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SELF-EQUILIBRATED SETS AND FUNCTIONS IN DUAL
VECTOR SPACES: TWO BOUNDEDNESS CRITERIA

EMIL ERNST, MICHEL THÉRA, AND MICHEL VOLLE

ABSTRACT. This paper is devoted to studying boundedness criteria for
extended-real-valued functions. The study is done in the framework of
dual vector spaces, using new objects such as self-equilibrated sets and
functions.

We establish two boundedness new major criteria. The first one says
that an extended-real-valued function is bounded below provided it is
minorized by an affine map on one of its self-equilibrated subsets.

The second criterion says that every self-equilibrated function mi-
norized by an affine mapping on the whole underlying space is bounded
below.

1. INTRODUCTION AND NOTATIONS

This research is intended to focus on the question of giving criteria to
ensure that an extended-real-valued function defined on a locally convex
vector space is bounded below. The problem is of main interest in opti-
mization and has been rarely studied for its own since criteria ensuring a
function to be bounded generally result from more general statements.

When X is a locally convex space it is well known that the Fenchel-
Legendre conjugate

Φ? : X? → R ∪ {−∞, +∞}, Φ?(y) = sup
x∈X

(〈x, y〉 − Φ(x)) ,

defined on the topological dualX? of X is a particularly well suited notion
in studying the boundedness of an extended-real-valued functionΦ : X →
R∪{−∞, +∞}. The key relationinfX Φ = −Φ?(0) says thatΦ is bounded
below if and only if0 ∈ Dom Φ? = {x ∈ X? : Φ?(x) < +∞}, the
effective domain ofΦ?. As Dom Φ? is a convex set, relation0 ∈ Dom Φ?

occurs when the coneR+ (Dom Φ?) = {λx : λ ≥ 0, x ∈ Dom Φ?}
spanned by the effective domain ofΦ? is a linear subspace ofX?. Let us
summarize this remark by the following easy boundedness criterion:
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(☼) an extended-real-valued function is bounded below on a locally
convex spaceX when the cone spanned by the effective domain of its con-
jugate is a linear subspace of the topological dualX? of X.

Another tool which can successfully be used to tackle the problem of the
boundedness of an extended-real-valued function, at leastfor convex lower
semi-continuous functions, is the concept of infimal convolution (some-
times called epi-sum in the literature). Denoted byΦ�Ψ and defined by

Φ�Ψ(x) = inf
y∈X

(Φ(x − y) + Ψ(y)) ∀x ∈ X,

the infimal convolution of a pair of extended-real-valued functions
Φ, Ψ : X → R ∪ {+∞} is said to be exact atx ∈ X provided the inf
appearing in the definition is attained.

Obviously, the infimal convolution between the extended-real-valued
functionΦ and the constant function equal to zero is again a constant func-
tion, and its value is equal to the infimum ofΦ over X. Moreover, this
infimal convolution cannot be real-valued and exact unlessΦ is bounded
below and achieves its infimum overX.

The infimal convolution of two proper (distinct from the constant func-
tions −∞ and +∞) convex lower semi-continuous extended-real-valued
functions (this class is hereafter denoted byΓ0(X)) has been extensively
studied due to its remarkable role in duality theory and in particular in the
central problem of computing the conjugate of the sum of two functions.

In this respect, it is customary to use aqualification condition, that is a
condition stated in terms ofΦ? andΨ? which ensures that relation

(1) Φ�Ψ = (Φ? + Ψ?)?

holds inΓ0(X) and that the infimal convolution is exact.
Clearly, any such qualification condition induces a boundedness criterion

for a function inΓ0(X). Indeed, every function inΓ0(X) is bounded below
when some qualification condition is fulfilled by its conjugate and by the in-
dicator function of the singleton{0} (the conjugate of the constant function
equal to zero).

Thus, the classical Moreau-Rockafellar condition ([12,§9.3 Proposition
9.2]), assuming in the general locally convex setting that one of the conju-
gates is finite and continuous at some point where the other isfinite, infers
the following boundedness criterion:

(K) a function inΓ0(X) is bounded below (and achieves its infimum)
over a locally convex spaceX when its conjugate is finite and continuous
at 0 for any locally convex topology onX? compatible with the duality
betweenX? andX.
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This qualification condition has known numerous refinements, attempt-
ing in general to replace the required continuity of one of the conjugates
by a geometric condition related to the interplay between their effective do-
mains. A significant step was accomplished when Attouch and Brézis ([3]),
proved for reflexive Banach spaces that a sufficient condition for relation
(1) to hold and for the infimal convolution to be exact is that the convex
coneR+ (Dom Φ? − Dom Ψ?) spanned by the difference of the effective
domains ofΦ? andΨ? is a closed linear space. This result infers a new
boundedness criterion:

(H#) a function belonging to the classΓ0(X) is bounded below (and
reaches its infimum) over a reflexive Banach spaceX if the cone spanned
by the effective domain of its conjugate is a closed linear space.

Let us remark that, when seen as a boundedness criterion, (H#) and (K) are
mere corollaries of (☼). Indeed, criterion (H#) asks for the continuity of the
the conjugate at0. This forces the cone spanned by its effective domain to
coincide withX?, while criterion (K) directly imposes to this cone to be a
closed linear subspace ofX?. A similar analysis shows that the situation is
mostly the same when we consider specifications to optimization of quali-
fication criteria stated by Azé, (see [4]), and by Combari-Laghdir-Thibault
(in [6]).

Recently, a new qualification condition was introduced by Moussaoui
and Volle (see [13] and [14]). Developing ideas going back toJoly’s the-
sis ([10]), the authors proposed a qualification condition valid for locally
convex spaces. When specifying this qualification condition to the charac-
terization of convex functions that are bounded below, we deduce that

(G#) a function belonging to the classΓ0(X) is bounded below (and
achieves its infimum) over a locally convex spaceX provided the weak?-
closure of the cone spanned by the effective domain of its conjugate is a
linear space and all its sublevel sets are locally weakly compact.

Consequently, the boundedness criteria obtained by using qualification
conditions either reduce to direct application of the trivial criterion (☼) as
for Attouch-Brézis, Azé and Combari-Laghdir-Thibault criteria, or, in the
case of the criterion proposed by Moussaoui and Volle, are burdened in their
use by restrictive topological requirements.

Our aim in this presentation is to adopt a totally different standpoint in or-
der to derive new criteria for extended-real-valued functions to be bounded
below.

As an example, let a us start with a well known argument. WhenX is
locally convex, a functionΦ in the classΓ0(X) achieves its infimum on each
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weakly compact convex sets ofX; therefore it is bounded below on such a
set. Accordingly, such a functionΦ is bounded below if one of its sublevel
sets is weakly compact. When the underlying spaceX is a reflexive Banach
space, this reads as follows:

(L) a function in the classΓ0(X) is bounded below on a reflexive Ba-
nach spaceX if at least one of its sublevel sets is bounded.

Although not a very interesting result in itself, being nothing but an easy
application of either of criteria (K), (G#) and (H#), the method used in deriving
(L) may lead to more comprehensive results.

Indeed, the lack of generality of criterion (L) is obviously a consequence
of the fact that the set of bounded closed and convex sets doesnot exhaust,
and by far, the class of sets which cannot be sublevel sets of functions be-
longing toΓ0(X) that are unbounded below.

Clearly, in oder to state a nontrivial boundedness criterion of type (L),
one must first completely characterize the class of those sets which cannot
be sublevel sets of functions unbounded below.

This task is achieved in the main result of Section 2 (Proposition 1) in
the general setting of dual vector spaces, sayX andY , where the dual-
ity bracket is〈·, ·〉 : X × Y → R. The main tool is the notion of self-
equilibrated set: a subsetS of the vector spaceX such that every linear
map〈·, y〉 y ∈ Y , which is bounded above onS is also bounded below on
the same set.

Proposition 1 states that a setS may play the role of a sublevel set of an
unbounded below extended-real-valued function minorizedon S by some
affine mapping, if and only ifS it is not self-equilibrated.

Our first boundedness criterion (Theorem 1) establishes that every exten-
ded-real-valued function minorized on a self-equilibrated sublevel set by an
affine mapping is bounded below.

Section 2 finally gives two applications of Theorem 1: the first one (Corol-
lary 1) applies our first criterion to a subclass of quasi-convex functions, and
the second one (Theorem 2) is a specification of Theorem 1 to the particular
case of functions minorized by an affine mapping on the whole underlying
spaceX.

The third section proposes a new boundedness criterion, valid, as The-
orem 2, only for functions which are minorized on the whole spaceX by
some affine map.

Our second boundedness criterion relies on the notion of self-equilibrated
function. An extended-real-valued functionΦ is self-equilibrated provided
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that if it grows faster than a linear map〈·, y〉, y ∈ Y ,

[sup
x∈S

Φ(x) < +∞] =⇒ [sup
x∈S

〈x, y〉 < +∞],

(suchy is called a growth direction forΦ) then the same holds for the oppo-
site linear map,〈·,−y〉. Remark that an extended-real-valued function may
be self-equilibrated even if none among its sublevel sets isself-equilibrated,
and that the existence of a self-equilibrated sublevel set does not imply that
the function itself is self-equilibrated.

The main result of Section 3 (Theorem 3) states that an extended-real-
valued function is bounded below provided it is self-equilibrated and mi-
norized onX by an affine mapping. A straight application of Theorem 3
can be formulated as follows: every self-equilibrated convex function on
R

n with values inR ∪ {+∞} is bounded below.

The subsection 3.1 collects some of the basic properties of the convex
coneGΦ of all the growth directions of a functionΦ. This coneGΦ always
includes the convex cone spanned by the effective domain of the conjugate
of Φ; the former cone is in general sensibly larger than the latter. When
Φ is a convex function minorated onX by an affine mapping, the cone
spanned by the effective domain ofΦ? is dense inGΦ with respect to every
possible vector space topology defined on the dual spaceY (Proposition
6). Moreover, the two cones coincide in two important particular cases: for
convex finite functions minorized by affine mappings (Corollary 2) and for
convex functions bounded below (Corollary 3).

When applied to the duality betweenX (supposed to be locally convex)
and X?, the space of all linear and continuous functions defined onX,
Theorem 3 infers (see Theorem 4) that every proper convex extended-real-
valued lower semi-continuous function is bounded below provided the set
of all its continuous growth directions is a linear space.

The question whether a self-equilibrated lower semi-continuous convex
function reaches its infimum is addressed in the last sectionof the article.
We display (Proposition 11) a case where the answer is positive, and another
situation (Proposition 12) where the answer is negative: anopen question is
finally raised.

1.1. Definitions and notations. Terminology and notation are mostly sim-
ilar to those of [12] and [16]. The purpose of the next few paragraphs is
therefore not only to recall some basic notions from convex analysis but
also to introduce the specific notation of this article.

In the sequel,X andY denote a pair of dual real linear spaces and the
duality bracket is given by〈·, ·〉 : X×Y → R. We assume that the following
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two separation properties hold:

∀x 6= 0, x ∈ X, ∃y ∈ Y s.t. 〈x, y〉 6= 0,

∀y 6= 0, y ∈ Y, ∃x ∈ X s.t. 〈x, y〉 6= 0.

A locally convex topology onX (respectively onY ) is called compatible
with the duality if for that topology the maps of type〈·, y〉 : X → R,
y ∈ Y (respectively〈x, ·〉 : Y → R, x ∈ X) are the only linear continuous
functions onX (respectively onY ). In this case,Y may be identified with
the topological dualX? of X (andX with Y ?). Unless specified otherwise,
by affine mapping onX we intend a mapping of form〈·, y〉+r, with y ∈ Y

andr ∈ R.
The intersection of all the closed half-spaces ofX containing some subset

C of X is called the regular hull ofC

〈C〉 =
⋂

y∈Y

{

x ∈ X : 〈x, y〉 ≤ sup
z∈C

〈z, y〉
}

;

obviously, the regular hull ofC is the closed convex hull ofC with respect
to any locally convex topology onX compatible with the duality. A set
is called regular if it coincides with its regular hull. Similarly, the regular
hull of an extended-real-valued functionΦ : X → R ∪ {−∞, +∞} is
obtained by taking the supremum over all the affine mapping minoringΦ,
and a function is regular if it coincides with its regular hull. Clearly, regular
functions are convex and lower semi-continuous with respect to any locally
convex topology onX compatible with the duality. The class of all the
regular functions defined onX is, as customary, denoted byΓ(X), while
Γ0(X) is the set of those functions inΓ(X) which are different from the
constant funtions equal to+∞ or −∞. Let us also denote byAM(X) the
set of all extended-real-valued functions which have theirconjugate some-
where finite (in other words functions minorized onX by some affine map-
ping); Γ0(X) is clearly a part ofAM(X). Finally, we use the notation
AM(C) to denote the class of those extended-real-valued functions which
are minorized on a subsetC of X by some affine mapping (this amounts
saying that the effective domain of the conjugate of their restriction toC is
nonempty).

As usual, the Fenchel-Legendre conjugate of an extended-real-valued
functionΦ is the functionΦ? defined onY by

Φ?(y) = sup
x∈X

(〈x, y〉 − Φ(x)) .

It is well known that the conjugate of any extended-real-valued function is
regular, and that the bi-conjugate and the regular hull coincide.
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For every extended-real-valued functionΦ : X → R ∪ {−∞, +∞}, the
sublevel of levelm of Φ is the set

[Φ ≤ m] = {x ∈ X : Φ(x) ≤ m}.
The effective domain DomΦ is the union of all its sublevel sets,

DomΦ = {x ∈ X : Φ(x) < +∞}.
An extended-real-valued function which does not achieve the value−∞
and has a nonempty effective domain is called proper. Observe that aΓ(X)

function is proper if and only ifDomΦ 6= ∅ and Φ is not the constant
function−∞.

A subsetC of X is bounded if every linear map of form〈·, y〉 : X → R,
y ∈ Y is bounded below and above onC.

Let C be a convex subset ofX. Theindicator functionof C is the (con-
vex) functionδ(·|C ) defined by

δ(x|C ) =

{

0 x ∈ C

+∞ otherwise

and the effective domain of the conjugate of the indicator functionδ(·|C )

of C is the barrier cone ofC,

B(C) = Dom(δ(·|C )∗) = {y ∈ Y : sup
x∈C

〈x, y〉 < +∞}.

2. SELF-EQUILIBRATED SETS: A FIRST BOUNDEDNESS CRITERION

The goal of this section is to characterize all the sets that are sublevel sets
of a function unbounded below. In other words, we would like to establish
in what extent the boundedness below of a function can be derived from
properties of its sublevel sets.

To this respect, let us define the following geometric notion.

Definition 1. A subsetS of the real linear spaceX is self-equilibrated if
every linear map of the type〈·, y〉 : X → R, y ∈ Y which is bounded above
onS is also bounded below on the same set.

Equivalently, the setS is self-equilibrated if and only ifB(S) = −B(S),
that is ifB(S), the barrier cone ofS, is a linear subspace ofY .

Let us first collect several obvious properties of self-equilibrated sets.

Remark 1. All the bounded sets and all the symmetric sets (that is setsS

such thatS = −S) as well as their translates (the so-called center sets, see
[7]), are obviously equilibrated.
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Remark 2. The algebraic sum, as well as the union of two self-equilibrated
sets is also a self-equilibrated set. In general, the intersection of two self-
equilibrated sets may fail to be a self-equilibrated, even in the convex regu-
lar setting.

Remark 3. A setS is self-equilibrated if and only if its regular hull〈S〉 is
self-equilibrated.

When the algebraic dimension of the spaceX is finite, it should be ob-
served that a setS is self-equilibrated if and only if its regular hull〈S〉 is
the algebraic sum between a linear subspace and a bounded regular subset
of X, that is between a symmetric and a bounded set.

The notion of self-equilibrated set allows us to state the main result of
this section. We thus characterize all the sets which can play therole of
sublevel set for a function unbounded below.

Proposition 1. A subsetS of X may be expressed as a sublevel set of a
function unbounded below and minorized onS by an affine mapping if and
only if S is not self-equilibrated.

Proof of Proposition 1: Let S be a non self-equilibrated subset ofX. Ac-
cordingly, there isy ∈ Y such that the map〈·, y〉 : X → R is bounded
above but unbounded below onS. SetΦS(x) = δ(·|S)(x) + 〈x, y〉 − M,

whereM = supS 〈·, y〉. Let us observe thatS is the sublevel set (corre-
sponding to the level zero) ofΦS ∈ AM(X) that is unbounded below.

Conversely, let us prove that ifS is a sublevel set of aAM(S)-function
unbounded below, thenS cannot be self-equilibrated. To establish a con-
tradiction, let us select an extended-real-valued function Φ andt ∈ R such
that the sublevel setS = [Φ ≤ t] is a nonempty self-equilibrated set while
Φ ∈ AM(S) and is unbounded below.

As Φ belongs toAM(S), there isy ∈ Y andr ∈ R such that

(2) Φ(x) ≥ 〈x, y〉 + r ∀x ∈ S.

For everyx ∈ S = [Φ ≤ t] and according to relation (2) it follows that

〈x, y〉 ≤ t − r ∀x ∈ S.

In other words,y ∈ B(S).

As the setS is self-equilibrated, then−y ∈ B(S). If M = supx∈S〈x,−y〉
(which is finite), using again relation (2) we deduce that

(3) Φ(x) ≥ r − M ∀x ∈ S.
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SinceΦ(x) > t for everyx /∈ S = [Φ ≤ t] we deduce thatΦ is bounded
below, a contradiction. �

In other words, if a sublevel set of an extended-real-valuedfunction is
self-equilibrated, and the function is minorized on this sublevel set by an
affine mapping, then the function is bounded below. We are nowin a posi-
tion to state a variational result.

Theorem 1. An extended-real-valued function which is minorized on one
of its self-equilibrated sublevel sets by an affine mapping is bounded below.

The simplest way to use the previous result is to apply Theorem 1 to
functions minorized by affine mappings.

Theorem 2. An extended-real-valued function minorized by an affine map-
ping is bounded below provided at least one of its sublevel sets is self-
equilibrated.

The variational principle stated in Theorem 1 may however besuccess-
fully applied to functions which cannot be minorized onX by affine map-
pings. As an example, consider the class of those quasi-convex functions of
the type

(4) Ψ(x) = sup
i∈I

(min(〈·, yi〉 + ai, ri)) ,

whereyi ∈ Y , ai, ri ∈ R, while I is an arbitrary index set. For properties
and uses of this class, containingΓ0(X), we refer the reader to [15] and
[11].

Obviously,supX Ψ = supi∈I ri, while for everyi ∈ I andr ≤ ri, Ψ is
minorized on the sublevel set[Ψ ≤ r] by the affine mapping〈·, yi〉 + ai.
Moreover, a sublevel[Ψ ≤ r] coincides withX if and onlyr ≥ supX Ψ.

Thus,Ψ is minorized by an affine mapping on every of its proper (distinct
from X) sublevel sets[Ψ ≤ r], or equivalently, when the levelr is such that
r < supX Ψ. Theorem 1 gives therefore a boundedness criterion for quasi-
convex functions of type (4).

Corollary 1. Every quasi-convex function of type (4) is bounded below pro-
vided one of its sublevel sets is a self-equilibrated propersubset ofX.

3. GROWTH DIRECTIONS: SECOND BOUNDEDNESS CRITERION

In order to use Theorem 2, it is necessary to decide if at leastone among
all the sublevel sets of a function is self-equilibrated. This task is rather
difficult in practice. This section will provide a differentand easier criterion
for boundedness below of a function inAM(X). Instead of the notion of
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self-equilibrated set, this criterion is based upon the closely related notion
of self-equilibrated function.

Definition 2. The elementy from the dual spaceY is a growth direction for
the extended-real-valued functionΦ, if

sup
x∈S

〈x, y〉 = +∞ =⇒ sup
x∈S

Φ(x) = +∞

whereS is any subset ofX.

In other words,y ∈ Y is a growth direction forΦ if the functionΦ grows
faster than the linear map〈·, y〉.

Definition 3. An extended-real-valued functionΦ defined on the vector
spaceX is called self-equilibrated if the setGΦ of all its growth directions
is a linear subspace of the dualY of X.

Remark that an extended-real-valued function may be self-equilibrated
even if none of its sublevel sets is self-equilibrated. To this respect, consider
a separable Hilbert spaceX with basisB = {bi : i ∈ Z}; thus, for every
i ∈ Z, let xi denote the value of the inner product betweenx ∈ X and
bi ∈ X. For everyx 6= 0, setCx for the set{i ∈ Z : xi 6= 0} andc(x) for
sup(Cx); obviously,c(x) > −∞, andxc(x) 6= 0 provided thatc(x) < +∞.
We define the extended-real-valued functionΦ by

Φ(x) =















−∞ x = 0

c(x) c(x) < +∞, xc(x) > 0

c(x) + 1 c(x) < +∞, xc(x) < 0

+∞ c(x) = +∞
.

It is easy to see that

[Φ ≤ r] = {x ∈ X : xn ≥ 0, xm = 0, ∀m > n},

wheren is the unique integer fulfillingn ≤ r < n+1. Accordingly, none of
the sublevel sets of the extended-real-valued lower semi-continuous quasi-
convex functionΦ is self-equilibrated, whileGΦ = {0}, and thereforeΦ is
necessarily a self-equilibrated function. Modify the value of Φ at zero by
settingΦ(0) = c ∈ R to obtain a self-equilibrated function with values in
R ∪ {+∞} with the same property.

It is much easier to give an example of a function which is not self-
equilibrated while at least one of its sublevel set is self-equilibrated. Indeed,
the function

Φ(x) =

{

x2

x2+1
x ≤ 0

x x > 0
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has bounded (and thus self-equilibrated) sublevel sets forevery level less
than1, while the cone of growth directions ofΦ is the positive half-line,
GΦ = {t : t ≥ 0}.

The second boundedness criterion reads as follows.

Theorem 3. An extended-real-valued function is bounded below provided
it is self-equilibrated and minorized by an affine mapping.

Remark 4. The set of growth direction of the function(Φ + δ(·|[Φ ≤ r]))

is the barrier cone of the set[Φ ≤ r]. In particular, the set of all the growth
directions of the indicator function of a set coincides withthe barrier cone
of this set; accordingly, the indicator function of a set is self-equilibrated if
and only if the set itself is self-equilibrated.

It is possible to use Remark 4 in order to deduce Theorem 1 as a con-
sequence of Theorem 3. Indeed, letΦ be an extended-real-valued func-
tion minorized on one of its self-equilibrated sublevel set, say [Φ ≤ r],
by an affine mapping. Then the same affine mapping minorizes the func-
tionΦ+δ(·|[Φ ≤ r]), whose set of growth directions coincides with the bar-
rier cone of the self-equilibrated set[Φ ≤ r], being thus a linear space. The
functionΦ + δ(·|[Φ ≤ r]) is accordingly bounded below by virtue of The-
orem 3 and Theorem 1 is proved sinceinfX Φ = infX (Φ + δ(·|[Φ ≤ r])).

We will postpone the proof, as well as any further analysis ofTheorem 3
till after the subsection 3.1 which collects some of the properties of the set
of growth directions of an extended-real-valued function.

3.1. Properties of growth directions. Our primary goal in this section is
to study the interplay between the growth directions and sublevel sets of an
extended real-valued functionΦ : X → R ∪ {−∞, +∞}.

Lemma 1. The elementy ∈ Y is a growth direction for the functionΦ if
and only if the mapping〈·, y〉 is bounded above on every sublevel set ofΦ.

Proof of Lemma 1: Let y ∈ Y be a growth direction ofΦ; as for every
m ∈ R

sup
[Φ≤m]

Φ ≤ m,

by virtue of the definition of a growth direction we have

sup
x∈[Φ≤m]

〈x, y〉 < +∞,

and thus the map〈·, y〉 is bounded above on every sublevel set[Φ ≤ m] of
Φ.
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In order to prove the reverse implication, lety ∈ Y be a real linear func-
tion bounded above on every sublevel set ofΦ. Accordingly, a subsetS of
X such thatsupx∈S 〈x, y〉 = +∞ cannot be a subset of any sublevel set
of Φ. This means thatsupS Φ = +∞, and proves Definition 1, as well as
Lemma 1. �

The previous Lemma may be restated in order to expressGΦ in terms of
barrier cones for sublevel sets:

(5) GΦ =
⋂

m∈R

B ([Φ ≤ m]) ;

accordingly,GΦ is a convex cone containing the origin ofY .

As every sublevel set ofΦ is contained inDom Φ, thenB (Dom Φ) ⊆
B ([Φ ≤ m]) for everym ∈ R. We can thus state the following proposition.

Proposition 2. The barrier cone of the effective domain ofΦ is always a
part ofGΦ, the set of all its growth directions:

(6) B (Dom Φ) ⊆ GΦ.

Recall (Remark 3) that a set is self-equilibrated if and onlyif the same
holds for its regular hull. The following example shows thatthe regular hull
of a non self-equilibratedAM(X) function may be self-equilibrated.

Example 1. TakeX = Y = R, 〈x, y〉 = xy, and set

Φ(x) =

{

0 x ≤ 0√
x x > 0

.

Obviously,GΦ = R+ which means thatΦ is not self-equilibrated. The
regular hull ofΦ is nevertheless constant,Φ∗∗ = 0, so thatGΦ∗∗ = {0} and
differs fromGΦ. Accordingly,Φ is a non self-equilibrated function with a
self-equilibrated regular hull.

Let us note by〈Φ〉 the quasi-regular hull of an extended-real-valued func-
tion Φ, defined by taking the supremum over all the functions whose sub-
level sets are regular and which minorizesΦ. We have

(7) [〈Φ〉 ≤ r] = ∩s>r 〈[Φ ≤ s]〉 .

The following proposition is a consequence of Lemma 1 and of relation
(7).

Proposition 3. An extended-real-valued function has the same set of growth
directions as its quasi-regular hull.
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Proof of Proposition 3: Relation (7) infers

[〈Φ〉 ≤ r] ⊆ 〈[Φ ≤ r + 1]〉
from which we get

B (〈[Φ ≤ r + 1]〉) ⊆ B ([〈Φ〉 ≤ r]) .

Recalling thatB (〈[Φ ≤ r + 1]〉) = B ([Φ ≤ r + 1]) we deduce that

B ([Φ ≤ r + 1]) ⊆ B ([〈Φ〉 ≤ r]) ,

and thus, by virtue of Lemma 1 we derive that

GΦ = ∩r∈RB ([Φ ≤ r]) = ∩r∈RB ([Φ ≤ r + 1])(8)

⊆ ∩r∈RB ([〈Φ〉 ≤ r]) = G〈Φ〉.

Noticing that the quasi-regular hull always minorizes the function, we
know that

(9) G〈Φ〉 ⊆ GΦ;

the conclusion of Proposition 3 follows from relations (8) and (9). �

However, whenΦ is a AM(X) convex function, the quasi-regular and
the regular hull coincide, so Proposition 3 has the following consequence.

Proposition 4. A AM(X) convex extended-real-valued function has the
same set of growth directions as its bi-conjugate.

The following proposition is easy to prove.

Proposition 5. Every elementy ∈ Dom Φ? is a growth direction forΦ.
Accordingly, the (convex) cone spanned by the effective domain of Φ? is a
subset of the (convex) coneGΦ of all the growth directions forΦ

(10) R+ (Dom (Φ?)) ⊆ GΦ.

Observe that the set of growth direction may be significantlylarger than
the cone spanned by the effective domain of the conjugate.

Example 2. ConsiderX = Y = R and〈x, y〉 = xy. Let

Φ : R → R, Φ(x) =
x − |x|

2
;

Obviously,Dom Φ? = ∅, whenceGΦ = {x ∈ R : x ≤ 0}.

The next example shows that the reverse inclusion of (10) does not hold,
even forΓ0(X) functions defined on a finite dimensional spaceX.
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Example 3. Let X = Y = R
2 endowed with the standard duality bracket

〈(x1, x2), (y1, y2)〉 = x1y1 + x2y2, and set

Φ : R
2 → R ∪ {+∞}, Φ((x1, x2)) =

{

x2 if x1 ≤ 0

+∞ if x1 > 0
.

It is obvious that

GΦ = {(x1, x2) : x1, x2 ≥ 0} ,

whence the cone spanned byDom Φ? = {(x1, 1) : x1 ≥ 0}, the effective
domain ofΦ? is

R+ (Dom Φ?) = {(x1, x2) : x1 ≥ 0, x2 > 0} .

Accordingly, the open half-line{(x1, x2) : x1 > 0, x2 = 0} is a part of the
set of growth directionsGΦ, but does not meetR+ (Dom Φ?).

Remark that, in the nonconvex case of Example 2, the cone spanned by
the effective domain of the conjugate is empty, and thus bears no informa-
tion about the cone of growth directions.

In the convex setting of Example 3, the cone of growth directions is the
closure (with respect to the standardR

2 topology) of the cone spanned by
the effective domain of the conjugate. For everyAM(X) convex function
one has:

Proposition 6. LetΦ be a convex extended-real-valued function whose con-
jugate has a nonempty effective domain. Then, for any vectorspace topol-
ogy onY , compatible or not with the duality, the closure of the set ofall
the growth directions ofΦ coincides with the closure of the cone spanned
by the effective domain of the conjugate ofΦ.

In order to prove Proposition 6 let us study the interplay between the
barrier cone of the effective domain ofΦ, and the convex cone spanned by
the effective domain of the conjugate ofΦ.

Proposition 7. LetΦ be an extended-real-valued function whose conjugate
has a nonempty effective domain. Then, for any vector space topology on
Y , compatible or not with the duality, the closure of the cone spanned by
the effective domain of the conjugate ofΦ contains the barrier cone of the
effective domain ofΦ.

Proof of Proposition 7: Let y0 ∈ Dom Φ? andw ∈ B(Dom Φ). The
following inequality holds for every fixedn ∈ N

?:

〈x, y0 + nw〉 − Φ(x) ≤ Φ?(y0) + n

(

sup
x∈DomΦ

〈x, w〉
)

< +∞.
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We may thus deduce that(y0 + nw) ∈ Dom Φ?; divide this relation byn to
obtain that

w ∈
(

R+ (Dom Φ?) − y0

n

)

∀n ∈ N
?.

Proposition 7 is complete as the sequence{y0

n
}n∈N tends to0 for any vector

space topology onY . �

Let us now consider the convex setting.

Proposition 8. The set of the growth directions for any convex extended-
real-valued functionΦ is the union between the cone spanned by the effec-
tive domain ofΦ? and the barrier cone of the effective domain ofΦ:

GΦ = R+ (Dom Φ?) ∪ B(Dom Φ).

Proof of Proposition 8: The conclusion occurs obviously ifΦ is identi-
cally equal to+∞. We shall therefore suppose thatDom Φ 6= ∅.

Fory ∈ Y , y 6= 0, define the map

φy : R → R ∪ {−∞, +∞}, φy(s) = inf{Φ(x) : 〈x, y〉 = s}.
Obviously, the newly defined function is convex: the inequality

(11) φy((λs1 + (1 − λ)s2) ≤ λφy(s1) + (1 − λ)φy(s2)

holds for everys1, s2 ∈ R and0 < λ < 1.
The mapφy may in general take the both values−∞ and+∞. If φy(s) =

+∞ for somes, it follows that the convex setDom Φ does not encounter
the hyperplane{x : 〈x, y〉 = s}, and thus lies within one of the half-spaces
{x ∈ X : 〈x, y〉 > s} or {x ∈ X : 〈x, y〉 < s}.

Sets0 = infx∈Dom Φ 〈x, y〉 (remark thats0 < +∞ asDom Φ 6= ∅, but
thats0 can take the value−∞). Obviously, the convex setDom Φ cannot
lie within the half-space{x ∈ X : 〈x, y〉 > s} for anys0 < s.

Thus, ifφy(s) = +∞ for somes0 < s, we deduce thatDom Φ is a part
of the half-space{x ∈ X : 〈x, y〉 < s}; accordingly, whenφy(s) = +∞
for somes0 < s, theny belongs to the barrier cone ofDom Φ.

We may thus conclude thatφy(s) < +∞ for everys0 < s, provided
y 6∈ B(Dom Φ).

We claim that for every growth directiony of Φ such thaty /∈ B(Dom Φ),
the mappingφy is a convex function which does not achieve the value−∞.

Indeed, assume thatφy(s) = −∞ for somes ∈ R. Applying (11) for
s1 = s, λ = 1

2
ands2 = 2s − s, wheres > 1

2
(s0 + s), we deduce that

(12) φy(s) ≤
1

2
(φy(s) + φy(2s − s)) .

As 2s − s > s0 andy 6∈ B(Dom Φ), it follows thatφy(2s − s) < +∞;
use relation (12) to deduce thatφy(s) = −∞ for everys > 1

2
(s0 + s). Let
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us observe that Lemma 1 obviously proves thatlims→+∞ φy(s) = +∞ for
all the growth directionsy of Φ. This contradicts the fact thaty is a growth
direction forΦ and establishes the claim.

Every convex functionf : R → R ∪ {+∞} satisfyinglimr→∞ f(r) =

+∞ is minorized by some increasing affine mapping. Applying this result
to φy, we deduce that(φy)

∗(α) < +∞ for someα > 0

(13) sup
s∈R

(αs − φy(s)) = (φy)
?(α) < +∞.

As

sup
{x∈X:〈x,y〉=s}

(〈αx, y〉 − Φ(x)) = αs − φy(s),

relation (13) applied toφy implies that

sup
x∈X

(〈αx, y〉 − Φ(x)) = (φy)
?(α) < +∞.

We have thus proved thatΦ?(αy) = (φy)
?(α) < +∞, for every growth

directiony which does not belong to the barrier cone of the effective domain
of Φ. �

Proposition 6 is a mere consequence of Proposition 7 and 8.

Remark 5. Standard convex analysis techniques allow us to prove that the
set of growth directions of a convex function coincides withthe barrier cone
of each non-void sub-level set (except perhaps the one corresponding to the
infimum).

As already remarked, the converse of inclusion (10) fails ingeneral, even
for convex functions inRn. Proposition 8 allow us to describe two remark-
able cases where the set of growth directions and the cone spanned by the
effective domain of the conjugate coincide.

The first one is obvious consequence of Proposition 8.

Corollary 2. Let Φ be a real-valued convex function. Then eitherGΦ =

R+(Dom Φ?) or GΦ = {0}.

The second one concerns convex functions which are bounded below.

Corollary 3. For any convex extended-real-valued functionΦ bounded be-
low one has

(14) GΦ = R+ (Dom Φ?) .

Proof of Corollary 3: Relation (14) obviously holds whenΦ is the con-
stant function equal to+∞. Let us thus consider the case of a somewhere fi-
nite convexΦ, which means thatDom Φ is nonempty. Lety ∈ B(Dom Φ),
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and setN = sup{〈x, y〉 : x ∈ Dom Φ}; obviouslyN ∈ R. As Φ is
bounded and somewhere finite, it follows that alsoM = infX Φ ∈ R. Then

〈x, y〉 − Φ(x) ≤ 〈x, y〉 − M ≤ N − M ∀x ∈ Dom Φ,

while

〈x, y〉 − Φ(x) = −∞ ∀x ∈ (X \ Dom Φ).

Accordingly, y ∈ Dom Φ? and therefore for any extended-real-valued
bounded below functionΦ we have

B(Dom Φ) ⊂ Dom Φ?.

WhenΦ is convex, use Proposition 8 to deduce relation (14). �

3.2. Proof of the second boundedness principle.We proceed now to the
prof of the main result of this section.

Proof of Theorem 3: Let y0 ∈ Dom Φ?. From Proposition 5 we know
thaty0 ∈ GΦ; asΦ is self-equilibrated it follows that(−y0) ∈ GΦ.

Let m > infX Φ. Lemma 1 implies that(−y0) ∈ B([Φ ≤ m]), and thus
thats = supx∈[Φ≤m] 〈x,−y0〉 < +∞.

Accordingly,

(15) Φ(x) ≥ m ∀x s.t. 〈x, y0〉 ≤ −s.

On the other hand,y0 ∈ Dom Φ? means that

Φ(x) ≥ 〈x, y0〉 − Φ?(y0) ∀x ∈ X;

specify the previous relation for〈x, y0〉 ≥ −s to infer that

(16) Φ(x) ≥ − (s + Φ?(y0)) ∀x s.t. 〈x, y0〉 ≥ −s.

Combine relations (15) and (16) to prove Theorem 3. �

The following result (an easy consequence of the above Theorem and of
Corollary 3) makes the connection between our second boundedness result,
Theorem 3, and the criteria (☼) and (H#).

Proposition 9. LetΦ be a convex extended-real-valued function minorized
by an affine mapping on the whole underlying spaceX. The following are
equivalent:

(i) Φ is self-equilibrated;
(ii)R+ (Dom Φ?) is a linear subspace ofY .

The main difficulty in applying Theorem 3 is to prove that the effective
domain of the conjugate is nonempty. Proposition 10 is a consequence of
the bi-conjugacy theorem (see [12, Proposition 6.1 ]).
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Proposition 10. LetX be a locally convex space and take forY , the topo-
logical dualX? of X. Then the effective domain of the conjugate of every
proper lower semi-continuous function is nonempty.

Propositions 10 yields the following application of Theorem 3.

Theorem 4. Every proper lower semi-continuous functionΦ defined on a
locally convex vector spaceX is bounded below if the set of all linear and
continuous functionsf : X → R such that

[sup
S

Φ < +∞] ⇒ [sup
s

f < +∞]

is a linear space.

4. FINAL REMARKS

The main difference between the boundedness criteria stated in Theo-
rems 1 and 3 and any of the criteria mentioned in the first section is that
hypothesis of Theorems 1 and 3 assigns to the infimum of the function to
be finite, but do not guarantee that the function achieves itsinfimum.

Proposition 11. Suppose thatX is the algebraical dual ofY (that is all the
linear maps onY are of form〈x, ·〉, x ∈ X). Then every self-equilibrated
function in the classΓ0(X) achieves its infimum onX.

Proof of Proposition 11: Let Φ ∈ Γ0(X) be a self-equilibrated function.
By virtue of Theorem 2 it follows thatΦ is bounded below onX. Then,
m (by definition equal toinfX Φ = −Φ∗(0)) belongs toR. Moreover, as a
consequence of Lemma 3, we deduce thatR+(Dom Φ?) is a linear subspace
of Y , sayU .

SetV for the set of all the linear maps onU , and(bi)i∈I for a (Hamel)
base of the vector spaceU . AsR+(Dom Φ?) = U , it follows that, for every
i ∈ I, there existsγi > 0 such that both−γibi andγibi lie within Dom Φ?.
SetG for the convex hull of the set{−γibi, γibi : i ∈ I}. Obviously
G ⊂ Dom Φ?; as the polar set ofG,

H = {f ∈ V : −γi ≤ 〈f, bi〉 ≤ γi ∀i ∈ I}
is convex and compact (since isomorphic withΠi∈I [−γi, γi], the direct prod-
uct of compact real intervals) with respect to the weak topologyσ(V, U), it
follows thatG is a vicinity of0 in the Mackey topologyβ(U, V ). The inte-
rior with respect to the Mackey topology onU ×R of the strict epigraph of
Φ?

SΦ? = {(y, s) : y ∈ U, s > Φ?(y)} ⊂ U × R

is thus nonempty; by virtue of Eidelheit’s Theorem (see [17,Theorem 1.1.3,
Chapter 1]) we may separate by an half-space the singleton(0,−m) and
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SΦ?. In other words, there existsα ∈ R and a linear mappingf : U → R,
which are not simultaneously equal to zero, such that the linear mapping
F : U × R, F(y, s) = f(y) + α s satisfies:

(17) F(0,−m) ≤ F(y, s) ∀(y, s) ∈ SΦ? .

Let us prove thatα > 0. Indeed, asΦ?(0) = −m it follows that, for every
t > 0, (0,−m + t) ∈ SΦ? ; using relation (17) fory = 0 ands = −m + t

we deduce thatα t ≥ 0 for everyt > 0. Hence,α ≥ 0. We claim thatα
cannot be0. Suppose, to the end of obtaining a contradiction, thatα = 0.
In this case, relation (17) yieldsf(y) ≥ 0 ∀y ∈ Dom Φ?. As the linear
spaceU is nothing but the cone spanned byDom Φ?, and asf is positively
homogeneous (since linear) onU , it follows thatf(y) ≥ 0 for everyy ∈ U .
Accordingly,f = 0, and thusF = 0, a contradiction. Using the fact that
X is the algebraic dual ofY , there isx ∈ X such that〈x, y〉 = f(y) for
y ∈ U . Rewriting relation (17) as

〈x, y〉 + α(s + m) ≥ 0 ∀y ∈ U, s > Φ?(y),

and noticing thatα > 0 we deduce that

〈x, y〉 + α(Φ?(y) + m) ≥ 0 ∀y ∈ U.

Dividing the previous relation by−α we obtain

(18)
〈

−x

α
, y

〉

− Φ?(y) ≤ m ∀y ∈ U ;

relation (18) obviously holds also wheny 6∈ U , since in this caseΦ?(y) =

+∞. Consequently,

Φ
(

−x

α

)

= Φ∗∗
(

−x

α

)

= sup
y∈Y

(〈

−x

α
, y

〉

− Φ?(y)
)

≤ m.

Recall thatΦ
(

− x
α

)

≥ infX Φ = m to deduce that− x
α
∈ argminXΦ. �

Remark 6. The hypotheses of Proposition 11 are obviously satisfied when
the algebraic dimension ofX is finite.

It is impossible to retrieve the result of Proposition 11 in ageneral locally
convex setting.

Proposition 12. On every Banach vector spaceX of infinite dimension
there is a self-equilibrated function inΓ0(X) which does not achieve its
infimum onX.

Proof of Proposition 12: WhenX is a reflexive Banach space, consider a
closed, convex, linearly bounded and unbounded symmetric subsetC of X.
As its characteristic function is not coercive, applying Theorem 4.3 from [1]
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to aδ(·|C ), we deduce that, for everyε > 0 there is a functionΦ ∈ Γ0(X)

which does not achieve its infimum and satisfies

δ(·|C )− ε ≤ Φε ≤ δ(·|C ) + ε.

Obviously, the cone of growth directions ofΦε coincides with the cone of
growth direction ofδ(·|C ). Since the setC is symmetric,δ(·|C ) is self-
equilibrated and therefore for everyε > 0, Φε is a self-equilibrated function,
belongs toΓ0(X) and does not reach its infimum.

WhenX is a non reflexive Banach space, recall that, following a classical
result of James (see for instance [9]; for further developments on this topics
see [8]), there is a continuous linear mapf : X → R, which does not
achieve its supremum on the unit ballBX of X.

It suffices now to takeΦ for the restriction off onBX :

Φ : X → R ∪ {+∞}, Φ(x) = δ(·|BX )(x) + f(x).

As the effective domain ofΦ is the unit ball,Φ is coercive, thus is self-
equilibrated. Obviously,Φ ∈ Γ0(X) and does not achieve its infimum on
X, establishing Proposition 12. �

It is (at our knowledge) an open question whether if a self-equilibrated
function which belongs toΓ0(X) and does not achieve its infimum exists
on locally convex spaces which are neither Banach nor satisfy conditions of
Proposition 11.
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232, 1998.

[12] J.J. Moreau,Fonctionnelles convexes, Seminaire sur leśEquations aux dérivées par-
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84, 259-275, 1998.

[16] R. T. Rockafellar,Convex Analysis, Princeton Mathematical Series28, Princeton Uni-
versity Press, 1970.
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