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Interpretation of nonlinear interior methods as damped
Newton methods

Paul ARMAND,! Joél BENOIST! and Dominique ORBAN?

Abstract. We propose a unified framework for the update of the barrier parameter in
interior-point methods for nonlinear programming. The original primal-dual system is aug-
mented to incorporate explicitly an updating function. We analyze local convergence prop-
erties and recover known updating strategies as special cases. We report numerical exper-
iments on nonlinear problems and compare our results to a state-of-the-art interior-point
implementation.
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1 Introduction

We consider nonlinear minimization problems of the form

min f(x),
st.  c(x) =0, (1.1)
x>0,

where f : R" — R and ¢ : R® — R™ are twice continuously differentiable. Let
(y,z) € R™ x R™ denote a vector of Lagrange multipliers associated to the con-
straints. Let w = (z,9,2), v = (z,2) and define £(w) = f(x) +y'c(z) — 2z x the
Lagrangian function associated to problem (1.1). The first order optimality condi-
tions of problem (1.1) can be written

Fw)=0 and v>0 (1.2)
where F : R?+™m _ R27™ is defined by

Vi l(w)
Flw)y=1| e¢(x) |, (1.3)
XZe

where e = (1---1) is the vector of all ones. We use X to denote the diagonal matrix
diag(z1,...,x,) and employ similar notation for other quantities.
Primal-dual interior point methods apply a Newton-type method to a sequence
of perturbations of (1.2)
F(w) = pe, (1.4)
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where € = (0 0 eT)T and g > 0 is held fixed at some value ug, to identify wy
meeting a stopping criterion of the form

[ F(wi) — pell < e, (1.5)

for some tolerance 5 > 0, while enforcing vy > 0. The process is referred to as the
inner iteration. The values of uj and e are next decreased to ensure that {ug} | 0
and {e} | 0 and a new series of inner iterations begins. The variable p is called the
barrier parameter, because (1.4) can be interpreted as the optimality conditions of
the penalty barrier problem

(20 g

Under standard assumptions on (1.1), as p | 0, the solutions x(u) of (1.6) trace a
smooth trajectory, called the central path, converging to a solution z* of (1.1) [6].

With the intent of finding an appropriate starting point for the next sequence
of inner iterations and to guarantee fast local convergence, an extrapolation step
is often performed from wy. One possible extrapolation step, originally devised
in a purely primal framework, is obtained by linearizing the perturbed optimality
conditions at (wg, p) [4]. It is now known that, in the primal-dual framework, this
step is equivalent to a Newton step for (1.4) using the new value 11 [8]

F'(wg)dy, + F(wg) = pug11€. (1.7)

If wy, satisfies (1.5) and if py and ey, are appropriately updated, it can be shown that
for sufficiently small values of uj41, the step di given by (1.7) preserves positivity
of v and that wy + d; readily satisfies the stopping conditions of the new barrier
subproblem. This implies that a single step is asymptotically sufficient per update
of 1 and results in Q-subquadratic local convergence [2, 8, 9] .

For schemes based on proximity to the central path as enforced by (1.5), under
standard regularity conditions, the local convergence rate of {wy} to w* is directly
tied to the convergence rate of {ur} to zero. The positivity requirement v > 0
imposes that p cannot decrease too fast in the sense that

2_
Hh+1 = Ky

for some constant £ > 0 and some ¢ > 0 as small as desired. Various rules for
updating u can be found in the literature. They range from the simplest, but glob-
ally convergent, monotonic decreases of pu, rules that draw inspiration from linear
programming to rules of a different nature which are based on a measure of cen-
trality. Most algorithms decrease p linearly and will attempt to recover fast local
convergence by switching to a rule which decreases p superlinearly as soon as it is
declared sufficiently small [14]. However, the notion sufficiently small is problem



dependend and it remains unclear how to wisely switch from one rule to the other.
In [7], the authors use a rule which mimics rules based on the duality gap in lin-
ear and convex programming but enforces that {ux} be decreasing. Numerically,
the monotonicity of {ur} can be a source of difficulties, or limitating, and more
dynamic rules are investigated, often at the expense of global convergence. An ex-
ample is given by [5] where the barrier parameter is allowed to increase occasionally.
Recently, the authors of [11] incorporated such a rule into a safeguarded globally
convergent framework with a heuristic switch. At variance, the authors of [12] note
the importance of keeping individual complementarity pairs clustered. They mea-
sure deviation from centrality and update p accordingly in a manner similar to [10].
Unfortunately, this practice is not warranted by any global convergence theory and
can cause failure if u; diverges or becomes too small prematurely.

In this paper, we propose a new interpretation of interior point iterations and
a framework that unifies updating rules for the barrier parameter. Consider the

system
<F(1§zu_) : é) = (8) (1.8)

where 6 is a scalar function defined on R, derivable, increasing, strictly convex
and such that 6(0) = 0. Clearly, the vector (w*,p*) is a solution of (1.8) if and
only if ©* = 0 and F(w*) = 0. To solve (1.2), the algorithm scheme that we
consider, is based on the application of a sequence of Newton iterations to (1.8),
while maintaining positivity of v. A Newton step from (wy, pg) is the solution of
the linear system

(75 ) () + (500 = (0)- o

The first equation of (1.9) may be rewritten
F'(wg)dy + F(wy) = (i + db)e, (1.10)

which is just the system (1.7) with g1 = p + df.. The value of df is obtained
from the second equation of (1.9)
wo 9(#1@)
d, () (1.11)

This point of view shows that both the decrease of the barrier parameter and
the extrapolation step can be interpreted as only one Newton step.

A first consequence of this formulation is that the tools of the convergence anal-
ysis of Newton’s method can be directly applied to a local convergence analysis of
the interior point algorithm. This point of view is developed in Section 5.

A second consequence is that a control of the decrease of the barrier parameter
can be introduced in a natural manner; decreasing p rather conservatively when far




from a solution where the extrapolation step can be a poor direction of improvement,
and more enthusiastically when closer to a local solution. We explore this possibility
in a linesearch framework. We study the introduction of the steplength computed
by a linesearch, in the update formula of the barrier parameter. A first candidate
steplength is given by the so-called fraction to the boundary rule: the largest a €
(0, 1] ensuring

v + ady, > (1 — 7)o, (1.12)

where 73, € (0,1). A natural choice for the next value of the barrier parameter is
then

fes1 = pk + agd.

A second candidate steplength is given by a sufficient decrease condition on a merit
function. At last, we explore the possibility of updating p at each inner iteration.
This results in an algorithm which is not warranted by a global convergence theory
but we hope to illustrate however that it possesses some stabilizing properties. The
benefits of damping the update of u are illustrated by some numerical experiments
in Section 8.

The paper is structured as follows. Section 2 describes the notation and assump-
tions used throughout the text. Section 3 gives general properties on the sequence
defined by (1.11) under various assumptions of the function 6. Section 4 presents a
number of preliminary results concerning local solutions to equation (1.4) and prop-
erties of a Newton iteration. Section 5 studies local convergence properties of the
sequences defined by (1.9) but ignores the positivity constraints. The latter are ad-
dressed in Section 6 where conditions on the tolerance £; and on the decreasing rate
of ui are derived to ensure that a single inner iteration is asymptotically sufficient.
Finally, Section 7 presents three algorithm schemes and gives a general convergence
result. Results of some numerical experiments are discussed in Section 8.

2 Notation and assumptions

Vector inequalities are understood componentwise. Given two vectors x,y € R",
their Euclidean scalar product is denoted by z'y and the associated ¢, norm is
|z|| = (z"2)"/2. The open Euclidian ball centered at = with radius r > 0 is denoted
by B(xz,r), that is B(x,r) :={y: ||z —y|| < r}.

For two nonnegative scalar sequences {ax} and {b;} converging to zero, we use
the Landau symbols a = o(bg) if limg_.oo ax/br = 0 and ax = O(by) if there exists
a constant ¢ > 0, such that a; < cby for all sufficiently large k. We use similar
symbols with vector arguments, in which case they are understood normwise. We
write ar = ©(by) if both a; = O(bg) and by = O(ag) hold. We also write aj ~ by,
if limyg_, o ar/br = 1. For a positive function € : Ry — R, we write €(t) = o(t)
if limg g €(t)/t = 0, €(t) = O(t) if limsup, ) €(t)/t < +oo and €(t) = O(t) if both
0 < liminfyjg €(t)/t and limsup, g €(t)/t < +o0 hold.
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We denote by e; the vectors of the canonical basis of R”. For all z € R", Ve(x)
denotes the transpose of the Jacobian matrix of ¢ at x, i.e., the n X m matrix
whose i-th column is V¢;(x). Let * € R™ be a local solution of problem (1.1). Let
A= {i:x} = 0} be the set of indices of active inequality constraints. Throughout
the paper, we assume that the following assumptions are satisfied.

Assumption 2.1 The functions f and c are twice continuously differentiable over
an open neighborhood of x*;

Assumption 2.2 The linear independence constraint qualification holds at z*, i.e.,
{Vei(z*), i=1,...,m}U{e;, i € A} is a linearly independent set of vectors.

Note that Assumptions 2.1 and 2.2 imply that there exists a strictly feasible point,
ie., T € R such that ¢(z) = 0 and z > 0, and that there exists a unique vector
of Lagrange multipliers (y*,2*) € R™*™ such that w* = (z*, y*, 2*) is a solution of
(1.2).

Assumption 2.3 The strong second-order sufficiency condition is satisfied at w*,
ie., u' V2 (w*)u > 0 for all u # 0 satisfying Ve(z*)Tu = 0 and u; = 0 for all i € A.

Assumption 2.4 Strict complementarity holds at w*, that is
min{z; + 2z :i=1...n} > 0.
Under Assumptions 2.1-2.4, the Jacobian of F', defined by

V2 l(w) Ve(z) —I
F'(w) = | Ve(z)T 0 0|,
Z 0 X

is uniformly nonsingular over a neighbourhood of w*. This fact will allow us to state
strong results on the solution to (1.4) as p | 0.

3 The function # and the update of u

In this section we give some examples of function 6 that can be used in equation
(1.8) and establish a connection between 6 and the sequence {u} defined by g1 =
WE + dZ where dZ is given by (1.11). We start by recalling our basic assumption on
0.

Assumption 3.1 The function 6 : Ry — R is continuously derivable, increasing,
strictly convex and such that 6(0) = 0.

Some properties of the sequence {u} implied by the nature of the function 6 are
summarized in the next result.



Proposition 3.2 Suppose that Assumption 3.1 holds. Let the sequence defined by

o > 0 and
0 (k)
= 1y — ) 1
M = 1k = s (3.1)

(1) The sequence {uy} is decreasing and converges to zero.

(ii) Suppose that @ is p times derivable, with 8'(0) = ... = ®=D(0) = 0 and
0®)(0) # 0 (possibly co). Suppose also that the following limit exists:

. t9@)(¢)
a:=lim ———+.
tlo Or=1)(¢)

1
p—1+a-

Then {ur} converges linearly with convergence ratio 1 —
(i73) If 0'(0) > O then {ux} converges q-superlinearly to zero.
(tv) If 0 is twice derivable on (0,€) for some € > 0 and if limy|o 0" (t) = 400, then
pi = olk41)-

Proof. It follows from Assumption 3.1 that () > 0 and 6’(u) > 0 for all g > 0,
therefore the sequence {uy} is decreasing. Using the strict convexity of 6, one has

pur10" (k) = 0 () pur, — 0(px) > —0(0) = 0.

By induction, we then obtain p > 0 for all £ and thus the sequence {uy} converges.
Taking the limit in (3.1) and using the fact that zero is the unique solution of
O(u) = 0, we deduce that {ux} converges to zero, which proves (i).

Point (i7) is proved by using (p — 1) times the extended mean value theorem.
There exists 0 < ( < pg such that

Peer g O(m)
[k 1kt (o)
_ 0@~ (Gr)
(p = DO~V () + GO (Ck)
1

S (p— 1)+ GOP () /0PI (¢)

Taking the limit £ — oo, we obtain the result.
Point (#ii) follows from 6(uy) = 0’ (k) ur + o(pg) and taking the limit in

e, O(ue)/

e 0 (ir)

Using the Taylor-Lagrange formula, for all k& > 0, there exists (; € (0, ug) such
that

0= 00) = 0(0us) — 0" (i) + 0" (Go
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It follows that u3/pgr1 = 26’ (ur)/0"” (Cr), therfore u2 = o(pux11), which proves (iv).
O

A first instance of  is given by
OL(p) = p® for p >0, (3.2)
for some constant ¢ > 1. The barrier parameter update is given by
P = (1 - l)ﬂk-
o

The decrease of i to zero is linear with ratio 1— % Note that the rate of convergence
can also be deduced from part (i) of Proposition 3.2 with p — 1 = |o].
A second example is given by

Os(n) = ———  for pe[0,b), (3.3)
(b’Y — N’Y)v

for some parameters b > 0 and 0 < v < 1. It is not difficult to verify that this
function is strongly convex and that 0(0) = %. The update formula is given by

I oy
Hk+1 = b_,yiuk ’77

which indicates that the rate of convergence of pj to zero is g-superlinear. Such a
rule is used in, e.g., [2, p. 52]. Note that the rate of convergence is not quadratic,
as implied by part (iv) of Proposition 3.2.

A third example of function # can be given by imposing local Lipschitz continuity
of ' at zero. For example,

0q(u) = p” + Bu, for p >0, (3.4)

for some parameters ¢ > 2 and G > 0. In that case, the rate of convergence of the
barrier parameter is quadratic.

4 Preliminary results
In this section we give some useful results about the solution of equation (1.4).

Lemma 4.1 Under Assumptions 2.1-2.2, the Jacobian F' is locally Lipschitzian
about w*, i.e., there exist 65, > 0 and L > 0 such that, for all wi,wy € B(w*,0r),

[F" (w1) = F'(w2)|| < Lljwy — wal.



The newt two lemmas are consequences of the nonsingularity of F’/(w*) (see
e.g.[6]).

Lemma 4.2 Under Assumptions 2.1-2./, there exist g > 0 and K > 0 such that,
for all w € B(w*, k) the Jacobian F'(w) is nonsingular and

1
7 SIF @) < K.

Lemma 4.3 Under Assumptions 2.1-2.4, there exist 6¢ > 0, uc > 0 and a con-
tinuously differentiable function w(-) : (—pc,pc) — R such that, for all
w € B(w*,d¢c) and |p| < pc,

F(w) =pé if and only if w(p) = w.

We have the expansion
w(p) = w* +w'(0)p + o(u)

where the tangent vector to the central path w(-) at p = 0 is given by w'(0) =
F'(w*)"1é # 0. As a consequence, there exists C > 0, such that for all 1, po €

(_N07NC)7
lw(p) —w(p2)|| < Clpr — pal.

The following result states a property of the central path and its tangent vector.
It is a consequence of the strict complementarity assumption.

Lemma 4.4 Suppose that Assumptions 2.1-2.4 hold. Let w(-) be the implicit func-
tion defined in Lemma 4.3. Let w(u) := (x(p),y(p), (1)), then

x;21(0) + 25(0)2] = 1. (4.1)
Proof. By virtue of Lemma 4.3, for all i = 1,...,n, we have
zi(p) = @7 + pai(0) +o(u) and  z(u) = 27 + pz(0) + o(u).
By using z}z’ = 0 and F(w(p)) = pé, we deduce that
i(p)zi(p) = (27 2(0) + 23(0)2])p + o(p) = p.
Diving both sides by p and taking the limit g — 0, we obtain (4.1). O

The last two lemmas analyse some basic properties of the Newton step generated
by the primal-dual method.



Lemma 4.5 Under Assumptions 2.1-2.4, there exist §* > 0, u* > 0 and My > 0
such that, for all w € B(w*,§*) and |p| < p*, the Newton iterate, defined by

N(w,p) = w — F'(w) " (F(w) — peé),

satisfies
1N (w, 1) = w(p)]| < Millw = w(p)|. (4.2)
and . 5
I ) =0l < 5l = 'l + 5 (43)
In particular, N(w, p) € B(w*, ).
Proof. Let us define
M, = 1KL 6% := min{dr, 0k, & L} and p* := min{1 L}
1-— 2 ) — LyOK, CJ4M1 Ho= 7,“’0720(2M10+1) )

where the constants are defined in Lemmas 4.1-4.3.
Let (w,p) € B(w*,0*) x (—p*, p*). By Lemma 4.3, one has F(w(u)) — pé = 0.
It follows that

N(w, 1) — w(p)
= w—w(y) — F'(w) " (F(w) - ué)

= —F'(w)" (F(w) - pé — F'(w)(w — w(p)))
1
= —F'(w)™ /0 (F'(w(p) + t(w — w(p))) = F'(w))(w — w(p)) dt.

Taking the norm on both sides, using the Cauchy-Schwarz inequality and Lem-
mas 4.1 and 4.2, we obtain (4.2).

Using (4.2), Lemma 4.3 and the definition of the constants My, 6* and u*, we
have

IN(w, p) —w*[| < [[N(w, p) = w(p)| + [Jw(p) —w]]
< Miflw = w(p)|* + [lw(p) —w*||
< My (|w — w*|? + () — w'P) + lw(n) — o]
< w4 g
- 2 2u*
< 0%,
which proves (4.3) and concludes the proof. O



Lemma 4.6 Suppose that Assumptions 2.1-2.4 hold. Let §* and u* be the radii of
convergence defined in Lemma 4.5. Then, there exists Mo > 0 such that, for all
w € B(w*,6*) and 0 < pu* < pu < p*, the Newton iterate

N(w,p*) = w — F'(w) " (F(w) - u"e),

satisfies
IN (w, 1) = w(p )| < Ma([w —w(p) | + p?). (4.4)

Proof. Let C', My, §* and p* be the constants defined in Lemmas 4.3 and 4.5. Using
Lemmas 4.3 and 4.5, one has

IV (w, 1) = w(p")] Mi[lw = w(p®)|?
Mi(Jw = w(p)]| + llw(p) = w(u)])?
Mi(flw = w(p)| + C(u — ut))?

2My max{1, C*}([lw — w(p)|* + p%).

(VAN VAN VARSI VAN

The result follows with My = 2M; max{1, C?}. O

5 Local convergence analysis

The first result is a direct consequence of the convergence properties of Newton’s
method. Note that it is not assumed that the iterates remain strictly feasible during
the iterations (i.e., vy % 0). Note also that the results are stated without any
assumption on the proximity of the iterates to the central path.

Theorem 5.1 Suppose that Assumptions 2.1-2.4 and 3.1 hold. Consider the se-
quences defined by the recurrence

Pkl = pe +diy  and  wig = wi + di,

where dl is defined by (1.11) and dY is the solution of (1.10). Let 6* and p* be the
threshold values defined in Lemma 4.5. For all wg € B(w*,0%) and all 0 < py < p*,
the sequence {u} is decreasing and the sequence {(wg, 1)} converges to (w*,0).
Moreover, if 6'(0) # 0, then the rate of convergence of both sequences {(wg, ux)}
and {pg} is q-superlinear. In addition, if 0’ is locally Lipschitzian at 0, the rate of
convergence of both sequences is quadratic.

Proof. The convergence of the sequence {juy} follows from outcome (i) of Proposi-
tion 3.2. From (4.3) we have

*

1
—_ < = %
|we 1 — w*| < 2Hwk w*[| + OTILaRE
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and therefore wy, — w* as k — oo.
Suppose that 6'(0) # 0. By Lemmas 4.1 and 4.2 the Jacobian matrix

("5 wim)

is nonsingular and locally Lipschitzian at (w*,0). The sequence {(wg, )} is then
generated by the Newton method with a step defined by (1.9). The convergence and
the rates of convergence of the sequences follow from the local convergence properties
of the Newton method (see for example [1, Proposition 1.17]). O

Theorem 5.1 shows that, whenever §’(0) # 0, the sequence {wy} converges to w*
with a r-superlinear or r-quadratic rate of convergence, depending on whether 6’ is
locally Lipschitzian at zero or not. The next result shows that, provided that {uy}
does not converge too fast to zero, both sequences {wy} and {u;} have the same
rate of convergence.

Theorem 5.2 Suppose that Assumptions 2.1-2.4 hold. Let 0* and p* be the thresh-
old values defined in Lemma 4.5. Suppose that {u} is a sequence of positive scalars
converging to zero such that 0 < pg < p* and

lim inf 2541 > 0, (5.1)
k—oo Nk

for some parameter p € (1,2). Consider the sequence defined by the recurrence
Wiy1 = wg + d

where df is the solution of (1.10) with d. defined by dlf = ppy1 — pi. Then for all
wp € B(w*, "), the sequence {wy} converges to w* and

wi, = w(pg) + o(uk). (5.2)

In particular, vy, > 0 for sufficiently large k and both sequences {wy} and {uy} have
the same rate of convergence.

Proof. As in the proof of Theorem 5.1, from (4.3) we have

*

1
los1 = will < 5 llww = w™ll + 5ok,

2u*

and thus w;, — w* when k — oo.

Let us prove now that (5.2) holds. Let My be the constant defined in Lemma 4.6.
Let us define s := Ms||wr, — w(pg)|| and € := Maug. Condition (5.1) implies that
13 = o(ur+1) and that there exist ¢ > 0, 3 € (0,1) and k such that

cﬁpk < pug for all k > k (5.3)

11



(see for example [1, Proposition 1.2]). From (4.4), one has
Spr1 < 524 €. (5.4)

Since e% = o(€p41), there exists an index k& > 0 such that e% < %Ek_l'_l for all k > k.
Let us prove that there exists kg > k such that s;, < €;,. By contradiction, suppose
that s > ¢ for all k > k. From (5.4) we would deduce that sj ;1 < 23%, therefore
{51} would converge quadratically to zero, which should imply that s = O(an) for
some « > 0. Since we have supposed that s, > €, we would then have ¢, = O(an),
a contradiction with (5.3) knowing that 1 < p < 2.

Let us prove now by induction on k that s < ¢ for k > ky. Our claim holds
for k = ko. Assume that it is true for a given k > ko. By (5.4) and the induction
hypothesis one has s;11 < 26% < €r+1, and thus our claim is also true for k£ + 1.

From (5.4), we can then deduce that sgy1 < 262 = 0(eg+1), which implies (5.2)
and proves the first part of the theorem.

Let us show that v, > 0 for sufficiently large k. From (5.2) and Lemma 4.3 we
have

(zr) = =] 4+ 2;(0) s + o(pr),

for all index 7. By (4.1) we have either z} > 0 or 27(0) > 0. It follows that (xy); > 0
for sufficiently large k. The reasoning is similar for the components (zy);.

At last, using (5.2) and Lemma 4.3, we have wy —w* = wi—w () +w(pr) —w* =
w'(0)pk + o(pk), and thus [Jwy, — w™ || ~ [lw'(0)]|- O

It is interesting to note that, at variance with other local convergence theo-
rems, Theorem 5.2 does assumes neither strict feasibility of the iterates—wg might
very well have a component vy ¥ O—mnor proximity of the iterates to the central
path. Strict feasibility and proximity however follow, as specified by (5.2), from the
sub-quadratic convergence of the barrier parameter to zero. The iterates wy asymp-
totically approach the central path tangentially since from (5.2) and Lemma 4.3,

wy, — w* w(pg) — w*

lim = lim ———— =u'(0).
k—oo U k—oo
Asymptotic results having a similar flavour are given in [5, 13, 15, 16, 17] where
u is allowed to decrease quadratically or faster and where proximity to the central
path is not enforced and feasibility is eventually not satisfied (the stabilized primal-
dual method in [13] may produce iterates with nonpositive components). Quadratic
convergence follows but takes place in a restrictive neighbourhood around w*.

12



6 Maintaining the positivity and the proximity to the
central path
Suppose that at the current iteration, the iterates w and p satisfy the approximate

optimality condition
[1F(w) — pel| < e(p), (6.1)

for some tolerance £(p) > 0. The Newton iterate for (1.8) is
Wt = w - F(w) " (F(w) - 5*e), (6.2

where ut = p — 0(un)/0'(11). We propose to analyse the conditions under which w™
will satisfy the fraction to the boundary rule and the next stopping test, that is

ot = (1= (), (6.3)
for some parameter 7(u) € (0,1) and
IF(w?) = prel <e(ph). (6.4)
The analysis proposed below uses some tools developed in [2].

Lemma 6.1 Suppose that Assumptions 2.1-2.4 hold. Suppose also that e(u) =
O(u). Let 6* be defined in Lemma 4.5. Then, there exists M3 > 0 such that, for all
w € B(w*,0") satisfying (6.1) and all > 0 sufficiently small,

[w —w*|| < Map

Proof. Let w € B(w*,¢*). Since F(w*) = 0 and F’'(w*) is invertible (Lemma 4.2),
we have

1
w—w' = F(w') " (Fw) - /0 (F'(w" + t(w — ")) = F'(w"))(w — w*) db),

Taking the norm on both sides, using the Cauchy-Schwarz inequality and Lem-
mas 4.1 and 4.2, we obtain

* L *
lw = w*|| < K(IF ()]l + 5 llw = w*[?).
Recall that §* < ﬁ (see the definition of §* in the proof of Lemma 4.5), it follows

that 4
[w—w*|| < SEIF )]

13



Now using ||é|| = v/n, (6.1) and e(u) = O(p), we then have
4

o —wll < SE(F@) - pel + Vi)
< SR + Vi)
< Mjsp.

d

Lemma 6.2 Suppose that Assumptions 2.1-2.4 hold. Suppose also that e(u) =
O(p). Let 6* and p* be defined in Lemma 4.5. Then, there exists My > 0 such that,
for all w € B(w*,6*) satisfying (6.1) and all 0 < p* < p sufficiently small, the
Newton iterate w™ defined by (6.2) satisfies

[wt —w(pt)|| < Map®. (6.5)
Proof. By using Lemmas 6.1 and 4.3 we obtain

lw = w*|[ + [Jw* — w(p)]]
(M3 +C)p

[w—w)] <
<

Using this last inequality in (4.4), we obtain (6.5) with a constant M4 defined by
M4:M2((M3+C)2—|—1). O

Regarding positivity of the iterates, we distinguish the case where no fraction to
the boundary rule is enforced, to the case where an explicit fraction to the boundary
rule is present.

Theorem 6.3 Suppose that Assumptions 2.1-2.4 hold. Suppose also that the pa-
rameters ut and e(u) are chosen such that

p’=o(u") and e(u) =O(p).

Let 0* be defined in Lemma 4.5. Then for all w € B(w*,0*) satisfying (6.1) and
such that v > 0, the Newton iterate w" defined by (6.2) is such that v™ > 0 and
F(wt) —ptée =o(ut) for sufficiently small > 0. Moreover, if 7(u) satisfies

lim sup (1 — 7(u)) 20

<1, 6.6
10 ur (66)

then (6.3) is satisfied for sufficiently small p > 0. In addition, if e(u) = O(u), then
(6.4) is satisfied for sufficiently small p > 0.
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Proof. Let 0 < k < 1. We begin by proving that, for all index ¢

ut

p+e(p)

Consider first the case where 7 > 0. Lemmas 6.1 and 6.2 imply that by taking
i > 0 sufficiently small, w and w™ can be arbitrarily close to w*. It follows that

x>k
x; >

'

Using put < p+¢e(p) and 0 < x < 1 we deduce that

+ +
T~

L5 W
X

p+e() &0

for sufficiently small p > 0.
Consider now the case where 27 = 0. By Lemma 4.4, we have z;(0) > 0. By
using Lemma 6.2, Lemma 4.3 and p? = o(u"), we have

v o= (af

—:Ez( ))+l‘z( )
—Myp® + 2i(0)put + o(u™)

>
> 2 (0)ut +o(u™).

Dividing both sides by x; we obtain

af _ 20t +o(pt)
Tp T '

From the definition of F' and (6.1), we deduce that x;z; < pu+¢e(p). Multiplying and
dividing the previous equation by z; yields

I .
7, 2 m(%(o)zi + o(1)).

Using Lemma 4.4, the term in parentheses tends to z}(0)zf =1 — z2/(0) =1 as p
goes to zero. We then deduce that (6.7) also holds for sufficiently small > 0 and
for all ¢ such that =} = 0.

By the symmetric role of the variables  and z, the reasoning is the same for the
components z;. We then have
>k wr

mv. (6.8)

Since we have supposed that v > 0, (6.8) implies that vt > 0.
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If condition (6.6) is satisfied, it implies that there exists x € (0, 1) such that, for
sufficiently small p > 0, we have

ut

pte(p)

From this last inequality and (6.8) we deduce that (6.3) holds.
Turning now to the residual at the updated iterate, by using Lemmas 4.1 and 6.2
and p? = o(ut), we have

1—7(p) <k

[F(w®) —ptell = |F(w") = F(w(u")]
< Lljw* —w(uh)|
< LMyy?
= o(u").

If e(u) = O(u), this last equation implies that for sufficiently small p, (6.4) is
satisfied. |

7 Practical algorithms

In this section, we are concerned with ways to incorporate the ideas presented above
into practical algorithms. We first present two algorithms which embed steps in
(w, p) into a globally-convergent framework and give a convergence theorem. Next,
we give a third algorithm, whose global convergence has not been established, but
which is conceptually closer to intuition and possessed desirable numerical proper-
ties.

We choose a scalar function 6 satisfying Asssumption 3.1 and for all g > 0 we

define 6()
+_, Y\
T

We select two tolerance functions € : Ry — Ry and 7: Ry — (0, 1), such that

, &(p)=06(u) and limsup(l—T(M))LE('u)

b e < 1L (7.1)
7

The function § given by examples (3.2) and (3.3) meet the requirement p? =
o(u™), but (3.4) does not, for in that case u* = O(u?). The other conditions in
(7.1) are satisfied if, for instance, we choose €(u) = pu for some parameter p > 0
and 7(p) = max{7,1 — p} for some 0 < 7 < 1. We describe our first algorithm as
Algorithm 7.1.
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ALGORITHM 7.1

Given an initial barrier parameter pg > 0, a tolerance € := £(10) and
wo := (20, Y0, 20) € R?"™ such that vy > 0 and || F(wg) — poél| < eo,
set k = 0 and perform the following steps:

1. Compute df from (1.11) and d¥ from (1.10).

2. Choose 7 := 7(ux) € (0,1) and compute «j the largest value of
a € (0,1] such that (1.12) holds. Set pp1 = px + oxd and wy, =
wy, + agdy.

3. Choose €11 := e(gs+1) < k. Starting from wy, apply a sequence of
inner iterations to find wy 1 satisfying

| F(wrt1) — prt1€]] < €

4. Set k:=k + 1 and go to Step 1.

Upon denoting the Newton iterates by
wi =wg+dy and = py +d.
where dj, and dy are defined by (1.11) and (1.10), equation (1.10) can be rewritten
F'(wy) (wi — wy) + F(wy) = pyé.
We also have
W = apwy + (1 —op)wy,  and g = appy + (1 — o) g

Theorem 7.1 Suppose that Assumptions 2.1-2.4 and 3.1 hold. Suppose also that
the function 0(-), (-) and 7(-) satisfy the properties (7.1). Let {wy} and {ui} be
the sequences generated by Algorithm 7.1. Suppose that {u} converges to zero and
that a subsequence of {wy} converges to w*. The following conclusions hold:

(1) wr — w* when k — oo,

(i1) ar =1 and wg41 = w;b = Wy, for sufficiently large k,

— w* )
(e N
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Proof. Let 0" and p* be defined in Lemma 4.5. Let i be a threshold value
such that all the conclusions of Theorem 6.3 are satisfied. Let us define g =
min{l,u*,ﬂ,ﬁ}, where M, and C are defined in Lemmas 6.2 and 4.3. By
assumption, there exists an index ko > 0 such that, wy, € B(w*,0") and ug, < fi.
Let us prove that wy € B(w*,0*) for all k& > ky. We proceed by induction on k.
Our claim is true for k = kg. Assume that it is true for a given k > kg. Considering
the assumptions that have been made and the induction hypothesis, Theorem 6.3
applies, therefore o = 1 and wg1 = w;. By Lemmas 6.2 and 4.3, we have

Jwir —w*| < flwggr — wlpg) | + [[w(pe1) — w”|]
< Mupi + Cligsa
< (My+CO)a
< 0%,

and thus our claim is also true for k + 1.

By applying Lemma 6.1 one has ||w;, — w*|| < M3py, for all k > kg, which proves
conclusion (7).

Applying again Theorem 6.3, we have oy = 1 and wiy; = W = w,j for all
k > kg, which proves point (7).

Lemma 6.2 and the fact that pi = o(uy+1) imply that |wy — w(pg)|| = o(ur).
Using again Lemma 4.3, it follows that wy — w* = w, — w(pg) + w(pg) — w* =
prw'(0) 4+ o(py), from which conclusion (i) follows. O

We will refer to the steps described in Step 2 of Algorithm 7.1 as extrapolation
steps. Note that since the inner iteration in Step 3 of Algorithm 7.1 relies on a
globally convergent method, global convergence of Algorithm 7.1 is ensured once
the generated sequence {uj} converges to zero. This will be the case provided
the sequence of steplengths {aj} along the extrapolation is bounded away from
zero. Once the iterates reach a region where the central path exists and once p is
sufficiently small, it is easy to show that there exists ayin > 0 such that ag > amin >
0 for all sufficiently large k. Theorem 6.3 confirms this and goes even further to
show that the unit step is asymptotically accepted. In a practical implementation,
preventing «j from converging to zero when far from a solution, and possibly in
regions where no central path exists, can be achieved by imposing a minimal decrease
in 4 at each outer iteration. This has, however, not been necessary in the tests of
§8.

From a numerical point of view, a danger with Algorithm 7.1 is that wj may
lie too close to the boundary, causing ill conditioning and potentially leading to a
large number of inner iterations. Although this situation did not arise in the tests,
of §8, it could certainly occur. To circumvent this possibility, we suggest performing
a linesearch on a merit function along extrapolation steps in order to keep wy safely
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away from the boundary. This results in the following algorithm, for which we only
specify the difference with Algorithm 7.1.

ALGORITHM 7.2

2. Choose 71, := 7(u) € (0,1) and compute &j, the greatest value of
a € (0,1] such that (1.12) holds. Starting with @ = & and from
Wy, = wi+agdy , perform a backtracking linesearch on a merit function
for which d}/ is a descent direction from wy. Let a; > 0 be the
resulting steplength. Set pr11 = pux + akdg and Wy, = wy, + apdy.

In our tests, the inner iterations are globalized by an exact penalty function and
we use this merit function to identify pupy1 and wy at Step 2 of Algorithm 7.2. It
will be made explicit in Section 8.

We now present a third algorithm which only takes steps in (w, x) but is not em-
bedded into any globally-convergent framework. It simply eliminates the sequences
of inner iterations and only takes extrapolation steps. Quite surprisingly, this algo-
rithm turned out to be more robust in practice. We describe it as Algorithm 7.3.

ALGORITHM 7.3

Given an initial barrier parameter po > 0, a tolerance € := €(19) and
wo := (20, Y0, 20) € R?"™ such that vy > 0 and || F(wg) — poél| < eo,
set k = 0 and perform the following steps:

1. Compute df from (1.11) and d¥ from (1.10).

2. Choose 71, := 7(ur) € (0,1) and compute &j, the greatest value of
a € (0,1] such that (1.12) holds. Starting with @ = & and from
W = w+ady, perform a backtracking linesearch on a merit function
for which djY is a descent direction from wy. Let oy be the resulting
steplength. Set ppr1 = px + akd‘k‘ and w1 = wy + ogdy.

3. Set k:=k + 1 and go to Step 1.

Used as such, the merit function in Algorithm 7.3 mostly serves the purpose of
staying safely away from the boundary of the feasible set. Obviously, this algorithm
would be globally convergent using for instance a linesearch on the residual (1.4).
However, this abandons the minimization aspect of the problem and merely attempts
to identify a first-order critical point. Research on a global convergence framework
for Algorithm 7.3 is under way.
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8 Numerical experiments

In this section we describe our framework for numerical experiments and summarize
the results. The three algorithms of Section 7 were implemented as modifications
of the TPOPT software [14]!, an implementation of a globally-convergent algorithm
for general smooth nonlinear programming. Nonlinear inequality constraints are
transformed into equalities by the addition of slack variables, resulting in a problem
of the form (1.1). Bounds on the variables and slacks are treated as in (1.6). The
IPOPT implementation fixes a pre-determined sequence {u} of barrier parameters
which decreases to zero and each set of inner iterations consists in an SQP algorithm
applied to the barrier subproblem. Global convergence is ensured in one of several
ways, left as an option to the user. IPOPT was chosen for its excellent robustness,
demonstrated numerical efficiency and availability.

Algorithms 7.1 and 7.2 depart from the IPOPT reference implementation mainly
in the extrapolation step and the fact that cutting back this step influences the next
value of . Step 3 of both algorithms is identical to the globalization implemented
in 1POPT. We had to choose particular parameters in IPOPT and for completeness,
we now describe them and mention what options differ from their default values
and why. We stress that the following modifications were applied to all algorithms
compared in this section.

1. Globalization in Step 3 consisted in a linesearch ensuring sufficient decrease in
the non-differentiable exact merit function

s pv) = f@) =S log s + vlle(@)l (8.1)
=1

in which g > 0 is fixed and v > 0 is dynamically adjusted. The default glob-
alization mechanism in IPOPT is instead based on a two-dimensional filter. In
order to exclude extra complications due to the management of the filter, and
in particular the restoration phase, and for its more widespread understand-
ing, the linesearch was chosen. Clearly, globalizing using the filter also makes
perfect sense.

2. IPOPT makes provision for second-order correction steps. These aim to improve
feasibility after the step just taken was rejected by the merit function when it
appears that the reason for this is insufficient improvement in feasibility. We
disabled second-order correction steps just after an extrapolation step since the
latter is not concerned with descent. Not doing so interferes negatively with
fast asymptotic convergence. All other possibilities of second-order corrections
were left unchanged.

Lyversion 2.3.x
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3. After a barrier subproblem is solved, IPOPT resets v to 107 in the merit
function (8.1). We also ensured that it was reset to 1076 after an extrapolation
step.

4. We allowed for a barrier subproblem to be deemed solved if wy readily satis-
fies the next barrier stopping test—with u;: = pr+1- No extrapolation step
was imposed in such a case. Similarly, we allowed wy, resulting from an ex-
trapolation step, to satisfy the barrier stopping test with i1 and did not
impose any inner iteration step, but rather moved on to the next barrier sub-
problem. It must be stressed that this is not the default in 1POPT, which
unnecessarily imposes that at least one step be taken in each sequence of inner
iterations. Contrary to what is stated in [14], imposing a step is sufficient
but not necessary to guarantee fast local convergence [2, 8, 9]. In order to
compare comparable algorithms, we relaxed IPOPT so as to not impose such
a step. In practice this improved the number of iterations performed by the
reference implementation noticeably. This relaxation allowed us to fix a prob-
lem in the original IPOPT implementation where satisfaction of the optimality
conditions for a barrier subproblem with the smallest allowed value of u did
not imply satisfaction of the optimality conditions for the original problem [14,
§ 2.1, Equation (7)]. This caused the code to loop infinitely, performing no
work and being unable to terminate, on some of our test problems. Again, fix-
ing this minor inconsistency noticeably increased the reliability of the reference
implementation.

5. For consistency with Newton’s method and the usual theory of interior-point
methods, we elected to take equal primal and dual steplengths. This is not
the default in 1POPT.

We compared the three algorithms on all the problems from the COPS 3.0 col-
lection [3] which possess at least one inequality constraint and/or at least one bound
constraint. This results in 28 problems, all of which were used in their default di-
mension. In all cases, the initial barrier parameter was left at its default value in
IPOPT, g = 0.1. The update of p was given by the function fg(-) defined in (3.3)
with b =1 and v = 0.1, yielding u,j = ,ui,'l for all k. Each problem was given a limit
of 1000 iterations and 10 minutes of CPU time.

Generally speaking, a common occurence of numerical failure in practical inte-
rior point methods is the situation where, at the beginning of a sequence of inner
iterations, py and ||F(wy) — pré|| differ by several orders of magnitude. This sit-
uation may lead to a large number of inner iterations and eventually, failure may
occur due to limited allowed CPU time or a maximal number of iterations being
reached. Using the reference implementation of IPOPT, this situation occurs, among
others, on instances of problem dirichlet. The behaviour of py and || F'(wg) — pré||
is depicted in Fig. 1. After a few iterations, the two differ sufficiently to cause a
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large number of inner iterations and, in one of the two cases, the maximum CPU
time to be reached.

Dirichlet1, reference implementation Dirichlet3, reference implementation

Figure 1: Log-plot of the evolution of . (dashed line) and || F(wy) — uxé|| (solid line) using
the reference implementation on two instances of problem dirichlet. On the left plot, the
discrepancy is moderate and the method manages to identify an optimal solution. On the
right plot, the discrepancy is too large and causes failure due to CPU time.

In contrast, Algorithm 7.3, by means of the steplength in the variable u, appears
to introduce a regularization which works towards avoiding a discrepancy such as
that of Fig. 1. This is illustrated in Fig. 2.

Note that on the two plots of Fig. 2, the shape of the curves is indicative of su-
perlinear convergence. Moreover, this fast convergence does not only occur asymp-
totically, but over a large portion of the iterations. The first problem is solved much
more smoothly and in less than half as many iterations while the second problem
no longer fails to be solved.

Dirichletl, one-step-1.1 Dirichlet3, one-step-1.1

Figure 2: Log-plot of the evolution of u (dashed line) and || F(wy) — ux€|| (solid line) using
Algorithm 7.3 on the same two instances of problem dirichlet as in Fig. 1.
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IPOPT EXTRAP EXTRAP-LS 1-sTEP-1.5 1-sTEP-1.1
Problem it | H#f it | H#f it | #f it | #1f || it | #1f
bearing 19 20 20 42 20 42 23 42 27 28
camshape -45 -46 -45 -46 -45 -46 -44 -45 -43 -44
catmix 18 19 23 24 23 24 19 20 28 29
dirichlet1 76 337 58 139 58 139 -546 | -7695 30 33
dirichlet2 64 343 36 37 36 37 64 267 34 36
dirichlet3 -42 -43 35 36 35 36 -41 -42 36 39
gasoil 352 2855 213 1717 213 1717 225 1771 219 1658
glider -379 -390 -379 -390 || -379 -390 || -1000 | -1001 -1000 | -1001
lane_emdenl 25 72 24 61 24 61 -24 -334 27 36
lane_emden2 -325 | -4572 -324 | -4509 || -314 | -4349 28 30 39 41
lane_emden3 45 54 45 51 45 51 -57 -103 24 26
marine 15 16 15 16 15 16 15 16 29 30
methanol 15 19 19 23 19 23 10 11 30 31
minsurf 80 130 98 249 87 183 41 50 211 486
pinene 16 17 16 17 16 17 8 9 23 24
polygon 12 17 12 17 12 17 9 10 26 27
robot 38 134 38 134 38 134 17 18 26 27
rocket 53 61 58 66 58 66 542 543 89 313
steering 14 16 14 16 14 16 9 10 23 25
tetra_duct12 10 11 9 10 9 10 9 10 24 25
tetra_duct15 10 11 10 11 10 11 9 10 24 25
tetra_duct20 9 10 9 10 9 10 6 7 21 22
tetra_gear 9 10 9 10 9 10 7 8 23 24
tetra_hook 9 10 9 10 9 10 7 8 23 24
torsion 15 27 15 28 15 28 17 36 25 26
triangle_deer 7 8 7 8 7 8 7 8 23 24
triangle_pacman 7 8 7 8 7 8 7 8 23 24
triangle_turtle 9 10 9 10 9 10 7 8 24 30

Table 1: Results on the COPS 3.0 collection. A negative number specifies a failure with
the given number of iterations and/or function evaluations. When failure occurs with less
than 1000 iterations, it is due to CPU time being exceeded.

Table 1 compares the number of iterations and number of function evaluations
across all variants. Algorithm 1POPT is the reference implementation using the
updating rule

€
1 = max{){—clﬂ,min {/@/5,/1}‘5 } ,

EXTRAP is Algorithm 7.1, EXTRAP-LS is Algorithm 7.2, 1-STEP-1.5 is Algorithm 7.3
using (3.3) with b = 1 and v = 0.5 and 1-STEP-1.1 is Algorithm 7.3 using (3.3)
with b = 1 and v = 0.1. Both EXTRAP and EXTRAP-LS use (3.3) with b = 1 and
~v = 0.1 during extrapolation steps. During an extrapolation step in Algorithm 7.2
and in Algorithm 7.3, the merit function used was the exact merit function (8.1)
with barrier parameter yu = uy + dZ .

All variants fail on problems camshape and glider while minsurf seems best
solved with an aggressive decrease of pu. The performance of Algorithm 1-STEP-
1.1 on problems steering through triangle turtle seems worse but it appeared
in our tests that those problems are very efficiently solved with pg = 1072. We
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therefore attribute this decay to the initial value p rather than to the mechanism
of Algorithm 7.3. Table 1 suggests that the function 6 should, in general, not attempt
to decrease p too aggressively—rather, Newton’s method itself should take care of
the fast convergence. Moreover, the 1-STEP-1.1 variant solves two more problems
than the reference implementation: dirichlet3 and lane_emden2.

A natural concern regarding Algorithm 7.3 is that it might not identify a local
minimizer. Fortunately, in our tests, it always identified a point at which the objec-
tive function value is comparable to or lower than that obtained with the reference
implementation. The only significant differences are on problems

e dirichletl for the 1-STEP-1.5 variant, which fails. The variant 1-STEP-1.1
finishes successfully with a value 10% lower than the remaining three variants,

e glider on which all variants fail,

e dirichlet3 with a relative difference of order 10™3 caused by variants IPOPT
and 1-STEP-1.5 which fail. The largest relative difference across the remaining
variants if of order 1077.

e lane_emden3 with a relative difference of order 0.3% caused by the variant
1-sTEP-1.5 which fails. The largest relative difference across the remaining
variants if of order 1077,

On all other problems, the largest relative variation in final objective value is of
order 1079, Although all variants fail on camshape, the largest relative difference
is of order 1078, which leads to believe that all algorithms are stuck in the same
region.

9 Conclusions

We have presented a framework which attempts to give satisfactory theoretical
ground to so-called adaptive, or dynamic updating rules for the barrier parame-
ter in interior-point methods for nonlinear programming. In the absence of a notion
of duality and of a meaning to a duality gap, basing such dynamic rules on ob-
servations arising from linear or convex quadratic programming lacks a theoretical
justification. We hope to have shown in this paper that instead of attempting to
design an updating rule, the power of Newton’s method applied to an augmented
primal-dual system provides the desired behaviour.

The present framework requires the choice of an updating function which de-
termines the fastest allowed decrease of u. The convexity of this function does not
allow p to increase.

It appears from our preliminary numerical tests that, in its more liberal form,
this framework produces a much improved agreement between the barrier parameter
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and the barrier subproblem residual all along the iterations and a smaller number
of iterations and function evaluations in many cases. There remains however much
work to be done in order to devise globally-convergent algorithms based on the
Newton/path-following scheme presented in this paper.
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