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GLOBAL MAXIMUM OF A CONVEX FUNCTION: NECESSARY
AND SUFFICIENT CONDITIONS

EMIL ERNST AND MICHEL THERA

Dedicated to Simon Fitzpatrick, in Memoriam

ABSTRACT. In this note we prove that an extended-real-valued lower
semi-continuous convex functieh defined on a reflexive Banach space

X achieves its supremum on every nonempty bounded and closed con-
vex set of its effective domain Dorp, if and only if the restriction ofp

to Dom @ is sequentially continuous with respect to the weak topology
on the underlying spac¥.

1. INTRODUCTION AND NOTATION

“The theory of the maximum of a convex function with respect to a closed
and convex sétas remarked by Rockafellarin [12, p. 342jds an entirely
different character from the theory of the minimiumA first significant
difference between these two problems concerns the nature of the respective
optimality condition.

In order to fix the ideas, we suppose thats a real normed space with
topological dualX*. Given an extended-real-valued functién: X —
R U {400}, let us write as usudbom @ for the set of all elements € X
for which ®(z) is finite, and say thab is properif Dom ® # (). Let'y(X)
denote the set of all the convex, proper and extended-real-valued functions
defined onX and recall that the subdifferential @fat x is given by

0(z) ={f e X" : O(y) = P(z) = (f,y —x) Vye X}
while the normal cone t@’ at z is defined by
Ne(z)={fe X" : (fly—2)<0 VyeC}
Given a closed and convex g€t it is well-known that a functiorb €

['g(X) achievesits infimum at € C'if and only if the celebrated Pshenichnyi-
Rockafellar condition (see [10])

0 € 00(z) + Ne(x)
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2 EMIL ERNST AND MICHEL THERA

holds. When considering the maximization problem of a convex func-
tion ® over a closed and conveX, the specialization of the Pshenichnyi-
Rockafellar condition provides a local necessary optimality condition. This
condition says that the subdifferential ®fat every pointr € C' where®
attains its maximum lies within the normal conedat z, i.e.,

(1) 0®(z) C Ne(x).

However, this simple condition is only necessary, and far from being suf-
ficient, as shown (see [10]) by the maximization over the closed interval
C = [—1,0] of the continuous and convex real function

f:R—R, f(x) = max{z? z}.

The classical way of transforming this condition into a necessary and
sufficient optimality criterion is to use more general definitions for the sub-
differential and the normal cone.

Due to its importance in applications, the maximization of a convex func-
tion has recently received attention of many researchers. Without the slight-
est claim of being exhaustive (we refer the reader to [5] for a complete sur-
vey of the topic), we can mention here the work by Hiriart-Urruty ([8]), who
gave a necessary and sufficient fore I'y(X) to achieve its maximum at
xeC:

0:P(x) C Nee(z) Ve >0,
whereo.®(x) represents the-subdifferential of® atx and is given by
0.0(x)={feX": Oy)—P(x) > (f,y—x) —e Vye X}
andN¢ () represents the set efnormals ofC' atz given by
Noe(z)={feX": (fy—x)<e VyeC}.

The Hiriart-Urruty condition, initially stated in [8] has been extended to the
class of tangential convex functions in [9, Theorem 2.1], and some related
sufficient local optimality conditions were established in [4]).

In the case of continuous functions, a different necessary and sufficient
optimality condition of the same type was achieved by using the notions of
~-subdifferential ofP at x,

KP(x) ={f: X = R: (y) - 0(z) = f(y) — flx) Vye X},
and ofy-normal cone of”' atz,

Ney(x) ={f: X = R: f(y) < f(x) VyeC}.
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Thus, Flores-Bazan establishes (see [1]) that any continuous funition
from I'g(X') achieves its supremum a@natx if and only if

0,®(x) C Ne(a).

An extension of this condition to the maximization of vector-valued func-
tion has been also provided in [2].

A different approach was given by Strekalovski (first published in [13];
a much more detailed account may be found in [14].) He proved that a
function ® € T'y(X) achieves its supremum @il at z if and only if the
condition (1) is valid at all the pointg at which®(y) = ®(z). Let us re-
mark that two more general variants of this condition have been obtained in
[9, Theorem 1.1] and [15, Theorem 1], and a similar condition was proved
in [15, Theorem 2] for piecewise-convex continuous functions.

Recently, several articles aimed to extend this analysis to nonconvex
functions, by defining appropriate notions of subdifferentials. Let us par-
ticularly mention several works. Hiriart-Urruty and Ledyaev developed a
necessary and sufficient condition for global maximization for a class of
locally Lipschitz functions which are regular in the sense of Clarke. Let us
also mention the use by Dutta ([6]) of a general nonsmooth tool introduced
by Demyanov and called convexifactors to deduce optimality conditions for
the maximization of locally Lipschitz functions, as well as Mordukhovich’s
sharp analysis ([11]) of lower and upper subdifferentials in order to obtain
optimality conditions for a broad class of nonsmooth and nonconvex func-
tions.

The purpose of this note points out another noticeable difference between
minimizing and maximizing convex functions. Namely, criteria of exis-
tence of a minimum on convex sets apply to a much broader class of convex
functions than the criteria for the existence of the maximum. Indeed, if
the underlying spac« is a reflexive Banach space, using standard convex
analysis techniques we know that every lower semi-continuisasf(inc-
tion & € I'h(X) attains its infimum on every closed bounded and convex
setC. However, it is well-known that in every Hilbert spaces there are
bounded convex sets which do not contain any element of maximal norm.
We thus conclude that the norm of a Hilbert space, although being a convex
and continuous mapping, does not achieve its maximum on every bounded
closed convex set. Consequently, in order to ensure for a convex function
the existence of a global maximum on every bounded closed and convex set,
we should impose to the function a more restrictive condition than the mere
lower semi-continuity. Namely, from the Eberlein-Smulian Theorem, it fol-
lows that in a every reflexive Banach space, every convex function which
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is sequentially weakly continuous on its domain reaches its maximum on
every bounded closed and convex set. (A detailed account of conditions un-
der which a convex functional achieves its supremum over every compact
subset of a locally convex space is given in [7]).

The goal of this note is to prove that this restrictive condition of sequen-
tially weak continuity on the domain of the function is in fact necessary and
sufficient to ensure that a functich € I'y(X) achieves its supremum on
every bounded closed and convex set. Namely, we establish (Proposition
1, Section 2) that, ifX is a reflexive Banach space, for evdsg function
¢ € I'y(X) that is not sequentially weakly continuous on its domain, it is
possible to find a bounded closed and convex set over whidiees not
reach its supremum.

The remaining part of this note is essentially devoted to the proof of the
main result. We begin with fixing some definitions and notation. We assume
throughout thatX is a reflexive Banach space with closed closed unit ball
denoted byB x. The topological dual o will be denoted byX™*, and for
a setS C X we use the notations(.S) andco(S) for the convex hull and
the closed convex hull of.

2. THE MAIN RESULT
The main result of this note is the following.

Proposition 1. Let® be a proper extended-real-valued Isc convex function
defined on a reflexive Banach spake The mapd achieves its supremum
on every bounded, closed and convex subset of its effective domai® Dom
if and only if the restriction ofP to its domain is sequentially continuous
with respect to the weak topology on

As already remarked in the introduction, the Eberlein-Smulian theorem
allow us to deduce that a functidne I'y(X') which is sequentially continu-
ous on its domain with respect to the weak topology achieves its supremum
on every bounded closed and convex set. It remains to prove that if a proper
extended-real-valueldc convex function® fails to be sequentially weakly
continuous on its domain, then there exists a bounded closed and convex
subsetC of Dom ¢ such thatb does not attain its supremum 6h

The following proposition proves that this result is valid in an arbitrary
real normed space.

Proposition 2. Let X be a real normed space, ari: X — R U {400}

a proper extended-real-valued Isc convex function which is not sequentially
weakly continuous omom ¢. Then, there exists a bounded closed and
convex subset i§' of Dom ® over which® does not reach its supremum.
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Proof of Proposition 2 Pick a pointz € Dom ® at which® is not se-
guentially weakly continuous. The lack of sequentially weak continuity
of ® at7 ensures the existence of a sequeficg,cn+ C Dom & weakly
converging tar, and of a positive valué > 0 such that

) |®(2n) — ()| = ¢, YnEN"

Remark that, if there is a subsequeiieg) e+ Of (x,)nen+ Such that
3) P(xx) < O(7)

for everyk € N*, then, by virtue of relation 2 it follows that

liminf ®(z;) < &(7) — ¢,

k—o0

a relation which contradicts the fact thhis Isc.
Thus, the set of those elemenigsfulfilling relation (3) is finite. Equiva-
lently, there exists an integare N* such that

(4) O(z,) — (@) >¢, Yn>T

For everyn > 7, let us consider the mapping, : [0,1] — R, defined

by f.(A) = & ((1 — N\)T + A\z,). Let us remark thaf, (0) = ®(7) and
fn(l) = ®(z,) > ®(T) + ¢. Sincef is continuous (as a finite convex
function defined on a real interval), it follows by the Mean Value Theorem
that there is\,, € [0, 1] such that

Setp, = (1 — \,)T + A\,z,, and remark thap,, belongs to the line segment
%, x,] C Dom @, that

n—1

(5) ®(pn) = ®(7) + ¢,

and that the sequencg, )+ converges weakly to.

SetC' = @0 ((pn)n>n); ObviouslyC'is closed and convex. On one hand,
C'is contained in the closed convex hull of the weakly convergent sequence
(xn)n>m, Which make it a bounded set. On the otherdass alsc con-
vex function, we deduce from relation (5) th@tlies within the level set
O~ 1((—o0, ®(T) + (]), and thus withirDom &.

We claim that the functionb does not achieve its supremum on the
bounded closed and convex subSetf its domain.

In order to obtaining a contradiction, let us suppose that there is a point
Z € C such that

(6) O(z) < P(z) Vel
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Substitutingp,,, n > 7 to x in relation (6) we obtain that

n—1

(7) ®(z) = ©(pn) = 2(z) +

¢ Vn>n.
Taking the supremum overin (7) yields

—1

®) D(Z) > sup ®(7) + ——— ¢ = B() + .
n>n

As & € ¢ ((pn)n>n), T is the norm-limit of a sequence of elements from

co ((pn)n>m)» SAY(Um )men+. FOr everym € N*, u,, is thus a convex sum of

{pn: n>n}

Um = E O nPn,

n>n

for some sequenc@v,, . )n>n C [0,1] such thaty | - oy, = 1 (remark
that for every fixedn only a finite number among the elements of the se-
quencea;, »)n>7 are non null).

Let us prove that, for every € N*, the sequencéu,, ), .. Of convex
coefficients converges to zero.
Indeed, by the convexity ab we have
9 Pun = @ (Z ozm’npn>
n>n
< D nan®(pn) =D (<I>(f) Ll g) .
n>n n>n n
For everyq € N*, ¢ > nn we may write
n—1
10 mn | (T
10) Y (96 + ")
—1
< an (0@ + 1)+ Y (@@ +0)
q n>n, n#q
= ®(7)+ <Z U — @Z,q> C=®(7)+ (1 _ Oé;,q) C.
n>n

Combining relations (9) and (10) we obtain

D (uyy,) < O(T) + <1 — Ozm,q> ¢ VmeN, g>n.
q
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Fixing ¢ and taking the limit inferior ovem € N* in the previous inequality
yields

m—00 m—0o0

(11l)iminf ®(u,,) < liminf (CID(T) + (1 - aZ’q> C)

lim sup,,, o ¥m.q
q

= <I>(f)+(1— )g Vg > .

Now we make use of the norm-convergence of the sequenggen- to
7 and of the lower semi-continuity of the functidnto deduce that

®(7) < liminf ®(u,,).

m—00

According to relation (8), the previous inequality implies that
(12) O(7) + ¢ < liminf ®(u,,).
Combining relations (11) and (12) gives

limsupay,, <0 Vg>n,

m—00

and asv,, ,, > 0 for everym € N* andn > 7, we obtain

(13) lim a,,=0 Vq¢>n.

m—00

In order to obtain the desired contradiction, we prove now that the se-
quenceu, ),en+ converges weakly t@. To this end, fixf € X* and set\
for the supremum of onC'. Hence

(14) [(f,2) | <M, and [(f,pn) [ < M Vn >n.

As the sequenc@,,),.en+ converges weakly to, it follows that for every
e > (0 there is an integet(¢) > 7 such that

[(fipn) = (f,T)]| <e  Vn>mne).
As a consequence we have

(15) Z W ((f, Pn) — (f,T))

n>7n(e)

< Z Oém,n|<f>pn>_<fvf>|

IN
0
3
3
™
A
™
<
R
Mm
Z
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Recall (relation (13)) that for every fixed € N*, 7 < ¢ < 7n(e), the
sequencéaw,, ,)men+ Of positive real numbers converges to zero. Conse-

quently, there igr(¢) such that

£
< < — >m n<q<mne).
0 <y < () Vm >m(e), n < q <7le)
Taking into account relation (14) we have
n=n(e)
(16) S o (o pa) = (£.7))
n=n(g)
< Z Q| (fs ) |+, T)])
n=n(g) .
< — < > m(e).
< 7; ) <e Vm>m(e)

Summing up relations (15) and (16) we deduce that

= <fazam,npn> - <f7f>

= Zam7n<<fapn> - <f7§)>

n>n

Ofm,ﬂ((f: pn) — (£, 7))

IA
3

i
3

+ Z U ([, 0n) — ([, T))

n>n(e)
< 2 Vm >m(e).

We have thus proved that the sequeficg),.cn+ converges weakly to;
asz is the norm-limit of the same sequence, it follows that . Making

use of relation (8) we deduce that
P(7) < (7)) +( < P(2) = (7),

a contradiction. Thus, the convex functidndoes not reach its supremum

onC.
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