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SELF-EQUILIBRATED SETS AND FUNCTIONS IN DUAL
VECTOR SPACES: TWO BOUNDEDNESS CRITERIA

EMIL ERNST, MICHEL THERA, AND MICHEL VOLLE

ABSTRACT. This paper is devoted to studying boundedness criteria for
extended-real-valued functions. The study is done in tamé&work of
dual vector spaces, using new objects such as self-eqidibisets and
functions.

We establish two boundedness new major criteria. The firstsays
that an extended-real-valued function is bounded belowiged it is
minorized by an affine map on one of its self-equilibratedseth

The second criterion says that every self-equilibratecttion mi-
norized by an affine mapping on the whole underlying spaceusited
below.

1. INTRODUCTION AND NOTATIONS

This research is intended to focus on the question of giviitgr@a to
ensure that an extended-real-valued function defined omalyoconvex
vector space is bounded below. The problem is of main inténespti-
mization and has been rarely studied for its own since @it@nsuring a
function to be bounded generally result from more genesésients.

When X is a locally convex space it is well known that the Fenchel-

Legendre conjugate

O : X* - RU{—00,+0}, *(y) = su)I? ((z,y) — P(x)),

S

defined on the topological dual* of X is a particularly well suited notion
in studying the boundedness of an extended-real-valuedifum® : X —
RU{—o00, +00}. The key relationnf xy & = —$*(0) says thatb is bounded
below if and only if0 € Dom ®* = {z € X* : ®*(x) < +oo}, the
effective domain ofb*. As Dom ®* is a convex set, relatioh € Dom ®*
occurs when the conB, (Dom ®*) = {Az : A > 0,z € Dom &*}
spanned by the effective domain &f is a linear subspace of*. Let us
summarize this remark by the following easy boundednes=riann:
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(3¥) an extended-real-valued function is bounded below on allpc
convex spac& when the cone spanned by the effective domain of its con-
jugate is a linear subspace of the topological ddalof X .

Another tool which can successfully be used to tackle thelpro of the
boundedness of an extended-real-valued function, atfi@asbnvex lower
semi-continuous functions, is the concept of infimal coatioh (some-
times called epi-sum in the literature). DenotedddyV and defined by

OOV () = ylg)f( (®(x —y)+VY(y)) Vo € X,
the infimal convolution of a pair of extended-real-valuedhdtions
oV : X — RU{+o0} is said to be exact at € X provided the inf
appearing in the definition is attained.

Obviously, the infimal convolution between the extendesl-valued
function® and the constant function equal to zero is again a constant fu
tion, and its value is equal to the infimum @fover X. Moreover, this
infimal convolution cannot be real-valued and exact unfess bounded
below and achieves its infimum ovar.

The infimal convolution of two proper (distinct from the ctaust func-
tions —oco and +o0) convex lower semi-continuous extended-real-valued
functions (this class is hereafter denotedIly X)) has been extensively
studied due to its remarkable role in duality theory and irtipalar in the
central problem of computing the conjugate of the sum of twecfions.

In this respect, it is customary to usejaalification conditionthat is a
condition stated in terms @* and¥* which ensures that relation

(1) OOV = (O* + U*)*

holds inI"y(X') and that the infimal convolution is exact.

Clearly, any such qualification condition induces a boumesd criterion
for a function in['y(X). Indeed, every function ifiy(X) is bounded below
when some qualification condition is fulfilled by its conjagand by the in-
dicator function of the singletof} (the conjugate of the constant function
equal to zero).

Thus, the classical Moreau-Rockafellar condition ([§2.3 Proposition
9.2]), assuming in the general locally convex setting timeg of the conju-
gates is finite and continuous at some point where the otHemnitis, infers
the following boundedness criterion:

(a) a function inT'((X) is bounded below (and achieves its infimum)
over a locally convex spacE when its conjugate is finite and continuous
at 0 for any locally convex topology oX* compatible with the duality
betweenX™* and X .
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This qualification condition has known numerous refinemegitempt-
ing in general to replace the required continuity of one @& tlonjugates
by a geometric condition related to the interplay betweeir eiffective do-
mains. A significant step was accomplished when Attouch a@diB ([3]),
proved for reflexive Banach spaces that a sufficient condiwo relation
(1) to hold and for the infimal convolution to be exact is tHa¢ tonvex
coneR, (Dom ®* — Dom ¥*) spanned by the difference of the effective
domains of®* and U* is a closed linear space. This result infers a new
boundedness criterion:

(@) a function belonging to the clad$ (X ) is bounded below (and
reaches its infimum) over a reflexive Banach spac# the cone spanned
by the effective domain of its conjugate is a closed lineacsp

Let us remark that, when seen as a boundedness critedpan@ @) are
mere corollaries ofitt). Indeed, criterion®) asks for the continuity of the
the conjugate &t. This forces the cone spanned by its effective domain to
coincide with.X™*, while criterion @) directly imposes to this cone to be a
closed linear subspace af*. A similar analysis shows that the situation is
mostly the same when we consider specifications to optimizatf quali-
fication criteria stated by Azé, (see [4]), and by Combaghdir-Thibault
(in [6]).

Recently, a new qualification condition was introduced byuSkaoui
and \olle (see [13] and [14]). Developing ideas going bacldly’s the-
sis ([10]), the authors proposed a qualification conditiahdvfor locally

convex spaces. When specifying this qualification conditethe charac-
terization of convex functions that are bounded below, wadude that

(©) a function belonging to the cladg(X) is bounded below (and
achieves its infimum) over a locally convex spaceprovided the weak
closure of the cone spanned by the effective domain of itgugare is a
linear space and all its sublevel sets are locally weaklypamn

Consequently, the boundedness criteria obtained by usiatifigation
conditions either reduce to direct application of the &iwariterion €+) as
for Attouch-Brézis, Azé and Combari-Laghdir-Thibautiteria, or, in the
case of the criterion proposed by Moussaoui and Volle, amgdmed in their
use by restrictive topological requirements.

Our aim in this presentation is to adopt a totally differaansipoint in or-
der to derive new criteria for extended-real-valued funtdito be bounded
below.

As an example, let a us start with a well known argument. Wkeis
locally convex, a functio® in the clasd’((.X') achieves its infimum on each
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weakly compact convex sets af; therefore it is bounded below on such a
set. Accordingly, such a functiob is bounded below if one of its sublevel
sets is weakly compact. When the underlying sp#ds a reflexive Banach
space, this reads as follows:

(v) afunction in the clas§(X) is bounded below on a reflexive Ba-
nach space if at least one of its sublevel sets is bounded.

Although not a very interesting result in itself, being nathbut an easy
application of either of criteriaa), (©) and (»), the method used in deriving
(v) may lead to more comprehensive results.

Indeed, the lack of generality of criteriom)(is obviously a consequence
of the fact that the set of bounded closed and convex setsmbexhaust,
and by far, the class of sets which cannot be sublevel setmotibns be-
longing tol'y(X) that are unbounded below.

Clearly, in oder to state a nontrivial boundedness critenbtype ),
one must first completely characterize the class of thosevg@th cannot
be sublevel sets of functions unbounded below.

This task is achieved in the main result of Section 2 (Prdfmwsil) in
the general setting of dual vector spaces, &aand Y, where the dual-
ity bracket is(-,-) : X x Y — R. The main tool is the notion of self-
equilibrated set: a subseét of the vector spac& such that every linear
map(-,y) y € Y, which is bounded above o#\is also bounded below on
the same set.

Proposition 1 states that a setmay play the role of a sublevel set of an
unbounded below extended-real-valued function minorized by some
affine mapping, if and only if it is not self-equilibrated.

Our first boundedness criterion (Theorem 1) establishe®tteay exten-
ded-real-valued function minorized on a self-equilibdsdablevel set by an
affine mapping is bounded below.

Section 2 finally gives two applications of Theorem 1: the bree (Corol-
lary 1) applies our first criterion to a subclass of quasivearfunctions, and
the second one (Theorem 2) is a specification of Theorem Etpdhicular
case of functions minorized by an affine mapping on the whotietying
spaceX.

The third section proposes a new boundedness criterioit, \&d The-
orem 2, only for functions which are minorized on the wholacgpX by
some affine map.

Our second boundedness criterion relies on the notion bégeilibrated
function. An extended-real-valued functidnis self-equilibrated provided
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that if it grows faster than a linear mdpy), y € Y,

[sup P(z) < +00] = [sup (x,y) < +od],
z€eS €S

(suchy is called a growth direction fob) then the same holds for the oppo-
site linear map(-, —y). Remark that an extended-real-valued function may
be self-equilibrated even if none among its sublevel setslfsequilibrated,
and that the existence of a self-equilibrated sublevelses dot imply that
the function itself is self-equilibrated.

The main result of Section 3 (Theorem 3) states that an egtenehl-
valued function is bounded below provided it is self-edudited and mi-
norized onX by an affine mapping. A straight application of Theorem 3
can be formulated as follows: every self-equilibrated enfunction on
R™ with values inR U {400} is bounded below.

The subsection 3.1 collects some of the basic propertieseotonvex
coneGy of all the growth directions of a functioh. This conelG4 always
includes the convex cone spanned by the effective domaimeofanjugate
of ®; the former cone is in general sensibly larger than therlattéhen
® is a convex function minorated oR by an affine mapping, the cone
spanned by the effective domain®f is dense inG¢ with respect to every
possible vector space topology defined on the dual spa¢@roposition
6). Moreover, the two cones coincide in two important paittc cases: for
convex finite functions minorized by affine mappings (Canll2) and for
convex functions bounded below (Corollary 3).

When applied to the duality betweéen (supposed to be locally convex)
and X*, the space of all linear and continuous functions definedXon
Theorem 3 infers (see Theorem 4) that every proper convexdgt-real-
valued lower semi-continuous function is bounded below/ioled the set
of all its continuous growth directions is a linear space.

The question whether a self-equilibrated lower semi-cutus convex
function reaches its infimum is addressed in the last sectidhe article.
We display (Proposition 11) a case where the answer is pes#nd another
situation (Proposition 12) where the answer is negativerpn question is
finally raised.

1.1. Definitions and notations. Terminology and notation are mostly sim-
ilar to those of [12] and [16]. The purpose of the next few gaaghs is
therefore not only to recall some basic notions from convaxlysis but
also to introduce the specific notation of this article.

In the sequel X andY denote a pair of dual real linear spaces and the
duality bracketis given by, -) : X xY — R. We assume that the following
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two separation properties hold:
Ve#0,x € X, Jy €Y st (z,y) #0,

Vy#£0,y €Y, dr e X st (x,y) #0.

A locally convex topology onX (respectively orY’) is called compatible
with the duality if for that topology the maps of tygey) : X — R,
y € Y (respectively(z,-) : Y — R, x € X) are the only linear continuous
functions onX (respectively ort’). In this caseY may be identified with
the topological duak™ of X (and.X with Y*). Unless specified otherwise,
by affine mapping oX we intend a mapping of forry, y) 4+ r, withy € Y’
andr € R.

The intersection of all the closed half-spaceXafontaining some subset
C of X is called the regular hull of

=N {rex: ) swpn )
yey zeC
obviously, the regular hull of” is the closed convex hull @f’ with respect
to any locally convex topology oiX compatible with the duality. A set
is called regular if it coincides with its regular hull. Siamily, the regular
hull of an extended-real-valued functidn: X — R U {—o0,+o0} is
obtained by taking the supremum over all the affine mappingpnmg o,
and a function is regular if it coincides with its regular h@learly, regular
functions are convex and lower semi-continuous with resioegny locally
convex topology onX compatible with the duality. The class of all the
regular functions defined oX is, as customary, denoted by X'), while
[y(X) is the set of those functions (X)) which are different from the
constant funtions equal teoo or —oco. Let us also denote by M (X) the
set of all extended-real-valued functions which have tbemjugate some-
where finite (in other words functions minorized &nby some affine map-
ping); ['o(X) is clearly a part ofAM (X). Finally, we use the notation
AM(C) to denote the class of those extended-real-valued fursctidrich
are minorized on a subsét of X by some affine mapping (this amounts
saying that the effective domain of the conjugate of thestrretion toC' is
nonempty).

As usual, the Fenchel-Legendre conjugate of an extendddradied
function ® is the functiond* defined ony” by
*(y) = sup ((z,y) — ®(x)) .

rzeX

It is well known that the conjugate of any extended-realtedlfunction is
regular, and that the bi-conjugate and the regular hullazde
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For every extended-real-valued functidn X — R U {—o0,+o0}, the
sublevel of leveln of @ is the set

[ <m|={zeX: P(x) <m}.
The effective domain Don® is the union of all its sublevel sets,
Dom® = {z € X : &(x) < +o0}.

An extended-real-valued function which does not achieeevidlue —oco
and has a nonempty effective domain is called proper. Obshat al (X )
function is proper if and only ifDom® # () and ® is not the constant
function —oc.

A subsetC' of X is bounded if every linear map of forfn, y) : X — R,
y € Y is bounded below and above 6h

Let C' be a convex subset df. Theindicator functionof C' is the (con-
vex) functiond(-|C') defined by

s(alo) = {
and the effective domain of the conjugate of the indicatocfiono(-|C')

of C' is the barrier cone of’,

B(C) =Dom (6(-|C)") ={y €Y : sup(z,y) < +o0}.

zeC

0 rz e’
400 otherwise

2. SELF-EQUILIBRATED SETS A FIRST BOUNDEDNESS CRITERION

The goal of this section is to characterize all the sets tieesablevel sets
of a function unbounded below. In other words, we would lik@stablish
in what extent the boundedness below of a function can beatbfrom
properties of its sublevel sets.

To this respect, let us define the following geometric nation

Definition 1. A subsetS of the real linear spaceX is self-equilibrated if
every linear map of the type, ) : X — R, y € Y which is bounded above
on S is also bounded below on the same set.

Equivalently, the se$ is self-equilibrated if and only iB(S) = —B(.5),
that is if B(S), the barrier cone of, is a linear subspace &f.

Let us first collect several obvious properties of self-&qrated sets.
Remark 1. All the bounded sets and all the symmetric sets (that is$ets

such thatS = —5) as well as their translates (the so-called center sets, see
[7]), are obviously equilibrated.
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Remark 2. The algebraic sum, as well as the union of two self-equitduta
sets is also a self-equilibrated set. In general, the irgetion of two self-
equilibrated sets may fail to be a self-equilibrated, evethie convex regu-
lar setting.

Remark 3. A setS is self-equilibrated if and only if its regular hu{lS) is
self-equilibrated.

When the algebraic dimension of the spacas finite, it should be ob-
served that a sef is self-equilibrated if and only if its regular hull) is
the algebraic sum between a linear subspace and a boundedrregbset
of X, that is between a symmetric and a bounded set.

The notion of self-equilibrated set allows us to state thénmesult of
this section. We thus characterize all the sets which can playaieeof
sublevel set for a function unbounded below.

Proposition 1. A subsetS of X may be expressed as a sublevel set of a
function unbounded below and minorized®ihy an affine mapping if and
only if S is not self-equilibrated.

Proof of Proposition 1Let S be a non self-equilibrated subsetf Ac-
cordingly, there iy € Y such that the mag,y) : X — R is bounded
above but unbounded below ¢h Set®g(z) = (-|S)(z) + (z,y) — M,
where M = supg (-,y). Let us observe that is the sublevel set (corre-
sponding to the level zero) dfs € AM (X) that is unbounded below.

Conversely, let us prove that ff is a sublevel set of a A/ (.S)-function
unbounded below, thefi cannot be self-equilibrated. To establish a con-
tradiction, let us select an extended-real-valued functiandt € R such
that the sublevel sef = [® < ¢] is a nonempty self-equilibrated set while
® € AM(S) and is unbounded below.

As ® belongs taAM (S), there isy € Y andr € R such that
2) O(z) > (z,y) +r Vo € S.
For everyx € S = [® < ¢] and according to relation (2) it follows that
(x,y) <t—rVzrebs.

In other wordsy € B(S5).

Asthe setS is self-equilibrated, thery € B(S). If M = sup,q(z, —y)
(which is finite), using again relation (2) we deduce that

3 O(z) >r—MVeeS.
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Since®(z) > t for everyz ¢ S = [® < t] we deduce thad is bounded
below, a contradiction. O

In other words, if a sublevel set of an extended-real-vafuedtion is
self-equilibrated, and the function is minorized on thiblsuel set by an
affine mapping, then the function is bounded below. We areinaosi-
tion to state a variational result.

Theorem 1. An extended-real-valued function which is minorized on one
of its self-equilibrated sublevel sets by an affine mapprigpunded below.

The simplest way to use the previous result is to apply Theateto
functions minorized by affine mappings.

Theorem 2. An extended-real-valued function minorized by an affine-map
ping is bounded below provided at least one of its sublevasl iseself-
equilibrated.

The variational principle stated in Theorem 1 may howevesuress-
fully applied to functions which cannot be minorized &nby affine map-
pings. As an example, consider the class of those quasegduanctions of
the type
(4) U(z) = Sup (min((-, yi) + @i, 7)),
wherey; € Y, a;,r; € R, while I is an arbitrary index set. For properties
and uses of this class, containibig(.X), we refer the reader to [15] and
[11].

Obviously,supy ¥ = sup,.; r;, While for everyi € I andr < r;, ¥ is
minorized on the sublevel sé¥ < r| by the affine mapping-, v;) + a;.
Moreover, a sublevéll' < r| coincides withX if and onlyr > sup V.

Thus,V¥ is minorized by an affine mapping on every of its proper (dti
from X) sublevel set§¥ < r]|, or equivalently, when the levelis such that
r < supy V. Theorem 1 gives therefore a boundedness criterion fori-quas
convex functions of type (4).

Corollary 1. Every quasi-convex function of type (4) is bounded below pro
vided one of its sublevel sets is a self-equilibrated preupdaset ofX .

3. GROWTH DIRECTIONS SECOND BOUNDEDNESS CRITERION

In order to use Theorem 2, it is necessary to decide if at masamong
all the sublevel sets of a function is self-equilibrated.isTiask is rather
difficultin practice. This section will provide a differeanhd easier criterion
for boundedness below of a function i/ (X). Instead of the notion of
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self-equilibrated set, this criterion is based upon thealprelated notion
of self-equilibrated function.

Definition 2. The elemeny from the dual spac®” is a growth direction for
the extended-real-valued functidn if

sup (z,y) = +oo = supP(z) = +o0
zeS z€S

whereS is any subset ok'.

In other wordsy € Y is a growth direction fo if the function® grows
faster than the linear map, y).

Definition 3. An extended-real-valued functich defined on the vector
spaceX is called self-equilibrated if the séts of all its growth directions
is a linear subspace of the du#l of X.

Remark that an extended-real-valued function may be sgiiibrated
even if none of its sublevel sets is self-equilibrated. Ts tbspect, consider
a separable Hilbert spacé with basisB = {b; : i € Z}; thus, for every
1 € Z, let x; denote the value of the inner product betweer X and
b; € X. For everyx # 0, setC, for the set{i € Z : z; # 0} andc(z) for
sup(C;); obviously,c(z) > —oo, andz..,) # 0 provided that(z) < +oo.
We define the extended-real-valued functioby

—00 =0

c(r)  c(x) < 400, Ty >0
c(r) +1 c(r) <400, Zem <0

+o0 c(xr) = +o0

O(x) =

It is easy to see that
e<r|={reX:z,>0,z,=0Ym>n},

wheren is the unique integer fulfilling < r < n+1. Accordingly, none of
the sublevel sets of the extended-real-valued lower semittuous quasi-
convex functiond is self-equilibrated, whilé€7s = {0}, and therefore is
necessarily a self-equilibrated function. Modify the \&ahf ¢ at zero by
setting®(0) = ¢ € R to obtain a self-equilibrated function with values in
R U {+o0} with the same property.

It is much easier to give an example of a function which is reit-s
equilibrated while at least one of its sublevel set is sglit#brated. Indeed,

the function
O(z) = { $§+1 <0

r x>0
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has bounded (and thus self-equilibrated) sublevel setsviery level less
than1, while the cone of growth directions df is the positive half-line,
Gy ={t:t>0}.

The second boundedness criterion reads as follows.

Theorem 3. An extended-real-valued function is bounded below pravide
it is self-equilibrated and minorized by an affine mapping.

Remark 4. The set of growth direction of the functidf® + o(-|[® < r]))
is the barrier cone of the séb < r]. In particular, the set of all the growth
directions of the indicator function of a set coincides witie barrier cone
of this set; accordingly, the indicator function of a setédfsequilibrated if
and only if the set itself is self-equilibrated.

It is possible to use Remark 4 in order to deduce Theorem 1 asa c
sequence of Theorem 3. Indeed, detbe an extended-real-valued func-
tion minorized on one of its self-equilibrated sublevel, sty [ < 7],
by an affine mapping. Then the same affine mapping minorize$utinc-
tion®+4(-|[® < r]), whose set of growth directions coincides with the bar-
rier cone of the self-equilibrated s@t < r], being thus a linear space. The
function® + (-|[® < r]) is accordingly bounded below by virtue of The-
orem 3 and Theorem 1 is proved sinaéy ® = infy (® + §(-|[® < 7])).

We will postpone the proof, as well as any further analysiSleéorem 3
till after the subsection 3.1 which collects some of the prtips of the set
of growth directions of an extended-real-valued function.

3.1. Properties of growth directions. Our primary goal in this section is
to study the interplay between the growth directions andesegbsets of an
extended real-valued functidgn: X — R U {—o0, +00}.

Lemma 1. The elemeny € Y is a growth direction for the functior if
and only if the mapping, v) is bounded above on every sublevel sebof

Proof of Lemma 1Lety € Y be a growth direction o®; as for every
meR

sup ® < m,
[@<m]

by virtue of the definition of a growth direction we have

sup (z,y) < +oo,

z€[P<m]

and thus the map, y) is bounded above on every sublevel [get< m] of
.
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In order to prove the reverse implication, {e€ Y be a real linear func-
tion bounded above on every sublevel se®ofAccordingly, a subse$ of
X such thatsup,.g (r,y) = +oo cannot be a subset of any sublevel set
of ®. This means thatupy & = +o0, and proves Definition 1, as well as
Lemma 1. U

The previous Lemma may be restated in order to exprgss terms of
barrier cones for sublevel sets:

(5) Go =[] B([®<m]);
meR
accordingly,GG is a convex cone containing the origin vf

As every sublevel set ob is contained inDom ®, thenB (Dom &) C
B ([® < m)) for everym € R. We can thus state the following proposition.

Proposition 2. The barrier cone of the effective domain®fis always a
part of G4, the set of all its growth directions:

(6) B (Dom @) C Gg.

Recall (Remark 3) that a set is self-equilibrated if and ahthe same
holds for its regular hull. The following example shows ttie regular hull
of a non self-equilibrated M (X') function may be self-equilibrated.

Example 1. TakeX =Y =R, (z,y) = zy, and set

0 z<0
q)(x):{\/f x>0~

Obviously,G = R, which means tha® is not self-equilibrated. The
regular hull of® is nevertheless constadt;* = 0, so thatGe+«» = {0} and
differs fromG¢. Accordingly,® is a non self-equilibrated function with a
self-equilibrated regular hull.

Let us note by ®) the quasi-regular hull of an extended-real-valued func-
tion ®, defined by taking the supremum over all the functions whoke s
level sets are regular and which minorizesWe have

(7) (D) < 7] =Nysp ([ < 5])
The following proposition is a consequence of Lemma 1 anctlattion
(7).

Proposition 3. An extended-real-valued function has the same set of growth
directions as its quasi-regular hull.
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Proof of Proposition 3Relation (7) infers
(@) <r]C({[®<r+1])
from which we get

B({[®<r+1])) SB([(®) <r]).

Recalling that3 (([® < r + 1])) = B([® < r + 1]) we deduce that
B([® <r+1]) CB([(P) <)),
and thus, by virtue of Lemma 1 we derive that

(8) Go = MerB([® <7]) =N, B ([ <7 +1])
C MrerB([(P) < 7)) =G ay.

Noticing that the quasi-regular hull always minorizes thadtion, we
know that

) Gay C Go;
the conclusion of Proposition 3 follows from relations (8pg9). O

However, whend is a AM (X) convex function, the quasi-regular and
the regular hull coincide, so Proposition 3 has the follaytonsequence.

Proposition 4. A AM(X) convex extended-real-valued function has the
same set of growth directions as its bi-conjugate.

The following proposition is easy to prove.

Proposition 5. Every elemenyy € Dom ®* is a growth direction ford.
Accordingly, the (convex) cone spanned by the effectivatoof ®* is a
subset of the (convex) cong, of all the growth directions fo

(10) R4 (Dom (9*)) C Go.

Observe that the set of growth direction may be significdatiger than
the cone spanned by the effective domain of the conjugate.

Example 2. ConsiderX =Y =R and(z,y) = zy. Let
2 — ||,

2 Y
ObviouslyDom ®* = (), whenceGy = {x € R: = < 0}.

O:R—-R, ¢&(x)=

The next example shows that the reverse inclusion of (103 dothold,
even forl'y(X) functions defined on a finite dimensional space
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Example 3. Let X = Y = R? endowed with the standard duality bracket
((5751, IEQ), (y1, yz)) = 11Y1 + T2y9, and set

) lfl‘l SO

®:R* - RU {400}, @((I1,x2)):{ +oo ifxy >0

It is obvious that
Go = {(x1,22) 21,29 >0},

whence the cone spanned bym ®* = {(z,1) : z; > 0}, the effective
domain of®* is

R; (Dom @*) = {(21,22) 121 >0, 23 > 0}.

Accordingly, the open half-ling(z, xs) : 1 > 0,29 = 0} is a part of the
set of growth directioné/s, but does not me&, (Dom o).

Remark that, in the nonconvex case of Example 2, the conenspdry
the effective domain of the conjugate is empty, and thusseatnforma-
tion about the cone of growth directions.

In the convex setting of Example 3, the cone of growth dioediis the
closure (with respect to the standdkd topology) of the cone spanned by
the effective domain of the conjugate. For every/(X) convex function
one has:

Proposition 6. Let® be a convex extended-real-valued function whose con-
jugate has a nonempty effective domain. Then, for any vepiace topol-
ogy onY, compatible or not with the duality, the closure of the sealbf

the growth directions of coincides with the closure of the cone spanned
by the effective domain of the conjugatebof

In order to prove Proposition 6 let us study the interplayveen the
barrier cone of the effective domain ®f and the convex cone spanned by
the effective domain of the conjugate ®f

Proposition 7. Let ® be an extended-real-valued function whose conjugate
has a nonempty effective domain. Then, for any vector sjmgaeagy on

Y, compatible or not with the duality, the closure of the coparsed by
the effective domain of the conjugatedotontains the barrier cone of the
effective domain ob.

Proof of Proposition 7 Let yy € Dom ®* andw € B(Dom ®). The
following inequality holds for every fixed € N*:

(o0 4 0 = 0() < @)+ (s (nu)) < o
rzeDom®P
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We may thus deduce thaj, + nw) € Dom ®*; divide this relation by: to
obtain that
w e <R+ (Dom &%) — @> Vn € N*,
n

Proposition 7 is complete as the sequefg < tends ta) for any vector
space topology of'. O

Let us now consider the convex setting.

Proposition 8. The set of the growth directions for any convex extended-
real-valued functionb is the union between the cone spanned by the effec-
tive domain ofd* and the barrier cone of the effective domainfof

Go = Ry (Dom ¢*) U B(Dom ®).

Proof of Proposition 8 The conclusion occurs obviously df is identi-
cally equal to+o0o. We shall therefore suppose thadm & # ().
Fory € Y,y # 0, define the map

¢y R — RU{—00,4+00}, ¢,(s) =inf{P(x): (z,y) = s}.
Obviously, the newly defined function is convex: the inegual

(11) Py ((As1 4+ (1 = A)s2) < Agy(s1) + (1 = A)dy(s2)

holds for everys;, s € Rand0 < A < 1.

The mapp, may in general take the both valueso and+oco. If ¢, (s) =
+oo for somes, it follows that the convex sdbom ¢ does not encounter
the hyperplanéz : (x,y) = s}, and thus lies within one of the half-spaces
{reX: (v,y)>s}tor{zr e X: (x,y) <s}.

Setsg = infiepom o (x,y) (remark thatsy, < +o0o asDom & # (), but
that sq can take the value-oc). Obviously, the convex sédom ® cannot
lie within the half-spacdz € X : (z,y) > s} foranys, < s.

Thus, if¢,(s) = 400 for somes, < s, we deduce thabom @ is a part
of the half-spacdz € X : (z,y) < s}; accordingly, whenp,(s) = +oo
for somesy < s, theny belongs to the barrier cone biom .

We may thus conclude that,(s) < +oo for everys, < s, provided
y & B(Dom ®).

We claim that for every growth directianof ® such thayy ¢ 5(Dom @),
the mappingp, is a convex function which does not achieve the valae.

Indeed, assume thai,(5) = —oo for somes € R. Applying (11) for
s1 =75, A =3 ands, = 2s — 5, wheres > (s, + 5), we deduce that

(12) 64(5) < 5 (8,(5) + 6425 ~ ).

As2s —5 > 5o andy ¢ B(Dom @), it follows that¢,(2s —5) < +o0;
use relation (12) to deduce thag(s) = —oo for everys > 1(so +3). Let
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us observe that Lemma 1 obviously proves that_. ., ¢,(s) = +oo for
all the growth directiong of ®. This contradicts the fact thagtis a growth
direction for® and establishes the claim.

Every convex functiory : R — R U {+oc} satisfyinglim, ., f(r) =
+o00 is minorized by some increasing affine mapping. Applying tieisult
to ¢,,, we deduce thafp, )*(«) < +oo for somea > 0
(13) sup (as — ¢y (s)) = (¢y)"(a) < +o0.

seR
As
sup  ((ax,y) — @(2)) = as — ¢y(s),
{zeX:(z,y)=s}

relation (13) applied t@, implies that
sup ({az, y) = @(x)) = (¢y)" (@) < Fo0,

We have thus proved thét*(ay) = (¢,)* () < 400, for every growth
directiony which does not belong to the barrier cone of the effectiveaiam
of ®. O

Proposition 6 is a mere consequence of Proposition 7 and 8.

Remark 5. Standard convex analysis techniques allow us to prove kieat t
set of growth directions of a convex function coincides Withbarrier cone
of each non-void sub-level set (except perhaps the onespwreling to the
infimum).

As already remarked, the converse of inclusion (10) faitganeral, even
for convex functions irR™. Proposition 8 allow us to describe two remark-
able cases where the set of growth directions and the comnepdy the
effective domain of the conjugate coincide.

The first one is obvious consequence of Proposition 8.

Corollary 2. Let ® be a real-valued convex function. Then eitlies =
R4 (Dom ¢*) or Gg = {0}.

The second one concerns convex functions which are boureled.b

Corollary 3. For any convex extended-real-valued functiobounded be-
low one has

(14) Go =R, (Dom ®%).
Proof of Corollary 3 Relation (14) obviously holds wheh is the con-

stant function equal te-co. Let us thus consider the case of a somewhere fi-
nite convex®, which means thdbom ® is nonempty. Leyy € B(Dom ),
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and setN = sup{(z,y) : © € Dom ®}; obviouslyN € R. As® is
bounded and somewhere finite, it follows that algo= inf y ® € R. Then

(r,y) — P(x) < (r,y) — M < N —M Vz & Dom P,
while
(z,y) — P(r) = —00 Yz € (X \ Dom ).
Accordingly,y € Dom ®* and therefore for any extended-real-valued
bounded below functio® we have

B(Dom ®) C Dom ®*.

When® is convex, use Proposition 8 to deduce relation (14). O

3.2. Proof of the second boundedness principleWe proceed now to the
prof of the main result of this section.

Proof of Theorem 3Let yy € Dom ®*. From Proposition 5 we know
thaty, € G¢; as® is self-equilibrated it follows that—y,) € G.

Letm > infx ®. Lemma 1 implies that—y,) € B([® < m]), and thus
thats = sup,cjp<, (¥, —¥0) < +00.

Accordingly,

(15) O(z) >m Vrst. (r,y) < —s.
On the other handj, € Dom ®* means that
() = (z,y0) — P (yo) Vo € X;
specify the previous relation fdr, yy) > —s to infer that
(16) B(z) > — (s + O*(y0)) Ve s.t. {€,y0) > —s.
Combine relations (15) and (16) to prove Theorem 3. O

The following result (an easy consequence of the above Eheand of
Corollary 3) makes the connection between our second baolneds result,
Theorem 3, and the criterigs) and (D).

Proposition 9. Let ® be a convex extended-real-valued function minorized
by an affine mapping on the whole underlying spaceThe following are
equivalent:

() @ is self-equilibrated;

(iR (Dom ®*) is a linear subspace df .

The main difficulty in applying Theorem 3 is to prove that theetive
domain of the conjugate is nonempty. Proposition 10 is aegqusnce of
the bi-conjugacy theorem (see [12, Proposition 6.1 ]).
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Proposition 10. Let X be a locally convex space and take 1oy the topo-
logical dual X™* of X. Then the effective domain of the conjugate of every
proper lower semi-continuous function is nonempty.

Propositions 10 yields the following application of Theor8.

Theorem 4. Every proper lower semi-continuous functi@ndefined on a
locally convex vector spac¥ is bounded below if the set of all linear and
continuous functiong : X — R such that

[sup ® < +o0] = [sup f < +o0]
S s
is a linear space.

4. HNAL REMARKS

The main difference between the boundedness criteriadsiat&heo-
rems 1 and 3 and any of the criteria mentioned in the first sec¢s that
hypothesis of Theorems 1 and 3 assigns to the infimum of thetimto
be finite, but do not guarantee that the function achievasfitaRum.

Proposition 11. Suppose thak is the algebraical dual ot (that is all the
linear maps onY” are of form(x, -), z € X). Then every self-equilibrated
function in the clas$',(X) achieves its infimum oX.

Proof of Proposition 11Let ® € I'y(X) be a self-equilibrated function.,
By virtue of Theorem 2 it follows tha® is bounded below oX'. Then,
m (by definition equal tanf x & = —®*(0)) belongs taR. Moreover, as a
consequence of Lemma 3, we deduce BiatDom ¢*) is a linear subspace
of Y, sayU.

SetV for the set of all the linear maps dn, and(b;);c; for a (Hamel)
base of the vector spa¢é AsR, (Dom ®*) = U, it follows that, for every
1 € I, there existsy; > 0 such that both-~;b; and~;b; lie within Dom &*.
Set G for the convex hull of the sef—~;b;, vib; : i € I}. Obviously
G C Dom *; as the polar set af,

H={feV: -y <(fb)<vViel}

is convex and compact (since isomorphic with ; [—;, 7;], the direct prod-
uct of compact real intervals) with respect to the weak togpb (V, U), it
follows that( is a vicinity of 0 in the Mackey topology (U, V). The inte-
rior with respect to the Mackey topology @éhx R of the strict epigraph of
P
Sor ={(y,s): yeUs>d*(y)} CU xR

is thus nonempty; by virtue of Eidelheit's Theorem (see [igeorem 1.1.3,
Chapter 1]) we may separate by an half-space the singléteam) and
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Se+. In other words, there exists € R and a linear mapping : U — R,
which are not simultaneously equal to zero, such that treatimapping
F:UxR, Fly,s) = f(y) + as satisfies:

(17) F(0,—m) < F(y,s)V(y,s) € Se«.

Let us prove that > 0. Indeed, a®*(0) = —m it follows that, for every
t >0, (0,—m +t) € Se+; using relation (17) foy = 0 ands = —m + ¢
we deduce thatvt > 0 for everyt > 0. Hence,a > 0. We claim thaix
cannot be). Suppose, to the end of obtaining a contradiction, that 0.
In this case, relation (17) yieldg(y) > 0 Yy € Dom ®*. As the linear
spacel/ is nothing but the cone spanned bym ®*, and asf is positively
homogeneous (since linear) on it follows that f(y) > 0 for everyy € U.
Accordingly, f = 0, and thusF = 0, a contradiction. Using the fact that
X is the algebraic dual of’, there isz € X such that(x,y) = f(y) for
y € U. Rewriting relation (17) as

(x,y) +al(s+m) >0 YyeUs>d(y),
and noticing thatv > 0 we deduce that
(r,y) + a(P*(y) + m) >0 VyeU.
Dividing the previous relation by« we obtain
T
N —_ d* < .
(18) (-Zy) - <m weU;

relation (18) obviously holds also wheng U, since in this casé*(y) =
+00. Consequently,

v (~5) =0 (5) = ((ow) — o) =m

Recall thatb (—£) > infx ® = mto deduce that- £ € argminy®. [

Remark 6. The hypotheses of Proposition 11 are obviously satisfiechwhe
the algebraic dimension of is finite.

Itis impossible to retrieve the result of Proposition 11 geaeral locally
convex setting.

Proposition 12. On every Banach vector spaceé of infinite dimension
there is a self-equilibrated function ifiy(X) which does not achieve its
infimum onX.

Proof of Proposition 12When.X is a reflexive Banach space, consider a
closed, convex, linearly bounded and unbounded symmeiiosetC' of X.
As its characteristic function is not coercive, applyinggdhem 4.3 from [1]
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to ad(-|C), we deduce that, for every> 0 there is a functio® € I'g(X)
which does not achieve its infimum and satisfies

(- |C)—e <P <4(-|C) +e.

Obviously, the cone of growth directions ©f coincides with the cone of
growth direction ofé(-|C'). Since the se€’' is symmetric,(-|C') is self-
equilibrated and therefore for every> 0, ®. is a self-equilibrated function,
belongs td"(X) and does not reach its infimum.

WhenX is a non reflexive Banach space, recall that, following asitas
result of James (see for instance [9]; for further develamsien this topics
see [8]), there is a continuous linear map: X — R, which does not
achieve its supremum on the unit bl of X.

It suffices now to take& for the restriction off onBx:

O X - RU{+oo}, ®(z) =4d(-|Bx)(x) + f(x).

As the effective domain o is the unit ball,® is coercive, thus is self-
equilibrated. Obviouslyp € I'y(X) and does not achieve its infimum on
X, establishing Proposition 12. O

It is (at our knowledge) an open question whether if a selfldarated
function which belongs td',(X) and does not achieve its infimum exists
on locally convex spaces which are neither Banach nor gatisfditions of
Proposition 11.
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