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STABILITY IN FRICTIONAL UNILATERAL ELASTICITY
REVISITED: AN APPLICATION OF THE THEORY OF
SEMI-COERCIVE VARIATIONAL INEQUALITIES

SAMIR ADLY, EMIL ERNST, AND MICHEL TH ERA

ABSTRACT. In this paper we show how recent results concerning the
stability of semi-coercive variational inequalities on reflexive Banach
spaces, obtained by the authors in [3] can be applied to establish the
existence of an elastic equilibrium to any small uniform perturbation of
statical loads in frictional unilateral linear elasticity. The Fenchel duality
is one of the key techniques that we use.

1. INTRODUCTION AND NOTATION

The purpose of this article is to revisit recent stability results for semi-
coercive variational inequalities on real reflexive Banach spaces obtained
by the authors in [3] by the way of Fenchel’s duality to deduce the existence
of an elastic equilibrium to any small uniform perturbation of statical loads
for a classical problem in frictional unilateral linear elasticity.

The theory of variational inequalities initiated in the early sixties by
G. Stampacchia and his collaborators for the calculus of variations asso-
ciated with the minimization of infinite dimensional functionals covers a
large spectrum of problems and is a very attractive area of study in applied
mathematics (calculus of variations, control theory, free boundary prob-
lems defined by non-linear partial differential equations) with a wide range
of applications. It modelizes, in particular many classes of problems aris-
ing from unilateral problems in mechanics or in plasticity theory, as well
as in finance (pricing american options), economics (Walrasian equilibrium
problems), industry and engineering.

We begin this section by fixing the notations, definitions and preliminar-
ies that will be used later in the paperX, | - ||) will be a real reflexive
Banach space with topological dugt and(-, -) will be the duality pairing
betweenX and.X*. As usualB y is the closed unit ball ok .

We now recall two very useful notions. Firstly, following &ais, we say
that an operatodl : X — X* is pseudomonotoni for every sequence
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(uy,) such that:

u, — uandlim sup(Au,, u, — u) <0,

n—-+00
then,
(Au,u — v) < liminf(Au,,u, —v), Yv € X.

n—-+o0o

Note that the class of pseudomonotone operators is large enough since
its contains linear and monotone operators, monotone and hemicontinu-
ous operators, demi-continuous operators satisfying$hé property and
strongly continuous operators (for more details, see Zeidler [12, Proposition
27.6)).

Secondly, we calsemi-coerciveevery operatod : X — X* such that
there exist a constant> 0 and a closed linear subspadeof X such that:

() (Av — Au,v —u) > rdisty (v —u)?, Yu,v € X
Alv+u) = A(v), Yo € X, Vu € U andA(X) c U+,
wheredisty (-) denotes the distance 1, i.e.,disty () = inf{||z — u|| :
ueU}.
The class of semi-coercive operators includes for example
e The projection operator over a closed linear subspace in the Hilbert
space setting;

o If X = H'(Q), where is an open bounded subset®f with a
smooth boundary, then the operatbr X — X* defined by

(Au,v) = / Vu - Vudz,
Q

IS semi-coercive witl/ = ker A = R (the space of constant func-
tions).
This article concerns the stability of the solution set of the following vari-
ational inequality:
Findu € K N Dom & such that:
I(A f,®, K
VI(4, /@, K) { (Au— f,v—u) +P(v) — P(u) >0, Yv € K,
where:
(1) A: X — X*is pseudomonotone and semi-coercive operator;
(2) K C X is anon-empty closed and convex subset;
() fe X~
(4) @ : X — RU{+o0} is an extended-real-valued convex, lower
semi-continuous function with non-empty effective domain

Dom®={veX : &(v) < +oo} #0

(this class of functions will hereafter be callEg(.X)).
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Some existence results are well known for ProbléigA, f, ®, K') when
the operatotA is linear and coercive, i.e., when there exists a teal 0
such that :

(Au,u) > allul)?, Yu € X,
or whenA is non-linear and coercive in the following sense:
(Au,u)

im
ul|—=+oo  ||ul]

The reader is refereed for instance to the classical contributions of J.L. Li-
ons and G. Stampacchia [11], H.&iuis [4], [5] , G. Fichera [8] and the
references cited therein, as well as in finite dimension to the book by F.
Facchinei and J. S. Pang [7].

The organization of the paper is as follows. We briefly recall in Section 2
stability results foVI(A, f, ®, K') obtained in our previous article [3]. The
main technical result - [3, Proposition 3.1] - is completed and its proof is
simplified by making use of duality techniques in Lemma 2.1. Theorem 2.2
in subsection 2.1 specificates this stability result when the underlying space
X is a Hilbert space.

Section 3 is concerned with the study of the stability of the existence of
the solution to a classical unilateral problem from the Vaaridén theory
of linear thin plates. The case when the frictional contact takes place on
the border of the plate leads us to a semi-coercive variational inequality for
which U is a finite dimensional subspace %t

Let us also recall some background results from convex analysis (for de-
tails about these notions, the reader is invited to consult for instance the
book by J.B. Hiriart-Urruty and C. Leméchal [10]).

Let K be a non-empty closed convex subsetXaf The recession cone
K of K is the set defined by

K*:={de X : zo+Ad € X, VA>0},

wherezx, is an arbitrary element ok’. If & : X — R U {+o0} is an
extended-real-valued function , we define the epigraph a$

epi @ ={(z,\) € X xR : &(x) < A}

When & belongs tol'y(X), the recession functio®> of ¢ is defined by
the relation:
(epi )™ = epi &.

Equivalently, we have

sor v Pwo+ M) — D(20)
(1.1) O (x) := )\1_15{100 3 :
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wherez, is an arbitrary element ddom ¢. We setker &> = {z € X :
¢ (x) = 0}, which is a closed convex cone in.
The Fenchel conjugate* : X* — R U {+oo} of ® is defined by:

O*(2*) = sup {(x*,x) - CD(iU)}
rzeX
The indicator function to a convex sitis given by:
0 if rzeK
Ii() _{ too if z¢ K.
The support function td is defined by:

ok (2*) = (Ig)*(x*) = sup (z*, x).
zeK

We recall that the barrier cone &f is defined by:

B(K)={z* € X* : sup (z*,z) < 400},
zeK

i.e., B(K) = Dom o.

If K is a closed cone, its polar is defined by:
Ke={z*e X*: (a%,2) <0, Ve e K}

It is well known that if K is a non-empty closed and convex subset, then

(1.2) B(K)® = K*.
Therefore,
(1.3) B(K) = (K>)°.

A closed and convex subsat is said to be linearly bounded if and only if
K> = {0}. Hence, for linearly bounded subsets, the barrier cone is dense
in X*,i.e,B(K)=X".

We recall that ford,, ®, € T'y(X), the infimal convolution (or the epi-
graphical sum) is defined by:

(1.4) (@,0P,)(7) = yileim{@l(y) + ®y(2)

We say that the infimal convolution is exact provided the infimum appearing
in (1.4) is achieved. It is worth noting thatdf; (or ®,) is continuous on,

then

(1.5) (P + $o)* = OTOP;

and the infimal convolutio®;01®3 is exact. In particular, iD®(z) denotes
the subdifferential o € T'y(X) atz € Dom @, i.e., the non-empty weak
closed convex set

0b(zx) ={ve X" : (vy—x) <P(y) — P(z), Yy € Dom P},
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it is worth noting that, for convex functiong; and ®, € I'((X) with
Dom ®; N Dom &, # (), if (®; + ®,)* = P30P; and the infimal con-
volution is exact, the®(®; + ®,)(z) = 0P1(x) + 0Py(x), for eachz €
Dom ®&; N Dom &,.

2. THE ABSTRACT STABILITY RESULT

In the paper [3], we discussed the stability of the solution set of the varia-
tional inequalityVI(A, f, ®, K). More precisely, we characterized all data
(A, f,®, K) for which there is some real number> 0 such the varia-
tional inequality has a solution for all data., f., ®., K.) satisfying the
following conditions (hereafter denoted by )):

e A.: X — X*is pseudomonotone arid-semi-coercive such that:
|A(z) — Ac(2)]| < e, Vx € X;

e f. € X*suchthal|f — f.|| <e;

e K C K. +¢eBx andK,. C K + Bx with K. a non-empty closed
and convex subset of;

e & c I'y(X) is bounded below and such that:

O(x) —e <P (z) < P(x)+¢, VrelX.

To this respect, an important role is played by the resolvent set associated
to VI(A, f, ¢, K),

R(A,®,K)={fe€ X" : Sol(A, f,®,K) # 0},
or equivalently,

R(A, @, K) = | ] Au+0(® + Ir)(u).
ueX
Indeed, as obviously observed, if the variational inequality has solutions
for all data satisfying« ), thenf must belong to the interior of the resolvent
set. In order to describe this set denotediltyR (A, ®, K), let us associate
to problemVI(A, f, @, K) the following function:

(2.1) U(z) = r(disty(x))® + ®(x) + Ix(x) Vo e X.

A crucial step - [3, Proposition 3.1] - in achieving the desired characteri-
zation of stable datéA, f, @, K') says thaint R(A, ¢, K') = Int Dom U*.
The following new Lemma give a complete description of the domain of
U*, the conjugate function oF, in terms of datd/, ® and XK, allowing thus
a new and simpler proof for the first part (step 1) of [3, Proposition 3.1],
namely of the inclusioR (A, ¢, K') C Dom U*.
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Lemma 2.1. We have
Dom U* = U+ + Dom [® + Ik]",
and consequently,
R(A,®, K) C Dom ¥*.

Proof. Let us compute the domainom ¥* of the conjugatel*.
We havel = x(disty(-))2+(P+1x). We setd; = r(disty(-))? € To(X)
and®y, = (¢ + Ix) € I'o(X). Sinced, is continuous onX, then using
(1.5), we get
U* = [kdisty(1)?]" O [@+ Ik]".
Hence,
Dom ¥* = Dom [rdisty(-)*]” + Dom [® + Ix]*.
On the other hand, we have:

1 1
édiStU(')z = 5” . H2 o Iy.

Since|| - ||? is continuous onX, using (1.5) again, we obtain

1. |
it (2] =5l T

Therefore,
. « 1 . .
st (12" = 26 (Sl 12 + Toe(50)).
Hence,
Dom [IidiStU(-)Q}* =U".
Consequently,
(2.2) Dom ¥* = U+ + Dom [® + Ix]".

Using assumptions:X) and the fact that the range 6 is included in
Dom &*, we get:

(2.3) R(A, @, K) C U+ + Dom [® + Ik]*.
Relations (2.2) and (2.3) complete the proof of the lemma. O

A standard convex analysis result says that the interior of the domain of
a convex function (such as*) defined on a real Banach space (sucXap
is non-empty if and only if the function is bounded above on some closed
ball, 7 + rBx, T € X, r > 0. Accordingly, the interior of the resolvent is
non-empty if and only if

V(z) = allzl| + (g,2) + Yz € X,
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for somea > 0, § € R andg € X*. On the other hand, ifint Dom ¥* is
non-empty, then we have:

(2.4) IntDom U* = {g € X" (g,w) < V>®(w), Yw € X'\ {O}}

A simple computation of the recession functi@r®, of ¥ given in (2.1),
gives us:

(2.5) U(w) = Iy(w) + @ (w) + Ix=(w).
Hence,
feIntDomV¥V* <= (f ,w) < ®*(w), Yw e UN K>\ {0}
(2.6) < Ja>0, R : ¥(z)— (f,z)>alz||+ 3,

which means that the functional— F(z) := ¥(x) — (f, z) is coercive.
Let us recall the the main result in [3].

Theorem 2.1.[3] There is a reak > 0 such that the set of solution of the
variational inequalitylV(A., f., ®., K.) is non-empty for every perturbed
data(A., f-, ®., K.) satisfying the conditiong&t ) if and only if the follow-
ing hold:
() U N K* Nker &> contains no lines;
(i) A(x,) C K such that:
|zn|] — 400, 22 — 0and lim, ;o

l[zn I

(i) (f,w) < ®>(w), Yw € UN K>\ {0}.

f{(distU(lTn))”QJr‘I)(In) =0

Remark 2.1. We note that the compatibility condition (iii) in Theorem 2.1,
is equivalent to the coercivity of the following energy functional :

(2.7) F(z) = rdisty(2)* + ®(2) + Ix(z) — (f, 2)

in the sense of (2.6).

2.1. Application to Hilbert space linear semi-coercive variational in-
equalities. When the closed linear subspdcehas a finite dimension and
the underlying spac« is a Hilbert space, the above cited stability result
takes a simpler form.

Namely, let us suppose thak, (-, ) is a Hilbert space with associated
norm|| - ||) and thatA : X — X is a bounded symmetric linear operator
such that:

(2.8) dimpg ker A < +00.

Let us suppose that in additioA,is semi-coercive according to definition
(%¢), or, equivalently:

2.9) Ik >0 : (Au,u) > &||Qul]?, Yu e X,
(
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where() = I — P, while P : X — ker A is the orthogonal projection on
ker A. Note that, in this case, the linear subsp&tes ker A, and||Q(z)||
coincides with the distance from a pointn X to U.

Example 2.1.

(i) More generally, it is easy to see ([9]) that a linear monotone (i.e.,
satisfying(Au,u) > 0, Vu € X) operatorA is semi-coercive pro-
vided that the image off, ImA = {y € X*: forsomex € X, y =
A(z)} is closed;

(i) Moreover, if A is a linear and monotone operator, the following
statements are equivalent :

(a) A is semi-coercive andimpg ker A < +o0;
(b) there is a strongly continuous operatr: X — X such that
A+ C'is coercive.
(iii) Let(H,|-|) be aHilbert space andl — H be a compact mapping.
If A: X — X is abounded linear and monotone operator fulfilling
the following Garding inequality :

3X > 0, Je > 0 such that {Au, u) + Mul* > ¢||ul|?, Yu € X,

then A is semi-coercive andimg ker A < +o00.

Proofs of these statements as well as further details may be found in [9].
The announced specification of Theorem 2.1 reads as follows.

Theorem 2.2. Suppose thatl is a bounded symmetric linear operator de-
fined on a Hilbert spaceX with a finite dimensional kernel. The linear
variational inequalityVI(A, f, ®, K) is stable with respect to uniform per-
turbations according to relatiofq ) if and only if the two following condi-
tions are satisfied:

(i) ker AN K Nker ®> contains no line;
(i) (f,w) < P*(w), Vw € ker AN K>, w # 0.

Proof. This result is a simple consequence of Theorem 2.1. Indeed, as
conditions (i) and (iii) of Theorem 2.1 are verified, let us prove that con-
dition (i) is also satisfied. To this end, we suppose that there is some se-
quenceu, ),en+ C K such thatt,, := ||u,|| — +o0, w, := 72 — 0, and

[[unl
K| Qua [ +® (un)
[[un

We have

— 0whenn — +o0.

’fHQUnHQ + (I)(un)

[

(tnwn) .

i)
(2.10) = k|| Qu,||* + .
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Sincelim,, . , ., HQunl+2) _ ( then

[[unl

D(t,wy
lim sup & t,, || Qu,||* + liminf 2(tnten)
n—-+o0 n—Too n

<0.

On the other hand, as, — 0 we havelim inf,, . ., 2% > @>(0) = 0,
and consequently

lim sup t,||Qw,||* < 0.

n——+00
Thus,

[ Qu | = 0.
Hence,

: 2
Tim[|Quy|I* = 0.
It follows thatQw,, — 0 strongly inX.
On the other hand, aimg ker A < 400, thenPw,, — 0 strongly inX.
Sincew,, = Pw, + Quw,, this infer the norm-convergence toof the se-
quence(w,,). This relation contradicts the fact thgt,| = 1, and com-
pletes the proof of the Theorem. [ |

3. STABILITY OF THE ELASTIC EQUILIBRIUM IN UNILATERAL
FRICTIONAL PROBLEMS IN LINEAR PLATE THEORY

In this section we apply (Theorem 2.2) (the specification of our general
method to the Hilbert space setting) to the equilibrium problem for a linear
elastic thin plate subjected to unilateral limit conditions.

We follow the monograph [6, Chapter 4] by G. Duvaut & J.L. Lions as a
reference textbook. Let us consider a thin plate occupying a bounded plane
domain{2 c R? with a smooth (for instancé) boundary denoted by.

The unknown parameter of our problem is the vertical displacement of the
plate (also called vertical deflection in [6, page 201]) and is denoted by
u: ) — R,

A vertical loadf € L*(2) acts on every point of the plate. Itis proved in
[6, page 210] that the equilibrium vertical displacement fulfills the partial
differential equatiom\?u = f on(), whereA? means/\ o A and represents
the biharmonic operator.

The frictional unilateral boundary conditions imposediomay be mod-
elized through the variational inequal¥§i( A, f, ®, K), where the data are
defined as follows: K = X = H*(Q), A : X — X is a bounded linear
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symmetric and monotone operator defined by:
(Au,v) =
/ 0%u 0%v N 0%*u 0*vu N <82u 0% N 0*u 821)u)+
o \ 02?0z Ox3 023 . dz3 0x3  Ox3 Ozl
Pu 0%
2(1 — d
( V) 8ZL‘185L‘2 83018902) o

wherev is the Poisson coefficient supposed suchthaty < % and finally
¢ : X — [—o0,+o0] is of form

wherej : R — R, U {+o0} is a convex lower semi-continuous function
such thatj(0) = 0 andI is the boundary of?.

u(x, X,) u(x, .x,)

FIGURE 1. Unilateral problems for thin plates

Indeed, for every choice of the convex functignthe H2(Q)-solution
to the variational inequalitWI(A, f, ®, K) verifies A>u = f. Moreover,
the casej(s) = als|, with a > 0, corresponds to a unilateral frictional
(Coulomb) condition on the boundary of the plate (Fig 1-a) while the func-
tion j defined byj(s) = 0 whens > 0 andj(s) = 400 whens < 0,
modelizes the perfect (frictionless) unilateral contact (Fig 1-b).

In order to apply the stability result stated by Theorem 2.2 to the varia-
tional inequalityVI(A, f, ®, K), let us first determine the recession func-
tion @ of . We have

() = [ (0@)dr = [ Gro* = oo )do
I r
where
T € ) R [ €) I _

J1= hin L 2= lim SV = max(v,0) andv™ = (v, 0).
On the other hand, it is well known that the kernel of the operadtfthat is
the subspac¥)

ker A = {a + bxy + cxs : a,b,c € R}.



SEMI-COERCIVE VARIATIONAL INEQUALITIES AND UNILATERAL ELASTICITY 11

It is obvious thaker > does not contain any line (except for the trivial
casej = 0), which means that conditiof) from Theorem 2.2 is always
fulfilled.

In order to take into account conditiaf), let us set

fo :Z/Qf(ml,wz)d:ﬁlxg,

1 3:/951f($1,$2)d$1$2
0
and
fa 3:/$2f(9517$2)dI1$2-
Q

Obviously we observe that
/Qf(xl, xo)(a + bxy + cxg)dxixe = afy + bf1 + cfa.
Let us also define the mapping: R?* — R, by
W(a,b,c) = ®(a+ bry + cxs)
= /F (jl(a +bxy + cxe)t — jola + bxy + ca:Q)’)da;

1 is clearly a convex, positively homogeneous extended-real-valued func-
tion which is lower semi-continuous with respect to the standard topology
of R3. The functiony) depends on the shape of the pldtec R?, as well
as on the values gf andj,.

Conditioniz) from Theorem 2.2 reads

/ f(z1,x0)(a + bxy + cxg)drize < P(a + by + cxa)
Q

for all a, b, c € R such that? + b% + ¢ # 0, which means that
afo +bfi +cfy <(a,b,c)Va,b,c €R, a® 4+ b* + 2 # 0.
Accordingly, the functior® defined by
©(a,b,c) == v¥(a,b,c) — (afo + bfi + cf2)
is strictly positive over the unit sphere
S:={(a,bc) eR*: a* +b* +* =1}

As O is lower semi-continuous, it is necessarily bonded below o®ther-
wise, if it was unbounded below, then for every integehere would exist
a sequenceés;) in S such tha®(s;) < 1. By compacity ofS, relabeling
if necessary, we may suppose that the sequésgetends tos € S and
therefore tha®(s) < liminf;_, .. O(s;) < 0, a contradiction. Hence,

3.1) Y(a,b,c)—(afo+bfi+cfs) >r Va,b,c€R, a*+b¥*+c* =1
(
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for somer > 0. Sincea is positively homogeneous, relation (3.1) - and,
consequently, conditiofi) from Theorem 2.2 - is equivalent to

(32) ¢(a7b’ C) Z (af0+bfl +Cf2> +TH(a7 b7 C)H \V/(l, b,CE R.
As 1) is positively homogeneous relation (3.2) amounts to saying that

(3.3) (fo, f1, f2) € Int 09(0).

Indeed, it is well known that for a convex lower semi-continuous function
Y :R" - RU {400},

0 € Int 9p(0) <= forsomer >0, ¥'(0;-) > -|.

Whenv is positively homogeneous, then the directional derivativ@; -)
of ¢ at0 coincides withy, and relation (3.3) follows immediately.

Remark 3.1. Observe that relation (3.3) is fulfilled for evefyc L?(Q) if
and only ify is the indicator function of the singletdio }, that isy(0) = 0
andi(a, b, c) = +oo for everya, b,c € R such that? + b* + ¢ # 0. This
can happen if and only if, = j» = +o0, that is

(3.4) lim j<—8) = +00.

BERSIE]
We may conclude that the equilibrium displacement for the frictional uni-
lateral problem modelized by the variational inequalitl A, f, ®, K) ex-
ists and is stable for any loatle L?(Q) if and only if the convex function
j is strongly coercive (in the sense of relation (3.4)).
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