
XLIM

UMR CNRS 6172

Département
Mathématiques-Informatique

Stability in Frictional Unilateral Elasticity Revisited:
an Application of the Theory of 

Semi-Coercive Variational Inequalities

Samir Adly & Emil Ernst & Michel & Théra

Rapport de recherche n° 2006-04
Déposé le 4 janvier 2006

Université de Limoges, 123 avenue Albert Thomas, 87060 Limoges Cedex
Tél. (33) 5 55 45 73 23 - Fax. (33) 5 55 45 73 22

http://www.xlim.fr
http://www.unilim.fr/laco



Université de Limoges, 123 avenue Albert Thomas, 87060 Limoges Cedex
Tél. (33) 5 55 45 73 23 - Fax. (33) 5 55 45 73 22

http://www.xlim.fr
http://www.unilim.fr/laco



STABILITY IN FRICTIONAL UNILATERAL ELASTICITY
REVISITED: AN APPLICATION OF THE THEORY OF

SEMI-COERCIVE VARIATIONAL INEQUALITIES

SAMIR ADLY, EMIL ERNST, AND MICHEL TH ÉRA

ABSTRACT. In this paper we show how recent results concerning the
stability of semi-coercive variational inequalities on reflexive Banach
spaces, obtained by the authors in [3] can be applied to establish the
existence of an elastic equilibrium to any small uniform perturbation of
statical loads in frictional unilateral linear elasticity. The Fenchel duality
is one of the key techniques that we use.

1. INTRODUCTION AND NOTATION

The purpose of this article is to revisit recent stability results for semi-
coercive variational inequalities on real reflexive Banach spaces obtained
by the authors in [3] by the way of Fenchel’s duality to deduce the existence
of an elastic equilibrium to any small uniform perturbation of statical loads
for a classical problem in frictional unilateral linear elasticity.

The theory of variational inequalities initiated in the early sixties by
G. Stampacchia and his collaborators for the calculus of variations asso-
ciated with the minimization of infinite dimensional functionals covers a
large spectrum of problems and is a very attractive area of study in applied
mathematics (calculus of variations, control theory, free boundary prob-
lems defined by non-linear partial differential equations) with a wide range
of applications. It modelizes, in particular many classes of problems aris-
ing from unilateral problems in mechanics or in plasticity theory, as well
as in finance (pricing american options), economics (Walrasian equilibrium
problems), industry and engineering.

We begin this section by fixing the notations, definitions and preliminar-
ies that will be used later in the paper.(X, ‖ · ‖) will be a real reflexive
Banach space with topological dualX? and〈·, ·〉 will be the duality pairing
betweenX andX?. As usualBX is the closed unit ball ofX.

We now recall two very useful notions. Firstly, following Brézis, we say
that an operatorA : X → X? is pseudomonotoneif for every sequence
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35K85, 74H99.
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(un) such that:

un ⇀ u and lim sup
n→+∞

〈Aun, un − u〉 ≤ 0,

then,
〈Au, u− v〉 ≤ lim inf

n→+∞
〈Aun, un − v〉, ∀v ∈ X.

Note that the class of pseudomonotone operators is large enough since
its contains linear and monotone operators, monotone and hemicontinu-
ous operators, demi-continuous operators satisfying the(S+) property and
strongly continuous operators (for more details, see Zeidler [12, Proposition
27.6]).

Secondly, we callsemi-coercive, every operatorA : X → X? such that
there exist a constantκ > 0 and a closed linear subspaceU of X such that:

(☼)

{
〈Av − Au, v − u〉 ≥ κ distU (v − u)2, ∀u, v ∈ X
A(v + u) = A(v), ∀v ∈ X, ∀u ∈ U andA(X) ⊂ U⊥,

wheredistU (·) denotes the distance toU , i.e.,distU (x) = inf{‖x − u‖ :

u ∈ U}.

The class of semi-coercive operators includes for example

• The projection operator over a closed linear subspace in the Hilbert
space setting;

• If X = H1(Ω), whereΩ is an open bounded subset ofRn with a
smooth boundary, then the operatorA : X → X? defined by

〈Au, v〉 =

∫
Ω

∇u · ∇vdx,

is semi-coercive withU = kerA = R (the space of constant func-
tions).

This article concerns the stability of the solution set of the following vari-
ational inequality:

VI(A, f,Φ, K)

{
Findu ∈ K ∩Dom Φ such that:
〈Au− f, v − u〉+ Φ(v)− Φ(u) ≥ 0, ∀v ∈ K,

where:

(1) A : X → X? is pseudomonotone and semi-coercive operator;
(2) K ⊂ X is a non-empty closed and convex subset;
(3) f ∈ X?;
(4) Φ : X → R ∪ {+∞} is an extended-real-valued convex, lower

semi-continuous function with non-empty effective domain

Dom Φ = {v ∈ X : Φ(v) < +∞} 6= ∅

(this class of functions will hereafter be calledΓ0(X)).



SEMI-COERCIVE VARIATIONAL INEQUALITIES AND UNILATERAL ELASTICITY 3

Some existence results are well known for ProblemVI(A, f,Φ, K) when
the operatorA is linear and coercive, i.e., when there exists a realα > 0

such that :

〈Au, u〉 ≥ α‖u‖2, ∀u ∈ X,
or whenA is non-linear and coercive in the following sense:

lim
‖u‖→+∞

〈Au, u〉
‖u‖

= +∞.

The reader is refereed for instance to the classical contributions of J.L. Li-
ons and G. Stampacchia [11], H. Brézis [4], [5] , G. Fichera [8] and the
references cited therein, as well as in finite dimension to the book by F.
Facchinei and J. S. Pang [7].

The organization of the paper is as follows. We briefly recall in Section 2
stability results forVI(A, f,Φ, K) obtained in our previous article [3]. The
main technical result - [3, Proposition 3.1] - is completed and its proof is
simplified by making use of duality techniques in Lemma 2.1. Theorem 2.2
in subsection 2.1 specificates this stability result when the underlying space
X is a Hilbert space.

Section 3 is concerned with the study of the stability of the existence of
the solution to a classical unilateral problem from the Von Kármán theory
of linear thin plates. The case when the frictional contact takes place on
the border of the plate leads us to a semi-coercive variational inequality for
whichU is a finite dimensional subspace ofX.

Let us also recall some background results from convex analysis (for de-
tails about these notions, the reader is invited to consult for instance the
book by J.B. Hiriart-Urruty and C. Lemaréchal [10]).

Let K be a non-empty closed convex subset ofX. The recession cone
K∞ of K is the set defined by

K∞ := {d ∈ X : x0 + λd ∈ X, ∀λ > 0},

wherex0 is an arbitrary element ofK. If Φ : X → R ∪ {+∞} is an
extended-real-valued function , we define the epigraph ofΦ as

epi Φ = {(x, λ) ∈ X × R : Φ(x) ≤ λ}.

WhenΦ belongs toΓ0(X), the recession functionΦ∞ of Φ is defined by
the relation:

(epi Φ)∞ = epi Φ∞.

Equivalently, we have

(1.1) Φ∞(x) := lim
λ→+∞

Φ(x0 + λx)− Φ(x0)

λ
,
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wherex0 is an arbitrary element ofDom Φ. We setker Φ∞ = {x ∈ X :

Φ∞(x) = 0}, which is a closed convex cone inX.
The Fenchel conjugateΦ? : X? → R ∪ {+∞} of Φ is defined by:

Φ?(x?) = sup
x∈X

{
〈x?, x〉 − Φ(x)

}
.

The indicator function to a convex setK is given by:

IK(x) =

{
0 if x ∈ K

+∞ if x 6∈ K.
The support function toK is defined by:

σK(x?) = (IK)?(x?) = sup
x∈K

〈x?, x〉.

We recall that the barrier cone ofK is defined by:

B(K) = {x? ∈ X? : sup
x∈K

〈x?, x〉 < +∞},

i.e.,B(K) = Dom σK .
If K is a closed cone, its polar is defined by:

K◦ = {x? ∈ X? : 〈x?, x〉 ≤ 0, ∀x ∈ K}.

It is well known that ifK is a non-empty closed and convex subset, then

(1.2) B(K)◦ = K∞.

Therefore,

(1.3) B(K) = (K∞)◦.

A closed and convex subsetK is said to be linearly bounded if and only if
K∞ = {0}. Hence, for linearly bounded subsets, the barrier cone is dense
in X?, i.e.,B(K) = X?.

We recall that forΦ1, Φ2 ∈ Γ0(X), the infimal convolution (or the epi-
graphical sum) is defined by:

(1.4) (Φ12Φ2)(x) = inf
y+z=x

{Φ1(y) + Φ2(z)}.

We say that the infimal convolution is exact provided the infimum appearing
in (1.4) is achieved. It is worth noting that ifΦ1 (or Φ2) is continuous onX,
then

(1.5) (Φ1 + Φ2)
? = Φ?

12Φ?
2

and the infimal convolutionΦ?
12Φ?

2 is exact. In particular, if∂Φ(x) denotes
the subdifferential ofΦ ∈ Γ0(X) atx ∈ Dom Φ, i.e., the non-empty weak?-
closed convex set

∂Φ(x) = {v ∈ X? : 〈v, y − x〉 ≤ Φ(y)− Φ(x), ∀y ∈ Dom Φ},
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it is worth noting that, for convex functionsΦ1 and Φ2 ∈ Γ0(X) with
Dom Φ1 ∩ Dom Φ2 6= ∅, if (Φ1 + Φ2)

? = Φ?
12Φ?

2 and the infimal con-
volution is exact, then∂(Φ1 + Φ2)(x) = ∂Φ1(x) + ∂Φ2(x), for eachx ∈
Dom Φ1 ∩Dom Φ2.

2. THE ABSTRACT STABILITY RESULT

In the paper [3], we discussed the stability of the solution set of the varia-
tional inequalityVI(A, f,Φ, K). More precisely, we characterized all data
(A, f,Φ, K) for which there is some real numberε > 0 such the varia-
tional inequality has a solution for all data(Aε, fε,Φε, Kε) satisfying the
following conditions (hereafter denoted by($)):

• Aε : X → X? is pseudomonotone andU -semi-coercive such that:

‖A(x)− Aε(x)‖ < ε, ∀x ∈ X;

• fε ∈ X? such that‖f − fε‖ < ε;
• K ⊂ Kε + εBX andKε ⊂ K + εBX with Kε a non-empty closed

and convex subset ofX;
• Φε ∈ Γ0(X) is bounded below and such that:

Φ(x)− ε ≤ Φε(x) ≤ Φ(x) + ε, ∀x ∈ X.

To this respect, an important role is played by the resolvent set associated
to VI(A, f,Φ, K),

R(A,Φ, K) = {f ∈ X? : Sol(A, f,Φ, K) 6= ∅},

or equivalently,

R(A,Φ, K) =
⋃
u∈X

Au+ ∂(Φ + IK)(u).

Indeed, as obviously observed, if the variational inequality has solutions
for all data satisfying($), thenf must belong to the interior of the resolvent
set. In order to describe this set denoted byIntR(A,Φ, K), let us associate
to problemVI(A, f,Φ, K) the following function:

(2.1) Ψ(x) := κ(distU(x))2 + Φ(x) + IK(x) ∀x ∈ X.

A crucial step - [3, Proposition 3.1] - in achieving the desired characteri-
zation of stable data(A, f,Φ, K) says thatIntR(A,Φ, K) = Int Dom Ψ?.
The following new Lemma give a complete description of the domain of
Ψ?, the conjugate function ofΨ, in terms of dataU , Φ andK, allowing thus
a new and simpler proof for the first part (step 1) of [3, Proposition 3.1],
namely of the inclusionR(A,Φ, K) ⊆ Dom Ψ?.
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Lemma 2.1. We have

Dom Ψ? = U⊥ + Dom [Φ + IK ]? ,

and consequently,

R(A,Φ, K) ⊆ Dom Ψ?.

Proof. Let us compute the domainDom Ψ? of the conjugateΨ?.
We haveΨ = κ(distU(·))2+(Φ+IK). We setΦ1 = κ(distU(·))2 ∈ Γ0(X)

andΦ2 = (Φ + IK) ∈ Γ0(X). SinceΦ1 is continuous onX, then using
(1.5), we get

Ψ? =
[
κdistU(·)2

]?
2 [Φ + IK ]? .

Hence,

Dom Ψ? = Dom
[
κdistU(·)2

]?
+ Dom [Φ + IK ]? .

On the other hand, we have:

1

2
distU(·)2 =

1

2
‖ · ‖2 2 IU .

Since‖ · ‖2 is continuous onX, using (1.5) again, we obtain[
1

2
distU(·)2

]?

=
1

2
‖ · ‖2

∗ + IU⊥ .

Therefore, [
κdistU(·)2

]?
= 2κ

(1

2
‖ ·
2κ
‖2
∗ + IU⊥(

·
2κ

)
)
.

Hence,

Dom
[
κdistU(·)2

]?
= U⊥.

Consequently,

(2.2) Dom Ψ? = U⊥ + Dom [Φ + IK ]? .

Using assumptions (☼) and the fact that the range of∂Φ is included in
Dom Φ?, we get:

(2.3) R(A,Φ, K) ⊂ U⊥ + Dom [Φ + IK ]?.

Relations (2.2) and (2.3) complete the proof of the lemma. 2

A standard convex analysis result says that the interior of the domain of
a convex function (such asΦ?) defined on a real Banach space (such asX?)
is non-empty if and only if the function is bounded above on some closed
ball, x + rBX , x ∈ X, r > 0. Accordingly, the interior of the resolvent is
non-empty if and only if

Ψ(x) ≥ α‖x‖+ 〈g, x〉+ β ∀x ∈ X,



SEMI-COERCIVE VARIATIONAL INEQUALITIES AND UNILATERAL ELASTICITY 7

for someα > 0, β ∈ R andg ∈ X?. On the other hand, ifInt Dom Ψ? is
non-empty, then we have:

(2.4) Int Dom Ψ? =
{
g ∈ X? : 〈g, w〉 < Ψ∞(w), ∀w ∈ X \ {0}

}
.

A simple computation of the recession functionΨ∞, of Ψ given in (2.1),
gives us:

(2.5) Ψ∞(w) = IU(w) + Φ∞(w) + IK∞(w).

Hence,

f ∈ Int Dom Ψ? ⇐⇒ 〈f, w〉 < Φ∞(w), ∀w ∈ U ∩K∞ \ {0}
⇐⇒ ∃α > 0, β ∈ R : Ψ(x)− 〈f, x〉 ≥ α‖x‖+ β,(2.6)

which means that the functionalx 7→ F(x) := Ψ(x)− 〈f, x〉 is coercive.

Let us recall the the main result in [3].

Theorem 2.1. [3] There is a realε > 0 such that the set of solution of the
variational inequalityIV(Aε, fε,Φε, Kε) is non-empty for every perturbed
data(Aε, fε,Φε, Kε) satisfying the conditions($) if and only if the follow-
ing hold:

(i) U ∩K∞ ∩ ker Φ∞ contains no lines;
(ii) 6 ∃(xn) ⊂ K such that:

‖xn‖ → +∞, xn

‖xn‖ ⇀ 0 and limn→+∞
κ(distU (xn))2+Φ(xn)

‖xn‖ = 0;

(iii) 〈f, w〉 < Φ∞(w), ∀w ∈ U ∩K∞ \ {0}.

Remark 2.1. We note that the compatibility condition (iii) in Theorem 2.1,
is equivalent to the coercivity of the following energy functional :

(2.7) F(x) := κdistU(x)2 + Φ(x) + IK(x)− 〈f, x〉

in the sense of (2.6).

2.1. Application to Hilbert space linear semi-coercive variational in-
equalities. When the closed linear subspaceU has a finite dimension and
the underlying spaceX is a Hilbert space, the above cited stability result
takes a simpler form.

Namely, let us suppose that(X, 〈·, ·〉 is a Hilbert space with associated
norm‖ · ‖) and thatA : X → X is a bounded symmetric linear operator
such that:

(2.8) dimR kerA < +∞.

Let us suppose that in addition,A is semi-coercive according to definition
(☼), or, equivalently:

(2.9) ∃κ > 0 : 〈Au, u〉 ≥ κ‖Qu‖2, ∀u ∈ X,
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whereQ = I − P , while P : X → kerA is the orthogonal projection on
kerA. Note that, in this case, the linear subspaceU is kerA, and‖Q(x)‖
coincides with the distance from a pointx in X toU .

Example 2.1.

(i) More generally, it is easy to see ([9]) that a linear monotone (i.e.,
satisfying〈Au, u〉 ≥ 0, ∀u ∈ X) operatorA is semi-coercive pro-
vided that the image ofA, ImA = {y ∈ X? : for some x ∈ X, y =

A(x)} is closed;
(ii) Moreover, ifA is a linear and monotone operator, the following

statements are equivalent :
(a) A is semi-coercive anddimR kerA < +∞;
(b) there is a strongly continuous operatorC : X → X such that

A+ C is coercive.
(iii) Let (H, | · |) be a Hilbert space andX ↪→ H be a compact mapping.

If A : X → X is a bounded linear and monotone operator fulfilling
the following G̈arding inequality :

∃λ > 0, ∃c > 0 such that :〈Au, u〉+ λ|u|2 ≥ c‖u‖2, ∀u ∈ X,

thenA is semi-coercive anddimR kerA < +∞.

Proofs of these statements as well as further details may be found in [9].
The announced specification of Theorem 2.1 reads as follows.

Theorem 2.2. Suppose thatA is a bounded symmetric linear operator de-
fined on a Hilbert spaceX with a finite dimensional kernel. The linear
variational inequalityVI(A, f,Φ, K) is stable with respect to uniform per-
turbations according to relation($) if and only if the two following condi-
tions are satisfied:

(i) kerA ∩K∞ ∩ ker Φ∞ contains no line;
(ii) 〈f, w〉 < Φ∞(w), ∀w ∈ kerA ∩K∞, w 6= 0.

Proof. This result is a simple consequence of Theorem 2.1. Indeed, as
conditions (i) and (iii) of Theorem 2.1 are verified, let us prove that con-
dition (ii) is also satisfied. To this end, we suppose that there is some se-
quence(un)n∈N∗ ⊂ K such that:tn := ‖un‖ → +∞, wn := un

‖un‖ ⇀ 0, and
κ‖Qun‖2+Φ(un)

‖un‖ → 0 whenn→ +∞.
We have

(2.10)
κ‖Qun‖2 + Φ(un)

‖un‖
= κ tn‖Qwn‖2 +

Φ(tnwn)

tn
.
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Sincelimn→+∞
κ‖Qun‖2+Φ(un)

‖un‖ = 0, then

lim sup
n→+∞

κ tn‖Qwn‖2 + lim inf
n→+∞

Φ(tnwn)

tn
≤ 0.

On the other hand, aswn ⇀ 0 we havelim infn→+∞
Φ(tnwn)

tn
≥ Φ∞(0) = 0,

and consequently

lim sup
n→+∞

tn‖Qwn‖2 ≤ 0.

Thus,

lim
n→+∞

tn‖Qwn‖2 = 0.

Hence,

lim
n→+∞

‖Qwn‖2 = 0.

It follows thatQwn → 0 strongly inX.
On the other hand, asdimR kerA < +∞, thenPwn → 0 strongly inX.
Sincewn = Pwn + Qwn, this infer the norm-convergence to0 of the se-
quence(wn). This relation contradicts the fact that‖wn‖ = 1, and com-
pletes the proof of the Theorem. �

3. STABILITY OF THE ELASTIC EQUILIBRIUM IN UNILATERAL

FRICTIONAL PROBLEMS IN LINEAR PLATE THEORY.

In this section we apply (Theorem 2.2) (the specification of our general
method to the Hilbert space setting) to the equilibrium problem for a linear
elastic thin plate subjected to unilateral limit conditions.

We follow the monograph [6, Chapter 4] by G. Duvaut & J.L. Lions as a
reference textbook. Let us consider a thin plate occupying a bounded plane
domainΩ ⊂ R2 with a smooth (for instanceC1) boundary denoted byΓ.
The unknown parameter of our problem is the vertical displacement of the
plate (also called vertical deflection in [6, page 201]) and is denoted by
u : Ω → R.

A vertical loadf ∈ L2(Ω) acts on every point of the plate. It is proved in
[6, page 210] that the equilibrium vertical displacement fulfills the partial
differential equation42u = f onΩ, where42 means4◦4 and represents
the biharmonic operator.

The frictional unilateral boundary conditions imposed onΓ may be mod-
elized through the variational inequalityVI(A, f,Φ, K), where the data are
defined as follows:K = X = H2(Ω), A : X → X is a bounded linear
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symmetric and monotone operator defined by:

〈Au, v〉 =∫
Ω

(
∂2u

∂x2
1

∂2v

∂x2
1

+
∂2u

∂x2
2

∂2vu

∂x2
2

+ ν
(∂2u

∂x2
1

∂2v

∂x2
1

+
∂2u

∂x2
2

∂2vu

∂x2
2

)
+

2(1− ν)
∂2u

∂x1∂x2

∂2v

∂x1∂x2

)
dx,

whereν is the Poisson coefficient supposed such that0 < ν < 1
2
, and finally

Φ : X → [−∞,+∞] is of form

Φ(v) =

∫
Γ

j(v(x))dσ,

wherej : R → R+ ∪ {+∞} is a convex lower semi-continuous function
such thatj(0) = 0 andΓ is the boundary ofΩ.

0
x

x

Ω

u(x  ,x  )
1 2

1

2

b)

0
x

x

Ω

u(x  ,x  )
1 2

1

2

a)

FIGURE 1. Unilateral problems for thin plates

Indeed, for every choice of the convex functionj, theH2(Ω)-solution
to the variational inequalityVI(A, f,Φ, K) verifies42u = f . Moreover,
the casej(s) = α|s|, with α > 0, corresponds to a unilateral frictional
(Coulomb) condition on the boundary of the plate (Fig 1-a) while the func-
tion j defined byj(s) = 0 whens ≥ 0 and j(s) = +∞ whens < 0,
modelizes the perfect (frictionless) unilateral contact (Fig 1-b).

In order to apply the stability result stated by Theorem 2.2 to the varia-
tional inequalityVI(A, f,Φ, K), let us first determine the recession func-
tion Φ∞ of Φ. We have

Φ∞(v) =

∫
Γ

j∞(v(x))dσ =

∫
Γ

(j1v
+ − j2v

−)dσ,

where

j1 = lim
s→+∞

j(s)

s
, j2 = lim

s→−∞

j(s)

s
, v+ = max(v, 0) andv− = (v, 0).

On the other hand, it is well known that the kernel of the operatorA (that is
the subspaceU )

kerA = {a+ bx1 + cx2 : a, b, c ∈ R}.
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It is obvious thatker Φ∞ does not contain any line (except for the trivial
casej = 0), which means that conditioni) from Theorem 2.2 is always
fulfilled.

In order to take into account conditionii), let us set

f0 :=

∫
Ω

f(x1, x2)dx1x2,

f1 :=

∫
Ω

x1f(x1, x2)dx1x2

and

f2 :=

∫
Ω

x2f(x1, x2)dx1x2.

Obviously we observe that∫
Ω

f(x1, x2)(a+ bx1 + cx2)dx1x2 = af0 + bf1 + cf2.

Let us also define the mappingψ : R3 → R+ by

ψ(a, b, c) := Φ∞(a+ bx1 + cx2)

=

∫
Γ

(
j1(a+ bx1 + cx2)

+ − j2(a+ bx1 + cx2)
−
)
dσ;

ψ is clearly a convex, positively homogeneous extended-real-valued func-
tion which is lower semi-continuous with respect to the standard topology
of R3. The functionψ depends on the shape of the plate,Ω ∈ R2, as well
as on the values ofj1 andj2.

Conditionii) from Theorem 2.2 reads∫
Ω

f(x1, x2)(a+ bx1 + cx2)dx1x2 < Φ∞(a+ bx1 + cx2)

for all a, b, c ∈ R such thata2 + b2 + c2 6= 0, which means that

af0 + bf1 + cf2 < ψ(a, b, c) ∀a, b, c ∈ R, a2 + b2 + c2 6= 0.

Accordingly, the functionΘ defined by

Θ(a, b, c) := ψ(a, b, c)− (af0 + bf1 + cf2)

is strictly positive over the unit sphere

S := {(a, b, c) ∈ R3 : a2 + b2 + c2 = 1}.

As Θ is lower semi-continuous, it is necessarily bonded below onS. Other-
wise, if it was unbounded below, then for every integerk there would exist
a sequence(sk) in S such thatΘ(sk) ≤ 1

k
. By compacity ofS, relabeling

if necessary, we may suppose that the sequence(sk) tends tos̄ ∈ S and
therefore thatΘ(s̄) ≤ lim infk→+∞ Θ(sk) ≤ 0, a contradiction. Hence,

(3.1) ψ(a, b, c)−(af0 +bf1 +cf2) ≥ r ∀ a, b, c ∈ R, a2 +b2 +c2 = 1
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for somer > 0. Sinceα is positively homogeneous, relation (3.1) - and,
consequently, conditionii) from Theorem 2.2 - is equivalent to

(3.2) ψ(a, b, c) ≥ (af0 + bf1 + cf2) + r‖(a, b, c)‖ ∀ a, b, c ∈ R.

As ψ is positively homogeneous relation (3.2) amounts to saying that

(3.3) (f0, f1, f2) ∈ Int ∂ψ(0).

Indeed, it is well known that for a convex lower semi-continuous function
ψ : Rn → R ∪ {+∞},

0 ∈ Int ∂ψ(0) ⇐⇒ for somer > 0, ψ
′
(0; ·) ≥ r‖ · ‖.

Whenψ is positively homogeneous, then the directional derivativeψ
′
(0; ·)

of ψ at0 coincides withψ, and relation (3.3) follows immediately.

Remark 3.1. Observe that relation (3.3) is fulfilled for everyf ∈ L2(Ω) if
and only ifψ is the indicator function of the singleton{0}, that isψ(0) = 0

andψ(a, b, c) = +∞ for everya, b, c ∈ R such thata2 + b2 + c2 6= 0. This
can happen if and only ifj1 = j2 = +∞, that is

(3.4) lim
|s|→∞

j(s)

|s|
= +∞.

We may conclude that the equilibrium displacement for the frictional uni-
lateral problem modelized by the variational inequalityVI(A, f,Φ, K) ex-
ists and is stable for any loadf ∈ L2(Ω) if and only if the convex function
j is strongly coercive (in the sense of relation (3.4)).
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