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Definition of an optimization problem

& An optimization problem has the form
Find £ € R" such that f(Z) = min{f(x) |z € K}, (P)
where I C R" is a given set. By definition, this mean to find € IC such that
f(x) < fx) Vaelk.

¢ In the above, f is called an objective function, /C is called a feasible set (or constraint
set) and any Z solving (P) is called a global solution to problem (P).

¢ Usually one also considers the weaker notion, but easier to characterize, of local solution
to problem (P). Namely, Z € K is a local solution to (P) if there exists > 0 such
that f(Z) < f(x) forall x € KN B(Z,d), where

B(z,6) :={z € R" | |z — | < 6} .



¢ In optimization theory one usually studies the following features of problem (P):
1.- Does there exist a solution T (global or local)?
2.- Optimality conditions, i.e. properties satisfied by the solutions (or local solutions).
3.- Computation algorithms for finding approximate solutions.

¢ In this course we will mainly focus on points 1 and 2 of the previous program.

o We will also consider mainly two cases for the feasible set K:

¢ K = R" (unconstrained case).

& Equality and inequality constraints:

K={zeR"|gi(x)=0,i=1,...,m, h;j(z) <0, j=1,...,¢}. (1)

¢ In order to tackle point 2 we will assume that f is a smooth function. If the feasible
set (1)) is considered, we will also assume that g; and h; are smooth functions.



Some mathematical tools

¢ In what follows, we will work in the euclidean space R". We denote by (-, -) the

standard scalar product and by || - || the corresponding norm. Namely,
n
(z,y) =2y = Zajzyz Ve eR" yeR" and ||z] = +/(z, x).
i=1

We will often use the alternative notation = - y for (x, y).

o [Graph of a function] Let f : R™ — R. The graph Gr(f) C R""! is defined by

Gr(f) :={(z, f(z)) | z € R"}.



¢ [Level sets| Let ¢ € R. The level set of value ¢ is defined by

Levi(c) := {xz € R" | f(z) = c¢}.

e When n = 2, the sets Levs(c) are useful in order to draw the graph of a function.

® These sets will also be useful in order to solve graphically two dimensional linear

programming problems, i.e. n = 2, and the function f and the set K are defined
by means of affine functions.



Example 1: We consider the function
R*S (z,y) — f(z,y) ==z +y+2€R,
whose level set is given, for all ¢ € R, by

Levs(c) := {(az,y) E]R2|:1:—|—y—|—2:c}.

Note that the optimization problem with this f and /IC = R? does not have a solution.

Ezxample 2: Consider the function
R*S (z,y) — f(z,y) =2 +y  €R.
Then Levs(c) =0 if ¢ < 0 and, if ¢ > 0,
Levs(c) = {(z,y) | 2" + y* = c},

i.e. the circle centered at 0 and of radius /c.



Example 3: Consider the function
R® > (z,y) — f(z,y) =2 -y’ €R.
In this case the level sets are given, for all ¢ € R, by

Levs(c) = {(z,9) | y° = «° — ¢}



¢ [Differentiability] Let f : R™ — R. We say that f is differentiable at £ € R" if for all
1 = 1,...,n the partial derivatives

of f(z + re) — £(2)

r) := li h i = (0,..., 1 ,...,0)),
S (@) = liny . (uhere 1= (0,0, L - 0)

exist and, defining the gradient of f at & by

of
ox,,

Vf(z):= (g—a‘i(a—:), Cl (:7:)) c R",

we have that
f@+h) = f(@) = VF@) -k _

h=0 il

If f is differentiable at every x belonging to a set A C R", we say that f is
differentiable in A.



Remark 1. Notice that f is differentiable at T iff there exists €; : R — R, with
limh_>0 85;(}1) = 0 and

f(@+h)=f(Z)+ V(@) h+|hlez(h). (2)
In particular, f is continuous at .

Lemma 1. [Directional differentiability] Assume that f is differentiable at T and let
h € R™. Then,

lim

7—0, 7>0

f(Z+7h) — f(z) _Vf(z) h

Proof. By ([2)), for every 7 > 0, we have

f(x+7h)— f(&) =7V f(Z)-h+ 7||h|ez(Th).

Dividing by 7 and letting 7 — O gives the result. L]



Remark 2. (i) [Simple criterion to check differentiability] Suppose that A C R" is
an open set containing x and that

A>zw— Vf(x) € R",

is well-defined and continuous at . Then, f is differentiable at .

As a consequence, if V f is continuous in A, then f is differentiable in A. In this case,

we say that f is C' in A (i.e. differentiability and continuity of V f in A). When f is
C' in R™ we simply say that f is C'.

(ii) The notion of differentiability can be extended to a function f : R" — R™. In
this case, f is differentiable at T if there exists L € M, «x»(R) such that

@+ k) — £(@) — Lh]
1m
1Rll=0 1Al

— 0.

If f is differentiable at Z, then L = D f(Z), called the Jacobian matrix of f at Z,
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which is given by
0 — 0
( 8_52(95) a.ﬁb( ) \

Df(z) = 3;‘;() SJ:;(@)

\%£T<> @ )

Note that when m = 1 we have that D f(Z) = Vf(a_ﬁ)T

The chain rule says that if f : R" — R™ is differentiable at £ and g : R™ — RP is
differentiable at f(Z), then g o f : R" — RP is differentiable at & and the following

identity holds
D(go f)(z) = Dg(f(z))Df(z).

(iii) In the previous definitions the fact that the domain of definition of f is R™ is
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not important. The definition can be extended naturally for functions defined on open
subsets of R".

Basic examples:

(i) Let ¢ € R"™ and consider the function f; : R™ — R defined by fi(x) = ¢ - x.
Then, for every x € R", we have V f1(x) = c and, hence, f is differentiable.

(ii)) Let Q@ € M, xn(R) and consider the function fo : R” — R defined by
fo(z) = 5(Qz,z) Vz cR"
Then, for all z € R™ and h € R", we have

fole+h) = 2Q(x+h),z+ h)

LQz,z) + L [(Qz, h) + (Qh, z)] + L(Qh, h)
HQz,2) + (3 (Q+ Q") z,h) + 3(Qh, h)

= fo()+ L (Q+ Q") z, h) + ||hllex(h),
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where limy,_,g e,(h) = 0. Therefore, f5 is differentiable and

Vfg(:c):%(Q—l—QT)a; Ve R".

In particular, if Q is symmetric, then V fo(x) = Q.

(iii) Consider the function f3 : R" — R defined by f3(x) = ||x||. Then, since
fs(x) = /||x||?, if x # O, the chain rule shows that

1 z'
2 2 T
Df(z) = D) lz)D(l - ) (z) = 3 = (22) = -——,
Ed| |
which implies that V f3(z) = 2+ and, since this function is continuous at every

x # 0, we have that f3 is C' in the set R™ \ {0}. Let us show that fs is not
differentiable at £ = 0. Indeed, if this is not the case, then all the partial derivatives

—gi?? (0) should exists for all ¢ = 1, ..., n. Taking, for instance, = = 1, we have
1
’ [0+ 7edf| =[O .. |7
im = lim —,
T—0 T T—=0 T
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which does not exist, because

S o R
lim — = lim —=—-1#1= lim — = lim —.
T—=0— T T—=0— T =0t T r—0t T

[Second order derivative and Taylor expansion] Suppose that f : R™ — R is C'. In
particular, the function R" > = +— V f(x) € R" is well defined. If this function
is differentiable at x, then we say that f is twice differentiable at . If f is twice
differentiable at every x belonging to a set A C R", then we say that f is twice
differentiable in A.

If this is the case, then, by definition,

o*'f . 0 [Of\

exists for all 2, 3 = 1,...,n. The following result, due to Clairaut and also known
as Schwarz's theorem, says that, under appropriate conditions we can change the
derivation order.
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Theorem 1. Suppose that the function f is twice differentiable in an open set
A C R" containing T and that for all i, 7 = 1,...,n the function A > = >
82§

7=5—(r) € R is continuous at . Then,
9%

0% f 0% f

Under the assumptions of the previous theorem, the Jacobian of V f(Z) takes the form

°f ¢ = 9%f =
[ SE@ @)
D2f(7) — 8%f - 8%f -
f(z) = W(m) e W(iﬂ)
9%f /= 8%f /~

This matrix, called the Hessian matrix of f at & belongs to M, «,(R) and it is a
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symmetric matrix by the previous result.

If f : R®™ — R is twice differentiable in an open set A C R"™ and for all 1,
7 =1,...,n the function

2

A>Sx—
v 8%833]

(x) €R

is continuous, we say that f is C* in A.

[Taylor's theorem] We admit the following important result:

Theorem 2. Suppose that f : R™ — R is C? in an open set A C R™. Then, for all
x € A and h such that x + h € A, we have the following expansion

f(z+h) = f(@)+ V() h+5(D°f()h, h) + [|h]*Ra(h),
where R,(h) — 0 as h — O.

Ezample: Consider the function f : R* — R defined by f(x, y) = e” cos(y) —x —1.
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Then, 5
a—i(O, 0) = e cos(y)|<$’y):(0’0) —1 =0,

2—5(0, 0) = —e” Sin(y)‘(w,y):(O,O) = 0,
52 T
8—;;(0, 0) =e Cos(y)|(x,y):(0,0) =1,

52 x
02 (0,0) = =" cos(®)] ) _0.0) = 1,

02 T :
8338];(0, 0) = —e Sln(y)|($’y):(0’0) = 0.

Note that all the first and second order partial derivatives are continuous in R".

Therefore, we can apply the previous result and obtain that the Taylor's expansion of
f at (0,0) is given by

£((0,0)+h) = £(0,0)+ Vf(0,0) h+i(D*f(0,0)h,h) + ||h||*Rz(h),
= 040+ 3hi — 1h3 + ||h|*Ro,0)(h),
= ik — 1h5+ [|R||°R0,0)(h).

This expansion shows that locally around (0, 0) the function f above is similar to the
function in Example 3.

17



Some good reading for the previous part

o Chapters 2 and 3 in “Vector calculus”, sixth edition, by J. E. Marsden and A. Tromba.

& Chapter 14 in “Calculus: Early transcendentals”, eight edition, by J. Stewart.
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Some basic existence results for problem (P)

¢ [Compactness| Recall that A C R" is called compact if A is closed and bounded (i.e.
A is closed and there exists R > 0 such that ||z|| < R for all z € A).

Let us recall an important result concerning the compactness of a set A.

Theorem 3. [Bolzano-Weierstrass theorem| A set A C R" is compact if and only
if every sequence (xk)ken of elements of A has a convergence subsequence. This
means that there exists T € A and a subsequence (xkg)geN of (x)ken such that

r = lim xy

f— 00 a

¢ [The basic existence results| Note that by definition, if inf.cicf(x) = —oo, then f
has no lower bounds in IC and, hence, there are no solutions to (P). On the other
hand, if inf,c. f(x) is finite, then the existence of a solution can also fail to hold as
the following example shows.
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Ezample: Consider the function R 3 = — f(x) := e " and take IC := [0, +o0|.
Then, inf, e f(x) = 0 and there is no x € K such that f(x) = 0.

Definition 1. We say that (zk)reny C K is a minimizing sequence for (P) if
inf = 1i :
S = I e

By definition, a minimizing sequence always exists if /C is non-empty.

Theorem 4. [Weierstrass theorem, C compact| Suppose that f : R"™ — R is
continuous and that IC is non-empty and compact. Then, problem (P) admits at
least one global solution.

Proof. Let (xx)ren € K be a minimizing sequence. By compactness, there exists
Z € K and a subsequence (xke)geN of (zk)ken such that T = limy_, Ty, Then,
by continuity

f(z) = lim f(zx,) = inf f(z).
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Ezample: Suppose that f : R® — R is given by f(x,y, z) = x* — y® + sin z and
K={(z,y,2) | * 4+ y* + 2* < 1}. Then f is continuous and K is compact. As
a consequence, problem (P) admits at least one solution.

Theorem 5. [IC closed but not bounded| Suppose that IC is non-empty, closed, and
that f 1s continuous and “coercive” or “infinity at the infinity” in IC, i.e.

lim  f(x) = +o0. (3)

€, ||x||—o0

Then, problem (P) admits at least one global solution.

Proof. Let (xr)ren € K be a minimizing sequence. Since inf,cx f(x) = —oo or
inf,ce f(x) € R and limg_, o f(xr) = infrex f(x), there exists R > 0 such
that (zp)reny € Kgr := {2’ € K |f(2) < R} C K. By continuity of f, this
set is closed and bounded because f is coercive. Arguing as in the previous proof,
the compactness of ICgr implies the existence of * € K g such that a subsequence of
(xr)ken converges to T, which, by continuity of f, implies that Z solves (P). N
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Example: Suppose that f : R™ — R is given by
f(x) ={(Qx,x) + c'z VzeR"
where Q € M, ,(R) is symmetric and positive definite, and ¢ € R". Since
(Qz,z) > Anin(Q)|z]° Vz €R"
(where A\pnin (@) > 0 is the smallest eigenvalue of ), we have that
F(@) > Xain(@)l2)” = llellllz] ¥z € R™
This implies that f(x) — oo as ||x|| — oo. Therefore,

lim  f(x) = oo, (4)

eI, ||z || —o0

holds for every closed set /C. Since f is also continuous, problem (P) admits at least
one global solution for any given non-empty closed set /.
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Ezample: Suppose that f : R> — R is given by
flz,y) =z"+y° V(z,y) €R,

and
K={(z,y) eR*| y > —1}.
Then,
lim f(x) = 400

€I, ||z||—o0

holds (exercise) and, hence, (P) admits at least one global solution.

(5)
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Optimality conditions for unconstrained problems

& Notice that, by the second existence theorem, if f is continuous and satisfies that

lim f(x) = o0,

|2[| =00

then, if I = R", problem (P) admits at least one global solution.

¢ [First order optimality conditions for unconstrained problems]
We have the following result

Theorem 6. [Fermat’s rule] Suppose that IC = R"™ and that T is a local solution to
problem (P). If f is differentiable at T, then V f(Z) = 0.

Proof. For every h € R" and 7 > 0, the local optimality of Z yields
f(@) < f(x+7h) = f(Z) + 7V f(Z) - h+ 7]|hllez(Th),
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where lim,_,g£z(z) = 0. Therefore,
0 < 7Vf(Z)-h+7|hlez(Th).
Dividing by 7 and letting 7 — 0, we get
Vf(z)-h>D0.

Since h is arbitrary, we get that V f(Z) = 0 (take for instance h = —V f(Z) in the
previous inequality). ]

[Second order optimality conditions for unconstrained problems]

We have the following second order necessary condition for local optimality:

Theorem 7. Suppose that I = R"™ and that T is a local solution to problem (P). If
f is C* in an open set A containing T, then D?f(Z) is positive semidefinite.
In other words,

(D*f(z)h,h) >0 VYV heR"
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Proof. Let us fix h € R"™. By Taylor's theorem, for all 7 > 0 small enough, we have
f@+7h) = f(@)+ V(@) - (th) +5(D*f(@)7h, Th) + [|Th|*Ra(7h),

where Rz(Th) — 0 as 7 — 0. Using the local optimality of Z, the previous result
implies that V f(Z) = 0 and, hence,

0 < f(@+7h) = £(3) = —(D*f(@)h, h) + T ||h]|*Ra(rh).

Dividing by 72 and passing to the limit with 7 — 0, we get the result. L]
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We have the following second order sufficient condition for local optimality.

Theorem 8. Suppose that f : R™ — R is C? in an open set A containing T and
that

0) Vi) =0
(ii) The matriz D*f (&) is positive definite. In other words,

(D*f(z)h,h) >0 VY heR" h#0.

Then, T is a local solution to (P).

Proof. Let X > 0 be the smallest eigenvalue of D?f(Z), then
Vh € R, (D*f(z)h,h) > A|h||’.

Using this inequality, the hypothesis V f(Z) = 0, and the Taylor's expansion, for all
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h € R" such that £ + h € A we have that

F@+ ) = £(2) = V@) o+ (D2 (@)h, h) + | Ra(h)
> ZURIP + 10 Ra(h)

A 2
= (54 rw) Il

Since Rz(h) — 0 as h — 0, we can choose § > 0 such that ||h]| < 6, T+ h € A
and |Rz(h)| < 2. As a consequence,

A
f@+h) = £(@) > ZIIBI ¥ hER" with [b]] <,

which proves the local optimality of x. []
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Ezample: Let us study problem (P) with K = R? and
R? (x,y) — f(x,y) = 22° + 3y° + 3z°y — 24y.
First, consider the sequence (zx, yx) = (—k,0) for kK € N. Then,
flze, yr) = —2k° — —oco as k — oo.

Therefore, inf, g2 f(z,y) = —oo and problem (P) does not admit global
solutions. Let us look for local solutions. We know that if (x,vy) is a local solution,
then it should satisfy V f(x,y) = (0, 0). This equation gives

61> + 6xy = O,
6y + 32° = 24.
From the first equation, we get that * = 0 or x = —y. In the first case, the second

equation yields y = 4, while in the second case we obtain that 2 — 22 — 8 = 0 which
yields the two solutions (4, —4) and (—2, 2). Therefore, we have the three candidates
(0,4), (4,—4) and (—2,2). Let us check what can be obtained from the Hessian at
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these three points. We have that

2 . 122 + 6y 6x

For the first candidate, we have
2 (24 0
D*f(0,4) = ( 0 6 ) )

which is positive definite. This implies that (0, 4) is a local solution of (P). For the
second candidate, we have

) 24 24 4 4
Df(4’_4>:<24 6>:6<4 1)’

whose determinant is given by 36(—12) < 0, which implies that D?f(4, —4) is
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indefinite (the sign of the eigenvalues is not constant). Finally,
) [ —12 —12

which is also indefinite because the sign of the diagonal terms are not constant.
Therefore, (0, 4) is the unique local solution to (P).

[Maximization problems] If instead of problem (P) we consider the problem
Find T € R" such that f(Z) = max{f(x) | z € K}, (P")

then T is a local (resp. global) solution to (P’) iff Z is a local (resp. global) solution
to (P) with f replaced by — f. In particular, if Z is a local solution to (P’) and f is
regular enough, then we have the following first order necessary condition

Vf(z) =0,
as well as the following second order necessary condition

(D*f(Z)h,h) <0 VY heR"
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In other words, D*f(Z) is negative semidefinite.
Conversely, if £ € R" is such that V f(Z) = 0 and
(D*f(Z)h,h) <0 VY heR" h#D0.

Then, T is a local solution to (P’).
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Convexity

¢ [Convexity of a set] A non-empty set C' C R" is called convex if for any A € [0, 1]
and x, y € C, we have that

Ax + (1 — Ny € C.

Let us fix a convex set C' C R".

¢ [Convexity of a function] A function f : C — R is said to be convex if for any
A € [0,1] and x, y € C, we have that

fx+ (1 —=XNy) < Af(x)+ (1 —=X)f(y).

¢ [Relation between convex functions and convex sets| Given f : R"™ — R, let us define
its epigraph epi(f) by

epi(f) = { (1) € R |y > f(a)}.
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Proposition 1. The function f is convez iff the set epi( f) is conver.

Proof. Indeed, suppose that f is convex and let (x1, z1), (x2, z2) € epi(f). Then,
given X € [0, 1] set

PA = )\(CL’l, 21) —|— (1 — )\)(332, 22) = ()\ZEl —|— (1 — )\)LUQ, )\Zl —|— (1 — )\)22)
Since, by convexity,
fOz1+ (1 —XNax2) < Af(x1) + (1 — XN)f(x2) < Azp + (1 — A)zg,

we have that P\ € epi(f). Conversely, assume that epi(f) is convex and let x1,
xo € R" and A € [0, 1]. Since (xz1, f(x1)), (z2, f(x2)) € epi(f), we deduce that

(Az1+ (1 — Nz, Af(z1) + (1 — A) f(@2)) € epi(f),

and, hence,
fAzr + (1 = Nz) < Af(z1) + (1 = A) f(=2),
which proves the convexity of f. []
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& [Strict convexity of a function| A function f : C' — R is said to be strictly convex if
forany A € (0,1) and x, y € C, with x # vy, we have that

fr 4+ 1 =XNy) < Af(z) + (1= 2)f(y).

¢ [Concavity and strict concavity of a function| A function f : C — R is said to be
concave if — f is convex. Similarly, the function f is strictly concave if — f is strictly
convex.

FEzxample: Let us show that the function R" 3> = — ||z|| € R is convex but not
strictly convex. Indeed, the convexity follows from the triangle inequality

Az + (1 — Nyl < |[Az|| + [[(T = Nyl = A|z]] + (1 = V) [[y]l-
Now, if we have that for some A € (0, 1)
Az + (1 — Nyl = Allz|| + (1 — M) ||y

the equality case in the triangle inequality (||a +b|| = ||a|| + ||b]| iffa = 0and b = 0
or a = ab with a > 0) shows that the previous inequality holds iff that xt = y = 0
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or x = ~yy for some v > 0. By taking x # 0 and y = ~vx with v € (0,00) \ {1}
we conclude that || - || is not strictly convex.

Ezxample: Let B € (1,400). Let us show that the function R" 3 = — [|z]|” € R
is strictly convex. Indeed, the real function [0, +o00) D t — a(t) := t° € R is
increasing and strictly convex because

o'(t)=pt""">0 and &"(t) = BB -1t""*>0Vte(0,+00).
As a consequence, for any A € [0, 1], using that

[Az 4+ (T = Nyl < Az|l + (1 = X[yl

we get that
Az + (1 =Ngll” < Gllzll + 1= NllyD -
< Alzll? + @ = Nyl
which implies the convexity of || - ||°. Now, in order to prove the strict convexity,
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assume that for some A\ € (0, 1) we have
Az + (1= 2yll” = A2l + (1 = Mlyll”,
and let us prove that x = y. Then, all the inequalities in ([6]) are equalities and, hence,

[Az 4+ (1 = Nyl = Allz]l + (1 = Myl
and (Allz]| + (1 = Mllyl)” = )|’ + (1 = N lyl”.

The equality case in the triangle inequality and the first relation above imply that
x =1y = 0or x = ~y for some v > 0. The strict convexity of a and the second
inequality above imply that ||z|| = ||y||. Therefore, either x = y = 0 or both x and
y are not zero and x = ~y for some v > 0 and ||z|| = [|y||. In the latter case, we
get that o = 1 and, hence, x = y from which the strict convexity follows.
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¢ [Convexity and differentiability] We have the following result:

Theorem 9. Let f : C' — R be a differentiable function. Then,
(i) f is convex in R™ if and only if for every x € C we have

fly) = f(z) + Vf(z) (y—z), VyeCl. (7)

(ii)) f s strictly convex in R"™ if and only if for every x € C we have

fy) > f(2) + Vi) - (y—=x), Vyel, y#az (8)

Proof. (i) By definition of convex function, for any z, y € C and A € (0, 1), we have

fFOy+ (1 —=XNz) <Af(y) + (1 = N)f(x),

and, hence,

fFQy + (1 =XNz) = f(x) < A(f(y) — f(=z))
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Since, \y + (1 — Nz =z + A(y — x), we get

flz+ Ay —=)) — fl=z)
A

Letting A — 0, Lemma [1] yields
Vi(z) (y—=z) < fly) — f(=).

Conversely, take 1 and x5 in C, A €]0, 1] and define ) := Ax1 + (1 — A)x2. By
assumption,

< f(y) = f(=).

Vie {1,2}, f(xi) > f(zx) + Vf(zy) (x; — xn),

and we obtain, by taking the convex combination, that

Af(z) + (1 =X f(z2) 2 f(zx) + V(za) - Qe+ (1 = Az — x) = f(2a),

which shows that f is convex.
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(ii) Since f is convex, by (i) we have that

fly) 2 f(2)+Vf(z) (y—z), VyeCl. (9)

Suppose that there exists z € C' such that z # x and

f(z) = f(z) + Vf(z) - (z — ).

Let y = 2z + 2. Then, by (9)), and strict convexity, we get

F@)+ V(@) (dz—12) < f(y) < 2 (@) +3F(2) = f(2) +V f(2)- (bz—da).

which is impossible. The proof that ([8)) implies that f is strictly convex is completely
analogous to the proof that ([7]) implies that f is convex. The result follows. N

Theorem 10. Let f : C — R be C? in C and suppose that C' is open (besides being
convez). Then

(i) f is convex if and only if D?f(x) is positive semidefinite for all x € C.
(ii) f is strictly convex if D*f(x) is positive definite for all x € C
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Proof. (i) Suppose that f is convex. Then, by Taylor's theorem for every x € C,
h € R™ and 7 > 0 small enough such that x 4+ 7h € C we have

2

fla+7h) = f(2) + TV F () - h+ (D f(@)h, h) + 7|k Ru(rh),
which implies, by the first order characterization of convexity, that
0 < 5(D*f(x)h, h) + ||hlI* Ra(7h).
Using that lim,_,o R.(7h) = 0, and the fact that A is arbitrary, we get that
(D*f(z)h,h) >0 V h € R".
Suppose that D?f(x) is positive semidefinite for all z € C and assume, for the time

being, that for every x, y € C there exists ¢z, € {Ax + (1 — Ny | A € (0,1)}
such that

fly) = f(x) + V(@) (y — @) + $5(Dfewy)(y — ),y — ). (10)
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Then, have that

fly) 2 f(x) + V() (y —=) Vaz, yel,

and, hence, f is convex. It remains to prove ([10)). Defining g(7) := f(z +7(y — x))
for all 7 € [0, 1], formula ([10) follows from the equality

g(1) = g(0) + ¢'(0) + 29" (%)

for some 7 € (0, 1).
(ii) The assertion follows directly from (10]), with y # y, and Theorem [9[(ii). []

Remark 3. Note that the positive definiteness of D?f(x), for all x € C, is only
a sufficient condition for strict convexity but not necessary. Indeed, the function
R 3z — f(x) = a* € Ris strictly convex but f”(0) = 0.
Ezample: Let Q € M,, ,(R) be symmetric and let f : R" — R be defined by

f(x) = %ZETQZB +c'z.
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Then, D?f(x) = Q and hence f is convex if Q is positive semidefinite and strictly
convex if (Q is positive definite.

In this case, the fact that @) is positive definite is also a necessary condition for strict
convexity. Indeed, for simplicity suppose that ¢ = 0 and write Q = PDP'", where
the set of columns of P is an orthonormal basis of eigenvectors of () (which exists
because @ is symmetric), and D is the diagonal matrix containing the corresponding
eigenvalues {\;}¥ | in the diagonal. Set y(z) = P'x. Then,

f(z) = Z A?:lyi(x)z-

If @ is not definite positive, then there exists j € {1,...,N} such that
A; < 0. Then, it is easy to see that f is not strictly convex on the set

{x e R" | yi(x) =0, foralli e {1,...,n}\{s}}.
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Convex optimization problems

¢ [Optimality conditions for convex problems| Let us begin with a definition.

Definition 2. Problem (P) is called convex if f is conver and K is a non-empty

closed and convex set.
We have the following result.

Theorem 11. [Characterization of solutions for convex problems| Suppose that
problem (P) is convex and that f : R" — R is differentiable in IC. Then, the

following statements are equivalent:
(i) T is a local solution to (P).

(ii) The following inequality holds:
(Vf(z),x—2) >0 Vzxelk. (11)
(iii) T is a global solution to (P).

44



Proof. Let us prove that (i) implies (ii). Indeed, by convexity of KC we have that
given x € IC for any 7 € [0,1] the point re + (1 — 1)z =+ 17(x — %) € K.
Therefore, by the differentiability of f, if 7 is small enough, we have

0<f@+7(z—-2) - f(Z) =7V (x-2)+ 7|z - zlez(7]x — Z]),

where limj,_,0 €z(h) = 0. Dividing by 7 and letting 7 — 0, we get (ii).

The proof that (ii) implies (iii) follows directly from the inequalities
flx) 2 f(x) + Vf(z) (x —%) =2 f(z) Vzek
Finally, (iii) implies (i) is trivial. The result follows. [

Remark 4. In particular, if f : R"™ — R is convex and differentiable and IC = R", the
relation

Vi(z) =0,

is a necessary and sufficient condition for T to be a global solution to (P).
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Proposition 2. Suppose that KC is convex and that f s strictly convex in IC. Then,
there exists at most one solution to problem (P).

Proof. Assume, by contradiction, that x; # x5 are both solutions to (P). Then,
%azl + %CCQ € IC and

f(Goy 4 5w2) < 5f(21) + 3£ (22) = 3min f(2) + 5 min f(z) = min f(2),
which is impossible. ]

[Least squares| Let A € M,,»,(R), b € R™ and consider the system Az = b.
Suppose that m > n. This type of systems appear, for instance, in data fitting
problem and it is often ill-posed, in the sense that there is no x satisfying the equation.
In this case, one usually considers the optimization problem

' .— [|Az — b|%. 12
me%:anf(w) | Az — b (12)

Note that
f(z) = (A" Az, z) — 2(A"b, z) + ||b]|*.
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and, hence, D?f(x) = 2A" A, which is symmetric positive semidefinite, and, hence,
f is convex. Let us assume that the columns of A are linearly independent. Then, for
any h € R",

(A"Ah,h) =0« Ah =0 < h =0,
i.e. for all x € R", the matrix D?f(x) is symmetric positive definite and, hence, f
is strictly convex. Moreover, denoting by Anin > O the smallest eigenvalue of 2AT A
we have

f(@) > Aminllz||* = 2(A b, 2) + |[b]*.
and, hence, f is infinity at the infinity. Therefore, problem (|12)) admits only one solution
x. By Remark [4], the solution Z is characterized by

A'Az = A'b, ie. z=(A"A)'ATD.

[Projection on a closed and convex set] Suppose that K is a nonempty closed and
convex set and let y € R™. Consider the problem the projection problem

inf {||lz —yl||l | x € C}. (Projx)
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Note that /C being closed and the cost functional being coercive, we have the existence
of at least one solution Z. In order, to characterize Z notice that the set of solutions to
(Proji) is the same as the set of solutions to the problem

. 1 2
inf {§||x —yl? |z € zc} .
Then, since the cost functional of the problem above is strictly convex, Proposition

implies that & is its unique solution and, hence, is also the unique solution to (Projx).
Moreover, by Theorem [11(ii), we have that Z is characterized by the inequality

(y—Z) - (x—2) <0 VxeK. (13)
Example: Letb € R™ and A € M,,,«» be such that
beclm(A):={Azx | x € R"}.

Suppose that
K={xeR"| Ax = b}. (14)
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Then, K is closed, convex and nonempty. Moreover, for any h € Ker(A) we have
that * + h € K. As a consequence, (|13]) implies that

(y—2x)-h <0 VheKer(A),
and, using that h € Ker(A) iff —h € Ker(A), we get that

(y—)-h=0 VheKer(A). (15)

Conversely, since for every x € K we have x — T € Ker(A), relation ({15 implies
13), and, hence, (15) characterizes Z. Note that ([I5)) can be written ag|

y—a‘:EKer(A)L:{’UERn’UThZO ‘v’hGKer(A)},

IRecall that given a subspace V of R", the orthogonal space V= is defined by

1

1% ::{zERn|zT’U:O VoveV}.

Two important properties of the orthogonal space are V' @ v+ = R"™, and (VJ‘)J‘ =V.
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or, equivalently,
y = + z forsome z € Ker(A)L. (16)
¢ [Convex problems with equality constraints] Now, we consider the same set /C as in
14)) but we consider a general differentiable convex objective function f : R" — R.
We will need the following result from Linear Algebra.

Lemma 2. Let A € My, o(R). Then, Ker(A)" =Im(A").

Proof. By the previous footnote, the desired relation is equivalent to Im(AT)L =
Ker(A). Now, € Im(A")* iff (x, ATy) = 0 for all y € R™, and this holds iff
(Axz,y) =0 forally € R™, i.e. x € Ker(A). O

Proposition 3. Let f : R" — R be differentiable and convex and suppose that the
set KC in ((L4)) is nonempty. Then T is a global solution to (P) iff * € K and there
exists A\ € R™ such that

Vi) +A' X=0. (17)

Proof. We are going to show that ({17)) is equivalent to ((11) from which the result
follows. Indeed, exactly as in the previous example, we have that (|11)) is equivalent to

V#(Z)-h=0 VheKer(A),
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le.

Vf(z) € Ker(A)".
Lemma [2| implies the existence of u € R™ such that Vf(Z) = A'pu. Setting
A = —u we get (|17). []

Ezample: Let Q € M, ,(R) be symmetric and positive definite, and ¢ € R". In the
framework of the previous proposition, suppose that f is given by

f(z) = 3(Qu, x) + c'z VaeR",

and that A has m linearly independent columns. A classical linear algebra result states
that this is equivalent to the fact that the m lines of A are linearly independent. In
this case, we say that A has full rank.

Under the previous assumptions on (), we have seen that f is strictly convex.
Moreover, the condition on the columns of A implies that Im(A) = R" and, hence,
IC # (. Now, by Proposition [3| the point Z solves (P) iff £ € K and there exists
A € R™ such that ([17)) holds. In other words, there exists A € R"™ such that

Az =b, and QT +c+ A' X =0.
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The second equation above yields Z = —Q '(c + A" X) and, hence, by the first
equation, we get

AQ e+ AQ'AT A+ b=0. (18)

Let us show that M := AQ 'A' is invertible. Indeed, since M € M, »(R) it
suffices to show that My = O implies that y = 0. Now, let y € R™ such that
My = 0. Then, (My,y) = 0 and, hence, (Q_lATy, ATy> — 0, which implies,
since Q! is also positive definite, that A’y = 0. Now, since the columns of A' are
also linearly independent, we deduce that y = 0, i.e. M is invertible. Using this fact,
we can solve for X\ in (|18]), obtaining

A= —M"" (AQ‘lc 4 b) |
We deduce that
7=—Q" (c AT (AQ_lc n b)) , (19)
is the unique solution to this problem.
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Example: Let us now consider the projection problem

min %[z — y||*
st. Ax = b.

Noting that ||z — y||*> = %||z||* — v '@ + 3||ly||>, the previous problem has the same
solution than

: 2 T
min %Ha:“ —y x
st. Ax =0,
which corresponds to Q@ = I,,x, (the n X m identity matrix) and ¢ = —y. Then,

19

implies that the solution of this problem is given by

T=U—-A"(AA)YTA)y+ A" (AA) b,
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Note that if h € Ker(A)

(y—%,h) = (A'(AA)T'Ay — AT(AA")7'b, h)
= (AA"Y'Ay — (AAT) b, AR)
= 0,

confirming ({16)).

[Separation of a point and a closed convex set| We have the following result:

Proposition 4. Let IC be a nonempty closed and convex set and let y & IC. Then,
there exists p € R™ such that

(p,x) < (p,y) YVaxek.
Proof. Let x € IC be the projection of y onto K. Let us define the affine function
l(x) =(y—=x,z) —(y — T, ).
Then, the tangent plane to KC at & is given by IT; := {z € R? | £() = 0}. Indeed,
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Z € Iz and, by (13), £(x) < 0 for all z € K. Now, since £(y) = ||y — z||* > 0
(because y € K), we deduce that ¢(x) < £(y) for all © € K, which yields
(y —T,x) < {y — T,y) for all x € K. Setting p := y — T, we have proven the
result. []

[Cones and polar cones|

Definition 3. (i) A set C' C R" is a cone if
YVhed, Y7>0 wehave Th € C.

(ii)) The set
C°:={ueR"|{u,h) <0VhecC},

15 called the polar cone of C'.

The simplest example of a cone is any subspace V' of R". In this case, V is a convex
cone and we have V° = V=, the orthogonal space to V. In particular, if a; € R"
(¢ =1,...,m), then, the set

C={hecR"|{a,h) =0 Yi=1,...,m},
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which, denoting by A € M,, »(R) the matrix whose ith row is a;, can be written as
C={heR"| Ax =0} = Ker(A),
is a convex cone and, as a consequence of Lemma [2, we have
C° = Ker(A)" = Im(AT) = {ATA PN Rm} .
Now, suppose that C' is given by
C={heR"|{a;,h)<0 Vi=1,...,m}.

Our purpose now is to compute C°.
Lemma 3. Denote, as before, by A € M,xn(R) the matriz whose ith row is given
by a;. Then

C° = {A'X|XeR™, ;>0Vi=1,...,m},

m (20)
= {3 Nai | AM>0Vi=1,...,m}.
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Proof. If A € R™ with \; > 0 Vi=1,...,m, then for every h € C we have

(A", h) = (X, Ah) =D A(a;, h) <0,
1=1

and, hence, A"\ € C°. Now, denote by B the set on the right hand side of (20).
Clearly, B is convex and nonempty. Moreover, B can also be shown to be closed.

Suppose that u € C° and u € B. Then, by Proposition [4], there exists p € R" such
that

(p,x) < (p,u) Vzx & B,

(p, A'AY < (p,u) VAER™, XN>0 Vi=1,...,m. (21)
Now, the previous inequality has the following two consequences:
(i) (p, u) > 0. Indeed, it suffices to take A = 0 in (21)).

(ii)) (p,a;) < O0forallt=1,...,m. Indeed, fixz € {1,...,m} and v > 0. By
taking
A=(0,..., v ,...,0)
~ =
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in (21) we get v(p, a;) < (p, w) which implies that {p, a;) < 0 (if this is not the
case, by taking ~ large enough we get a contradiction).

From (i)-(ii), we conclude that p € C and (p, u) > 0 which contradicts the fact that
u e C°. O

Now, let us consider the case where C' is defined by both linear equalities and
inequalities. Let a; € R" (¢ = 1,...,m) and a;. eR"(j=1,...,p). Suppose
that C' is given by

(aj,h)y =0 Vi=1,...,m
C=<hecR" :

(a},h)SO Vi=1,...,p

Lemma 4. We have

m p
C° — Zl)\z-ai—l—zl,uja;
1= j=

,U/]ZO \Vljzl,,p
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Proof. The set C can be written as

( (a;,h) <0 Vi=1,...,m, ]
C={heR"| (—ai,h) <0 Vi=1,...,m, %.
\ (afh) <0 Vi=1,....p
Lemma [3/implies that u € C° iff thereexistay > 0, 81 > 0,..., 0, > 0, By > 0
and 3 > 0,..., up = 0 such that
u = 3L aua+ Y0 Bi(—ai) + Z§:1 “ja;‘

> i (i — Bi)ai + 375, pja’.

The result follows by setting \; = a; — B; forallz =1,...,m. []

[Application to convex problems with affine equality and inequality constraints| Let
a; €R", b€ R (i=1,...,m), a; € R"and b; € R (j = 1,...,p). Suppose
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that the constraint set K is given by

K = {:UER” (22)

<az,a:>—|—bz=() \V/’I::].,...,m,
(a},x)—l—b;SO Vi=1,...,p

The main result in this section is the following.

Proposition 5. Suppose that f : R™ — R is convex and C*. Moreover, assume that

the constraint set IC s nonempty and given by (22). Then, X is a global solution to
(P) iff x € K and there exist A € R™, u € RP such that

V(@) + 3205 Aiai + 205 pya) = 0,

23

and ¥ j€{1,...,p} wehave pj >0, and p;({a;,T) +b;) =0 (23)
Proof. Suppose that T solves (P). Then, by Theorem [11((ii), we have

(Vf(z),xr—2) >0 Vzxelk. (24)
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Now, let us define the set of active inequality constraints

I(f):{jé{l,...,p}|(a;.,:l_c)—i—b;:O},

and consider the set

<Cl,i,h>:0 Vi:1,...,m
C:=<{heR" :

(aj,h) <0 VjelI(z)

Let 7 > 0 and h € C'. Then, we claim that *x + 7h € K if 7 is small enough.
Indeed,

<az,:1_c—|-7'h>—|—bzz<az,:1_:>—|—b@:() ‘v’izl,...,m,
(a5, T+ Th) +b. < (a),Z) + b, <0 Vjel(z),
(a}, @+ Th) + b, = (a/,z) + b, + 7(a),h) <0 Vj€{l,...,p}\ (),

where the last inequality holds because (a, ) 4+-b; < Oforall j € {1,...,p}\I(Z)
and we can pick 7 small enough in order to ensure that (a’, ) + b, 4+ 7(a’, h) <0
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forall 7 € {1,...,p} \ I(Z). Indeed, it suffices to take 7 > 0 such that

/ . !/ — /
T max a.,h)| < min —(a.,x) — b..
JISET m}\1<f>|< » ] je{1,mI\I(2) (5, %) = b,

Thus, by (24)) we deduce that

(Vf(z),h) >0 Vhed,

which means that

—Vf(z) eC”.
Thus, from Lemma |4 we get the existence of A € R™, i € RP, such that p; > 0 for
allj e {1,...,p}, uj=0forallj € {1,...,p}\ I(Z), and

m p
—Vf(i:) = Z >\7;CL7; + Z ,uja;.
=1 7=1

Condition ([23)) follows directly from the previous relation. Conversely, assume that
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(Z, A, p) satisfies (23)) and define the function L(-, A, u) as

L(z, A\, p) = f(z) + Z Ai((ai, ©) + bi) + Z/M((CL;, z) + bj).

Then, L(-, A\, p) is convex, C', and satisfies
L(x,\,n) = f(x), and V. L(Z,A\,u)=0.
Thus, using that for all z € K we have L(z, A\, u) < f(x), we get
f(@) = L(z, A\, p) + (Vo L(Z, A\, p), z — Z) < L(z, A\, p) < f(=),

for all x € IC, which implies that Z is a global solution to (P). O
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Example: Let us consider the projection problem
: 2
inf i|lx —
inf 1z -yl

where
K={zeR"|z1 <2< ... <x2,}.

Clearly K is nonempty, closed and convex. Therefore, the projection * of y onto IC
exists and it is unique. Let us define

a,:=(0,..., 1, —1,...,0), and b, =0.
J f/\'\/—/\ J
J 7+1

Then,
K:{xEKW@%x%HégoVj:L“wn—l}.

By the previous proposition, Z solves (P) iff Z € K and there exists u € R™ ! such
that (23]) holds. Namely,
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1 —Yy1+u1 =0
To—y2+pu2—p1 =0

Tp—1— Yn—1+ Hn—-1— Hp—2=0

Tn — Yn — BPn—1 =0
w; > 0 ,uz'hi(a_t)zo Ve=1,...,n—1,

which is equivalent to

1 —y1 <0
o+ 21— (y2+y1) <0

-1 - —1
Zzzl Lk — ZZ: (A
ZZ:l T — ZZ:l Y — 07

(E;g:1fk_z7];:1yk) hi(z)=0 Vi=1,...,n—1.
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Let us compute & when n = 4 and y = (2,1, 5,4). In this case, we have

1 —2<0
Fo+ 71 —3<0
3 +ZTo+21 —8<0
Ty + T3 +Tog+7x1 —12=0
(1 —2)(Z1 —72) =0
(Zg+ %1 —3)(Z2 —3) =0
(3 + 23+ 21— 8)(Tg —T4) =0
The first two equations and the constraint 1 < I imply that 1 = T3 < 2. Then,
taking &1 = T2 = 3/2, the second equation is satisfied, but the third inequality cannot
be satisfied with an equality and, hence, we take 3 = 4 and the fourth relation
yields T3 = 4 = 9/2. Thus, the point (Z1, T2, T3, T4) = (3/2,3/2,9/2,9/2)
satisfies the previous system and, hence, solves the projection problem.
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Optimization problems with equality and inequality
constraints

¢ [Abstract optimality condition] In this section we establish an abstract optimality
condition for the general problem (P) with K being a nonempty closed set and
f : R™ — R being differentiable. We need first the following definition.

Definition 4. Let T € K. We say that h € R" is a tangent vector to KC at T if
there exist (Tn)nen C R and (€n)nen € R"™ such that

™m>0VneN, 7, nifo 0, €, nj>oo 0, (25)

T+ th+ me, € K Vn € N.

The set of tangent vectors to K at T s called the tangent cone to IC at * and it is
denoted by Tic(T).
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Remark 5. (i) By definition h € Tx(x) iff there exists (7,)ney € R and

n—-+oo n—-+oo

(hn)neny € R™ such that 7, > 0, 7, — 0, h,, — h, and & + T,h,, € K for
all n € N.

(ii) It is easy to see that Tx(Z) is indeed a closed cone.

Using this notion, we can prove the following result.

Theorem 12. [Abstract optimality condition] Suppose that & € IC a local solution
to (P) and that f is differentiable at . Then,

(Vf(Z),h) >0 VYV he€ Tk(x).

Proof. Let h € T (&) and let (7,)nen and (hy)nen be as in Remark [B(i). Then, for
n large enough we have

f(@) < f(&+ mahn) = f(Z) + 7oV f(Z), hn) + Tullhnllez(Tnhn),

which yields
(Vf(Z), hn) + ||hnllez(Tnha) > 0.
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Therefore, letting n — oo, we get
(Vf(z),h) >0,

from which the result follows. []

Now, we need the following definition

Definition 5. The normal cone N (&) to IC at & € K is defined by

N}C(f) = (Tlc)o .

Corollary 1. Suppose that & € KC a local solution to (P) and that f is differentiable
at x. Then,

—V f(x) € Nx(x).

[Optimization problems with equality and inequality constraints] We suppose now that
the constraint system is given by

K:i={xz€eR"|gi(x) =0, Vi=1,...,m, hj(zx) <0Vji=1,...,p},
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where g; : R" - R (¢ = 1,...,m), and h; : R" - R (j =
differentiable functions. In this case, Problem (P) is usually written as

min f(x)
st. gi(x) =0, Vi=1,...,m,
hi(r) <0, Vj=1,...,p.

Let £ € KC and set

1(z) = {j € {1,...,p} | hy(@) = 0},

for the set of indexes of active inequality constraints at .

Let us study the tangent cone Tk (Z).

1,...

,p) are
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Lemma 5. The following inclusion holds

| (Vgi(Z),h)y=0Vi=1,...,m, )
Ti(x) C<heR a (26)
(Vh;j(Z),h) <0 Vje€I(Z)
Proof. Let h € Tk(Z) and let (75)nen and (hy)nen be as in Remark [5[(i). Then,
forevery e = 1,...,m, we have
0=gi(x + Thn) = gi(Z)+ T(Vgi(Z), hn) + Tn”hn”sgi,:f(Tnhn)
= 7u(Vgi(Z), hy) + Tn”hnnggi@(Tnhn)-
Then, dividing by 7,, and letting n — oo, we get
(Vgi(x), h) = 0.
Similarly, for every j € I(Z),
0> hj(Z + mahn) = hj(Z) + Ta(Vh;(Z), hyn) + Tn”hn”ghj,a_c(Tnhn)

= Tn<th(Cf), hn> -+ Tn”hn”ghj,f(Tnhn)'
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Then, dividing by 7,, and letting n — oo, we get
(Vhij(z),h) <0.

The result follows. []

Unfortunately, the converse inclusion does not always hold.

Example: Consider the set

K::{(x,y)ER2|a}2—y3=O, —:1:<O}.

Then, it is easy to see that Tx((0,0)) = {(0,~) | v > 0} and the right hand side
of ([26]) is given by

{(hl, hg) - R2| hq > O} .
Definition 6. (i) We say that the constraint functions g; (¢ = 1,...,m) and h;
(1 =1,...,p) are qualified at T if
Vgi(Z),h) =0 Yi=1,...,m,
(Vgi(T), h) } @)

T;C(f) = {h c R" <th(j)7h> <0 Vjye I(CI_Z)
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(ii) Any condition ensuring that the constraint functions are qualfied is called a
constraint qualification condition.

Remark 6. In general, the qualified character of the constraints is not a geometrical
property of the set K. Indeed, consider the set

K= {(CU,y) €R2 ‘ ’y—ZIZZZO},
which can also be written as
K:{(x,y)€R2’y2—az4:O, —ZJSO}

Then, it is easy to check that the constraint functions are qualified at (0,0) in the
first formulation but they are not qualified at (0, 0) in the second one.

[The Karush-Kuhn-Tucker theorem| The main result here is the following first order
optimality condition.
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Theorem 13. [Karush-Kuhn-Tucker] Let £ € K be a local solution to (P).

Assume that f, g; (i = 1,...,m), h; (j = 1,...,p) are C' and that the
constraint functions are qualified at . Then, there exist (A1,...,An) € R™
and (f1, ..., pup) € RP such that
V(@) + 22 AiVai(Z) + X5 1y Vhi(z) =0, (26)
and Y j € {l,...,p} we have u; > 0, and p;h;(x) = 0.
Fquivalently, setting g(x) = (g1(x),...,gm(x)) and h = (hi(x),...,hy(x))

for all x € R", there exists A € R™ and pu € R? such that

V(@) + Dg(z)' X+ Dh(z)'n =0,

29
and Y j € {l,...,p} we have u; > 0, and p;h;(x) = 0. (29)

Proof. Since the constraint functions are qualified at , by Lemma |4 we have that

NER Ve=1,...,m,

Ne(z) = ZA Vgi(Z) + > p;Vhi(z) >0 Ve I(x)

jeI(T)
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Then, by Corollary [1, there exist A\; € R (¢ = 1,...,m) and p; > 0 (j € I(Z))
such that

-V f(z) = Z AiVai(Z) + > pVhi(z).

JEI(Z)
Relation ([28) follows by setting pn; = 0 for all j € {1,...,p} \ I(Z). [
Let g(z) = (g1(x), ..., gm(x)) and h(x) = (hi(x), ..., hy(x)). The Lagrangian

L :R" x R™ x R?” — R is defined by

L(CE, A, :UJ) — _f(:l?) + <>‘79(x)> + <:u7 h(x))a

and, at a local solution Z, the optimality system (29) reads: there exists (X, ) € R™"?
such that

V.L(Z, A\, u) =0,

30
and Vje{l,...,p} wehave u; >0, and pu;h;(z) =0. (30)

System ([30)) is usually called KKT system and (\, p) are called Lagrange multipliers.
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[The KKT system as a sufficient condition for convex problems] The KKT condition is
also sufficient for convex problems.

Proposition 6. Suppose that f is convez and C*, gi(x) = (a;, ) +b;, for a; € R™,
b e R(t=1,...,m), and h; (j = 1,...,p) is convex and C'. Moreover,
assume that there exists (Z, \, n) € R"™™P sych that € K and the KKT
system (30)) holds at (T, A\, u). Then T is a global solution to (P).

Proof. Note that L(Z, A\, u) = f(&) and that L(-, A\, i) is convex. Then, for any
x € K,

f(@) = L(z, A\, p) + (Vo L(Z, A, p),z — ) < L(Z, A, p)

f(x) + Z:il Aigi(x)
+ 251 tihj()
f(x),

IA

which implies that Z is a global solution to (P). O

Note that no qualification condition is needed in Proposition [6]
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Remark 7. (i) [Equality constraints only] Suppose that we only have equality
constraints. Then, if T € KC solves (P) and the constraint functions are qualified at
Z, then there exists A € R™ such that

VF(Z) + Z AiVgi(Z) = 0.

In this case the Lagrangian is given by L(x, A\) = f(x) + (X, g(x)), and the previous
relation can be written as

V.L(z,A) =0. (31)
(ii) [Inequality constraints only] Suppose that we only have inequality constraints.
Then, if £ € KC solves (P) and the constraint functions are qualified at Z, then there
exists € R? such that

V@) +>5-1 v Vhi(Z) =0,

(32)
,LLJZO and,ujhj(:ﬁ):O ijl,...,p.

In this case the Lagrangian is given by L(x, u) = f(x)+ (u, h(x)), and the previous
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relation can be written as
V.L(Z,u) =0,
% ZO and,ujhj(:f;)zO \V/j:].,...,p.

(iii) [Maximization problems] Consider the maximization problem

max f(x)
st. gi(x) =0, Vi=1,...,m,
hi(r) <0, Vj=1,...,p.

In this case, if x is a local solution and the constraint functions are qualified at x, then
there exists A € R™ and u € R? such that

—~Vf(Z) + Dg(z)' A+ Dh(z)'pn =0,
and Vje{l,...,p} wehave u; >0, and pu;h;(z) =0.

(33)

It is important to notice that, differently from the case where only equality constraints
were present, when inequality constraints are present the optimality system for local
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solutions of the minimization and maximization problems differ. The coincidence of
both optimality systems is generally false and it is a specific feature of the problem
with equality constraints and of the unconstrained problem.

(iv) The following example shows that the assumption on the qualification of the
constraints plays an important role in the necessary condition. Consider the problem

min y

s.t. x? —y® =0,
—x < 0.

In this case, (Z,y) = (0,0) is a global solution and (29)) reads

0 ) 27 1 0
(e ) (o) =(0)
( 1 =3Y" ) | ()=0.0) 0 0

which is impossible. Note that Vg;(0,0) = (0,0) and Vh1(0,0) = (—1,0).
Therefore,

{h € R* |(Vg1(0,0),h) =0, (Vhi(0,0),h) <0} ={h €R’|h >0},
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and Tx(0,0) = {h € R* |h; =0, hy > 0}. Thus, g; and h; are not qualified at
(0, 0).

¢ [On constraint qualifications| Let us now comment on some well-known constraint
qualifications. The first two conditions are easy to check but they can be applied only

when I is convex.

e [Affine constraints] If g;(x) = (ai,x) + b; for all ¢ = 1,...,m, and h;j(x) =
(aj,z) + b forall j =1,...,m, where a; € R", a; € R", b; € R and b} € R,
then the constraint functions are qualified at every x € K.

e [Slater condition] If g;(x) = (a;,x) + b; for all i = 1,..., m, with a; € R" and
b; € R, and, for all 5 = 1,...,p, the function h; is convex, then the constraint
functions are qualified at every x € IC if the following condition holds:

There exists o € R" such that ¢g;(xg) =0 Vi=1,...,m,

and hj(CC()) <0 Vy=1,...,p.

(SLC)

The following two conditions are more general but, at the same time, they are more
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difficult to check.

e [Mangasarian-Fromovitz] The constraint functions are qualified at T € K if the
following conditions hold:

(i) the set of vectors {Vg1(Z),...,Vgn(ZT)} are linearly independent.
(ii) there exists d € Ker(Dg(Z)) such that (MF)

Vhi(Z)-d<0 V jel(z).

e [Linear independence constraint qualification] The constraint functions are qualified at
x € K if the following condition holds: the vectors

{(Vgi(f));il, (th(iz))jef(j)} are linearly independent. (LICQ)

Remark 8. [On (LICQ) and the uniqueness of Lagrange multipliers] It is easy to
check that (LICQ) implies (M F"), but the converse is false. Moreover, it is easy to
check that (LICQ) implies that there exist at most one (A, i) € R™'P such that
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28) holds. In general, (M F) only implies that the set of (A, 1) € R™"? such that
28|) Is a compact set.

& [Some examples| In the first example, we consider a problem where KC is defined by
equality constraints only.

Example: Let us consider the problem

min xy

st. x2+ (y + 1)2 = 1.

In this case f : R — R, is given by f(x,y) = zy, and K = {(x,y) €
R? | g(x,y) = 0}, with g : R* — R being given by g(x,y) = 2° 4+ (y + 1)* — 1.

Note that /C is given by the cercle centered at (0, —1) with radius 1. Hence, K is
a compact subset of R?. The function f being continuous, the Weierstrass theorem
implies that the optimization problem has at least one solution (Z,4) € K.

Let us study the qualification condition (M F') (when only equality constraints are
present). We have Vg(z,y) = (2z,2(y + 1)) and, hence, Vg(x,y) = 0 iff
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r =0,y = —1. Thus, every (z,y) € R*\ {(0,—1)} satisfies (M F). Since
(0, —1) € K we deduce that (M F') holds for every (x,y) € K.

The Lagrangian L : R? x R — R of this problem is given by

L(z,y,\) = zy + A" + (y + 1)* = 1).

By Theorem (13| we have the existence of A € R such that (31 holds at (Z, g, \).
Now,

L g+2\z = 0,
Ve k@50 =0 < 5 oX@+1) = o,
(34)
o y = —2\z,
(1 —4X)z = -2\,
Now, 1 —4X* = 0 iff A = 1/2 or A = —1/2, and both cases contradict the last
equality above. Therefore, 1 — 4)\* # 0 and, hence,
B 2\ . —4)\?
= ——— an = ——.
T e YT
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Since VAL(Z,y,\) = g(Z,y) = 0, we get

which yields

If A\ = 0, then

34

2 9 \ 2
2 4 —

(4/\2—1) + (1 - 4)\2—1) =1,

S AN+ 1= (4N —1)?

& (AN — 12— (4N —1) —2 =0,

AN -1 =10 o 4)2 1 =120

ie. A =13/4 or A\ =0.
yields Z =4 = 0. If A = v/3/2 we get £ = v/3/2 and

g=—3/2. f A= —/3/2 we getz = —+/3/2 and § = —3/2. Thus, the
candidates to solve the problem are

(Z1,91) = (0,0),

(Z2,72) = (V/3/2,—3/2) and (Z3,%3) = (—V3/2,—3/2).

We have f(Z1,71) = 0, f(@2,92) = —3V3/4 and f(Z3,73) = 3V3/4
Therefore, the global solution is (T2, ¥2). ]
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In the second example, we consider a problem where K is defined by inequality
constraints only.

Example: Consider the problem

min 4z* + y? — z — 2y
s.it. 2x+y <1,
x2§1.

Note that, setting QQ = ( 8 (2) ) and ¢ = ( -1 ) in the notation for (P) we

0 —2
have
f) = Q= ), (z,y)) +c'(z,y)
hi(z,y) = 2x+4+y—1
ho(z,y) = =z —1.

Note that the feasible set is nonempty, convex, closed and the Slater condition is
satisfied (for instance h1(0,0) < 0, h3(0,0) < 0). Moreover, f is continuous,
strictly convex, differentiable and infinity at the infinity (Q is positive definite). We

85



deduce that there exists a unique solution (Z, ) € R? to problem (P) and (Z, %) is
characterized by the KKT system (32). A point (Z, 4, u1, o) satisfies (32)) iff

o(3)eem () (2)-(2)

p1 > 0, po >0, Mlhl(fag) =0, /~L2h2(5§7'g) =0,

Iff
8T + 21 + 2pu2x = 1
2@ + H1 = 27
p1 > 0, p2 >0, pihi(Z,y) =0, p2he(Z,y) =0,

Case 1: pu1 = pue = 0. We obtain (Z,4) = (1/8,1) ¢ K.
Case 2: ;1 > 0, po > 0. In this case, we obtain 2% + § = 1, 2 = 1, which gives
(z,y) = (1,—=1) or (Z,y) = (—1, 3). In the first case, we should have

2/*61 + 2M2 — _77
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which is impossible, because ;11 > 0 and g > 0. In the second case, we should have
6 + w1 = 2, which is also impossible.

Case 3: 1 = 0, pp > 0. We obtain Z2 = 1 and 4 = 1, which gives (Z, §) = (1, 1)
or (z,y) = (—1,1). If (z,5) = (1,1) we should have 8 + 2us = 1, which is
impossible. If (Z,y) = (—1,1), we should have —8 — 2us = 1, which is also
impossible.

Case 4: u1 > 0, ue = 0. We obtain

2 +y = 1,
8 +2u; = 1
2+ pu1 = 2
which implies
2r+y = 1,
8x — 4y = —3,

which gives (Z,y) = (1/16,7/8) and pu1 = 1/4. This point (Z,y) belongs to
IC. Therefore, we conclude that (Z, ¥, w1, p2) = (1/16,7/8,1/4,0) is the unique
solution to the KKT system, and, hence, (Z,y) = (1/16,7/8) is the unique global
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solution to (P).
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Dynamic programming in discrete time: the finite
horizon case

¢ [Introduction: Shortest path between two vertices A and E on a graph] Consider a
salesman who has to go from city A to city E according to the following graph

The data in the graph G are
e For every vertex x we denote by I'(z) the set of successors. For instance,

I'(B) = {C,C"}.

89



The “travel time” (in hours) F(xz,xz’) of each V' € T'(x). For instance,
F(C', D) = 2.

In order to compute the shortest path one could enumerate all the paths and choose
the one with the smaller travel time.

However, it is more convenient to notice that if a path is optimal between A and E,
and this path passes through a vertex x, then the “sub-path” between x and E will be
optimal for the shortest path problem between x and FE.

This suggest to parametrize the optimal travel time by the departure point. Let us set
V (x) as the smallest time needed to go from = to E. Then,

V(E) =0,
V(D) =5, V(D) =2,
V(C)=6, V(C")=min{2+ V(D),1+V(D)} =3, V(C") =3,
V(B) =min{2+ V(C),1+V(C"N} =4, V(B) =min{2+V(C"),4+V(C"} =5,
V(A) = min{1 + V(B),1+ V(B")} = 5.

We deduce that the shortest travel time is V(A) = 5 and the shortest path is
ABC'D'E.
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¢ [The general framework| We are interested in the problem

T-1
s(u;)) { E Ft(wt, CEt+1) + FT(QUT)} ) (Pfh>
T

t=0
where
e r; € X forallt =0,...,T. The set X is called the state space.
 vi11 € I'y(ay) forallt =0,..., T —1. Forallz € X, andt =0,...,T — 1,

[';(x) is a nonempty subset of X.
e Fy(xy, x¢4+1) denotes the profit at time t for the pair (¢, z¢+1), and Fr(xr) denotes
the final profit for the final state xp. Notice that redefining Fr_1(xzp_1, 1) as

FT—l(CIZT—l, xr) = Fr_1(xr—1,x7) + Fr(zr),

we can assume, without loss of generality, that F = 0.

¢ [Dynamic Programming relation] As in the shortest path problem, it is a good idea
to parametrize problem (Pyp). Given, (k,z) € {1,...,T — 1} X X, the value
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function at (k, ) is defined as

T-1
V(k,x) = sup {Z Fi(xy, xi1) |z =, x441 € Ti(xy) VE=k,..., T — 1} :
t=Fk

(35)
For k =T and x € X, we set V(T, x) = 0 (recall that we have a zero final cost).

The main result here is the following

Theorem 14. [Dynamic Programming| The following relations holds:

Vik,z) = sup{Fi(z,xps1)+ V(k+1,2511) | Tp11 € Ti(x)},
Vk=0,...,T—1, € X. (36)
V(T,z) = 0 VazcX.
Proof. Let (xk,Tk+1,...,xr) be a feasible sequence for the problem defining
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V(k,x),ie xr = x and xsy1 € Ty(xy), forallt = k,..., T — 1. Then,

T—-1

V(ka CC) 2 Ft(xta xt+1> — Ft(xa mk—i—l) + Z Ft<xt7 $t+1)-
t t=k+1

N

I
e

Using that the previous inequality holds for any (zgy1,...,x7) such that x4y €
['y(xy), forallt =k+1,...,T — 1, by taking the supremum of the right hand side
with respect to those (zx+1, Tka2,...,TT), We get

V(ka CIZ) > Ft(CC, mk-l—l) T V(k + 1, xk—l-l)
Therefore, by taking the supremum with respect to ;411 € F'(xy), we get
V(k,z) > sup { F(z, Trt1) + V(E + 1, 2611) | Tp1 € Ti(2)

Conversely, for any (x, @)1, ..., x}) such that x;, = = and x},; € T'y(x}), for all
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t==~Fk,...,T"— 1, we have

t i Ft<xt733t+1) Fy(x, xk+1) +Zt k+1 Ft(xt7xt+1>

< Ft(aj?wk—i—l) + V(k + 17wk-|—1)
< sup {Fk(az, xpr1) +V(k+ 1, zr11) } Tpi1 € I‘k(ac)} .
Using that (:c;c,:c;ﬁrl, ..., Tp) is an arbitrary admissible sequence, by taking the

supremum on the left hand side, we get

V(k, ) < sup {Fi(z, zp1) + V(K + 1, 2p41) | p1 € Ti(2) -

The result follows. []

¢ [Backward solution] By Theorem 14, we can solve backward for V' using relations ([36)).
In particular, (36 characterlzes the value function V. Now, et us assume that for all
(k,xz) € {0,...,T — 1} X X there exists s(k, x) € I'r(x) such that

V(k,x) = Fp(x,s(k,x)) + V(k+1,s(k,x)).
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Then, by the very definition we have that (xg, 11, ..., ), with

xr =x and Ty :=s(t,xy) Vi=k,...,T —1,

solves the problem in the right hand side of (35]). In particular, this problem admits a
solution if

e X CR"

e Forall (k,z) € {0,...,T —1} X X the set I';(x) is nonempty and compact,

e and F}; and V (¢, -) are continuous forall t =k, ..., T — 1.

Remark 9. Under the previous assumptions, V' (t,-) (¢t = 0,...,T — 1) is continuous
if F. and I'y are continuous forall Kk = t¢...,T"— 1. Concerning the latter continuity,
we recall that the correspondence I'y is called continuous at * € X if the following

conditions hold:

(i) [Lower semicontinuity] For every y € I'(x) and every sequence (x,)nen such that
T, — x, as n — 00, there exists a sequence (Y, )nen such that y,, € T'x(x,,), for all
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n € N, and y,, — y as n — oo.

(ii) [Upper semicontinuity] If (x,)nen and (y,)nen are two sequences such that z,, — x,
as n — oo, and y,, € I'k(xy,), for all n € N, then (y,)nen has a subsequence which
converges to a point y € 'y (x).

Example: Let y > 0 and consider the problem

N

N
inf{Za}?\in:y, x; >0 ‘v’izl,...,N}. (37)
i=1

1=1

e lLet us solve (37) by using nonlinear programming tools. Note first that the cost
function is continuous, strictly convex and the feasible set is nonempty, convex and
compact. Therefore, there exists a unique solution Z to ([37). Since the set K is defined
by affine-constraints, & is characterized by the KKT system. Consider the Lagrangian
L:RY xR x RY — R defined by

N N N
=1 1=1 =1
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Then, (Z1,...,Zn) is characterized by the existence of A € R and u € RY such
that

O, L(x, A\, pp) =2%; + A —p; =0 Vi=1,...,N.
N -

Dim1 Ti =Y (38)

/MZO and ,U,iCCi:O \V/’Z,:].,,N
If y = 0, the only feasible point is ; = 0 for all ¢ = 0,..., N and, hence,
Zz = (0,...,0) is the solution. If y > 0 and there exists ¢ € {1,..., N} such
that Z; = O, then, the first equation in (38)) yields A = p; > 0. On the other hand,
there must exist ¢' € {1,..., N} such that Z; > 0 (otherwise >_. Z, =y, T; > 0
for all 2 € {1,..., N} would not hold). The first and third equation in (38)) imply
that A = —2x, < 0, which is a contradiction. As a consequence, x; > 0O for all
i € {1,..., N}. Then, the first and the second conditions in (38)) yield z;, = y/N
foralli € {1,..., N}. Thus,
z = (y/N,...,y/N) is the solution to the problem and the optimal cost is y°/N.

e Let us find the same conclusion by using dynamic programming techniques. Let us
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define

N N
V(k,y)::inf{Zaﬁ? | Za}i:y, x; >0 ‘v’i:k,...,N}.
i=k

1=k

Note that we are interested in V' (1, y). Notice that the problem defining V' (1, y) has
not the form discussed in the previous subsection. However, arguing as in the proof of
Theorem (14|, we can prove that (exercise)

Vik,y) = inf{z;+V(k+1,y—z1)|0<z <y} Vy>0,

; (39)
V(N,y) = y° Vy2>0.

Solving backwards, we get

V(N —1,y) = inf{a3 +V(N,y—zny_1)|0<zy_1 <y}
— inf {5’3?\[—1 + (y — ZIZN_1)2 |0 < axy_1 < y} .

From the last expression we get s(N — 1,y) = y/2 and V(N — 1,y) = y*/2.
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Similarly,

V(N —2,y) = inf {:c?v_2 + V(N -1,y —2xny-2) | 0< zny_02 < y}

— inf 2 (y—xN_2)2
— T _o + 5 0<zny2<1wy,,

from which we get s(N — 2,y) = y/3, and V(N — 2, y) = y*/3. Recursively, for
all k =1,..., N we get

s(k,y) =y/(N —k+1)and V(k,y) =y*/(N —k+1).

Thus, we recover V' (1, y) = y?/N for the optimal cost and, adapting the definition of
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successor according to the dynamic programming principle ([39)), for the solution we get

ry = s(l,y) = y/N,
s(2,y —x1) =(y—y/N)/(N —1) =y/N,
s(3,y —x1 —x2) =y(1 —2/N)/(N —2) =y/N,

i)

L3
TN = S (N,y — Z;N:_llxo = y/N.

recovering our previous result.
Another way to tackle the problem is to perform a change of variable in order to be in

the framework of the previous subsection.
et us define

N —1
zii=>» x; Vi=0,...,N—1.
j=1

Then, zo =y, 2nyn—-1 = x1and z; — 2441 = xNy_; forall e =0,..., N — 2. Then,

100



problem (|37|) can be written as

N—-2
inf{Z(Zi+1_Zi)2+ZJ2V1|ZO:y, 0 <zi11 <z \V/’I::O,...,N—Q}.
1=0

By applying Theorem (14| to the problem above, we can also recover the desired solution
(exercise).
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Dynamic programming in discrete time: the infinite
horizon case

¢ [Introduction: A model of optimal growth] We consider an economy where at each
period t a single good is produced. This good can be used for consumption or for
investment. At period t we denote by c; the consumption, by 2; the investment, by
k: the capital and by y; the production of the good. By assuming that y; = F'(k;),
for some production function F', and that the capital depreciates at constant rate
5 € (0,1), we get the following relations

ct +ir =y = F(ky) and ke = (1 — 8) ke + 4.
Thus, setting f(k¢) = F'(k¢) + (1 — &)k, we obtain
ct = F(ki) + (1 = 0)ke — ki1 = f(ke) — ke
Naturally, we impose ¢; > 0 and k; > 0, conditions which imply 0 < ki1 < f(ky).
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Finally, the preference over consumption is supposed to have the form

Z B'U(¢;) for some discount factor 8 € (0, 1),
t=0

and some utility function U. For a given initial capital kg > 0, the utility maximization
problem is

sup > oo BU(f (ki) — keg1)
st. 0 < ki1 < f(kye).

¢ [The mathematical framework] For 8 € (0, 1), we consider the problem

sup Z B'F (x4, T441), (Pin)

(z¢) t=0

where
o 1; € X forallt > 0, with X being a given set and x(y € X being prescribed.
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e ;1 € I'(xy), where, for all x € X, I'(x) is a nonempty subset of X.

e F(x, x111) denotes the profit for the pair (¢, x;11). In this section F' is assumed to
be bounded.

[Dynamic Programming equation] Given x € X, we define the value function
V(z) := sup {ZBtF(ﬂ%, Tir1) | To = x, xe41 € D(xe) VIE 2> 0} :
t=0

A first important consequence of our assumptions is that V' : X — R is well-defined.
The main result here is the following

Theorem 15. [Dynamic Programming| For all x € X we have
V() =sup{F(x,x1)+ BV (x1) | x1 € T'(x)} . (40)

Proof. The proof is similar to the proof of Theorem (15, Indeed, for any admissible
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sequence (x¢)¢>0 we have

V(z) > >72B8F(x, xy1)
F(z,z1) + 8> 1, B (x4, Tig1), (41)
= F(z,21) + B2 B F(xy1, Trya).

Now, let us fix z; € T'(x). Note that if (x;):>1 is an admissible sequence for
the problem defining V' (x1), then x, ', x5, x5, ... is an admissible sequence for the
problem defining V' (x). This remark and (41)) imply

V(z) 2 F(x,x1) + BV (21),
and, hence, since 1 € I'(x) is arbitrary, we get
V(z) > sup {F(z,z1) + BV (z1) | z1 € ()} .
Conversely, for any admissible sequence (x;)¢>o for the problem defining V (), we
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have

Z?io BtF(nga 33;4—1)

IA

F(z,z}) + BV (1)

IA

We conclude that

Relation

40

F(z,z}) + B Z?io BtF(x;-Ha 5’3;4-2)7

sup { F(z,z1) + BV (z41) | z1 € ()} .

V(z) <sup {F(z,z1) 4+ BV (z1) | z1 € ()} .

follows.

[]

Remark 10. (i) Differently from the finite horizon case, in which the dynamic
programming relations characterize the value function, in general equation (40) can

have more than one solution.

However, under our boundedness assumption on F’,

which in practice are rather restrictive, it is possible to show that the functional

equation

40

function V.

admits a unique solution. As a consequence

40

characterizes the value
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Moreover, this solution can be computed as the limit of the following sequence of
functions

VEH(@“) = Sup {F(% Tey1) + 5V£($t+1) | Ti1 € F(w)} , VzelX,

with V% : X — R being arbitrary.

(ii) If in addition we assume that X is a compact subset of R", I'(xz) closed for all
x € X, and that F' and the correspondence I" are continuous, then the value function
V' can also be shown to be continuous. In particular, for every x € X, there exists
s(x) € I'(x) such that

V(z) = F(x,s(x)) + BV (s(z)).

As a consequence, the sequence defined recursively by g = x, Zt11 = s(Z¢) for all
t > 0 solves the problem defining V' (x).
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