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ASYMPTOTICS FOR SOME VIBRO-IMPACT PROBLEMS WITH
A LINEAR DISSIPATION TERM

ALEXANDRE CABOT AND LAETITIA PAOLI

ABSTRACT. Given v > 0, let us consider the following differential inclusion
(S) &(t) + v z(t) + 0®(x(t)) 30, teRy,

where ® : R* — R U {+oc} is a lower semicontinuous convex function such
that int (dom @) # (. The operator P denotes the subdifferential of ®. When
® = f+ 6 with f: R - R a smooth convex function and K C R? a closed
convex set, inclusion (S) describes the motion of a discrete mechanical system
subjected to the perfect unilateral constraint z(t) € K and submitted to the
conservative force —V f(z) and the viscous friction force —y . We define the
notion of dissipative solution to (S) and we prove the existence of such solutions
with conservation (resp. loss) of energy at impacts. If v > 0 and ®|qoma
is locally Lipschitz continuous, any dissipative solution to (S) converges, as
t — +00, to a minimum point of ®. When ® is strongly convex, the speed of
convergence is exponential. Assuming as above that ® = f 4k, suppose that
the boundary of K is smooth enough and that the normal component of the
velocity is reversed and multiplied by a restitution coefficient r € [0, 1] while
the tangential component is conserved whenever z(t) € bd (K). We prove that
any dissipative solution to (S) satisfying the previous impact law with r < 1
is contained in the boundary of K after a finite time. The case r = 1 is also
addressed and leads to a qualitatively different behavior.

1. INTRODUCTION

Throughout the paper, the space R? is endowed with the Euclidean inner product
(+,-) and the corresponding norm |- |. Given v > 0, let us consider the second-order
in time differential inclusion

(S)  @(t)+yi(t) +od(ax(t) 50, teRy,

where ® : R — R U {+o0} is a lower semicontinuous convex function such that
int (dom®) # (. The function @ is called the potential function and the operator
0® stands for the subdifferential of ® in the sense of convex analysis: for every
z € dom P,

£cod(z) <« YyeRYL d(y)>d(x)+(&y—x).

The nonnegative parameter -~y is called the friction parameter. When the function
® is smooth, the subdifferential 0® coincides with the gradient V& and inclusion
(S) becomes

(HBF)  i(t)+7a(t) + VO(x(t) =0, teRy,
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called the “Heavy Ball with Friction” dynamical system, see [1, 3]. The (HBF) sys-
tem is dissipative as soon as v > 0, and can be studied in the classical framework of
the theory of dissipative dynamical systems (see for example Hale [9] and Haraux
[10]). The main interest of the (HBF) system in optimization is that it is not a
descent method: it allows to go up and down along the graph of ®.

In view of application to constrained optimization problems, one has to be able
to deal with a nonsmooth potential ®. Indeed, the problem of minimizing a given
function f : R — R over a set K C RY amounts to minimizing the extended
real-valued function ® := f 4 6x over R (recall that the indicator function 0k
takes the value 0 over K and +oo elsewhere). This justifies the introduction of
a nonsmooth term in the heavy ball equation. The general system (S) associated
with a nonsmooth convex function ® has been studied in [2] under the terminology
of “Generalized Heavy Ball with Friction” system.

Let us now comment on the mechanical origin of the system (S). Let f : R? — R
be a smooth convex potential and let K C R¢ be a closed convex set. Consider a
discrete mechanical system with d degrees of freedom and a trivial mass matrix,
whose position and velocity are respectively denoted by =z and #. We assume
that the system is subjected to the action of the conservative force —V f(z) and
the viscous friction force —y#. An immediate application of the Fundamental
Principle of Dynamics shows that the unconstrained motion is described by the
following ODE

¥=—vi—Vf(zx).
We assume that the trajectory must remain in the set K, i.e. 2(t) € K for all ¢ > 0.
This unilateral constraint may lead to some discontinuities for the velocity. Indeed,
let us assume for instance that z(t) € int(K) for all t € (¢g,t1) U (¢1,t2) C Ry
and z(t1) € bd(K). Then the constraint implies that ©7(t1) € —Tk(x(¢1)) and
t(t1) € Tk (z(t1)), where Tk (€) denotes the tangent cone to K at £ given by

Tk (§) = UrsoA (K —§).
Hence, if £~ (t1) &€ Tk (x(t1)), it is clear that & is discontinuous at ¢t = t;. It follows
that the equation of the motion has to be modified by adding a measure u to the
right-hand side, .e.

¥=—yz—Vf(x)+p.
This measure p describes the reaction force due to the unilateral constraint and

Supp(u) C {t >0, xz(t) € bd(K)}.
Assuming moreover that the constraint is perfect, we infer (see [13]) that —u €
N (x). Recall that the normal cone N (¢) to K at ¢ € RY is defined by Nx (£) =
Tk (€)*. Tt ensues that the motion is described by the following measure differential
inclusion
Z4+~yz+Vf(z)+ Ng(z) >0,

and we recover the dynamical system (S) associated with ® := f + k. The dis-
continuities of the velocity satisfy

at(t) — @~ (t) = u({t}) € —Nx(x(t)),
but this is not sufficient to define uniquely & (¢) as a function of 2~ (¢). Thus, we
should add an assumption on the behavior of the energy at impacts. Since we have
in mind the asymptotic study of (S) as ¢ — +o0, we will assume that the energy



3

is dissipated at impacts, i.e. |27 ()] < |27 (¢)| for every t > 0, which yields the
mechanical consistency of the model when ® = f + §x. This leads us to the notion
of dissipative solution (see definition 2.1 below). The limit case corresponding to
the conservation of energy, gives the so-called elastic shocks. The existence of
dissipative solutions conserving the energy at shocks can be easily derived from
[20, 28] or also [2]. In the first two references, the energy conserving solution is
obtained as a limit of Moreau-Yosida approximate solutions, while in the third one
it is obtained by using a general epiconvergent approximation of ®. Section 5 is
devoted to these questions of existence of dissipative solutions with conservation of
energy at shocks. A quite different situation corresponds to the so-called inelastic
shocks, for which the normal component of the velocity vanishes after each impact,
i.e.

(1.1) it (t) = Proj(Tk (z(t)), 2~ (1)), vt > 0.

The notion of standard inelastic shocks was introduced by Moreau [14, 15, 17] and
the reader is referred to [24, 25] for a mathematical justification of this impact law
by a penalty method. The existence of a solution satisfying the inelastic bounce
law (1.1) is an open problem in the case of a general convex set K. When the
boundary of K is smooth enough, the set K can be described at least locally by
a single inequality, i.e. K = {¢ € R% () > 0}. In this single-constraint case,
several existence results have been obtained. The corresponding proofs rely on the
study of a sequence of approximate solutions which are built either by means of
a time-discretization of the differential inclusion (see [12, 19, 11, 26]) or by means
of a penalization (see [19, 23, 29]). When K is described by several inequalities
(multi-constraint case), i.e.

K:{éeRd;tpa(f)ZO, 1§a§1/}, v>1,

Paoli [21] has recently brought to light a geometric condition on the active con-
straints, which ensures the existence of a solution satisfying the inelastic bounce
law (1.1). The proof is based on the use of a suitable time-discretization scheme,
already proposed in [19, 26]. We cannot apply immediately the results of [21], but
the same techniques allow to prove the existence of a dissipative solution to (S)
satisfying the inelastic bounce law (1.1) (see section 6).

Once the existence of dissipative solutions to (S) is acquired, our main purpose
is the asymptotic study of such solutions as ¢ — +o00. The assumption v > 0 plays
now a crucial role since it corresponds to the dissipative character of the dynamical
system (S). Assuming that the function ® is bounded from below, we prove that the
value of @ tends toward inf @ on each trajectory associated to (S) as ¢ — +o0. If
moreover argmin ® # (), any dissipative solution z to (S) tends toward a minimum
of ®. These results are gathered in Theorem 3.4, which is a generalization of a
former result due to Attouch, Cabot and Redont [2]. In this paper, the authors
deal with a nonsmooth potential ®, but the study is restricted to the elastic shock
solutions which are obtained as limits of approximate trajectories via penalization
techniques. If moreover the function ® is minorized by some definite positive qua-
dratic term (which is the case if ® is strongly convex), we prove that any trajectory
x converges toward the unique minimum of ® and the speed of convergence is ex-
ponential (see Theorem 3.5).
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Coming back to the mechanical interpretation of (S), let us assume that the func-
tion ® can be decomposed as ® = f+0x, with f : R? — R a smooth convex function
and K C R a closed convex set with smooth boundary. As explained above, the
assumption of perfect unilateral constraint shows that @™ (t) — &~ (t) € —Ng (x(t))
which implies that the tangential component of the velocity is conserved. To com-
plete the model, we choose a Newton’s impact law, i.e. we assume that the normal
velocity is reversed and multiplied by a restitution coefficient r € [0, 1] whenever
x(t) € bd(K). When r < 1, we prove that any trajectory of (S) is contained in the
boundary of K after a finite time. Of course, in the particular case of a punctual
particle submitted to gravity and bouncing on the floor (supposed horizontal and
plane), we recover that the dynamics stops after a finite time. On the other hand,
when r = 1, either the trajectory is contained in the boundary of K after a finite
time, or there is a countable infinity of impacts. Denoting by (¢, )nen the instants
of impact, we obtain in addition the estimate t, ~ 3 Inn as n — +oo. These
results, based on the linearization of the dynamics near the equilibrium, are stated
in Theorem 4.3.

The article is organized as follows: in section 2, we precisely state the notion of
dissipative solution to (S). We also define the mechanical energy E of the dynam-
ical system (S). The decay properties of the function E are crucial for the study
of the asymptotic behavior of (S), which is analyzed in section 3. The main re-
sults of this section are the convergence of the trajectory as soon as argmin® # ()
(¢f. Theorem 3.4) and the exponential decay of the energy under some further as-
sumption (¢f. Theorem 3.5). In section 4, we assume that the function ® can be
decomposed as ® = f + dx, where f : R? — R is a smooth convex function and
K c R% is a closed convex set with smooth boundary. We show that any dissipa-
tive solution to (S) satisfying the Newton’s law with restitution coefficient r € [0,1)
remains in the boundary of K after a finite time (¢f. Theorem 4.3). For a matter of
readability, the questions of existence of dissipative solutions to (S) are postponed
to sections 5 and 6.

2. NOTION OF DISSIPATIVE SOLUTION

Let us now recall the basic definitions of the functional spaces that will serve
throughout the paper. The set CO(R,,R%) is the space of continuous functions
from R into R? with compact support in Ry. The set M(R,,R9) is the space
of Radon measures on R, with values in R?, that is the dual space to CO(R,,R%)
equipped with its usual inductive limit topology; it may be identified with the
space of regular Borel measures on R with values in R? that are of finite variation
(Dinculeanu [8, §19], Moreau [16, section 7]). The set BVj,.(Ry,R?) is the space
of functions from R, into R? that are of locally bounded variation, see [8, 16].
Every u € BVio.(Ry, R?) has respectively left and right limits, u~(¢) and u™(¢) at
any point ¢ > 0 (with the convention u~(0) = u(0)). Recall also that the set of
discontinuities of every u € BVj,.(Ry,R?) is at most countable.

Given v > 0, let us consider the second-order in time differential inclusion

(9) E(t) +ya(t) + 0P(x(t)) 20, te Ry,

where @ : R? — R U {+oo} is a lower semicontinuous convex function such
that int (dom®) # @. We supplement system (S) with initial data satisfying
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(w0, &) € dom P x T-—5(x0), i.e. admissible initial data. As we have observed, for
a nonsmooth potential ®, we cannot expect the previous dynamical system to have
a regular solution. We have to accept, as possible solutions, functions whose second
derivatives are measures defined on R, with values in R?. Let us now make precise
the notion of dissipative solution to (S) associated with the initial data (xg, Zo).

Definition 2.1. Let v > 0 and ® : R — RU{+0oc} be a convex, lower semicontin-
uous function such that int (dom®) # (. A map = : R, — R? is called a dissipative
solution to (S) for the initial data (z¢,#¢) € dom® x Tq—5(xo) if and only if it
satisfies:

(i) « is locally Lipschitz continuous on R and z(t) € dom® for every t € Ry.

(i) & € BVipe(Ry;RY); & = di: € M(Ry;RY).

(111) For every (tl, tQ) S Ri such that t; < to and &~ (tl) = i‘(tl) and .’j?(tg) = i‘+(t2)
and for every function y € CO([ty,t2]; R?), we have

ta
/ (@(y(t) — @(x(t)) dt > —(& + 7T dt,y — T) p([t1,12]:R4),CO([t1,22];RD) 5
t1

with the convention £~ (0) = £(0) = &o.
(iv) The initial conditions are fulfilled in the following sense:

£C(0) = Xy, $+(0) :i.Bo.
(v) For every t € R%, we have |27 (¢)] < |27 (t)].

Items (i) to (iv) are standard in the formalism of vibro-impact problems. Close
definitions of generalized solutions to (S) may already be found in [2, 19, 20, 21,
23, 28]. Point (v) expresses that the solution z dissipates energy at shocks. Let us
state the first properties of dissipative solutions.

Proposition 2.2. Let v > 0 and ® : R — R U {+o00} be a convex, lower semi-
continuous function such that int (dom®) # (). Let x be a dissipative solution to
(S) and let & = &, dt 4+ &5 be the decomposition of & with respect to the Lebesgue’s
measure. Then, we have:

(1) Zo(t) +v2(t) + 0P(x(t)) 3 0 for almost every t € Ry,

(i) & (t) — i~ (t) € —Nggma(x(t)) for all t € R.

Proof. Let T > 0 be such that % (T) = (T and let us denote by p the Stieltjes

measure associated to —& — vy on [0,7]. Condition (iii) of Definition 2.1 implies
that

T
/ D(y(t)) — @(x(t)) dt > (, y — ) pm((o,T)sR4),CO([0,T];R)
0

for every function y € C°([0,T];RY). Therefore, the measure u belongs to the
subdifferential set 0.Jg(x), where the functional Jg is defined by
J { C°([0,T;RY) —  RU{+o0}
3 : T
Y — fO @(y(t))dt.
Let p = gdt + ps be the decomposition of p with respect to the Lebesgue’s measure
on [0, T], where g € L'([0, T]; R%, dt) and p is a singular measure with respect to the

Lebesgue’s measure. From the Radon-Nikodym theorem, we also have ps = hd|pus|
with h € L1([0,T); R?, d|us|). Corollary 5.A of Rockafellar [27] shows that:

(2.1) g(t) € 00(x(t)) dt -almost everywhere on [0, 7],
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(2.2) h(t) € Nygg(z(t)) d|ps| -almost everywhere on [0, T7.

The definition of Z, and g shows immediately that g = —%, — & almost everywhere
on [0,T]. We deduce from (2.1) that the inclusion of item (i) is satisfied for almost
every t € [0,T). Since T is arbitrary (up to the denumerable set of the discontinuity
points of &), this inclusion actually holds for almost every t € R .

Let t € [0,T]. If 2+ (t) = 2~ (¢), the inclusion of item (ii) is trivially satisfied since
the cone Ny—(x(t)) contains the origin. Now assume that & (t) # <~ (¢). Notice
that

() —am () = —p({t}) =—ns({t})
—h(t) [ps|({t})-

Since 1 (t) # @~ (t), we obtain |us|({¢t}) > 0. Hence point ¢ is not negligible for
the measure |p,| and inclusion (2.2) must hold. Recalling that the set Ny —5((t))
is a cone, we derive from (2.3) that &% (t) — &~ (t) € —Ngmg(2(t)). Since T is
arbitrary, this concludes the proof of item (ii). O

(2.3)

Point (i) of Proposition 2.2 establishes a consistant link between the notions of
classical and dissipative solutions. Point (ii) shows that a discontinuity of the
velocity & can only occur on the boundary of dom ®; indeed if « € int (dom ®) then
Nisg(x) = {0}. Let us define the mechanical energy E of the dynamical system
by:

E(t) = %|9'U+(15)|2 + &(x(t)) for every t € R.

The energy E is a nonincreasing function and the following proposition describes
its decay rate.

Proposition 2.3. Let v >0 and ® : R? — RU{+o00} be a conver, lower semicon-
tinuous function such that int (dom®) # (). Additionally assume that the function
P@laoma 18 locally Lipschitz continuous. Let x be a dissipative solution to (S) and
let E be the associate energy function. For every (t1,t2) € RE such that t; < to,
we have:

B(t) ~ B(t) = = [ (o) ds+ 5 3 (5 OF - i ()

t teD

where D = {t € (t1,t2], & is discontinuous at t}. Hence, in view of Definition
2.1(v), the following inequality holds:

ta
(2.4) E(ty) — E(t) < 7"}// |2(s)|? ds.

t1
Proof. Let T > t5 be such that 27 (T') = &(T) and let us denote by u the Stieltjes
measure associated to —& — vz on [0,T]. Let us decompose the measure y as in
the proof of Proposition 2.2: p = gdt + hd|us|, where ug is a singular measure
with respect to the Lebesgue’s measure and the functions g, h satisfy respectively
g € LY([0,T);R4,dt) and h € L([0,T);R? d|us|). The arguments of the proof
are the same as those proposed by Ballard [4, Proposition 7] and they rely on the



derivation formula of a bilinear expression (see Moreau [16, p. 38-43]). We have:

1¢+ 2_1$+ 2 _ at(t) +a(t) M
st g = [ (RO )

/(tmz]\D&'r(t),@) +/D <Mx>

where (., .) denotes the duality bracket between the spaces C°([0, T]; R¢) and M([0, T]; R%).
It is immediate that

(2.6 [0 5 - LS st 0p - 0P

teD

(2.5)

On the other hand, recalling that & = —y& dt — gdt — hd|us| on [0,T] and that the
set D is negligible for the Lebesgue’s measure, we obtain
(2.7)

to t2
[ =y [P [CGogmd- [ @0h) .
(t1,t2]\D t1 t1 (t1,t2]\D
Let us first compute the term f:f (¢(t), g(t)) dt. Since the maps = and ®|gom ¢ are
locally Lipschitz continuous and since z(R;) C dom®, the composition ® o z is
also locally Lipschitz continuous, hence locally absolutely continuous. On the other
hand, we know from (2.1) that g(¢t) € 0®(z(t)) for almost every ¢ € [0,7] and we
deduce from a classical result (see for example Brezis [5, p. 60]) that

(2.8) D(z(t)) = (2(t),9(t)) for almost every ¢ € [0, 7.

dt
For the sake of completeness, we recall next the proof of this result (see Claim 2.4).

Since ® o z is locally absolutely continuous, we can integrate (2.8) on [t1,%2] to
obtain

(29 Bla(t2) ~ Da(t)) = [ (@0).0(0)
Let us finally evaluate the term f(thtz]\D(g'c(t),h(t))d|us|. From (2.2), we have

h(t) € Nigmg(x(t)) for d|us| -almost every ¢ € [0,7]. On the other hand, for every
t € (t1,t2] \ D, the following holds:

(t) = i7" (t) = & (1) € Tma(@(t) N (—Tomg ((1)))-
It ensues that (i(t), h(t)) = 0 for d|pus|-almost every t € (¢1,t2] \ D and finally

(2.10) [ @) die <o
(tlvtz]\D
The conclusion results from the combination of (2.5), (2.6), (2.7), (2.9) and (2.10).

O

Let us now prove the above-mentioned result.

Claim 2.4. Under the assumptions of Proposition 2.3, we have for almost every
te R+

VE € 00(x(t)), —®(x(t)) = (&(t),8)-
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Proof. Let € be the subset of Ry on which the maps ¢ — z(t) and ¢ — ®(z(t)) are
derivable. Since x and ® o x are locally Lipschitz continuous on R, it is clear that
R4 \ € is negligible for the Lebesgue’s measure. Fix t € £. We have, for every € > 0

Dzt +¢)) — (x(t) = (z(t +¢) —2(1),¢)

where ¢ € 0®(z(t)). Dividing by € and letting e — 0, we obtain £&(z(t)) >
((t),&). Replacing € by —¢ yields the converse inequality. d

3. ASYMPTOTIC BEHAVIOUR OF DISSIPATIVE SOLUTIONS.

Throughout this section, we are interested in the asymptotic study of the dissi-
pative solutions to (S). Since the dissipative character of the dynamical system (S)
is enforced by the positivity of «, we now assume v > 0.

3.1. Asymptotic estimates and convergence of the trajectory. Let us start
by classical L? and L™ estimates of the velocity .

Proposition 3.1. Let v > 0 and let ® : R? — R U {+c0} be a convex, lower
semicontinuous function which is bounded from below and such that int (dom @) # ().
Additionally assume that the function ®|gom e is locally Lipschitz continuous. Let
x be a dissipative solution to (S). Then & € L™ (R4 ;RY) N L?(R; RY).

Proof. Setting t; = 0 and t2 = t € R, in the energy inequality (2.4), we obtain
1 t
(3.1) Vi € Ry, §|¢+(t)|2 + &(x(t)) < E0) —~ / |(s)|? ds.
0

Since ® is bounded from below, we immediately deduce that for every ¢ > 0,
|#T(t)]> < 2E(0) — 2 inf ®. Since @(t) = @1 (t) = i (¢) except for a countable
set of values t € Ry, it ensues that # € L>®°(R;R%). In view of (3.1), we have
fot li(s)|? ds < (E(0) — inf ®) /v for every t € R. Taking the limit when t — o0,
we immediately obtain that & € L?(R; R?). O

For any z € R? | let us introduce the function k defined by
(3.2) vt € Ry, k(t) = (27 (t),2(t) — 2) + g |lz(t) — 2|2

This function can be decomposed as the sum of the function ¢ — 3 |z(t) — z|? (up
to the constant ) and its right derivative. The use of the auxilliary function k
is classical in the asymptotic study of second-order dynamical systems with linear
damping (see for example [2, 7]). Before stating the main theorem, we need the
following lemma.

Lemma 3.2. Under the assumptions of Proposition 3.1, let x be a dissipative
solution to (S), let E be the associate energy function and k be the function defined
by (3.2). Let z € dom®. For any (t1,t2) € R2 such that t; < to and i~ (t;) =
#(t;) = 27 (t;) (=1,2), we have

to

(3.3) (1) —k(t1)+/2(E(s) _®(2))ds < ;/ ()2 ds,

t1 t1

with the convention £~ (0) = £(0) = .
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Proof. Let us decompose the function k as k = k1 + ko where k1 and k5 are respec-
tively defined by

ki (t) = %|x(t) —2)? and ko(t) = (27 (1), 2(t) — 2),

for every t € R;. The function kp is locally Lipschitz continuous on R, hence
derivable a.e. on R, and

k(t) =~ (i(t), 2(t) —z)  ae. onRy.

Since k; is locally absolutely continuous on R, we have

to . to
(3.4) bte) ~ ka(t) = [ la@de= [ (0,00 - 2) dr
t1 ty
On the other hand, the function ks belongs to BV,.(R,;R?) and by applying the
derivation rules of bilinear expressions (see Moreau [16, p. 38-43]), we find

dky = (di,x—2)+ (@7, d(x — 2))
= (¥,z—2)+ (@1, idt).

By integrating the previous expression on [t1, t2], we derive

(3.5) k3 (t2) — k3 (t1) = / (&, — z) +/ (&F,4) dt,

[tl,tg] [tlth]
under the convention k; (0) = k2(0). Since by assumption &1 (t;) = 27 (¢;) (i=1,2),
we have ky (t1) = ko(t1) and ki (t2) = ko(t2). Recalling that 7 (t) = 7 (¢) = ()
almost everywhere on [t1, t2], we can rewrite (3.5) as

kQ(tQ)fkg(tl):/ (i,xz)Jr/tz |4:|2 dt.

[t1,t2] t1

By adding this last equality to (3.4), we finally obtain

to
(3.6) k(t) — k(th) :/ i+ yadt,z— ) +/ 52 dt.
[t1,t2] ty
Defining the constant function y(t) = z for every t € [t1,ts], property (iii) of the
definition of dissipative solutions gives

(3.7) /[t t}—(a'é—i—vs’sdt,z—x)g/t2(¢(z)—¢(x(t)))dt.

The conclusion follows from the combination of (3.6), (3.7) and the expression of
the energy function FE. O

We are now able to go further in the asymptotic analysis of the differential inclusion
(S). As usual, the first step consists in proving that the energy converges toward
its minimum. This is possible owing to precise estimates based on the functions
F and k. The next step deals with the convergence of the trajectory toward some
minimum of ®. The main ingredient of the proof is the Opial lemma, that we recall
below for the sake of completeness. This type of proof is classical and has been used
in a series of recent papers [1, 2, 3, 7] to prove the convergence of the “heavy ball”
trajectory. In reference [2] the authors deal with a nonsmooth potential ®, but the
study is restricted to the elastic shock solutions which are obtained via penalization
techniques using an epiconvergent approximation of ®. The new point here is that
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we treat the general case of dissipative solutions corresponding to Definition (2.1).
For the convenience of the reader, let us recall the Opial lemma [18].

Lemma 3.3 (Opial). Let H be a Hilbert space and x : [0,+00) — H be a function
such that there exists a non void set S C H which satisfies :

(i) Vt, — oo with x(t,) — xeo weakly in H, we have T € S.

(i) Vz € S, limy, o0 |2(t) — 2| exists.

Then, x(t) weakly converges as t — +oo to some element ~ of S.

Let us now summarize the main asymptotic properties of the dynamical system
(S).
Theorem 3.4. Let v > 0 and let ® : RY — R U {+o00} be a conver, lower semi-
continuous function which is bounded from below and such that int (dom ®) # ().
Additionally assume that the function ®|qome s locally Lipschitz continuous. Let
x be a dissipative solution to (S) and let E be the associate energy function. Then,
we have
(a) limy_ oo E(t) = inf ® and as a consequence limy_, o ®(x(t)) = inf ® and
limt*,+oo x’(t) = limt*)+oo i’+ (t) =0.
(b) If moreover argmin ® = ),

(i) E—min® € LY(R;R) and ® oz — min ® € L} (R ;R).

(ii) limy oot (E(t) —min @) =0, and as a consequence limg_, oo t (P(x(t)) —

min ®) =0 and lim_ o t|2T(¢)]* = 0.

(c) If argmin ® # ), there exwists o, € argmin® such that lim;_, o (t) = Too-

Proof. (a) From (2.4) the energy function E is nonincreasing; on the other hand, it
is clearly bounded from below by inf ®, hence lim;_, | o, E(t) exists. Let us now fix
z € dom®. From Lemma 3.2 applied with ¢; = 0, we have, for almost every t > 0,

(3.8) Ek(t) —|—/0 (E(1) —®(2))dr < k(0) + %/0 |&(7)|? dr.

On the other hand, from the Cauchy-Schwarz inequality and the fact that & €
L*°(Ry;RY) we infer that k(t) > —||&| o g, re)l®(t) — 2| + F|(t) — 2|? for every
t € Ry. From a classical inequality, it ensues that for every t € R

%013 o0 (g, ;e
@y me) |

. > R S A — 5|2
(3.9) k() > . La(t) - 2]
(3.10) ol
0

By combining (3.8), (3.10) and the fact that & € L?(R,;R?) (Proposition 3.1), we
obtain for almost every ¢t > 0

t T 200 od “+oo
(3.11) /O (E(r) — ®(2)) dr < k(0) + ””Lw + g/o ()2 dr.

Since the map t — fOt(E(T) — ®(z)) dr is continuous on R, the previous inequality
holds for every ¢t € Ry. We deduce from (3.11) that lim; ;o E(t) < ®(z). In-
deed, let us argue by contradiction and assume that lim;—, o, E(t) > ®(z). Since
the function E is nonincreasing (inequality (2.4)), we have fot(E(T) —®(z))dr >
t(lim, 4o E(7)—®(2)). Taking the limit when ¢ — +oo we infer that f0+oo (BE(r)—
®(2)) dr = 400, a contradiction with (3.11). Hence we have lim; . E(t) < ®(z
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and since this is true for any z € dom ®, we deduce that lim;_, o, E(t) < inf ®. Re-
calling the inequality E(t) > inf ® for all ¢ € R, we conclude that lim;_, o E(t) =
inf @. Using now E(t)—inf ® > ®(z(t))—inf ® > 0 and E(t)—inf ® > 1|27 (¢)[? > 0,
we obtain lim;_, o ®(x(t)) = inf ® and lim;_, o #7(¢) = 0. Finally recalling that
&~ = (¢7)” on R, we also have lim;_. 4o @7 (t) = 0.

(b)- (i) From now on, let us take z € argmin ®, so that ®(z) = min ®. Taking the
limit when ¢ — +o0 in inequality (3.11), we observe that E — min ® € L}(R;;R).
Since E(t) — min ® > ®(z(t)) — min® > 0, we conclude that ® oz — min ® €
L'(R4; R).

(b)- (ii) Since E is nonincreasing, we have for every ¢ > 0

(E(t) — min @) > 0.

N =+

/;(E(T) — min ®)dr >

Passing now to the limit when ¢t — 400, we obtain lim; , . ¢ (E(t) — min ®) = 0.
The other two limits of item (b)- (ii) follow immediately.

(c) We are now going to apply the Opial lemma with S = argmin® # (. We have
to check points (i) and (ii) of Lemma 3.3.

o Let (t,)n>0 be a sequence tending toward +oo such that lim,_, 4o () = ZTeo.
Then we have liminf,, o ®(x(t,)) > ®(z) because @ is lower semicontinuous.
But, in view of (a), limy, 400 ®(2(t,)) = min®. Hence ®(zo) < min® and
therefore z, € argmin ®.

e Given z € argmin®, let us prove that lim;— o |2(t) — 2| exists. Since E(t) >
min® = &(z) for all t € R4, we deduce from inequality (3.3) that the map 6 :
tk(t)— 3 (f |i:(s)|? ds is essentially nonincreasing on R . It is clear, in view of
(3.10) and the fact that f0+oo li:(s)|? ds < 400, that @ is bounded from below. We
deduce that ess — lim;_, ;o 0(t) exists and is finite. Since lim;_ o fg |li(s)|? ds =

f0+oo li:(s)|? ds < +o0, it ensues that

(3.12) ess— . ligrn k(t) = ess — . lir+n (@7 (t),z(t) — 2) + %|x(t) - 2\2} exists.
It is then clear, with (3.9) that the map ¢ — |z(t)—z| is bounded. On the other hand,
we know by (a) that lim;_, 4o &7 (¢) = 0. Consequently lim;_, oo (27 (¢), z(t)—2) = 0
and hence, with (3.12), ess — limy_. o |2(t) — 2|? exists. But, t — |z(t) — 2| is a
continuous function and therefore lim;_, 4 |x(t) — 2| exists. O

3.2. Exponential decay of the energy. We are now going to show an expo-
nential decay result when the function ® admits a strong minimum (see definition
(3.13)). This extends classical results of exponential convergence relative to the
steepest descent dynamical system. To quote only one of them, the steepest de-
scent trajectory is known to exponentially converge toward its limit as soon as the
potential @ is strongly convex! (see for example [5, Theorem 3.9]). Exponential
decay results have also been proved for the “heavy ball with friction” system when
the potential ® is smooth ([7]).

1Recall that the strong convexity of & amounts to the strong monotonicity of 0®, i.e. there
exists a > 0 such that

V(z1,z2) € RE X RY,  V(y1,y2) € 0B(x1) X 0D(x2), (zo — x1,y2 —y1) > alza — x1|2.
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Theorem 3.5. Let v > 0 and let ® : RY — R U {+o00} be a conver, lower semi-
continuous function satisfying int (dom®) # (. Assume that the function Ddom @
is locally Lipschitz continuous and that there exist M > 0 and a € RY such that

(3.13) Vo € dom®, &(z)— P(a)> % |z — a|*.

Let x be a dissipative solution to the system (S) and let E be the associate energy
function. Then, there exists some C > 0 such that for every t € R,

+oo
/ (E(s) — min®)ds < C e,
t

with § — 27 (/7244 M—v)
v+3 PN

+oo +o0 20
/ li(s)|?ds <2Ce™  and / lz(s) — al*ds < 5Y3 e ot
t t

. Moreover, the following estimates hold for every t € R..:

Proof. Without any loss of generality, we may assume that min® = ®(a) = 0.
From Theorem 3.4 (a), the energy function E satisfies: lim; 4. F(t) = min® = 0.
Taking the limit when o — o0 in the energy inequality (2.4), we obtain that, for
every t € Ry:

+oo
(3.14) —E(t)g—v/t |(s)|? ds.

Since argmin ® = {a}, it is immediate with Theorem 3.4 (c) that lim;, o 2(f) = a.
We define as above the function k by k(t) = (&7 (t),z(t) — a) + |z(t) — af? for all
t > 0. Taking the limit when t5 — +oco in inequality (3.3) of Lemma 3.2, we find
for almost every ¢t € R4
+o0 3 +o0
(3.15) —k(t) + E(s)ds < 5/ |(s)|? ds.
t t
The previous inequality makes sense since the function E belongs to L*(R,;R) in
view of Theorem 3.4 (b). Let us multiply this last inequality by 2% and add to
(3.14); we obtain
2y [0
(3.16) —E(t) — 3 k(t) + 3 E(s)ds <0 a.e. on Ry.
t
Our purpose now is to deduce from (3.16) a differential equation involving a sin-
gle function. This is made possible owing to the following relations between the
functions k and E

(3.17) vt > 0, k(t) > —E(t)/y and E(t) > ak(t),
where « is a positive real number that we are going to determine. We classically
have, for all § > 0,

NG, :
P+ Sl — al,

(&7 (t), z(t) — a)| <
and hence for every t > 0,

lat(@))2 | 0+~
20 2

it (@) O+

(3.18) 50 5

jx(t) — a|* < k(t) <
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Taking 6 = v in the first inequality of (3.18), we obtain k(t) > —|21(¢)|?/(27) >
—E(t)/v, which is the first inequality of (3.17). On the other hand, in view of
condition (3.13), we have

2 e(r) — P

Setting 7(0) := min{f, M/(0 + )}, we deduce from the second inequality of (3.18)
and (3.19) that

(3.20) E(t) > 7(0) k(¢).

We let the reader check that the function 7 : Ry — R achieves its maximum
at @ == (\/y2+4M — v)/2 and that 7(a) = a. Taking § = « in inequality
(3.20), we obtain the second inequality of (3.17). Inequalities (3.17) imply that
|k(t)] < E(t) max(1/a,1/7), which combined with E € L*(Ry;R,) implies that
k€ LY(R;;R). We deduce from (3.16) and the second inequality of (3.17) that

(3.19) E@)Z%LFX®F+

—+oo
(3.21) Aﬂ@f?%@+%a/ k(s)ds <0  ae. onRj.
t

Let us multiply (3.16) by a and (3.21) by 2?"’; adding the two inequalities and setting
G(t) := E(t) + & k(t), this yields:

2 2 Foo
—(%—i—a)(}’(t)—i— %a G(s)ds <0 a.e. on R;.
t
An elementary integration on [0, +00) gives:
—+o0 —+oo
(3.22) vt >0, G(s)ds < ( G(s) ds) e ot
t 0

where the parameter 0 is given by:

Fa _2y(VPPHAM —v)
Tra  y+32+4AM

From the first inequality of (3.17), we have G(t) > E(t) — 2 E(t) = E(t)/3. Setting
C:=3 fOJrOO G(s)ds, we deduce in view of (3.22) that

—+oo
vt >0, / E(s)ds < Ce™,
t
The other estimates are straightforward consequences of the previous inequality. [

4. ACCUMULATION OF IMPACTS AND BOUNDARY MOTION

Consider the dynamics of a punctual particle submitted to gravity and bouncing
on the floor, supposed horizontal and plane. The impacts are assumed to obey
the Newton’s law, with a restitution coefficient r € [0, 1], whenever the particle
hits the floor. If » = 0 the dynamics immediately stops after the first impact. If
r € (0,1) the motion stabilizes in a finite time with accumulation of impacts (see
for example Ballard [4, §6.1]). In this section, we extend this kind of result to
the case of a discrete mechanical system moving in a convex set K with smooth
boundary, under the action of a smooth potential f. In presence of viscous friction,
this motion can be simply modelized by the differential inclusion (S), associated
to the function ® defined by ® = f + dx. When r € [0,1), we prove that the
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trajectory is contained in the boundary of K after a finite time. The case r = 1
is also addressed and leads to a qualitatively different behavior. Before stating
precisely these results, we need preliminary lemmas. The first one asserts that,
in absence of constraints, the free motion associated to the dynamical system (S)
obeys an ordinary differential equation.

Lemma 4.1. Let f : R* — R be a convex function of class C* such that the map
Vf is locally Lipschitz continuous. Let K C R? be a closed convex set such that
int (K) # 0. Consider the differential inclusion (S) with ® = f + 6k and v > 0.
Let x be a dissipative solution to (S) and assume that there exist t1 > 0 and to > t;
such that x(t) € int (K) for every t € (t1,t2). Then the map x coincides on [t1, t2]
with the unique solution to the following Cauchy problem

{ §(t) +vy(t) + Vf(y(t)) =0,
y(t) = x(tr), 9(t1) =2+ (t1).

Proof. Let us first remark that dom® = K and that 0®(x) = Vf(z) + Ng(x) if
x € K. Since z(t) € int (K) for every ¢ € (t1,t2), we infer from Proposition 2.2 (i)
that, for almost every t € (¢1,t2),

(4.1) Lo (t) +72(t) + Vf(x(t) = 0,

where &, is the density of & with respect to the Lebesgue’s measure. Let T > t5 be
such that % (T) = (T) and let us denote by u the Stieltjes measure associated to
—4 —~x on [0,T]. Let us decompose the measure p as in the proof of Proposition
2.2: = gdt+hd|ps|, where s is a singular measure with respect to the Lebesgue’s
measure and the functions g, h satisfy respectively g € L*([0,T];R%,dt) and h €
LY([0,T); RY, d|ps]). Since z(t) € int (K) for every t € (t1,t2), we derive from (2.2)
that h(t) = 0, for d|us|-almost every t € (t1,t2). Therefore, we have y = gdt on
(t1,t2) and it ensues that the restriction of the measure & to (¢1,%2) is absolutely
continuous with respect to the Lebesgue’s measure. By identifying this measure
with its density, we deduce from equality (4.1) that Z(¢) + v&(t) + Vf(z(t)) = 0
for almost every t € (¢1,t2). The conclusion follows by use of classical results on
ordinary differential equations. O

From now on, we assume that the set K is given by K = {¢ € R4, g(¢) < 0},
where the map ¢ : R? — R is smooth and convex. Given a dissipative solution z to
(S), let us define the function h : Ry — R by h := g o z. Since the map x takes its
values in the set K = {¢€ € R?, g(&) < 0}, it is clear that h(t) < 0 for every t > 0.
It is immediate to check that

vt >0, h=(t) = (Vg(z(t)), 2~ (t)) and 7't (t) = (Vg(z(t),iT(t)).
Notice that, if z(¢) € bd (K) for some ¢ > 0, then
b — i 25(0) =9 ®)

t—t t— i -

In the same way, we have At () < 0 for every £ > 0 such that z(f) € bd (K).
The next lemma gives the second-order Taylor expansion of the map h = go z in
the right (resp. left) neighbourhood of any instant ¢ > 0 such that z(f) € bd (K).

Lemma 4.2. Let f: R — R be a convex function of class C' such that the map
V f is locally Lipschitz continuous. Let g : R* — R be a convex function of class C?
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such that ? inf g < 0. Define the set K C R? by K = {¢ € R%, g(¢) < 0}. Assuming
that ® = f+ 0k and that v > 0, let x be a dissipative solution to (S). Suppose that
there exist t € Ry and € > 0 such that z(t) € bd (K) and x(t) € int (K) for every

te (t,t+¢). Then the following holds when t — i

g(x(t) = (=1 (Vo(z(®), (D) Jr%(t—f)2 [=7 (Vg(x(®),27(F)) —

(4.2) — (Vg(a(®), V(@) + (Vg(a®).a7(#),27([1))] + ot - 1)*.
If one assumes that t > 0 and x(t) € int (K) for every t € (t — e,t), the same
formula holds when t — t by replacing each term i+ (t) by 7 (t).

Proof. From Lemma 4.1, the map z coincides on [t + €] with the unique solution
7 : [t, T +¢] — R9 to the following Cauchy problem
{ g(t) +yy(t) + Vf(y(t) =0,

y() ==(t), y(t)=2"().
Since Vf is continuous, Z is of class C? and since the function g is of class C2, the
map go is also of class C? on [t,Z+¢]. The following second-order Taylor expansion

holds when ¢ tends to 7
2

(43) 9(#(1) = 9(@D) + (1 1) (gD D + 5 (1 -1 o
and g(z(t)) = g(z(t)) = 0 since z(¢) € bd (K). An immediate computation shows
that

(go&)(t) +o(t — 1)

Llgon)®) = (Vo) i (M)

j?(g oZ)(T) = —vy (Vee@),&* @) — (Vo(z®), VF(=(D) + (VD) .a* (@), (7).
Since x(t) = Z(¢t) for all ¢ € [, + €], we obtain the expected formula owing to
equality (4.3). O

Let us recall that an impact obeys the Newton’s law when the normal component
of the velocity is reversed and multiplied by a restitution coefficient r € [0,1] and
the tangential component is transmitted. Using the function i defined above, the
Newton’s law shows that it (Z) = —r b~ () for every £ > 0 such that z(f) € bd (K).

Theorem 4.3. Let f : R? — R be a convex function of class C* such that the
map YV f is locally Lipschitz continuous. Let g : R — R be a convex function of
class C* such that inf g < 0. Define the set K C R% by K = {¢ € R4, g(¢) < 0}.
Suppose that argmin i f # 0 and that inf f < infx f. Consider the differential
inclusion (S) with ® = f + 0k and v > 0. Let x be a dissipative solution to
(S) satisfying the Newton’s law at impacts, with a restitution coefficient r € [0, 1].
There exist T € Ry and o > 0 such that (Vg(x(t)), Vf(z(t))) < —a for allt > T.
Assume that there exists T' > T such that z(T’) € int(K) and define the set
E:={t>T, z(t) e bd(K)}.

(i) If r =0, there exists to > T" such that € = [tg, +00).

(i1) If r € (0,1), there exists an increasing sequence (t,)n>0 tending toward t, €
R such that €& = Up>o{tn} U [t.,+00). Moreover, we have lim, 4o (tnt2 —
tng1)/(tngr —tn) =1

2Here and in the sequel, we adopt the convention inf g = —oo if g is not bounded from below.
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(iii) If r = 1, additionally assume that the map f is of class C*> and that the map
g is of class C3. Then the set € equals Up>o{t,} for some increasing sequence
(tn)n>0 such that lim, | o t, = +00. Moreover the following equivalences hold as
n — +00

(Vg(a(tn)), & (tn)) ~

where we have set Too 1= limy_ 1o ().

3(Vg(a), Vi(ra)) 1
27y n

3
and t, ~— Ilnn,
Y

Proof. From Theorem 3.4 (c), there exists 2o, € argmin g f such that lim;_, o (t) =
Zoo- Since inf f < infg f = f(2), we infer that z., ¢ argminf and hence
Vfi(zs) # 0. The vector z,, satisfies the optimality condition —V f(zs) €
Ni (o). We derive that Ni(2) # {0} and hence 2o, € bd(K), i.e. g(xs) = 0.
Since inf g < 0, this implies in turn that x,, ¢ argming and hence Vg(x,) # 0.
From a classical result, we have Nk (zo) = R4.Vg(2o) and therefore —V f(z) €
R4y .Vg(zs). From the continuity of the mappings V f and Vg, we have

Jim (Vg(z(2)), VF(2(?))) = (Vo(eo), V f(zec)) < 0.

Hence we deduce the existence of 7' > 0 and « > 0 such that
(4.4) Vi=T, (Vg(x(t)),Vf(z(t)) < —a.
Assume that there exists T/ > T such that z(T’) € int (K). Let us first prove
that there exists ¢ > T” such that x(t) € bd(K). Let us argue by contradiction
and assume that for every ¢ > 7", we have z(t) € int (K). From Lemma 4.1, it
ensues that the equation of the motion reduces to &(t) + vi(t) + Vf(z(t)) = 0.
Since lims—, o0 2(t) = Zoo and lim;, 4o &(t) = 0, we deduce that lim;, o &(t) =
—V f(zs). Taking the scalar product with V f (), we get lim;—, oo (Z(¢), Vf(2s0)) =
—|Vf(2s0)]? < 0. But this implies in turn that lim;_, o (#(t), Vf(2s)) = —o0, a
contradiction. Let us set

to :==inf{t >T', x(t) € bd(K)} < +oc.
From the continuity of the map x, we have z(tg) € bd (K) and since z(T") € int (K)

we derive that tg > T7’. We now distinguish the cases r = 0 and r € (0,1]. As
above, we introduce the function h : Ry — R defined by h :=goz.

1. Case r = 0. We are going to prove that z(t) € bd(K) for every t > tg.
Let us argue by contradiction and assume that there exists t; > tg such that
x(t1) € int (K). Let us set
t:=sup{t € [to,t1], z(t) € bd(K)}.

From the continuity of the map z, we have z(f) € bd (K) and since x(t1) € int (K)
we deduce that ¢ < ¢;. The definition of ¢ then shows that z(t) € int (K) for every
t € (t,t1]. On the other hand, the restitution law applied at t = £ gives h* () = 0.
By applying Lemma 4.2 we find the following equality as ¢ — I

h(t) = % (t=0* [ (Vo(a(®), V(@) + (VZg(2()- 270, 7 (D) +o(1)] -

Recalling that ¢ > T', we obtain in view of (4.4) that (Vg(z(?)),Vf(z(?))) < —a.
From the convexity of the function g, we have (V2g(z(f)). & (), 47 (%)) > 0. Hence
we infer from the above equality that h(¢) > 0 in some right neighbourhood of .
But this contradicts the fact that x(t) € K. As a conclusion, we have shown that
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x(t) € bd (K) for every t > to, and hence £ = [tg, +00).

2. Caser € (0,1]. By construction of ¢y, we have x(¢y) € bd (K) and z(t) € int (K)
for every t € [T",to). It ensues that 2~ (to) > 0. Let us prove that 2~ (to) > 0. Let
us argue by contradiction and assume that h~ (o) = 0. By applying Lemma 4.2 we
obtain the following equality when ¢ — ¢,

h(t) = % (t=t0)” [~ (Va(a(to)), VF(x(t0)) + (VZg(x(t0)). 3 (to), &~ (t0)) + o(1)]
Recalling that tg > T, we derive from (4.4) that (Vf(x(t0)), Vg(z(t0))) < —a.
From the convexity of the function g, we have (VZg(z(t)). 3~ (to), @~ (o)) > 0. It
ensues that h(t) > 0 in some left neighbourhood of tg, but this contradicts the fact
that z(t) € K. Finally we conclude that 2~ (to) > 0. Since r # 0, we deduce from
the restitution law applied at t = ¢ that h+(t0) < 0. By arguing as above, it is
immediate to check that the set {t > to, z(¢) € bd (K)} is non empty; let us define

t1 = inf{t > to, 2(¢) € bd(K)} < +o0.

Since h(tp) = 0 and h*(to) < 0, the continuous map h is negative on some right
neighbourhood of ¢ty and hence t; > ;. By using the same arguments as above,
we obtain that AT (t;) < 0. By iterating this process, we build a sequence (£, )n>0
defined by

Vn €N, tp4q :=inf{t > t,, 2(t) € bd(K)}
and satisfying

VYneN, t,<ty,r1 and h+(tn+1) < 0.

Since the sequence (t,,),>0 is increasing, it converges toward some ¢, € Ry U{+o0}.
Let us remark that, if ¢, € Ry then h™(t.) = 0. Indeed, since the increasing
sequence (t,)n,>0 converges to ¢, we have
lim A~ (t,) = lim h*(t,) =h"(t.).
Jim h7(tn) = lim A7 (tn) (t.)
Recalling that h_(tn) > 0 (resp. ht(t,) < 0) for every n € N, we deduce that
h=(t«) > 0 (resp. h™(t.) <0). Therefore we conclude that h~(t,) = 0.
From Lemma 4.1, the map x satisfies the differential equation &+~ i+ V f(z) =0
on each interval (t,,t,+1). Since the map f is of class C!, we deduce that the
map x is of class C? on D := Upen(tn, tny1). Since the map g is of class C?, the
composition h = g o x is also of class C?> on D. Hence we have for every t € D
. d )
h(t) = 5 (Val(z(?)),2(2))
= (Vo(e(®)),#(1) + (Vg(@ (1)) 2(1), (1))
= =7 (Vg(a(t),&(t) — (Vg((t), V(1) + (V9(x(t). (t), 3(t)) -
We deduce that lim, _ - h(t) exists (in R) and we denote by A this limit. We

teD
have

(4.5) A=—=(Vg(20), Vf(xs)) if  t,=+4oo,

since limy_, 1 oo 7 (¢) = limy_ 10 27 (¢) = 0 (¢f. Theorem 3.4). When ¢, is finite,

we obtain

A= =(Vf(a(t), Va(a(t) + (V2g(a(te)). &7 (8), 37 (t) if . <400,
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since (Vg(z(ty)), 4~ (t.)) = b~ (t,) = 0. Recalling that the function g is convex, we
derive that A > —(Vf(z(t.)), Vg(x(t.))). Finally, inequality (4.4) shows that the
limit A satisfies A > « > 0, whether ¢, < 400 or t, = +00. Let us now write the
following second-order Taylor formula :

B(tns1) = htn) + (bnss — t) W (8) + /t s — ) i(s) ds.

n

Since h(tn) = h(tn+1) =0 and since lim , _ - h(t) = A, we infer that
teD
n A
(4.6) i (t) = (=5 +0(1)) (tnar — 1),

as n — +00. By reversing the roles of ¢,, and t,,11, we obtain in the same way
. A
h (tn+1) = (5 + O(].)) (tn+1 — tn)

The restitution law applied at ¢ = t,,11 yields h+(tn+1) = —r h_(tn+1), and we
deduce that

(47) i) = (<5 o)) (trsa — 1)

as n — +o00. In view of (4.6) and (4.7), we have

4 -1
(4.8) lim 2 °ntl
n—+too tpi1 — 1ty

Let us now distinguish the cases r € (0,1) and r = 1.

2.a. Caser € (0,1). From (4.8) we deduce that Y% (t,41 —t,) < +o0c and hence
we conclude that ¢, := lim,, 4 t, < +00. The next step consists in proving that
x(t) € bd (K) for every t > t.. Let us argue by contradiction and assume that there
exists @ > t, such that z(a) € int (K). Since x(t.) € bd(K) we have @ > ¢, and
we set
up = sup{t € [t.,u], =z(t) € bd(K)}.

From the continuity of the map x, we have x(up) € bd (K) and since z(a) € int (K)
we deduce that ug < @. The definition of ug then shows that z(t) € int (K) for
every t € (ug,@. It ensues that it (ug) < 0. Let us prove that 2t (ug) < 0. Let us

argue by contradiction and assume that A*(ug) = 0. By applying Lemma 4.2 we

obtain the following equality when t — usr
h(t) = % (t—u0)? [~ (Vg(a(uo)), V f(z(uo))) + (V2g(x(uo)). & (uo), & (uo)) + o(1)] -

Recalling that ug > T, we obtain in view of (4.4) that (Vg(z(uo)), Vf(z(up))) <
—a. From the convexity of the function g, we have (V2g(z(uo)). &7 (uo), 7 (uo)) >
0. Hence we infer from the above equality that h(¢) > 0 in some right neighbourhood
of up. But this contradicts the fact that z(t) € K. Finally we conclude that
It (ug) < 0. The restitution law applied at ¢ = uo shows that A~ (ug) > 0. Recalling
that 2~ (t,) = 0, we deduce that ug > t,. Let us now define

uy :=sup{t € [t., uo), z(t) € bd (K)}.

Since h(ug) = 0 and h~(ug) > 0, the continuous map h is negative on some left
neighbourhood of uy and hence u; < ug. By using the same arguments as above,
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we obtain that it (u1) < 0 and that u; > t,. By iterating this process, we build a
sequence (U ),>o defined by
VYn € N, upyq1 :=sup{t € [ts, un), 2(t) € bd (K)}.
We let the reader check that the sequence (uy,)n>0 is decreasing and satisfies
VneN, wu,>t. and ht(u,)<O0.

Since the sequence (uy)n>o is decreasing and bounded from below, it converges to-
ward some u, > t,. The arguments are now similar to the ones that were developed
in the analysis of the sequence (t,,)n>0. Let us set

~(Vg(a(us)), VF(z(u)) + (Ve (w). a7 (us), ¥ (w) -

It is immediate that A’ > a > 0 and we let the reader check the following estimates
as n — +0o

) = (% o) (i)
i) = (= +oD) (o = )

This implies immediately that

. Un4+1 — Un42
lim -l "nt2

S

n—=+00  Up — Un+1

Since 1/r > 1, we deduce that lim, 4 oo (Un, — Un+1) = 00, which contradicts the
fact that (un)n>o is bounded. As a conclusion, we have shown that z(¢) € bd (K)
for every ¢ > t., and hence £ = Up,>0{tn} U [ts, +00).

2.b. Case r = 1. Relation (4.8) does not allow us to conclude that lim, 4o t, =
+00. From now on, we assume that the map f is of class C? and that the map g is
of class C3. We are going to refine estimates (4.6) and (4.7) under these additional
hypotheses. From Lemma 4.1, the map x satisfies the differential equation &+~ &+
Vf(xz) = 0 on each interval (t,,t,,1). Since the map f is of class C%, we deduce
that the map z is of class C® on D := Upen(tn,tnt1). Since the map g is of class
C3, the composition h = go x is also of class C3 on D. An elementary computation
shows that, for every t € D

ht) = v(Vg(x(t), Vf(x(t)
—(Vg(()) “fa

) + 7% (Vg(x(t)), &(t))
). v?
-3 (V g(z(t)). (t), z(¢

t)). 3 (t)) — ( g(@(t). &(t), VF(x(1)))
) + (Vig(a(®)). 2(1)- £(t), (1)) -
)

)-
As above, we deduce that lim, _ - h(t) exists (in R) and we denote by yu this
teD
limit. Remark that

(4.9) n=7 (Vo) Vi) i = +oo,

since limy— oo 7 () = limy— o0 21 (¢) = 0. Let us now write the following third-
order Taylor formula

Bltns1) = At (b —t) B (00 45 (ta =) B (00) 4 /tnﬂ(tnﬂ—s)”h'(s)ds.

n
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Since h(tn) = h(tny1) = 0 and since lim , ,— 7 (t) = 1, we deduce that

teD

. 1 .

(4.10) W (ta) = =3 (s = ta) B (8) = (% + 0(1)) (tns1 — tn)?,

as n — +00. By reversing the roles of ¢,, and ¢, 11, we obtain in the same way
. 1 .

(4.11) B (tns1) = 5 (tnt = ta) B () = (5 + 0(1) (bns = ta)™.

Since lim , ,- h(t) = p, we have
teD

W (ten) = () + / (s ds

bn

= Wt + (u+0(1) (tni1 — tn),

as n — 4o00. Coming back to equality (4.11), we obtain

. 1 .
B (tns1) = 5 (bt = ta) B () + (5 + 0(1) (tna — ta)?,
By applying the restitution law at t = ¢,, 41, we deduce that
h+(tn+1) = —h~ (tn+1)
- __ _ + I Nt _ 2
(4.12) = =3 (turr —ta) T (1) (3 +0(1)) (tns1 = tn)*

Let us evaluate the quantity 1/h% (t,41) — 1/h(t,) by using the estimates (4.10)-
(4.12) and (4.6)-(4.7):

11 bt (te) = Wt (tga)
Wt(tng)  BH(ta) B () B (taga)
(% +0(1)) (tnt1 —tn)? 2p

= 2 :—2+01 .
(=3 +0(1)" (tnp1 —tn)? 32 W

By summing these estimates, we deduce that
1 2p

(4.13) P =332" + o(n) asn— +oo.

In particular, we obtain 1/hA*(t,) = O(n) when n — +oco. Hence there exists
Cy > 0 such that [A*(t,)| > C1/n for n large enough. Since ht(t,) ~ —3 (tns1—tn)
as m — 400, this implies in turn that t,41 —t, > Cs/n, for some Cy > 0. By
summation, we derive the existence of C3 € R such that ¢, > Cy Inn + Cjs, for
n large enough. This shows that ¢, = lim, 4. t, = +00 and the set £ equals
Un>o0{tn}. On the other hand, we deduce respectively from (4.5) and (4.9) that
A= —(V9(2x),Vf(rx)) and p = 7(Vg(2x), Vf(Tx)). In view of (4.13), we
conclude that

Vg(r), VI(T0))

. 3(
ht(t,) ~ 27

1 1
— and tpy1 —thp,~—— asn — +oo.
n n

An immediate summation then shows that t,, ~ % Inn as n — +oo. O
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When r € [0, 1), the previous theorem shows that any trajectory = of (S) reaches
the boundary of K in finite time and then converges toward x., by staying in the
set bd (K'). The convergence rate of |z(t) — x| toward 0 depends on the behaviour
of ® = f 4+ 0k. For example, if condition (3.13) holds, Theorem 3.5 shows that the
speed of convergence is exponential.

Remark 4.4. In his book [6], Brogliato discusses the question of the finite time
stabilization of a mechanical system on a surface. The phenomenon of infinite
rebounds within a finite time is also evoked. For further details, we refer to [6, p.
425-428] and the references therein, where heuristic examples and applications to
Mechanics and Robotics are discussed.

The conclusions of Theorem 4.3 may be false if the condition inf f < infg f is
not satisfied, even in dimension one. To illustrate it, let us take K = R, and given
some k > 0, let us define the function f: R — R by f(§) = %EQ for every £ € R. In
this example, we have inf f = infg, f = 0 and argmin f = argming, f = {0}. The
next result shows that the structure of the set £ := {t > 0, z(t) = 0} is different
from the one described at Theorem 4.3.

Proposition 4.5. Given some k > 0 and v > 0, consider the differential inclusion
(S) with ® : R — RU{+o00} defined by ®(&) = £ 2+6, (€) for every & € R. Let x be
a dissipative solution to (S) satisfying the Newton’s law at impacts, with a restitution
coefficient v € [0,1]. Assume that v*> — 4k < 0 and let us set w = \/4k —~2/2.
Assume that the initial conditions satisfy (xo,%0) € (RTL x R) U ({0} x R%). Let
E:={t >0, x(t) = 0} be the instants for which the constraint is saturated.

(i) If r = 0, there exists to € (0, Z] such that £ = [to, +00).

(ii) If v € (0,1], the set £ equals Up>o{t,}, where to € (0,Z] and the sequence
(tn)n>1 is defined by t,, = to + ", for every n > 1. Moreover, we have T (tg) >0
and

Vn>1, @t(t,) = (ref%)”jﬁ(to).

Proof. First notice that the set £ is non empty. Let us argue by contradiction and
assume that z(t) > 0 for every ¢ > 0. From Lemma 4.1, it ensues that the equation
of the motion reduces to i + & + k2 = 0. Since v? — 4k < 0, the characteristic
equation s2 4+ 7 s+ k = 0 has two conjugate roots —3 £ iw. The expression of x is
classically given by

(4.14) z(t) = Ae 2t sin(wt + ¢),
where A € R and ¢ € [0, 7) are constants satisfying

(4.15) xgo=Asing and o= A(f% sin¢g + w cos ¢).

Since z(Z) = —xo e~22 < 0 we obtain a contradiction. Therefore the set £ is
non empty and we set tg = inf £ < 4+00. An immediate verification shows that
to € (O, g]

(i) Case r = 0. The Newton’s law gives 27 (tg) = 0. Recalling that the mechanical
energy FE is non increasing, we find

1 k 1 k
V> to, it ()4 5 a()? < Sit (ko) + 3 a(te)® =0,

and hence z(t) = 0 for every t > tg, or equivalently £ = [tg, +00).
(i) Case r € (0,1]. Let us prove that @7 (ty) > 0. For every t € (0,%g), we have
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x(t) > 0 and hence the expression of x(t) is given by (4.14). By differentiating this
equality and taking the limit when ¢ — ¢, we easily find: ¢~ (to) = —Awe 31,
In view of (4.15), we have A > 0 and hence &~ (¢9) < 0. The restitution law applied
at t = to then gives 27 (tg) = rAwe 2% > (0. By the same arguments as above,
it is immediate to check that the set {t > to, z(t) = 0} is not empty. Let us define
t1 := inf{t > t, x(t) = 0}. Since @* (o) > 0, the continuous map =z is positive on
some right neighbourhood of ¢y, and hence t; > ty. We let the reader check that
the expression of z(t) on [tg,t1) is given by

x(t) = itffo) e 2(%) gin(w (t — to)).

From the previous formula, it ensues that w (t; — o) = 7 and hence t; = to + 7/w.
By differentiating the above formula at ¢t =t , we find

i (t) = —iT(to) e 2o
On the other hand, the Newton’s law applied at t = ¢ yields
it (ty) = —ri~ () = re 2= it (tg) > 0.
By iterating this process, we define the sequence (¢,,),>0 by
Vn €N, tp4q:=inf{t > t,, z(t) = 0}.
By using the same arguments as above, it is immediate to check that
VneEN, tpi =ty +7/w and It (t,.q) = re zw T (t,).
The assertions of (ii) are then immediate consequences. O

Remark 4.6. Now assume that ¥ — 4k > 0 in the statement of Proposition 4.5.
In this case, it is easy to check that there is at most one impact at 0 and after the
trajectory stays in the interior of R, .

5. EXISTENCE OF DISSIPATIVE SOLUTIONS. CASE I:
CONSERVATION OF ENERGY AT SHOCKS

In the paper [2], Attouch-Cabot-Redont have defined a notion of shock solution
which is close to items (i)-(iv) of the definition of dissipative solution. The reader
is referred to [2, Definition 2.1] for further precisions. According to the terminology
of [2], the solution z of (S) is said to be an elastic shock solution if furthermore the
following energy equation is satisfied for almost every t € R

(5.1) %m@ﬁ+¢@@p>mm\+¢m /|$ 2 ds.

Attouch-Cabot-Redont have shown the existence of elastic shock solutions to (S),
obtained as limits of the solutions of a sequence of smooth problems, by using an
epiconvergent approximation of ® (see [2, Theorem 2.1]). We are going to prove
that every elastic shock solution of (S) in the sense of [2] is a dissipative solution
such that 2% (¢)| = |27 (¢)| for every t > 0.

Proposition 5.1. Let v > 0 and ® : R — R U {+o0} be a convex, lower semi-
continuous function which is bounded from below and such that int (dom®) # 0.
Additionally assume that the function ®|qom e is continuous. Then, for any initial
data (20, %0) € dom® x T—5 (o), every elastic shock solution to (S) in the sense
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of [2, Definition 2.1] satisfies items (i) to (v) of Definition 2.1. Moreover, we have
|#+(t)| = |2~ (t)| for every t > 0.

Proof. Ttems (i)-(ii) are immediate consequences of the corresponding items (1.a)-
(1.b)-(1.c)-(2.a) of [2, Definition 2.1]. Let us prove that item (iii) is a consequence
of (2.b). Our arguments are close to those of [2, § 2.3.6]. Let (t1,t3) € R2
such that ¢; < to and 27 (t1) = @(t1) and z(t2) = @ (¢2) with the convention
#7(0) = 2(0) = 29 if t; = 0. Let y € CO([t1,t2]; RY) and let (k,) be a sequence of
functions in C2(Ry;R.) such that k,(t) = 0 for every t € Ry \ [t1,t2] and every
n € N. Hence, by continuity of k,, we have k,(t2) = 0 and k,(¢t1) = 0 if t; > 0.
From item 2.b of [2, Definition 2.1] and the fact that supp(k,) C [t1, 2], we obtain
(5.2)

ta
) (1) ~ @(@(1)) ) dt = ~(i + 7, (4 = 2)) (i 1212, 12}
1
Now assume that the sequence (k,,) converges pointwise toward 1 on (¢1,t2) ift; > 0
or on [t1,t) if t; = 0. Denoting by u the measure p := —& — & dt, the sequence
(ky) converges to 1 on [t1, to] almost everywhere with respect to . Indeed, we have
pu({ta}) = —(27(t2) =2~ (t2)) = 0 and in the same way p({t1}) = 0if t; > 0. From
Lebesgue’s dominated convergence theorem, we infer that

(5.3)  Hm (4, kn(y=2)) M((t,21i0).€0 (11 t2)iRD) = (K Y= L) M([11,22)R),€O([11 2] )

Invoking again Lebesgue’s dominated convergence theorem, we have

to

(5.4)  lim [ ka(t) (cp(y(t)) - @(x(t))) dt = / ’ (<I>(y(t)) - @(g;(t))) dt.

n—-+4oo t t1

Finally, in view of (5.2), (5.3) and (5.4) we conclude that

ta
/t (‘I’(y(t)) - ‘I’(x(t))) dt = (1 Y = ) M([t1,£2];R) €O ([t1,t2]:RE) s
1

which is exactly item (iii) of Definition 2.1.

Let us now prove (iv) by using items (3.a)-(3.b) of [2, Definition 2.1]. Since x €
Co(R4;RY), item (3.a) implies that lim, o+ 2(t) = £(0) = x9. From (3.b), we have

I’+(O) - i'() € — m(xo), i.e. (I’+(O) - i‘o,w) > 0 for every w € Tm(l‘o). Let
us choose successively w = g and w = £+ (0) to obtain:
(5:5) o[ < (7(0), @) < |27 (0)]%.

On the other hand, we have
1. 1.
(5.6) ilfﬁ(o)l2 + @(20) = §|xo|2 + @(20).

Indeed, choose a sequence t, — 0 such that the energy equality (5.1) holds and
take the limit when n — 4o0. From (5.5) and (5.6), we deduce that |27 (0)|? =
|i0|? = (£7(0),40) and hence 2+ (0) = .

Let us finally prove (v) by using the energy equality (5.1). Let ¢ > 0 and let (¢1,,)
and (t2,) be two sequences such that ¢, | t, ta, 1t and

1 1 ti'n
Vn >0, Vie/{l,2}, 3 | Z(tin) |? + oz (tin) = 3 | 2o |* + @(xo)—v/ | &(s) |* ds.
0
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Taking the limit when n — +o00, we infer that
1 1
(5.7) §|a':+(t) P+ ®oat(t) = 5 | &7 (t) |2+ @ oz (1)

Since the functions  : Ry — dom® and ® |4, ¢ are continuous, we deduce that

the function ® o z is also continuous. In view of (5.7) we conclude that |@%(¢)]? =
&~ (1)) O

6. EXISTENCE OF DISSIPATIVE SOLUTIONS. CASE II:
LOSS OF ENERGY AT SHOCKS

We consider a convex, closed subset K C R? with a non empty interior, such
that

K={¢eR pa(§) >0, 1<a<v}, v>1

where ¢, € C!'(R?) such that, for all a € {1,...,v}, Vi, does not vanish in a
neighbourhood of {¢ € R% ¢, (€) = 0}. For all £ € R? we define the set of active
constraints at & by

() = {a € {1,....v}: pal§) <O}

As usually we assume that, for all £ € K| (cha (5))046J(£)
We extend the definition of the tangent and normal cones to K by

Tk (&) = {w € R%: (Vo (€),w) >0, Vae J(E)}

Ng(€) ={weR4w= > AVea(), Xa<0}
agJ(€)

is linearly independent.

for all ¢ € R% Let f be a convex smooth function (at least C!) from R to R,
bounded from below on K. Assuming that ® := f + Jk, the differential inclusion
(S) can be rewritten as

(6.1) i+t + Vf(zr) € —Nk(z)

with v > 0. Let (z¢,%0) € K x Tk (z0) be admissible initial data. We are interested
in existence of dissipative solutions for the Cauchy problem associated with (6.1)
and the initial data (z, @o).

We propose the following time-stepping scheme: let A > 0, we define the first
approximate positions UY and U' by

U° =g, U'=Proj(K,zo+ hio+hz(h)), with lim z(h) =0,

—0

and, for all n > 1
U™ = Proj(K,20™ — U™ ' + h*F")

with

pn+l _ pn-1

——

Then we define approximate solutions of the Cauchy problem associated to (6.1)
and the initial data (zq,¢g) as follows

Fn:_,y —Vf(U"+1).

n+1 n

h
for all n > 0, for all A > 0. We will prove the following result:

up(t) = U"—l—(t—nh)U if t € [nh, (n+ 1)h)
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Theorem 6.1. The sequence (up)p>o admits a subsequence (up,)n;>0 which con-
verges in the following sense:

(a) up, — @ strongly in C°([0, T]; R?), for all T > 0,

(b) up, — @  weakly* in L>=(0,T;R?) and a.e in [0, 7], for all T > 0,

(c) iip, — & weakly* in M([0, +-00); R?),
and the limit x is a dissipative solution of (6.1).

Remark 6.2. The scheme proposed here is directly inspired by the one proposed in
[21]. Let us recall that in [21] we consider the differential inclusion

i+ Ng(z) 3 f(t,z, @)

where f is continuous from [0, 7] x R? x R? to R? and is Lipschitz continuous with
respect to its last two arguments. If we define f(t,x,v) = —yv — Vf(z) for all
(z,v) € R? x R%, we can rewrite (6.1) in the previous form but we should observe
that f is not necessarily Lipschitz continuous with respect to x and v and that we
have to deal now with a non bounded time interval.

The proof is organized as follows. First we begin with a priori estimates of
the discrete velocities in L™= (R, ;R?) and BVj,.(Ry;R9). Then, combining Helly’s
theorem with a diagonal extraction argument, we infer that the announced con-
vergences hold. Moreover we show that the limit x takes its values in K, which
completes the proof of properties (i) and (ii) of Definition 2.1. In the third part, we
establish that x satisfies the last three properties of Definition 2.1. Finally we study
the transmission of the velocities at impacts: we prove that the limit = satisfies the
Newton’s law with a restitution coefficient » =0 i.e.

it (t) = Proj(Tk (z(t)), 2~ (1))
whenever the following condition holds:
2
(Vea(a(®), Via(a)) <0 ¥(a,B) € J(a(®)®, a#B.
6.1. A priori estimates. Let us define the discrete velocities by
Un+1 —_yn

V'= e Vn20, VA>0.

First we begin with an a priori estimate of the discrete velocities in L (R ;R%).
Proposition 6.3. There exist C > 0 and h, > 0 such that
V< C Vn>0, Vhe/(0,h].
Proof. Let h > 0 and n > 1. By definition of the scheme, we have
U™t = Proj(K,20" — U™ + h*F™)
with
vr4ynt

F" =y = Vf(U").

The characterization of the projection on the convex set K implies that U"+! € K
and

(U™ —U" '+ RF"—U" 2 —U") <0 VzeEK.
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Since U° and U belong to K by construction, we infer that U* € K for all k > 0
and
(VP V"4 hF" 2 —U") <0 VzeK.
With 2 = U™ we get
(Vvr—vr=t —pEr v vl <0,

and, using the convexity of f

Ve — vt 4 ﬂwn F VP < (VAU VT VY

< fOU"ThH = fO.
It follows that

v

<V + @) + FUY) = U™ = FOT).
Furthermore, using the definition of U® and U' we get

Ul_UO

0] _
}V‘_ h

‘ - %|Proj (K, o + hitg + hz(h)) — wo| < [0 + [2(h)]

and, since limy,_,g z(h) = 0, we infer that there exists h, > 0 such that
VO < |déo| +1 VR e (0,h].
Moreover, since f is continuous on R? and bounded from below on K, we obtain

’V"}Q < C? = (Jao| + 1)2 + 2<sup f(z) — inf f(x)) Vn > 1, Vh € (0, h.],
zEB reK

Let us estimate now the discrete accelerations.

Proposition 6.4. Let T > 0. There exist C' > 0 and h, € (0, hy| such that

N
TV (i, [0,T]) = Y [V = V" <C" Vhe (0,h]]

n=1

where N = |T/h| (the integer part of T/h) if T/h € N, N = |T/h| — 1 otherwise.

Proof. We just have to reproduce the proof of Proposition 2.4 in [21]. Tt should
be noted that we can choose h’, independent of T if K is a bounded subset of R,
otherwise C’ and h’, depend both on T. O

6.2. Passage to the limit. Let us consider now the sequence of time step (hg)gen-

1
defined by hy = oF and let k1 € N* be such that hy, < h,. For the sake of simplicity

we will denote the approximate solutions up, (with & > k1) simply by ug. From
Proposition 6.3 we know that the sequence (ug)g>k, is C-Lipschitz continuous on
R.. Moreover

Proposition 6.5. There exists a subsequence (ugk))k>k, such that the conver-
gences (a)-(b)-(c) of Theorem 6.1 hold.
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Proof. Let T' € R* \ Q. First we observe that the sequence (ux)r>k, is bounded in
BV([O,T];Rd). Indeed, let b} € (0, h,] and C’ > 0 be given as in Proposition 6.4.
We define k4 > k; such that -1~ < A/ and

U
2k —

Cp =, max (C"TV (i, 0.7]).

Then Proposition 6.4 implies that

sup TV (i, [0, T]) < C7..
>k

Using Helly’s theorem, we infer that there exist vy € BV ([0,T]; R?) and a subse-
quence (Ug,(k))k>k, (depending on T') such that

“Lg}«) (t) = wvp(t) Vtelo,T], )

(¥, lgr (k) — (¥5 dvr)eo(o,rmay, Mm(0,1)re) V¥ € CO([0, TT;RY).

Then, considering T' = jm, j7 € N*, and using a diagonal extraction argument, we
obtain that there exist v € BVjo.(R; R?) and a subsequence (ug(k))k>k, (indepen-
dent on T') such that

u:;(k)(t) —o(t) VteRy,
(0, iig(r)) = (¥, dV)cor, ma) MR, R, Vb € CO(Ry;RY).
Furthermore, recalling that
[uf ()] = Jun(t)] < C Yk >k, VteRy\Q,
we get also
lv(@®)| <C VteR{\Q,
and Lebesgue’s theorem implies that, for all 7' > 0,

Ugpy — v weakly™® in LOO([O,T];Rd) and
strongly in Lp([O, TY; Rd), for all p > 1.

Finally, we define
t
(6.2) x(t) = xo +/ v(s)ds VteR;.
0

It is obvious that x is continuous on R, 2(0) = zo and &% (t) = v*(t) for every
t € R, It follows that x is C-Lipschitz continuous on R, € BV, (RJr; R%) and
di = dv in M(R,;R?) if we choose #(0) = 7~ (0) = v(0). Moreover, observing that
for all t € Ry and for all & > k4

n t
up(ry (t) = o + DAV + (t = nh)V" = zo + / (k) (s) ds
p=1 0

1
with h = 2900 and n = |t/h], we get

(k)

2(t) — g (1) = /0 (v(s) — gy () ds Ve € Ry, V> ki

which yields the strong convergence of (u¢(k))k>k1 to x in CO([O7T];R‘1) for all
T > 0. - O
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Now we can prove that the limit function z takes its values in K.
Lemma 6.6. For allt € Ry, we have z(t) € K.

Proof. Let t > 0 and let us use the same notations as in the previous proof. We
have

yn+l _pyr 1 t
ugry(t) =U" + (t —nh)———— n= {—J

P (5 h

and U™, U™ € K. From the convexity of K, we deduce that ug,(t) € K. Thus,
if T >t we get

dist(z(t), K) < |2(t) = upr)(t)] < |12 = ugmyllcoo,rma),
which enables us to conclude. O

6.3. Dissipativity properties. Let us prove now that the limit x satisfies prop-
erty (2b) of Definition 2.1 in [2].

Proposition 6.7. Let y € C° (R+;Rd) such that y(t) € K for allt € Ry. Let
el (R+;R+). Then we have

/R V() (f(y(t) — f(x(t)) dt > —(dv+~vi, Y(y — T)) MR R),CO (R sRY)-

Proof. Let y € C°(R4;R?) such that y(t) € K for all t € Ry. Let ¢ € C2(Ry;Ry)
and let T' € R \ Q such that Supp(¢) C [0,T). Then

(dv+92, (Y — ) mEe R cORy R = (A0, V(Y — @) m(r, ) COR, RY)

+7y /OT (1,(3), ¥(s)(y(s) — x(S))) ds.

Using the results of Proposition 6.5, we have
N

(dv, ¥(y — o)) m(R. RY),CO R, RY) = . lim (Vn — V™1 g(nh) (y(nh) — x(nh)))

e n=1

1 .
where h = 3908) and N = |T/h]. Observing that
U™ = uggy(nh) and [U™ —U"T'| =h|V"| < Ch,
we have also
N
S (v = v w(nn) (w(nh) U”“))‘

n=1

< <Z V" — V"_1|> 19 lleo o 1sme) (12 — gy leojo,7me) + Ch)-
n=1

Thus

N

(dv, ¥y — x)>M(R+;]Rd),CQ(R+;Rd) = kgrfoo (Vn - Vn*lﬂ/’(”h) (y(nh) - Un“))-
n=1

Now let us prove the following lemma:
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Lemma 6.8.

/OT(”<5>’¢<S>(@/<S>—w<8>))d8= > (vt -0 ).

k—+o00 2
n=1

Proof. Since (u¢(k))k2kl converges strongly to v in L' ([O, T]; RY), we have
T T
(6.3) /O (v(s), 6(s) (y(s)~2(5)) ) ds = lim 0 (0009 (), ¥(5) (y(s)=()) ) ds.

k—-+o00

First we rewrite the integral term of the right member as follows:

/ (Wm( ) (s) (y(s) — a(s )))ds

/(n 1)k (V (S))) ds + /NT; (VN,w(s) (y(s) — x(s))) ds
(64) /( o (v, —a(s)) = w(nh) (y(nh) — U") ) ds
+ i /(::)h (vt k) (y(nh) — U™) ) ds + /Nq; (VY %) (y(5) = a(s)) ) ds.

The last term of (6.4) can be estimated by

T
/Nh (VY0 () —2(s)) ) ds

IA

(T — Nh |VN’ max |1/J ( )—x(s))|

SE[Nh,T)

IN

Ch||¢||c°([o,T];R+)||y - 93||CO([0,T];Rd)-
Moreover, for all n € {1,..., N} and for all s € [(n — 1)k, nh|, we have
W ) (y(s x(S)) —(nh)(y(nh) —U")|

< |y(s ( — z(s)) — ¥(nh)(y(nh) — z(nh))| + [ (nh) (z(nh) — ug@)(nh))|
< Wy (y— @)( ) + 1Y llcoo,r1m0) 17 = wgr) llco(o,7):ra)

where wy,(,—5) denotes the continuity modulus of the function ¢ (y — «) on [0,77.
Then we can estimate the first term of the right hand side of (6.4) by

V" v )(y(s) — x(s)) - @[J(nh) (y(nh) - U")) ds

(n— l)h

< CT("‘Jw(y—x)(h) F¥lleo(o,11m0) 11— e (k) HCO([O,T];Rd)~

Recalling that (ugx))r>k, converges uniformly to x on every compact subset of R,
we get in view of (6.3)

—»+oo

/OT (v(s), P(s) (y(s) —x(s ))) ds = lim Z h(V" L p(nh) (y(nh) — U”))

Hence, there remains only to prove that

N n n—1 N
i (2 b (%’Qp(nh)(y(nh) - U”“)) =3 r(V b (y(nh) - U"))) =0.

n=1
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But

i " (% () (y(nh) — U"“)) 5> AVt wnh) (y(nh) = U"))
1 n=1

- Z ( ) (i) - U"“)> *ih(vnl’mh)(w“ =),

The second term of the right hand side can be estimated by

g: (Ve w0 -0

In order to estimate the first term, we may observe that

N
<> RHVHVT || (nh)| < CPTh|[y]|eogo, iz )-

n=1

U™ — o] = [Un T — U0 < Zhnﬂﬂ < C(T +h)

p=0

1
and h = 3900 € (0,1]. Hence

N

> (F o) ot - U”“))|

Ml?

<Z|Vn V"_1‘> [¥lleo o.77:m4) (1¥llco o, 1)y + M)

with M = |zo| + C(T + 1). Finally, using the results of Proposition 6.5, we obtain

N n _ yn—1
> (T v () - U )| <

n=1

h
§CH|¢”CO([O,T];R+) (lyllcofo,r);rey + M)

which enables us to conclude. O

In order to conclude the proof of Proposition 6.7, there remains now to establish
that
N

lim Z (Vn—l _yn_ thn—’——vn_l’qp(nh) (y(nh) - U"‘H))

k—‘-‘roo 2

/ P(t) — f(=(t)) dt.
From the definition of the scheme, we know that

(VP — V"4 hE" 2 —U") <0 VzeK, VYn>1

with
vn anl
F" = —'y% —VfUmth.
Thus, recalling that y(t) € K for all t € Ry, we infer that

Vel

n—1__ yn _
(V V"™ —~h 2

y(nh) — U"“) < W(VFU™, ylnh) — UHY).
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Moreover, 1(nh) > 0 for all n > 1 and f is convex, thus

> (v v ) ) - o))
n=1

N
<> hb(nh)(f (y(nh)) - FU™HY)).

n=

=

But

N

Jim Z hi(nh) (f(y(nh)) - f(U”+1)> = /OT W»(t) (f(y(t)) - f(ar(t>)) dt.

Indeed,

/0 () (f(y(®) = f (=) dt =Y ho(nh)(f (y(nh)) — F(U"H))

n—1)h

N nh

= Z/( (7//(t)f(y(t)) - 1/J(nh)f(y(nh))> dt
n=1
N

nh N nh
+> / (V(t) = (nh)) f (z(t)) dt + Z:l /(n_l)hw(nh) (f(a:(t)) - f(Un+1)> dt

n=17(n—1h
+/th(t) (f(y(t)) —f(x(t))>dt_

Arguing as in the previous lemma, we can estimate the first term of the right hand
side by Twy. foy (h) Where wy. o, is the continuity modulus of ¢ foy on [0,T]. The
second term of the right hand side can be estimated by T'||f o x|co([o,r);r)wy (),
where wy, is the continuity modulus of ¢ on [0, T'] and the last term can be estimated
by hllv|coqo, )l f oy — fox|coqo,rr)-

For the third term, we recall that U™*! belongs to F(wo, C(T + 1)) for all n €
{1,..., N}, and since z is C-Lipschitz continuous, we have also z(t) € B (o, C(T +
1)) for all ¢ € [0,T]. Moreover f € C'(R?), thus f is Lipschitz continuous on
E(Zo, C(T+1)). Let us denote by L the Lipschitz constant of f on E(xg, C(T+1)),
we get

N . N o
Z/ ' Y(nh) (f(:v(t)) —f(Un+1)) dt| < Z/ " Lyl (nh)||2(t) — U™+ dt
n=1 (n=1)h el (n—1)h
and

‘x(t) - Un-H‘ < |l‘(t> — u¢>(k)(t)’ + ‘Un_l + (t — (n _ 1)h)Vn—1 _ U"'H’
<z — ugw)lleogo,miray + 3Ch.
Thus

N_ rnh
S [ v () - s a

< LiT|[Yllcoro, 1)) <||~”U — Ug(k)llco o, 1);re) + 3071)-




32 ALEXANDRE CABOT AND LAETITIA PAOLI

Finally we get
N

tin >~ stan) (£ (o)) - $0 1) = [ o0 (F60) - F(e0)) i

k
— 400 1 0

which enables us to conclude. ]
Then we observe that
Lemma 6.9. We have v(0) = .
Proof. By definition of U we have
(6.5) (U° + hio + hz(h) —U', 2 —U') <0 Vze€K,
i.e.
(2o +2(h) = VO 2 —x0) < h(dg+2(h) =V, V) VzeK.

Since v(0) = limp_ 400 Ug(k) (0) = limp— 40 VY, we can pass to the limit as k tends
to 400 and we obtain

(20 —v(0), 2 —x) <0 Vz€K.
It follows that
(6.6) (20 —v(0),w) <0 Vw € Tk (xo).
Ut-uv° U'-=x
h h

limg oo VO € Tk (20) = Tk (20). By choosing successively w = g and w = v(0)
in (6.6) we get

Moreover V0 = and U' € K, so VO € Tg(x) and v(0) =

. . 2
|3100|2 < (:co,v(O)) < |v(0)| .
But, with z = ¢ in (6.5), we have also

(VO — 2 — 2(h),V°) <0
and passing to the limit as k tends to +oo, we infer that

2 . .
|v(0)| < (:co,v(O)) < |x0||v(0)‘.

Finally we have

. . 2

|zo|* = (d0,0(0)) = [v(0)]
which yields v(0) = @o. O

Now starting from the results of Proposition 6.7 and using the same arguments
as in Proposition 5.1, we can conclude that the limit x satisfies property (iii) of
Definition 2.1.

Let us establish that the limit x satisfies the initial data in the sense of property
(iv) of Definition 2.1. More precisely, let us prove that

Lemma 6.10. We have £(0) = z¢ and £7(0) = @o.
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Proof. The first part of the result is a direct consequence of the definition of z (see
(6.2)). Let us establish now that

& (0)] < Jiol.
Let T'>0and h = ﬁ with & > kq. From the definition of the scheme, we know
that
(VP -V L hF" 2 U™ <0 Vze K, VYn>1,

thus, with z = U™, we get

VA< V] e
It follows that

[V < [VO[+ B> FP| < ldol + |2(h)| + R _|FP| vn > 1.
p=1 p=1
Moreover, we know that
UPtt € B(zo,C(T+1)) Vpe{0,...,[T/h]}

thus
vp 4 yprl

5 + VU < M,

IF”|=‘7

with
My, =~C+ sup |V f(z)].
2€B (20,0(T+1))
Finally, recalling that, for all ¢ € [0,T]\ Q, we have
Uy (t) = V™ with  n=[t/h],
we obtain
gy ()] = V"] < |dol + |2(h)| + tMy V€ [0,T]\Q, Vk > k.

We can pass to the limit successively when k tends to +o0o then when ¢ tends to 0
and we get

[0 (0)] = |2%(0)] < |ol.

Let us consider now 7' € R¥ such that % (T) = &(T). We recall that the
restriction of the measure p = —dv — v to [0, 7] belongs to the subdifferential of
the functional Jg

J { c’([0,ThRY) — RU{+o0}
e y — fOT(I)(y(t)) dt

where ® is the convex function dx + f. With the results of [27] (corollary 5.A) we
infer that

1({0}) € Ny (2(0)) = Nic (o).
But
1({0}) = —dv({0}) = v(0) — v (0) = &g — & (0).
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Hence we get #9 — 27 (0) € Nk (x0) which implies
(20 — &1(0),w) <0 Vw € Tk (zo).
By choosing successively w = 7 (0) and w = 2o, we obtain
|io? < (7(0), d0) < [2%(0)[?
which allows us to conclude. (]

There remains now to prove that the limit x satisfies property (v) of Definition
2.1. More precisely, let us prove that

Lemma 6.11. For every t € R% , we have |x+(t)| < ’x_(t)|

Proof. Let (t1,t2) € R% \ Q such that t; <t and let T' > t5. First we will prove
that

vu(t2)| < |v(ta)| + (t2 — t1) My

where M is the constant defined at the previous lemma. Let h =
be such that h € (0,t2 —t;). We have

200k (k > k1),

’[l,lb(k) (tl) = V"i, with n; = \‘%J , 7 = 1,2
and
N2
|Vnz‘ < ‘V"l‘ +h Z ‘Fp’ < ’V"ly +(ts — 1 + )M,
p=ni+1
Thus, we get

|u¢(k)(t2)| < |1'L¢.(k)(t1)| + (to — t1 + h) M.
We can pass to the limit when k tends to +00 and we obtain
|U(t2)| S "U(tl)| + (tz — tl)Ml.
Let us consider now ¢ € R* and let 7' > t. There exist two sequences (t1,,)n>0 and
(t2n)n>0 which converge to t and such that ¢1, € Q, t2, € Q and 0 < #1, < t <
ton, < T for all n > 0. With the previous inequality we get
|’U(t2n)| S |’U(t1n)| —+ (th — tln)Ml Vn Z 0.
Finally we pass to the limit when n tends to +o00 and we obtain
lEt ()] = [vT ()] < |7 ()] = [v™ (1))
O

6.4. Impact law. In this section we prove that the solution x obtained as the limit
of the approximate solutions ug ) satisfies the following Newton’s impact law

(6.7) it (t) = Proj(Tk (z(t)), 2~ () Vt>0,
whenever

6.8) (Ve (z(t), Veg(x(t)) <0 ¥(a,B) € J(z(t)’, a# 6.

It should be observed that the impact law (6.7) corresponds to inelastic shocks,
c¢f. [15]. Indeed, if we decompose the velocity in normal and tangential components,
relation (6.7) means that the normal component of the velocity vanishes at impact,
while the tangential component is conserved. It follows that the solution is "really”
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dissipative since the kinetic energy decreases strictly whenever an impact occurs
with Proj(Ng (z(t)), 27 (t)) = @y(t) # 0.

The condition (6.8) is directly related to the geometry of the active constraints
at impact: it means that the active constraints create acute or right angles. This
condition is quite natural here since it is a necessary and sufficient condition to
ensure continuity on data for the Cauchy problem (see [22]).

Let us prove now that (6.7) holds whenever the condition (6.8) is satisfied. Let
T > 0 and define f: [0,7] x R? x R? — R by

f(t,z,0) = —yw —Vf(x) Y(tz,v)e0,T] x R x RY,
Then we define F : [0, 7] x R? x R? x R? x [0,1] — R¢ by
F(t,z,2',v,h) = —yv — Vf(2' +2mv) Y(t,z, 2’ ,v,h) € [0,T] x R x R? x R? x [0, 1].
Then, for all h € (0,1] and for all n € {1,..., [T/h]}, we have
U™ = Proj(K,20™ — U™ + h*F")
with

~ n+1l _ yn—1
Fr=F (nh ur,unt, %h)

Observing that F is consistent with respect to f i.e.
F(t,z,2,0,0) = f(t,z,v) Y(t z,v)e[0,T] x R x R?

the scheme proposed here corresponds to the time-discretization proposed in [21]
for the measure differential inclusion

& — f(t,x,&) € =Nk (x).
Hence we can obtain (6.7) by the same proof as in [21] (Proposition 2.9).

Remark 6.12. Let us outline that we cannot prove the convergence of the approx-
imate solutions (up)p>0 by applying directly the results of [21] since we deal here
with the unbounded time interval [0, +00) and that the functions f and F are not
necessarily Lipschitz continuous with respect to the positions.
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