variation of the Augmented Lagrangian Algorithm introduced in
[121, 122, 163] (see references [46, 96] for two surveys on the subject). The al-
gorithm can be seen as an application of Douglas-Rachford splitting to (A.6)
[110, 97]. Problem (A.5) can be written equivalently as

min
yPRd, vPRM

max
σPRM

Lpy, v, σq, (A.8)

where L : Rd ˆ RM ˆ RM ÞÑs ´ 8,`8s is the Lagrangian defined by

Lpy, v, σq “ ϕpyq ` ψpvq ` σ ¨ pΞy ´ vq. (A.9)

Given γ ą 0, the augmented Lagrangian Lγ : RdˆRM ˆRM ÞÑs´8,`8s is
defined by

Lγpy, v, σq “ Lpy, v, σq `
γ

2
|Ξy ´ v|2.

Given an initial point py0, v0, σ0q, the iterates of ADMM are defined by the
following procedure
yk`1 “ argminyLγpy, vk, σkq “ argminy

 

ϕpyq ` σk ¨ Ξy ` γ
2 |Ξy ´ v

k|2
(

vk`1 “ argminvLγpyk`1, v, σkq “ proxψ{γpσk{γ ` Ξyk`1q

σk`1 “ argmaxσ
!

Lpyk`1, vk`1, σq ´ 1
2γ |σ ´ σ

k|2
)

“ σk ` γpΞyk`1 ´ vk`1q.

(A.10)
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This procedure is simple to implement in the case when ϕ is a quadratic
function, in which case the first step of the algorithm reduces to solve a
linear system. This is the case in several problems in PDE’s, where this
method is widely used. However, for general convex functions ϕ, the first
step in (A.10) is not always easy to compute. Indeed, it has not closed
expression for most of combinations of convex functions ϕ and matrices Ξ,
even if proxϕ is computable, which leads to subiterations in those cases.
Moreover, it needs a full rank assumption on Ξ for achieving convergence.
However, in some particular cases, it can be solved efficiently.

Predictor-corrector proximal multiplier method (PCPM): Another
approach for solving (A.5) is proposed by Chen and Teboulle in [85]. Given
γ ą 0 and starting points py0, v0, σ0q P Rd ˆ RM ˆ RM iterate

pk`1 “ argmaxσ
!

Lpyk, vk, σq ´ 1
2γ |σ ´ σ

k|2
)

“ σk ` γpΞyk ´ vkq,

yk`1 “ argminy
!

Lpy, vk, pk`1q ` 1
2γ |y ´ y

k|2
)

“ proxγϕpyk ´ γΞJpk`1q,

vk`1 “ argminv
!

Lpyk, v, pk`1q ` 1
2γ |v ´ v

k|2
)

“ proxγψpvk ` γpk`1q,

σk`1 “ argmaxσ
!

Lpyk`1, vk`1, σq ´ 1
2γ |σ ´ σ

k|2
)

“ σk ` γpΞyk`1 ´ vk`1q,

where the Lagrangian L is defined in (A.9). In comparison to ADMM, after
a prediction of the multiplier in the first step, this method performs an addi-
tional correction step on the dual variables and parallel updates on the primal
ones by using the standard Lagrangian with an additive inertial quadratic
term instead of the augmented Lagrangian. This feature allows us to perform
only explicit steps, if proxγϕ and proxγψ can be computed easily, overcoming
one of the problems of ADMM. The convergence to a solution to (A.5) is
obtained provided that γ P s0,mint1, }Ξ}´1u{2r.

Chambolle-Pock: Inspired on the caracterization (A.7) obtained from the
optimality conditions, Chambolle and Pock in [84] propose an alternative
primal-dual method for solving (A.5) and (A.6). More precisely, given θ P
r0, 1s, γ ą 0, τ ą 0 and starting points py0, ȳ0, σ0q P Rd ˆ Rd ˆ RM , the
iteration

σk`1 “ argmaxσ
!

Lpȳk, σq ´ 1
2γ
|σ ´ σk|2

)

“ proxγψ˚pσk ` γΞȳkq

yk`1 “ argminy
 

Lpy, σk`1q ` 1
2τ
|y ´ yk|2

(

“ proxτϕpyk ´ τΞJσk`1q

ȳk`1 “ yk`1 ` θpyk`1 ´ ykq,
(A.11)

where Lpy, σq :“ minvPRM Lpy, v, σq “ σJΞy ` ϕpyq ´ ψ˚pσq, generates a se-
quence pyk, σkqkPN which converges to a primal-dual solution to (A.5)-(A.6).
Note that, if the proximity operators associated to ϕ and ψ˚ are explicit,
the method has only explicit steps, overcoming the difficulties of ADMM.
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For any θ Ps0, 1s, the method include what is called an inertial step which
includes information of the last two iterations. The procedure of including
memory on the algorithms has been shown to accelerate the methods for
specific choice of the stepsizes (see [156, 157, 21]). The convergence of the
method is obtained provided that τγ ă 1{}Ξ}2.

Monotone ` skew splitting method: Alternatively, in [48] a monotone
operator-based approach is used, also inspired in the optimality conditions
(A.7). By calling A : py, σq ÞÑ Bϕpyq ˆ Bψ˚pσq and B : py, σq ÞÑ pΞJσ,´Ξyq,
(A.7) is equivalent to p0, 0q P Apŷ, σ̂q`Bpŷ, σ̂q, where A is maximally mono-
tone and B is skew linear. Under these conditions, Tseng in [175] proposed an
splitting algorithm for solving this monotone inclusion which performs two
explicit steps on B and an implicit step on A. In our convex optimization
context, given γ ą 0 and starting points py0, σ0q P RN ˆ RM , the algorithm
iterates, for every k ě 0,

ηk “ proxγψ˚pσk ` γΞykq “ argmaxσ
!

Lpyk, σq ´ 1
2γ
|σ ´ σk|2

)

pk “ proxγϕpyk ´ γΞJσkq “ argminy
!

Lpy, σkq ` 1
2γ
|y ´ yk|2

)

σk`1 “ ηk ` γΞppk ´ ykq

yk`1 “ pk ´ γΞJpηk ´ σkq.
(A.12)

Note that the updates on variables ηk and pk can be performed in parallel.
The convergence of the method is guaranteed if γ P s0, }Ξ}´1r.
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