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3.1.- Convex problems.
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Definition of an optimization problem

& An optimization problem has the form
Find £ € R" such that f(Z) = min{f(x) |z € K}, (P)
where I C R" is a given set. By definition, this mean to find € IC such that
f(x) < fx) Vaelk.

¢ In the above, f is called an objective function, /C is called a feasible set (or constraint
set) and any Z solving (P) is called a global solution to problem (P).

¢ Usually one also considers the weaker notion, but easier to characterize, of local solution
to problem (P). Namely, Z € K is a local solution to (P) if there exists > 0 such
that f(Z) < f(x) forall x € KN B(Z,d), where

B(z,6) :={z € R" | |z — | < 6} .



¢ In optimization theory one usually studies the following features of problem (P):
1.- Does there exist a solution T (global or local)?
2.- Optimality conditions, i.e. properties satisfied by the solutions (or local solutions).
3.- Computation algorithms for finding approximate solutions.

¢ In this course we will mainly focus on points 1 and 2 of the previous program.

o We will also consider mainly two cases for the feasible set K:

¢ K = R" (unconstrained case).

& Equality and inequality constraints:

K={zeR"|gi(x)=0,i=1,...,m, h;j(z) <0, j=1,...,¢}. (1)

¢ In order to tackle point 2 we will assume that f is a smooth function. If the feasible
set (1)) is considered, we will also assume that g; and h; are smooth functions.



Some mathematical tools

o [Infimum] Let A C R. We say that m € R is a lower bound of A if m < a for all
a € A. If m, is a lower bound of A such that m, > m for every lower bound m of
A, then m, is called the infimum of A and it is denoted by m, = inf A. If m, € A,
then we say that m, is the mimimum of A, which is denoted m, = min A. If no
lower bound for A exists, then we set inf A := —oo. Another convention is that if
A = () then inf A = +oc.

FEzxample: Suppose that A = {1/n | n > 1}. Then, any m €] — oo, 0] is a lower
bound of A, inf A = 0 and no minima exist.

Lemma 1. If inf A is finite or inf A = —oo, then there exists a sequence (ap)neN
of elements in A such that a,, — inf A as n — oo.

Proof. Exercise. []



Let f : R™ — R and KC be given. Then, we define

;Ielliéf(x) = inf { f (=) Ej .9
A

[Supremum] Let A C R. We say that M € R is an upper bound of A if M > a
for all a € A. If M™ is an upper bound of A such that M* < M for every
upper bound M of A, then M™ is called the supremum of A and it is denoted by
M* = sup A. If M*™ € A, then we say that M " is the maximum of A, which is
denoted M™ = max A. If no upper bound for A exists, then we set sup A := +o0.
Another convention is that if A = () then sup A = —co.

Ezxample: Suppose that A = {—1/n | n > 1}. Then, any M € [0, +oo[ is an
upper bound of A, sup A = 0 and no maxima exist.

Let f : R™ — R and KC be given. Then, we define

cup £(z) := sup {F(x) o € K}
xe ~




o [Graph of a function] Let f : R™ — R. The graph Gr(f) C R"*! is defined by

Gr(f) == {(z, f(z)) | z € R"}.

¢ [Level sets| Let ¢ € R. The level set of value c¢ is defined by

Levi(c) := {xz € R" | f(z) = c¢}.

e When n = 2, the sets Levs(c) are useful in order to draw the graph of a function.

® These sets will also be useful in order to solve graphically two dimensional linear

programming problems, i.e. n = 2, and the function f and the set K are defined
by means of affine functions.



Example 1: We consider the function
R*S (z,y) — f(z,y) ==z +y+2€R,
whose level set is given, for all ¢ € R, by

Levs(c) := {(az,y) E]R2|:1:—|—y—|—2:c}.

Note that the optimization problem with this f and /IC = R? does not have a solution.

Ezxample 2: Consider the function
R*S (z,y) — f(z,y) =2 +y  €R.
Then Levs(c) =0 if ¢ < 0 and, if ¢ > 0,
Levs(c) = {(z,y) | 2" + y* = c},

i.e. the circle centered at 0 and of radius /c.






Example 3: Consider the function
R*> (z,y) = f(z,y) ==2" —y  €R.
In this case the level sets are given, for all ¢ € R, by

Levi(e) = {(z,y) | > = ° — c}.
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¢ [Differentiability] Let f : R™ — R. We say that f is differentiable at £ € R" if for all
1 = 1,...,n the partial derivatives

of f(z + re) — £(2)

r) := li h i = (0,..., 1 ,...,0)),
S (@) = liny . (uhere 1= (0,0, L - 0)

exist and, defining the gradient of f at & by

of
ox,,

Vf(z):= (g—a‘i(a—:), Cl (:7:)) c R",

we have that
f@+h) = f(@) = VF@) -k _

h=0 il

If f is differentiable at every x belonging to a set A C R", we say that f is
differentiable in A.
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Remark 1. Notice that f is differentiable at T iff there exists €; : R — R, with
limh_>0 85;(}1) = 0 and

f(@+h)=f(Z)+ Vf(Z)- h+|h|ez(h). (2)

In particular, f is continuous at .

Lemma 2. Assume that f is differentiable at T and let h € R". Then,

f(z +7h) — f()

lim

T7—0, 7>0

— V() h.

Proof. By ([2)), for every 7 > 0, we have
f(@+1h) — f(Z) =7V f(Z) - h + 7||h]ez(Th).

Dividing by 7 and letting 7 — O gives the result. ]
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Remark 2. (i) [Simple criterion to check differentiability] Suppose that A C R" is
an open set containing x and that

A>zw— Vf(x) € R",

is well-defined and continuous at . Then, f is differentiable at .

As a consequence, if V f is continuous in A, then f is differentiable in A. In this case,

we say that f is C' in A (i.e. differentiability and continuity of V f in A). When f is
C' in R™ we simply say that f is C'.

(ii) The notion of differentiability can be extended to a function f : R" — R™. In
this case, f is differentiable at T if there exists L € M, «x»(R) such that

@+ k) — £(@) — Lh]
1m
1Rll=0 1Al

— 0.

If f is differentiable at Z, then L = D f(Z), called the Jacobian matrix of f at Z,
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which is given by

(@ ... @) )

Df(z) = 3;‘;() SJ:;(@)

\%£T<> @ )

Note that when m = 1 we have that Df(z) = Vf ().

The chain rule says that if f : R" — R™ is differentiable at £ and g : R™ — RP is
differentiable at f(Z), then g o f : R" — RP is differentiable at & and the following

identity holds
D(go f)(z) = Dg(f(z))Df(z).

(iii) In the previous definitions the fact that the domain of definition of f is R™ is

13



not important. The definition can be extended naturally for functions defined on open
subsets of R".

Basic examples:

(i) Let ¢ € R"™ and consider the function f; : R™ — R defined by fi(x) = ¢ - x.
Then, for every x € R", we have V f1(x) = c and, hence, f is differentiable.

(ii)) Let Q@ € M, xn(R) and consider the function fo : R” — R defined by
fo(z) = 5(Qz,z) Vz cR"
Then, for all z € R™ and h € R", we have

fole+h) = 2Q(x+h),z+ h)

LQz,z) + L [(Qz, h) + (Qh, z)] + L(Qh, h)
HQz,2) + (3 (Q+ Q") z,h) + 3(Qh, h)

= fo()+ L (Q+ Q") z, h) + ||hllex(h),
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where limy,_,g e,(h) = 0. Therefore, f5 is differentiable and

Vfg(:c):%(Q—l—QT)a; Ve R".

In particular, if Q is symmetric, then V fo(x) = Q.

(iii) Consider the function f3 : R" — R defined by f3(x) = ||x||. Then, since
fs(x) = /||x||?, if x # O, the chain rule shows that

1 z'
2 2 T
Df(z) = D) lz)D(l - ) (z) = 3 = (22) = -——,
Ed| |
which implies that V f3(z) = 2+ and, since this function is continuous at every

x # 0, we have that f3 is C' in the set R™ \ {0}. Let us show that fs is not
differentiable at £ = 0. Indeed, if this is not the case, then all the partial derivatives

—gi?? (0) should exists for all ¢ = 1, ..., n. Taking, for instance, = = 1, we have
1
’ [0+ 7edf| =[O .. |7
im = lim —,
T—0 T T—=0 T
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which does not exist, because

S o R
lim — = lim —=—-1#1= lim — = lim —.
T—=0— T T—=0— T =0t T r—0t T

[Second order derivative and Taylor expansion] Suppose that f : R™ — R is C'. In
particular, the function R" > = +— V f(x) € R" is well defined. If this function
is differentiable at x, then we say that f is twice differentiable at . If f is twice
differentiable at every x belonging to a set A C R", then we say that f is twice
differentiable in A.

If this is the case, then, by definition,

o*'f . 0 [Of\

exists for all 2, 3 = 1,...,n. The following result, due to Clairaut and also known
as Schwarz's theorem, says that, under appropriate conditions we can change the
derivation order.
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Theorem 1. Suppose that the function f is twice differentiable in an open set
A C R" containing T and that for all i, 7 = 1,...,n the function A > = >
82§

7=5—(r) € R is continuous at . Then,
9%

0% f 0% f

Under the assumptions of the previous theorem, the Jacobian of V f(Z) takes the form

°f ¢ = 9%f =
[ SE@ @)
D2f(7) — 8%f - 8%f -
f(z) = W(m) e W(iﬂ)
9%f /= 8%f /~

This matrix, called the Hessian matrix of f at & belongs to M, «,(R) and it is a
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symmetric matrix by the previous result.

If f : R®™ — R is twice differentiable in an open set A C R"™ and for all 1,
7 =1,...,n the function

2

A>Sx—
v 8%833]

(x) €R

is continuous, we say that f is C* in A.

[Taylor's theorem] We admit the following important result:

Theorem 2. Suppose that f : R™ — R is C? in an open set A C R™. Then, for all
x € A and h such that x + h € A, we have the following expansion

f(z+h) = f(@)+ V() h+5(D°f()h, h) + [|h]*Ra(h),
where R,(h) — 0 as h — O.

Ezample: Consider the function f : R* — R defined by f(x, y) = e” cos(y) —x —1.
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Then, 5
a—i(O, 0) = e cos(y)|<$’y):(0’0) —1 =0,

2—5(0, 0) = —e” Sin(y)‘(w,y):(O,O) = 0,
52 T
8—;;(0, 0) =e Cos(y)|(x,y):(0,0) =1,

52 x
02 (0,0) = =" cos(®)] ) _0.0) = 1,

02 T :
8338];(0, 0) = —e Sln(y)|($’y):(0’0) = 0.

Note that all the first and second order partial derivatives are continuous in R".

Therefore, we can apply the previous result and obtain that the Taylor's expansion of
f at (0,0) is given by

£((0,0)+h) = £(0,0)+ Vf(0,0) h+i(D*f(0,0)h,h) + ||h||*Rz(h),
= 040+ 3hi — 1h3 + ||h|*Ro,0)(h),
= ik — 1h5+ [|R||°R0,0)(h).

This expansion shows that locally around (0, 0) the function f above is similar to the
function in Example 3.
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Some good reading for the previous part

o Chapters 2 and 3 in “Vector calculus”, sixth edition, by J. E. Marsden and A. Tromba.

& Chapter 14 in “Calculus: Early transcendentals”, eight edition, by J. Stewart.
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Some basic existence results for problem (P)

¢ [Compactness| Recall that A C R" is called compact if A is closed and bounded (i.e.
A is closed and there exists R > 0 such that ||z|| < R for all z € A).

Let us recall an important result concerning the compactness of a set A.

Theorem 3. [Bolzano-Weierstrass theorem| A set A C R" is compact if and only
if every sequence (xk)ken of elements of A has a convergence subsequence. This
means that there exists T € A and a subsequence (xkg)geN of (x)ken such that

r = lim xy

f— 00 a

¢ [The basic existence results| Note that by definition, if inf.cicf(x) = —oo, then f
has no lower bounds in IC and, hence, there are no solutions to (P). On the other
hand, if inf,c. f(x) is finite, then the existence of a solution can also fail to hold as
the following example shows.
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Ezample: Consider the function R 3 = — f(x) := e " and take IC := [0, +o0|.
Then, inf, e f(x) = 0 and there is no x € K such that f(x) = 0.

Definition 1. We say that (zk)reny C K is a minimizing sequence for (P) if
inf = 1i :
S = I e

By definition, a minimizing sequence always exists if /C is non-empty.

Theorem 4. [Weierstrass theorem, C compact| Suppose that f : R"™ — R is
continuous and that IC is non-empty and compact. Then, problem (P) admits at
least one global solution.

Proof. Let (xx)ren € K be a minimizing sequence. By compactness, there exists
Z € K and a subsequence (xke)geN of (zk)ken such that T = limy_, Ty, Then,
by continuity

f(z) = lim f(zx,) = inf f(z).
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Ezample: Suppose that f : R® — R is given by f(x,y, z) = x* — y® + sin z and
K={(z,y,2) | * 4+ y* + 2* < 1}. Then f is continuous and K is compact. As
a consequence, problem (P) admits at least one solution.

Theorem 5. [IC closed but not bounded| Suppose that IC is non-empty, closed, and
that f 1s continuous and “coercive” or “infinity at the infinity” in IC, i.e.

lim  f(x) = +o0. (3)

€, ||x||—o0

Then, problem (P) admits at least one global solution.

Proof. Let (xr)ren € K be a minimizing sequence. Since inf,cx f(x) = —oo or
inf,ce f(x) € R and limg_, o f(xr) = infrex f(x), there exists R > 0 such
that (zp)reny € Kgr := {2’ € K |f(2) < R} C K. By continuity of f, this
set is closed and bounded because f is coercive. Arguing as in the previous proof,
the compactness of ICgr implies the existence of * € K g such that a subsequence of
(xr)ken converges to T, which, by continuity of f, implies that Z solves (P). N
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Example: Suppose that f : R™ — R is given by
f(x) ={(Qx,x) + c'z VzeR"
where Q € M, ,(R) is symmetric and positive definite, and ¢ € R". Since
(Qz,z) > Anin(Q)|z]° Vz €R"
(where A\pnin (@) > 0 is the smallest eigenvalue of ), we have that
F(@) > Xain(@)l2)” = llellllz] ¥z € R™
This implies that f(x) — oo as ||x|| — oo. Therefore,

lim  f(x) = oo, (4)

eI, ||z || —o0

holds for every closed set /C. Since f is also continuous, problem (P) admits at least
one global solution for any given non-empty closed set /.
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Ezample: Suppose that f : R> — R is given by
flz,y) =z"+y° V(z,y) €R,

and
K={(z,y) eR*| y > —1}.
Then,
lim f(x) = 400

€I, ||z||—o0

holds (exercise) and, hence, (P) admits at least one global solution.

(5)
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Optimality conditions for unconstrained problems

& Notice that, by the second existence theorem, if f is continuous and satisfies that

lim f(x) = o0,

|2[| =00

then, if I = R", problem (P) admits at least one global solution.

¢ [First order optimality conditions for unconstrained problems]
We have the following result

Theorem 6. [Fermat’s rule] Suppose that IC = R"™ and that T is a local solution to
problem (P). If f is differentiable at T, then V f(Z) = 0.

Proof. For every h € R" and 7 > 0, the local optimality of Z yields
f(@) < f(x+7h) = f(Z) + 7V f(Z) - h+ 7]|hllez(Th),
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where lim,_,g£z(z) = 0. Therefore,
0 < 7Vf(Z)-h+7|hlez(Th).
Dividing by 7 and letting 7 — 0, we get
Vf(z)-h>D0.

Since h is arbitrary, we get that V f(Z) = 0 (take for instance h = —V f(Z) in the
previous inequality). ]

[Second order optimality conditions for unconstrained problems]

We have the following second order necessary condition for local optimality:

Theorem 7. Suppose that I = R"™ and that T is a local solution to problem (P). If
f is C* in an open set A containing T, then D?f(Z) is positive semidefinite.
In other words,

(D*f(z)h,h) >0 VYV heR"
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Proof. Let us fix h € R"™. By Taylor's theorem, for all 7 > 0 small enough, we have
f@+7h) = f(@)+ V(@) - (th) +5(D*f(@)7h, Th) + [|Th|*Ra(7h),

where Rz(Th) — 0 as 7 — 0. Using the local optimality of Z, the previous result
implies that V f(Z) = 0 and, hence,

0 < f(@+7h) = £(3) = —(D*f(@)h, h) + T ||h]|*Ra(rh).

Dividing by 72 and passing to the limit with 7 — 0, we get the result. L]
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We have the following second order sufficient condition for local optimality.

Theorem 8. Suppose that f : R™ — R is C? in an open set A containing T and
that

0) Vi) =0
(ii) The matriz D*f (&) is positive definite. In other words,

(D*f(z)h,h) >0 VY heR" h#0.

Then, T is a local solution to (P).

Proof. Let X > 0 be the smallest eigenvalue of D?f(Z), then
Vh € R, (D*f(z)h,h) > A|h||’.

Using this inequality, the hypothesis V f(Z) = 0, and the Taylor's expansion, for all
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h € R" such that £ + h € A we have that

F@+ ) = £(2) = V@) o+ (D2 (@)h, h) + | Ra(h)
> ZURIP + 10 Ra(h)

A 2
= (54 rw) Il

Since Rz(h) — 0 as h — 0, we can choose § > 0 such that ||h]| < 6, T+ h € A
and |Rz(h)| < 2. As a consequence,

A
f@+h) = £(@) > ZIIBI ¥ hER" with [b]] <,

which proves the local optimality of x. []

30



Ezample: Let us study problem (P) with K = R? and
R? (x,y) — f(x,y) = 22° + 3y° + 3z°y — 24y.
First, consider the sequence (zx, yx) = (—k,0) for kK € N. Then,
flze, yr) = —2k° — —oco as k — oo.

Therefore, inf, g2 f(z,y) = —oo and problem (P) does not admit global
solutions. Let us look for local solutions. We know that if (x,vy) is a local solution,
then it should satisfy V f(x,y) = (0, 0). This equation gives

61> + 6xy = O,
6y + 32° = 24.
From the first equation, we get that * = 0 or x = —y. In the first case, the second

equation yields y = 4, while in the second case we obtain that 2 — 22 — 8 = 0 which
yields the two solutions (4, —4) and (—2, 2). Therefore, we have the three candidates
(0,4), (4,—4) and (—2,2). Let us check what can be obtained from the Hessian at
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these three points. We have that

2 . 122 + 6y 6x

For the first candidate, we have
2 (24 0
D*f(0,4) = ( 0 6 ) )

which is positive definite. This implies that (0, 4) is a local solution of (P). For the
second candidate, we have

) 24 24 4 4
Df(4’_4>:<24 6>:6<4 1)’

whose determinant is given by 36(—12) < 0, which implies that D?f(4, —4) is
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indefinite (the sign of the eigenvalues is not constant). Finally,
) [ —12 —12

which is also indefinite because the sign of the diagonal terms are not constant.
Therefore, (0, 4) is the unique local solution to (P).

[Maximization problems] If instead of problem (P) we consider the problem
Find T € R" such that f(Z) = max{f(x) | z € K}, (P")

then T is a local (resp. global) solution to (P’) iff Z is a local (resp. global) solution
to (P) with f replaced by — f. In particular, if Z is a local solution to (P’) and f is
regular enough, then we have the following first order necessary condition

Vf(z) =0,
as well as the following second order necessary condition

(D*f(Z)h,h) <0 VY heR"
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In other words, D*f(Z) is negative semidefinite.
Conversely, if £ € R" is such that V f(Z) = 0 and
(D*f(Z)h,h) <0 VY heR" h#D0.

Then, T is a local solution to (P’).
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Convexity

¢ [Convexity of a set] A non-empty set C' C R" is called convex if for any A € [0, 1]
and x, y € C, we have that

Ax + (1 — Ny € C.

Let us fix a convex set C' C R".

¢ [Convexity of a function] A function f : C — R is said to be convex if for any
A € [0,1] and x, y € C, we have that

fx+ (1 —=XNy) < Af(x)+ (1 —=X)f(y).

¢ [Relation between convex functions and convex sets| Given f : R"™ — R, let us define
its epigraph epi(f) by

epi(f) = { (1) € R |y > f(a)}.
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Proposition 1. The function f is convez iff the set epi( f) is conver.

Proof. Indeed, suppose that f is convex and let (x1, z1), (x2, z2) € epi(f). Then,
given X € [0, 1] set

PA = )\(CL’l, 21) —|— (1 — )\)(332, 22) = ()\ZEl —|— (1 — )\)LUQ, )\Zl —|— (1 — )\)22)
Since, by convexity,
fOz1+ (1 —XNax2) < Af(x1) + (1 — XN)f(x2) < Azp + (1 — A)zg,

we have that P\ € epi(f). Conversely, assume that epi(f) is convex and let x1,
xo € R" and A € [0, 1]. Since (xz1, f(x1)), (z2, f(x2)) € epi(f), we deduce that

(Az1+ (1 — Nz, Af(z1) + (1 — A) f(@2)) € epi(f),

and, hence,
fAzr + (1 = Nz) < Af(z1) + (1 = A) f(=2),
which proves the convexity of f. []
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& [Strict convexity of a function| A function f : C' — R is said to be strictly convex if
forany A € (0,1) and x, y € C, with x # vy, we have that

fr 4+ 1 =XNy) < Af(z) + (1= 2)f(y).

¢ [Concavity and strict concavity of a function| A function f : C — R is said to be
concave if — f is convex. Similarly, the function f is strictly concave if — f is strictly
convex.

FEzxample: Let us show that the function R" 3> = — ||z|| € R is convex but not
strictly convex. Indeed, the convexity follows from the triangle inequality

Az + (1 — Nyl < |[Az|| + [[(T = Nyl = A|z]] + (1 = V) [[y]l-
Now, if we have that for some A € (0, 1)
Az + (1 — Nyl = Allz|| + (1 — M) ||y

the equality case in the triangle inequality (||a +b|| = ||a|| + ||b]| iffa = 0and b = 0
or a = ab with a > 0) shows that the previous inequality holds iff that xt = y = 0
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or x = ~yy for some v > 0. By taking x # 0 and y = ~vx with v € (0,00) \ {1}
we conclude that || - || is not strictly convex.

Ezxample: Let B € (1,400). Let us show that the function R" 3 = — [|z]|” € R
is strictly convex. Indeed, the real function [0, +o00) D t — a(t) := t° € R is
increasing and strictly convex because

o'(t)=pt""">0 and &"(t) = BB -1t""*>0Vte(0,+00).
As a consequence, for any A € [0, 1], using that

[Az 4+ (T = Nyl < Az|l + (1 = X[yl

we get that
Az + (1 =Ngll” < Gllzll + 1= NllyD -
< Alzll? + @ = Nyl
which implies the convexity of || - ||°. Now, in order to prove the strict convexity,
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assume that for some A\ € (0, 1) we have
Az + (1= 2yll” = A2l + (1 = Mlyll”,
and let us prove that x = y. Then, all the inequalities in ([6]) are equalities and, hence,

[Az 4+ (1 = Nyl = Allz]l + (1 = Myl
and (Allz]| + (1 = Mllyl)” = )|’ + (1 = N lyl”.

The equality case in the triangle inequality and the first relation above imply that
x =1y = 0or x = ~y for some v > 0. The strict convexity of a and the second
inequality above imply that ||z|| = ||y||. Therefore, either x = y = 0 or both x and
y are not zero and x = ~y for some v > 0 and ||z|| = [|y||. In the latter case, we
get that o = 1 and, hence, x = y from which the strict convexity follows.
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¢ [Convexity and differentiability] We have the following result:

Theorem 9. Let f : C' — R be a differentiable function. Then,
(i) f is convex in R™ if and only if for every x € C we have

fly) =2 f(x) +Vfi(z) - (y —z), VyeCl. (7)
(ii) f is strictly convez in R™ if and only if for every x € C we have
fy) > fx)+Vf(x) (y—=), Vyel, y#uwz (8)
Proof. (i) By definition of convex function, for any z, y € C and X € (0, 1), we have
FQAy + (1= Nz) — f(z) < A(f(y) — f(=z))
Since, Ay & (1 — Nz = z + Ay — ), we get

flx+ Ay —=)) — fl=z)
A

< fly) — f(=).
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Letting A — 0, Lemma 2] yields

Vi(z) (y—x) < fly) — fz).

Conversely, take 1 and x5 in C, A €]0, 1[ and define ) := Axy + (1 — \)xs. By
assumption,

Vi € {1,2}, f(x;) > f(zy) + V(xy) - (2, — ),

and we obtain, by taking the convex combination, that

Af(x1) + (1 = A)f(x2) = f(za) + Vf(za) - Az + (1 — N)x2 — x)) = f(22),

which shows that f is convex.

(ii) Since f is convex, by (i) we have that

fly) 2 f(z) +Vf(z) (y —x), VyeCl. (9)
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Suppose that there exists y € C' such that y # x and

fly) = flx) + V() (y —x).

Let z = %x + %y Then, by (9)), with y = 2z, and strict convexity, we get

f@)+ V(@) Gy—ix) < f(2) <if(@)+if(y) = f(@)+Vf(z) (Gy—3=),

which is impossible. The proof that (8] implies that f is strictly convex is completely
analogous to the proof that ([7]) implies convexity. The result follows. []

Theorem 10. Let f : C — R be C? in C and suppose that C' is open (besides being
convex). Then

(i) f is convex if and only if DQf(a:) 18 positive semadefinite for all x € C.
(ii) f is strictly convex if D*f(x) is positive definite for all x € C

Proof. (i) Suppose that f is convex. Then, by Taylor's theorem for every x € C,

42



h € R" and 7 > 0 small enough such that x + 7h € C we have

2

[(@+7h) = (@) + 7V (@) - b+ 5 (D f(@)h, h) + 7| h|* Ra(7h),
which implies, by the first order characterization of convexity, that
0 < (D f(x)h, h) + ||kl Ra(Th).
Using that lim,_,o R.(7h) = 0, and the fact that A is arbitrary, we get that
(D*f(x)h,h) >0 ¥V h €R".
Suppose that D?f(x) is positive semidefinite for all z € C and assume, for the time

being, that for every x, y € C there exists ¢, € {Az + (1 — Ny | A € (0,1)}
such that

fly) = f(x) + V(@) (y — @) + $5(Dfew)(y — ),y — ). (10)
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Then, have that

fly) 2 f(x) + V() (y —=) Vaz, yel,

and, hence, f is convex. It remains to prove ([10)). Defining g(7) := f(z +7(y — x))
for all 7 € [0, 1], formula ([10) follows from the equality

g(1) = g(0) + ¢'(0) + 29" (%)

for some 7 € (0, 1).
(ii) The assertion follows directly from (10]), with y # y, and Theorem [9[(ii). []

Remark 3. Note that the positive definiteness of D?f(x), for all x € C, is only
a sufficient condition for strict convexity but not necessary. Indeed, the function
R 3z — f(x) = a* € Ris strictly convex but f”(0) = 0.
Ezample: Let Q € M,, ,(R) be symmetric and let f : R" — R be defined by

f(x) = %ZETQZB +c'z.
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Then, D?f(x) = Q and hence f is convex if Q is semidefinite positive and strictly
convex if ) is definite positive.

In this case, the fact that @ is definite positive is also a necessary condition for strict
convexity. Indeed, for simplicity suppose that ¢ = 0 and write Q = PDP'", where
the set of columns of P is an orthonormal basis of eigenvectors of () (which exists
because @ is symmetric), and D is the diagonal matrix containing the corresponding
eigenvalues {\;}¥ | in the diagonal. Set y(z) = P'x. Then,

f(z) = Z A?:lyi(x)z-

If @ is not positive definite, then there exists j € {1,...,N} such that
A; < 0. Then, it is easy to see that f is not strictly convex on the set

{x e R" | yi(x) =0, foralli e {1,...,n}\{s}}.
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Optimization with constraints

¢ [Optimality conditions for convex problems| Let us begin with a definition.

Definition 2. Problem (P) is called convex if f is conver and K is a non-empty

closed and convex set.
We have the following result.

Theorem 11. [Characterization of solutions for convex problems| Suppose that
problem (P) is convex and that f : R" — R is differentiable in IC. Then, the

following statements are equivalent:
(i) T is a local solution to (P).

(ii) The following inequality holds:
(Vf(z),x—2) >0 Vzxelk. (11)
(iii) T is a global solution to (P).
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Proof. Let us prove that (i) implies (ii). Indeed, by convexity of KC we have that
given y € IC forany 7 € [0,1] thepoint 7y + (1 — 1)z =+ 7(y — &) € K.
Therefore, by the differentiability of f, if 7 is small enough, we have

0< f(@+7(y—2) = f(&) =7Vf(Z) (v = 2) + 7lly — Zllea(7lly — 2[)),
where limy_,g €z(h) = 0. Dividing by 7 and letting 7 — 0, we get (ii).
The proof that (ii) implies (iii) follows directly from the inequalities
fly) 2 f(@)+ V(@) - (y—x) = f(x) Yyek.
Finally, (iii) implies (i) is trivial. The result follows. [

Remark 4. In particular, if f : R"™ — R is convex and differentiable and IC = R", the
relation
Vf(z) =0,

is a necessary and sufficient condition for T to be a global solution to (P).
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Proposition 2. Suppose that KC is convex and that f s strictly convex in IC. Then,
there exists at most one solution to problem (P).

Proof. Assume, by contradiction, that x1; # x5 are both solutions to (P). Then,
%5131 —+ %:1:2 € IC and

@1+ 372) < 5f(21) + 3f(w2) = min f(x).

¢ [Least squares| Let A € M, »(R), b € R™ and consider the system Ax = b.
Suppose that m > n. This type of systems appear, for instance, in data fitting
problem and it is often ill-posed, in the sense that there is no x satisfying the equation.
In this case, one usually considers the optimization problem

' = || Ax — b||>. 12
xerlglannf(:c) | Az — b (12)

Note that
f(z) = (A" Az, z) — 2(A"b,z) + ||b]|*.
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and, hence, D?f(x) = 2A" A, which is symmetric positive semidefinite, and, hence,
f is convex. Let us assume that the columns of A are linearly independent. Then, for

any h € R",

(A"Ah,h) =0« Ah =0 < h =0,
i.e. for all x € R™, the matrix D?f(x) is symmetric positive definite and, hence, f is
strictly convex. Moreover, denoting by Amin > O the smallest eigenvalue of 2A" A,

we have

F(@) > Xminllz]|* = 2(A b, ) + ||b]1*.

and, hence, f is infinity at the infinity. Therefore, problem
x. By Remark [4], the solution Z is characterized by

12

admits only one solution

A'Az = A'b, ie. z=(A"A)'ATD.

¢ [Projection on a closed and convex set] Suppose that I is a nonempty closed and
convex set and let y € R™. Consider the problem the projection problem

inf {||lz —yl|| | x € C}.

(Projrk)
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Note that /C being closed and the cost functional being coercive, we have the existence
of at least one solution Z. In order, to characterize Z notice that the set of solutions to
(Proji) is the same as the set of solutions to the problem

. 1 2
inf {§||x —yl? |z € zc} .
Then, since the cost functional of the problem above is strictly convex, Proposition

implies that & is its unique solution and, hence, is also the unique solution to (Projx).
Moreover, by Theorem [11(ii), we have that Z is characterized by the inequality

(y—Z) - (x—2) <0 VxeK. (13)
Example: Letb € R™ and A € M,,,«» be such that
beclm(A):={Azx | x € R"}.

Suppose that
K={xeR"| Ax = b}. (14)
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Then, K is closed, convex and nonempty. Moreover, for any h € Ker(A) we have
that * + h € K. As a consequence, (|13]) implies that

(y—2x)-h <0 VheKer(A),
and, using that h € Ker(A) iff —h € Ker(A), we get that

(y—)-h=0 VheKer(A). (15)

Conversely, since for every x € K we have x — T € Ker(A), relation ({15 implies
13), and, hence, (15) characterizes Z. Note that ([I5)) can be written ag|

y—a‘:EKer(A)L:{’UERn’UThZO ‘v’hGKer(A)},

IRecall that given a subspace V of R", the orthogonal space V= is defined by

1

1% ::{zERn|zT’U:O VoveV}.

Two important properties of the orthogonal space are V' @ v+ = R"™, and (VJ‘)J‘ =V.
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or, equivalently,

y = + z for some z € Ker(A)L.

¢ [Convex problems with equality constraints| Now, we consider the same set IC as in

We will need the following result from Linear Algebra.

Lemma 3. Let A € M, n(R). Then, Ker(A)" =Im(A").

14)) but we consider a general differentiable convex objective function f : R" — R.

Proof. By the previous footnote, the desired relation is equivalent to Im(AT)L =
Ker(A). Now, € Im(A")* iff (x, A'y) = 0 for all y € R™, and this holds iff
(Ax,y) =0 forally € R™, ie. x € Ker(A).

Proposition 3. Let f : R™ — R be differentiable and suppose that the set K in (14

[]

is nonempty. Then T is a global solution to (P) iff * € IC and there exists A € R™

such that

Vi) +A' X=0.

Proof. We are going to show that

17

Is equivalent to

11

(17)

from which the result
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follows. Indeed, exactly as in the previous example, we have that ([11)) is equivalent to

V#(Z)-h=0 VheKer(A),

l.e.

Vf(z) € Ker(A)™ .
Lemma (3| implies the existence of u € R™ such that Vf(Z) = A'u. Setting
A = —u we get (|17). []

Ezample: Let Q € M, ,(R) be symmetric and positive definite, and ¢ € R". In the
framework of the previous proposition, suppose that f is given by

f(z) = YQz,z) +c'z Yz cR",

and that A has m linearly independent columns. A classical linear algebra result states
that this is equivalent to the fact that the m lines of A are linearly independent. In
this case, we say that A has full rank.

Under the previous assumptions on (), we have seen that f is strictly convex.
Moreover, the condition on the columns of A implies that Im(A) = R™ and, hence,

53



IC # (. Now, by Proposition [3) the point & solves (P) iff T € IC and there exists
A € R™ such that ((17)) holds. In other words, there exists A € R" such that

Az =b, and QT +c+ A' X =0.

The second equation above yields Z = —Q '(c + A" X) and, hence, by the first
equation, we get

AQ e+ AQ 'AT A+ b=0. (18)

Let us show that M := AQ 'A' is invertible. Indeed, since M € M, n(R) it
suffices to show that My = O implies that y = 0. Now, let y € R™ such that
My = 0. Then, (My,y) = 0 and, hence, (Q_lATy, ATy> — 0, which implies,
since Q! is also positive definite, that ATy = 0. Now, since the columns of A" are
also linearly independent, we deduce that y = 0, i.e. M is invertible. Using this fact,
we can solve for X\ in ([18]), obtaining

A= —M"" (AQ—lc 4 b) |

54



We deduce that

F=—-Q ! (c A TM! (AQ‘lc n b)) , (19)
is the unique solution to this problem.
Example: Let us now consider the projection problem

min |z — yl|’

st. Ax =b.

Noting that ||z — y||*> = L||z||* — v "= + 3||ly||>, the previous problem has the same
solution than

: 2 T
min %HCBH —y
st. Ax =0,
which corresponds to Q@ = I,x, (the n X m identity matrix) and ¢ = —y. Then,

19) implies that the solution of this problem is given by

T=U—-A"(AA)YTA)y+ A" (AA) b,
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Note that if h € Ker(A)

(y—z,h) = (A (AA)T'Ay — AT(AAT) ", h)
(AAT)TAy — (AAT) b, AR)
= 0,

confirming ({16]).




Optimality conditions for problems with equality and
inequality constraints

¢ [An introductory example: linear programming| A firm produces two kind of products.
Let x1, x2 be, respectively, the quantity of product 1 and 2 (in tons) made in one
month. Assume that there are some constraints on the quantity of 1 and xs:

e the factory cannot produce more than 3 units of x;.
e fabrication process implies the following linear constraints on x; and x5

—2x1 + 2 < 2, —x1 + 22 < 3.

The optimization problem is to chose the quantities 1 and x5 in order to maximize
the benefits of the firm if the monthly revenue is x1 4+ 2x-.
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The problem can be written as

sup x1 + 29
—2x1 + 22 < 2,
-1+ 22 < 3
0<z1 <3, 0< xs.

(LP)

This two dimensional example can be solved graphically. See the figure below.
e For f(x1,x2) = x1 + 2z, we consider the level sets Levs(c) with ¢ € R.

e (Z1,T2) solves the (LP) iff ¢ := f(Z1,Z2) is the maximum ¢ € R such that
Levs(c) N P # (), where P is the polygon defined by

P .= {(xl,ajg) ERQ ‘ —2$1+CU2§2, —513'1—|—CU2 Sg, ngl SB, OSCEQ}
e In order to find such ¢, we start with any ¢ € R such that Lev¢(c) N P # () and then

we vary ¢ by moving the line 1 + 2x5 = c in the normal direction given by (1, 2)
until we find c.
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In larger dimensions (n > 2), in practice this procedure cannot be applied. The most
popular method to solve linear programming problems being the simplex method.

(Z1,T2) = (3,6) is the solution.

x1+2x2=15

\& \x1+2x2=4
3 1z i [ 1 2\3 4 5 6 7

X1+2X%,=0 X +2Xp=2
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¢ [Nonlinear optimization problems with equality constraints] Consider problem ( P) with

K:={zeR"|gi(x) =0,...,gmn(x) =0},

where, for all 2 = 1,...,m, g; : R — R is a given function. In this case, Problem
(P) is usually written as
min f(x) )
s.t. gl(a:) = 0, \ (P)
gm(z) = 0. |

In what follows we will assume that n > m. Indeed, if n < m, then, unless some of
the constraints are redundant, the set /C will eventually be empty or a singleton, and
then (P) becomes trivial.

The main result in this section is the following first order necessary condition for
optimality.
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Theorem 12. [Lagrange| Let & € K be a local solution to (P). Assume that f and
g; (1 =1,...,m) are Cl, and that

the set of vectors {Vg1(Z), ..., Vagm(x)} are linearly independent.  (CQ)
Then, there exists (A1, ..., Am) € R™ such that
V@) + > AVg(x) =0. (20)
i=1

[Sketch of the proof] The technical point is the use of Assumption (C'Q). Indeed, let
us set g(x) = (g1(x), ..., gm(x)) and let h € R" be such that h € Ker(Dg(Z)).
Under (C'Q@), the Implicit Function Theorem allows us to prove the existence of
§ > 0 and C* function ¢ : (—6,8) — R™ such that ¢(0) = Z, ¢(t) € K for all
t € (—=6,0) and ¢'(0) = h. Then, by the optimality of Z, and diminishing &, if
necessary, we get

f(x) < f(e(t)) Vi e (=9,9),
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which gives, after a Taylor expansion,
T
Vf(x) h > 0.

Since h € Ker(Dg(z)) is arbitrary we get that Vf(z)'h = 0, for all h €
Ker(Dg(Z)), which implies that

Ker(Dg(z)) C Ker(Vf(z)").
and, hence, from Lemma [3] we get

Im(V£(z)) = Ker(Vf(z)')" C Ker(Dg(z))" =Im(Dg(z)').  (21)

Relation ([20)) follows directly from ([21).
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Remark 5. (i) If m = 1, then (20) means that V f(Z) and Vg1 (Z) are collinear.

(ii) The same optimality condition (20) holds if instead of considering minimization
problem, we consider the maximization problem

max f(x) )

st. g1(x) =0, \

gm.(ilj) =0. )

(iii) Condition (C'Q), called constraint qualification qualification condition, plays a
important role. Indeed, let us consider the problem

min x
s.t. x° —y? =0,

whose unique solution is (Z,y) = (0,0). Relation (20) reads: there exists A\ € R

such that )
(o) (25, )], ..=(o)
—4Y J l(z,9)=(0,0)
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which clearly does not holds. The reason for this is that (C'Q) does not holds. Indeed,

(%) - (o)
—2Y /) |@»=00 0

which is not linearly independent.

(iv) Under (CQ) if (&, A) and (Z, u) satisfy (20]), then A = p. Indeed, we have

Z(Az — pi)Vgi(z) = 0,

and (C'Q) implies that A\; = p; forallt =1,...,m.

(v)[Affine constraints] We have seen that, in this case, (20) holds without having
(C'Q). However, in this case, the uniqueness of A may not hold.
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Definition 3. (i) Given A = (A1,...,Am) € R™ satisfying (12) and i €
{1, ..., m}, we say that \; is a Lagrange multiplier associated to the constraint
gi(x) = 0.

(ii) The function L : R™ x R™ — R defined by

Lz, A) = f(z) + (X g(x)),

is called the Lagrangian of problem (P).

Theorem (12 says that if Z is a local solution to (P), then, there exists A € R™ such
that

V.L(Z,\) =0.
Note that £ € IC, which is equivalent to g(x) = (g1(Z), ..., gm(Z)) = 0 for all
i=1,...,m. Thus, VAL(Z, A\) = g(&) = 0, and, hence, (Z, \) satisfies
V.L(Z,\)=0, V\L(Z,\) =0, (22)

which is a system of n + m equations for n + m unknowns.
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Example: Let us consider the problem

min Ty
st. x2+ (y + 1)2 = 1.

In this case f : R? — R, is given by f(z,y) = xy, and K = {(z,y) €
R? | g(x,y) = 0}, with g : R* — R being given by g(z,y) = 2* + (y + 1)* — 1.

Note that /C is given by the cercle centered at (0, —1) with radius 1. Hence, K is
a compact subset of R?. The function f being continuous, the Weierstrass theorem
implies that the optimization problem has at least one solution (Z, ) € K.

Let us check study (C'Q). We have Vg(z,y) = (2z,2(y + 1)) and, hence,
Vg(x,y) =0iff . = 0,y = —1. Thus, every (z,y) € R*\ {(0, —1)} satisfies
(C'Q). Since (0, —1) ¢ K we deduce that (C'Q) holds for every (x,y) € K.

The Lagrangian L : R? x R — R of this problem is given by

L(z,y,\) = zy + AM@” + (y + 1)" — 1).

By Theorem (12, we have the existence of A € R such that (22) holds at (Z, g, M\).
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Now,

Ny y+2xx = 0,
Venk(@:9,2) =0 < 4 +2x(y+1) = 0,
(23)
- 7 = —2\Z,
(1 —4XHz = —2)\.

Now, 1 — 4X2 = 0 iff A = 1/2 or A = —1/2, and both cases contradict the last
equality above. Therefore, 1 — 4\? # 0 and, hence,

2\ —4)\?

r— —— and §y = ——.
T e YT 1

Since VAL(Z,y,\) = g(Z,y) = 0, we get
2 9 N\ 2
2) 4\ _
<4>\2—1> + (1 - 4,\2—1) =1,
S AN+ 1= (4N —1)?
& (4N —1)2 = (4N —1) —2 =0,
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which yields

B

or 4X2_— 1 =1=0

2 _ 1+
4N? — 1 = a

2
ie. A =13/4 or A\ =0.

If X\ = 0, then (23) yields Z = § = 0. If A = v/3/2 we get T = +/3/2 and
y=—3/2. f A= —3/2wegetz=—+3/2and § = —3/2. Thus, the
candidates to solve the problem are

(Z1,71) = (0,0), (T2, %2) = (V3/2,-3/2) and (T3, §3) = (—V3/2, —3/2)

We have f(51_81,?31) = 0, f(:fg,’yz) = —3\/5/4 and f(ifg,gg) = 3\/§/4
Therefore, the global solution is (T2, ¥2). ]
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