
Compatible Lubin Tate Power Series

Let Kf be the unramified extension of degree f over the local field K, π ∈ K
a prime element and Fπ a Frobenius field inside K1∗ := (Knr)ab (that means
K1∗|Fπ unramified and fF|K <∞) with universal norm π and fF|K = 1.

Following Lubin Tate theory form the maximal abelian totally ramified exten-
sion Kf

π over Kf with universal norm π and define Fπ(f) := Fπ ∩ Kf
π . The

APF-extension Fπ(f)|K differs from the abelian APF-extension Kf
π |Kf by a fi-

nite unramified shift.

Consider for f |f ′ the tower Fπ(f ′)|Fπ(f) of totally ramified extensions of K.
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For the abelian APF-extension Kf
π |Kf form the field of norms XKf (Kf

π ). The
theory of Coleman gives the isomorphisms

κf ((X))
N∞

lf

// C(Kf , lf )
mod πoo

evw
// XKf (Kf

π )
Clf ,w
oo

Here lf ∈ F(Kf , π, qf ) is a chosen Lubin Tate power series with coefficients in
OKf , that is lf (X) ≡ Xqf

mod π and lf (X) ≡ πX mod deg 2.

The set C(Kf , lf ) consists of all power series c ∈ OKf ((X)), which are invariant
under the norm operatorNlf of Coleman, that is c(X)◦lf =

∏
w1:lf (w1)=0

c(X+lf w1).

Starting with c̄ ∈ κf ((X)) the operator N∞
lf

:= lim
n→∞

N n
lf
gives a lift c with coeffi-

cients in OKf , which is a Coleman power series with respect to lf , Then evaluate
c at a chosen sequence w = (wn)n≥0 of primitive zeros wn of the n-th iteration
l◦nf := lf ◦ . . . ◦ lf , n ≥ 1. Filling up (c(wn))n leads to an element of the field
of norms. The sequence w is called generator of the Tate module of lf (Koch de
Shalit), the pair (lf , w) is called π-sequence (Iwasawa).
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Backwards let ĉ be an element of the field of norms and c := Clf ,w(ĉ) the unique
power series with c(wn) = ĉn for all n ≥ 0, which turns out to be a Coleman
power series, then reduce coefficients modulo π.

A Lubin Tate power series is called normic, if X is a Coleman power series,
equally if the sequence (wn) is normic: NKf (wn)|Kf (wn−1)(wn) = wn−1, n ≥ 1, and
NKf (w1)|Kf (w1) = π. The normic sequence can be filled up to a prime element of
the field of norms.

Consider now the (for f > 1 nonabelian) APF-extension Fπ(f)|K. Form the field
of norms Xf := XK(Fπ(f)) and let P(Xf ) be the set of its prime elements. Via
theory of Coleman this corresponds to the set of Coleman power series C1(K, lf ) of
degree 1 and coefficients even in K. Here one has to choose the lf in F(K, π, qf ) ⊂
F(Kf , π, qf ). The reduction of C1(K, lf ) modulo π gives the set X · κ[[X]]×.

X · κ[[X]]× oo // C1(K, lf ) oo // P(Xf )

c̄(X)
N∞

lf

// c(X)
mod πoo

evw
// π̂

Clf ,w
oo

If c̄ and lf have coefficients in K, then this is also true for N∞
lf

(c̄). The generator
w of the Tate module Tlf has to be chosen compatible to Fπ, such that every field
K(wn) is inside Fπ.

Every prime element π̂ of Xf corresponds to a unique normic Lubin Tate power se-
ries l ∈ F(K, π, qf ), such that π̂ thinned out is a generator of Tl: Let l := c◦lf◦c◦−1

with the c(X) := Clf ,w(π̂), which is mapped to c(w) = π̂. If lf is normic and π̂ = w,
then c(X) = X and one gets back lf .

Consider in the case f |f ′ the thinning-out-map N from P(Xf ′) to P(Xf ). This
yields the following maps in a diagram:

X · κ[[X]]× oo //

ϑf |f ′

��

C1(K, lf ′) oo //

ϑ̄f |f ′
��

P(Xf ′) oo //

N
��

Fnorm(K, π, qf ′)

Vf |f ′

��
X · κ[[X]]× oo // C1(K, lf ) oo // P(Xf ) oo // Fnorm(K, π, qf )

The maps ϑf,f ′ and ϑ̄f,f ′ are used by Koch-de-Shalit (1996) and by Laubie (2005).
Two Lubin Tate power series are called compatible, if one is the image of the other
under the map Vf |f ′ .

To a Lubin Tate power series l′ ∈ Fnorm(K, π, qf ′) associate the set W n
l′ of zeros

of (l′)◦n. Choose an lf ∈ Fnorm(K, π, qf ). To every w′
i ∈ W i

l′ exists a w̄i ∈ W i
lf
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such that K(w′
i) ⊃ K(w̄i). The sequence (w̄i) is a compatible generator of the

Tate module of lf . Let now be wi := NK(w′i)|K(w̄i)(w
′
i). The field K(w̄i) and so wi

does not depend on the choice of lf .

Take the Coleman power series c (w. r. t. lf ) which satifies c(w̄i) = wi for all
i ≥ 0 and set Vf |f ′(l

′) := c ◦ lf ◦ c−1 (invers w. r. t. ◦). This power series and so
the map Vf |f ′ does not depend on the choice of lf .

Passing with the diagram to the projective limit yields the sequence of bijections

lim←−
f→∞

ϑ

X·κ[[X]]× ↔ lim←−
f→∞

ϑ̄

C1(K, lf )↔M(K1∗|K)[1]↔ lim←−
f→∞
V

Fnorm(K, π, qf ) =: F̂(K, π).

The set M(K1∗|K)[1] of labellings of degree 1 corresponds to the set spec(K2∗|K)[π][1]
of microprimes of degree 1 in the fibre over p1 ∈ spec(K1∗|K) under the sur-
jective map spec(K2∗|K) → spec(K1∗|K), where p1 ↔ [π] under the bijection
spec(K1∗|K)↔P(Knr)/Gal(Knr|K).
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