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ON THE SEMICONTINU ITY OF VECTOR-V ALUED
MAP PIN GS

M. AIT MANSOUR, C. MALIVERT AND M. THERA

ABSTRACT. We first provide, for a given vector-valued mapping f,
a lower semicontinuous (l.s.c) regularization. Further, we present a
new characterization of lower semicontinuity, which allows to derive
another type of 1.s.c regularization. A quasi-l.s.c regularization is
thereafter presented.

1. INTRODUCTION

In this paper, we present a new characterization of the lower semi-
continuity of vector-valued mappings in terms of the hypographical
profile mapping. Let us describe the contents of the paper. In Section
2, we recall in details the necessary ingredients needed in this work. In
Section 3, we establish a lower semicontinuous regularization for map-
pings with values in an order complete Daniell space. In the following
section we consider, for a given vector-valued mapping, a kind of lower
level set which is unusually a subset of the target space. We prove
that it enjoys the nice property of having an ideal efficient point under
two different situations. Section 5 contains our main results: After pre-
senting a characterization of semicontinuity of vector-valued mappings,
Theorem 5.2, we present another point of view to regard the regular-
ization under more weaker assumptions on the target space, Theorem
5.5. As well, we furnish a quasi-lower semicontinuous regularization
that preserves convexity. The regularizations we present here offer a
strong property of semicontinuity. We end the paper by a comment.

2. PRELIMINARIES AND BASIC FACTS

Throughout this paper E is supposed to be a metrizable space and
unless otherwise specified, F is a metrizable vector space ordered by a
closed convex cone C with nonempty interior and pointed (C\ C =
f0g). We assume that F is metrizable and we denote by B (X;r) the
open ball in F with center at X and radius r. For X;y 2 F we write
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2 M. AIT MANSOUR, C. MALIVERT AND M. THERA

X ¢ Y to denote the relation y x 2 C: If +1 denotes a greatest
element with respect to the order < and 1 denotes a least element,
we use the notation F® for F [ f+1 ; 1g : As usual, given a subset
S F, we use the notations Int S and clS for the topological interior
and the closure of S; respectively. For X;y 2 E; we will write X <o Y;
ify x 2 IntC: For a subset A F; whenever it exists, a point a2 F
is called a least upper bound of A when for every d 2 F the equivalence

a c¢difandonlyif b ¢ dforevery b2 A:

is true. As usual, we denote by sup A the least upper bound of A:
Similarly, the greatest lower bound of A; whenever it exists, inf A, is

defined by
for every c2 F;c ¢ infA if and only if ¢ o bfor every b2 A:

F is called order complete if every nonempty upper bounded (resp.
lower bounded) subset D F has a least upper bound (resp. a greatest
lower bound). F is said to be a semilattice, if every finite set of F admits
a least upper bound and a greatest lower bound. We need equally to
recall that a subset D F is said to be:

directed, if any finite subset of D has an upper bound in D;
free disposal, it A C = A:

Now, recall that a net fx,j 2 lIg from E is said to be decreasing
(resp. increasing) with respect to C if Xz ¢ X, and Xz 6 X, (resp.
Xo ¢ Xgand Xg 6 X, )foreach ; 21; > :F wil hence be said
Daniell, if every increasing and upper bounded net has a limit (in F).
It is worth recalling as well that a set A F is said to be:

C-complete if it has no covers of the form f(x, C)¢] 2 1g
with fX,] 2 1gbeing a decreasing net in A; where B¢ denotes
the complement of a subset B;

C-compact if any cover of A of the formfU,+Cj 2 1;U,is openg

admits a finite subcover;
C-semicompact if any cover of A of the form f(x, C)°j 21g
admits a finite subcover.

Now, let A be a subset of F. A point a is said to be

an efficient (mazximal) point of A with respect to C if
(a+C)\ A=fag:

1deal efficient of A with respect to C if X a for each x 2 A:

Eff (AjC) and IEff (Aj C) denote respectively the set of efficient and
ideal efficient points of A:
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Remark 2.1. Note that IE (AjC) E (AjC): If, IE (AjC) is
nonempty then IE (AjC) = E (AjC) (see[5]), and since the coneC
is supposedto be pointed, IE (A) reducesto a singletan.

Definition 2.2. Letf : E ! F: A point Xq is a C-minimal of f , if
fFE)\ (F(x0) C)=ff(xo)a:
Remark 2.3. The coneC being pointed, Xq is a C-minimal of f if and
only if
f(E)\ (f(xg) C) ff(xp)g+ C:
We conclude these preliminaries by pointing out somebasic de ni-

tions. Givenamapf : E! F*,its domain is denotedby Domf and
de ned by

Domf =fx2Ejf(x)2 Fg;
its graph by
gphf = f(x;y)2 E Fjx2 Domf;y=f(x)g
and its hypograph by
(2.1) hypo=f(x; )2E Fj c¢f(X)ga
The hypographical mapping of f is given by H; : E = F and dened
for x 2 E by
HX)=f 2F] c¢f(Xg
For aset-wvalued map S : E = F the domain and the graph are de ned
respectively by
DomS=fx2EjS(x)6 ¢
and
ghpS=f(x;y) 2 E Fjx2 DomS;y 2 S(x)g;
we notice that gphH ; = hypof and that HJ:l( ) = levs f = fx 2
Ej ¢ T(x)g: Accordingly, the strict hypographical prole denoted
by H3 is given by
Hix)=f 2F] <cf(x)g
The epigraphical (resp. strict) prole and similar remarks hold in par-

allel. Givena mappingf : E! F*® and X 2 Domf; we consider the
subse

L ¢(x) = liminf H(Zz);
where
liminf S(x) = fy2 Fj8(x,)! X; 9(y,)! ywithy,2 S(x,)g;
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for a given set-valued map S: E ~ F and X 2 Dom S: Since E and F
are supposed to be metrizable, observe that

L/(x)=f 2Fj8(x,)! x9(»)! :f(X,) ¢ » 8nig

This subset was introduced in [2] as a kind of lower level set of f at
a point X: We first recall some basic properties of L ; from [2]:

Proposition 2.4. For every X 2 E; the L () is

(1) convex;
(2) free disposal;
(3) directed if in addition F is semilattice.

Proof. This proposition has been presented in [2] under a more restric-
tive assumption on the space F (F has been supposed there to be a
complete lattice). For the convenience of the reader we present the
proof:

(1) Convexity. Take y1;¥2 2 L¢(x); 2 [0;1] and (X,) a sequence in
E that converges to X. Then, there exist two sequences b, and b,
in F such that

lhlfl b=y, and b cf (x,); 8n2N;
and
'1151_11 b=y, and b cf (X,); 8n2N:
Take b, = b, + (1 )b On one hand, we have
(2.2) n!liffl b,=y:+(1 )y
On the other hand,
f(x,) b, = f(x,) b,
= f) B+ ) ) b
Asf(x,) B 2C[ f+1g and f(x,) b, 2CJ[ f+1g,
(2.3) b, ¢f(x,); 8n2N
we deduce from (2:2) and (2:3) that

y1+(1 )Y2 2 L ¢(X):

(2) L f(x) is free disposal: This comes directly from the definition of
L +(x):
(3) Directness: Take y1;¥2 2 L ¢(X) and a sequence (X,); converging
to X: Then, there exist two sequences (b,) and b, in F such that

(2.4) 'lirfl b,=y; and b, <f (Xx,); 8n2N

~



and
(2.5) lim b, =y and b, ¢ f(z,), 8n2N.

n—-+o0o

Since F' is supposed to be a semilattice by [Proposition 5.2 in [11]],
the map
sup: F F! F
(z,y) 7! sup(z,y)
is uniformly cortinuous. Taking into consideraion (2.4) and (2.5), we
obtain

lim sup(n,b,) = sup(yi, i)

n—-+o00

On the other hand, we have
sup®n.b,) ¢ f(xn), 8n2N.
It followsthat sup(yi,y2) 2 L ¢(z).

Definition 2.5. f is said to be C-conwvez, if for every o 2 [0, 1] and
Ty, T2 2 F

(2.6) af(x)+ 1 o) f(22) 2 flaz+ (1 a)ay)+ C

Definition 2.6. [10] A mapping f : E ! F* is said to be lower
semicontinuous (1.s.c) at x 2 F, if for any neighborhood V' of zero(in
F) andforany b 2 F satisfyingb ¢ f(z), there existsa neighborhood
U of z in E sud that

FU) b+ V+C[f+1g.

Remark 2.7. Following [10] if f(x) 2 F, then De nitio n 2.6 amourts
to saying that for all neighborhood V' of zerq there exists a neighbor-
hood U of = sud that

(2.7) f) f(x)y+V+CJ[ f+1g.

Definition 2.8. [3] A mapping f : F'! F is saidto be sequentially
lower semicontinuous (s-1.sc) at x 2 FE, if for any b 2 F satisfying
b ¢ f(z) andfor any sequencedz,) of £ which cornvergesto z, there
existsa sequence (b,) of F' corvergingto b and satisfyingb,, ¢ f(z,),
for every n 2 N.

Remark 2.9. For z 2 Dom f, De nitio n 2.8 amourts to saing that
for each sequence(x,) corverging to z, there exists a sequence (b,,)
convergingto f (x) such that b, ¢ f(«x,) forall n2 N.

Note, from [3], it hasbeen proved that De nitions 2.6 and 2.8 coincide
wheneer £ and F' are metrizable.
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Definition 2.10. A mapping f : F — F is called quasi-lowersemi®on-
tinuous or levelclosel if for every y € F., lev . (y) :={zx € E| f(x) <¢
y} is closed.

Definition 2.11. A mapping f : £ — F is called epi-closd if its
epigraph is closed in the product space £ x F.

Remark 2.12. Notice that every epi-closed map is quasi-l.s.c., while
the converse is true if Int C' # ). Also, every l.s.c. map is epi-closed
but the converse may fail.

Remark 2.13. The quasi-lower semicontinuity is used under the ter-
minology of C-lower semiontinuity in [4].

Definition 2.14. Let S : F = F be a set-valued map and z € Dom S.
S is lower semiontinuous at 7 if, and only if S(z) C liminf S(z).

3. THE RESULTS

3.1. A first lower semicontinuous regularization. In addition to
hypotheses of section 2, we assume in this subsection that F is an order
complete vector topological space and if f : F — F is a given map,
for each x € E, we denote by V(z) the family of neighborhoods of x
and introduce the following

f(x) = sup inf f(U).

U2V ()

Clearly, f is

e well defined as F' is an order complete;
e a minorant of f, i.e., f(z) <¢ f(x), for all z € E.

Proposition 3.1. If f : E — F is lower semicontinuous at a € F,
then f(a) = f(a).

Proof. The result is immediate if f(a) = —oo and can be easily seen if
f(a) = +o00. Suppose that f(a) € F. For every e € Int C, there exists
a neighborhood U of a such that f(U) C f(a) — e+ C . This yields,
fla) —e <¢ inf f(U) and f(a) — e <¢ f(a). Since e is arbitrary in
Int C, it follows that f(a) < f(a). Hence, f(a) = f(a). The proof is
complete. O

Corollary 3.2. Let f : E — F be a map. Suppose that f is lower
semicontinuous. If g : B — F is l.s.c and satisfies g(a) <¢ f(a),
a € E, then g(a) <¢ f(a). In other words, f is the greatest lower
semicontinuous minorant of f.

Proposition 3.3. For every map f : £ — F, we have f = f.



7

Proof. It suffices to prove that for every a2 E we have f (a) ¢ f (a):
Observe that for every neighborhood U of a and for every X 2 U we
have
inff (U) ¢ f(x):
Therefore
inff (U) ¢ inff (U);
and consequently
f(a) cf(a)= sup inff(U):
UeV(a)
The proof is therefore established. 0

Proposition 3.4. Letf : E! F and a2 E: If f (a) = f (a); then f
is quasi-lower semicontinuous at a:

Proof. Let b2 F such that b f(a) 2 C: Suppose on the contrary
that for every neighborhood U of a; there exists some X 2 U such that
b f(x)2 C: Then,

sup Inff(U) ¢ b;
uev(a)

hence f (@) =f (a) ¢ b;a contradiction. O

Proposition 3.5. Assume that F is order complete Daniell. If, for
a2 E; f(a)=f(a); then f is lower semicontinuous at a:

Proof. Since F is Daniell and f (a) = f (a); the net (inff (U))yewa)
converges to f (a): Accordingly, for every neighborhood V of f (a); there
exists a neighborhood U of awith inf f (U) 2 V such that f (U) V+C:
The proof is complete. 0

Corollary 3.6. Assume F is Daniell and order complete. Then f is
lower semicontinuous.

4. Existence of an eff icient point of Lt (X)

Having in mind that our goal is to define a l.s.c regularization, for
a given vector-valued mapping f : E ! F* and some X 2 Domf; it
is of interest to analyze the set L¢(X) from the point of view of the
existence of efficient points. The target space F will be supposed (in
this section) a semilattice.

At first, we notice that Lt (X) may be empty in some particular situ-
ations when, for instance, one impose some restrictions on the space F
like C-completeness (C-semicompactness, compactness, respectively).
Indeed, by Proposition 2.4, the set L¢ (X) is free disposal which is not
possible in these cases. More generally, we establish the following:
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Proposition 4.1. Assumethat F is C-complete. Then, there is no
nonempty free disposal subsetin F:

Proof. Assumefor contr adiction that thereexists # A C F sud that
A —C = A: Weclaim that A is C-complete. Indeed,if we suppose that
A hassomecover of the form {(x, — C)¢| €1} where{x,| €1}is
somedecreasing net in A; it follows that

(4.1) A C Uqer(Xy, — C)
On the other hand, forall <1 wehavex, — C Cc A —-C = A; which
yields
ﬂael(xa - C) C A,
and equivalertly
4.2) A€ C Uger(X, — C)%

Combining (4.1) and (4.2), we seethat F C U,¢;(X, — C)¢; a con-
tradiction becauser is C-complete. Therefore, we concludethat A is
C-complete.

SinceA ¥  we can choosea point z € A and considerthe sectionA,
of A(A,=AN(z—-C)=z-C). A, isfreedisposal. By similar argu-
merts asbefore we deduce that A, is C-complete. Hence,by [Theaem
3.3 p. 46, [5]]wehaveE (A| —C) ¥ :Leta € E (A|] —C): By
de nition of ay wehave An(ay,—C) = {ay}; but An(ay—C) = ay—C
(becauseA = A — C). This leadsto a; = a; — C which is impossible
since{0} # C; a cortradiction.

Remark 4.2. (1) The conclusion is similar if F is compact or C-
semiompact, sincethesetwo casesamply the C-completenes, see [6].
(2) The condition that f is locdly C-lower boundedis sucient for
L(x) to be nonempty. It is alsonecessaryas we will seelater.

Corollary 4.3. If F is C-complete, then C = {0}:

Now, we examine the existenceof e cie nt points:

4.1 First case: F is Daniell. The next proposition ensuresthe ex-
istenceof e cie nt points of cl £;(x) for every x € Domf .

Proposition 4.4. Assume that F is semilattice and Daniell. If £,(x)
is nonempty, then, E (¢l £L;(x)|C) #

Proof. Giventhat F is Daniell and cl £;(x) is closedand upper bounded,
the reault follows from [9], quate also [5] (Theaem 3.3 and Lemmaa3.5,

pp. 46).
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Proposition 4.5. Let A F and asame that F is semilattice and
Daniell. If E (AjC) 8 and A is directed, then IE (AjC) 6
and therefore IE (AjC) = E (AjC): Moreover for some a 2 A;
IE (AJC)=E (AJC)=fag:

Proof. Let a 2 E (AjC): We shall shov that a 2 IE (AjC): Let
b 2 A; since A directed, take d = sup(a;b): Of course,a  d: As
a2 E (AjC);it followsthat d  a; henceby transitivity b ¢ a;
which meansthat a2 IE  (Aj C): Remak 2.1 completesthe proof. [

Proposition 4.6. Assume that F is a semildtice and Daniell. If
E (clL;(x)j C) is nonempty, then E (clL ;(x)j C) coincideswith

IE (clL#(x)j C)
and reducesto a singeton.

Proof. Following Proposition 2.4, cl L ;(x) is directed. Then the result
follows from Proposition 4.5. O

We denote by a, the unique (ideal) ecien t point of clL ;(x):

Foragvenmap f : E ! F* sud that for every x 2 Domf the
subse L ;(x) is nonempt, let usintroducethe mapJ;: E! F de ned
for x 2 Domf by J¢(x) = a,: We obsene that DomJ; = Domf:

Remark 4.7. The Daniell property is esertial to prove the existence
of ideal ecien t point for L ;(x): We would like to point out that the
classof topologicd vedor spaceswith the Daniell property contains for
examples:

Every vectar topological spacefor which the order-intervals are
compacts;

Let (E;K) and (F;C) two topological vedor spacesordered
respectively by theconesK and C: If C hasa nonempty interior,
then E is Daniell with resped to the strong topology (E;F);
Every semire exive and normal space;

Every vedor topologcal spaceorderedby cone generatedby a
compat base;

The space(([a;b]; R) of rea-valued functions cortinuouson an
interval [a;b]; wherea;b2 R;

Let E be a Hilbert spaceand H be the space of all hermitian
operators on E; ordered by the coneH. de ned by

H. =fTA2HjPAX;xi 0;8x2 Eg:

(H;H.) is Daniell for the pointwise corvergence.
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4.2 Second case: F is order compl ete. In this case the suprenmum
of £L;(X); for every X € Domf; exists. We prove at rst that it is
presened by any elemen of the cortinuousdual F* :

Prop osition 4.8. ForeveryXx € Domf andewery < F*; (supL;(X)) =
sup (L#(X)):

Proof. Let € Y*: L#(X) being directed, thanks to Proposition 4.1 of
[1], it suces to ched that is cortinuouswith regect to the Scdt
topology. SinceR is continuous (in the senseof [1] see example 1.1
in [1] for further details) and is lower semicortinuous cortinuous
(becausecontinuous), it follows from [Theorem 4.2, [1]]that is Scott-
cortinuous. The proof is then complete.

Prop osition 4.9. Let f : E — F* sud that for every x € Domf;
cl L¢(x) is nonempty. Assumethat F is an order caomplete. Then,
cl L£¢(x) hasa unique ided e cien t point.

Proof. cl L;(x) beingnonempty and upper bounded, asF is order com-
plete, supcl £;(x) exists. Let us denotethis supremum again by J ¢(x):
Sincecl L£(x) is convex, it can be rewritten as the intersection of all
closedhalf spacescontaining £ ;(X) \i.e.,

clLy(x) = ()
(eF a€eR
where
()={yeF| (LX) = (i<}
where € Rand € F*: Consideran half space .( ): Making use of
Proposition 4.8, we deduce that

(335(x)) = sup( ; Ls(x)) <

Thus, J¢(x) € clL;(x): Therefore, J;(x) is an ided ecien t point of
cl £;(x) and is unique thanks to the pointednessof the coneC:

5. THE MAIN RESULTS

5.1 Characterizati on of lower semicontinuity of vector-valued
mapping s. The aim of this section isto preser a newcharacterization
of lower semiconinuity for vector-valued mappings by meansof their
hypographical prole mappings, which will allow us to obtain a l.s.c
regularization.

We beginwith the following

Lemma 5.1. Letf :E — F*® and X € Domf: We have
L¢(X) C liminf £¢(x):
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Proof. Take e 2 Int C. It suffices to prove for every € > 0 that
Lt (Z) ee liminfls(z).
x! X

Suppose on the contrary that there is some y- =y ¢ce 2 li£r|1 iynf Lt (x)
with y 2 L¢ (Z). Then, there is n > 0 and a sequence (z) converging
to T such that

B(y-,m)\ Lt (2k) = 0.
Using the fact that y- 2 Lt (2), we can select a sequence (zf)p con-
verging to xyx such that for every p,

flzg) y2C.

For each k, we pick Zl;;(k) in B(ax, §). Therefore, the sequence (z'g(k))k
converges to T and f (Z:;(k)) y~ 2 C. On the other hand, since y 2
Lt (Z), then we can find a sequence (bx) converging to y and bx ¢
f(zg(k)). For k large enough, y» =y ce ¢ bk ¢ f(z'g(k)), a contra-
diction. U
Theorem 5.2. Assume that for every x 2 Dom f, L (z) is nonempty
and admits a supremum. The following assertions are equivalent:

(a1) f is lower semicontinuous at a point x in its domain;
(az) G: E = F, defined for x 2 Dom f by G(z) = L (z) [ HF (x), is
lower semicontinuous at T,

(as) supLy (z) = f(2);

(ag) Hf : E = F is lower semicontinuous at .

(as) Lt (z) = Hr (2) = G(x).
Remark 5.3. Let f be an extended-real-valued function and let x 2
Dom f. If f isnot l.s.c at x, then clL¢ () =] 1 ,lirzrll i){lff(z)], H¢ (z) =
I 1, f(@)], and G(z) =] 1, f(x)]

We first introduce the sets

(5.1) Ex (7) :=fy 2 L (T)] y <c supL¢(7)g,
and
(5.2) Qr (7) :=fy 2 clL(7)] y ¢ supl¢(Z)g,

and we establish the following technical Lemma:
Lemma 5.4. We assert that cl(Ex (T)) = Qr (T) = clL¢ ().

Proof. Clearly, Qs (Z) = cl (Lt (Z)). Let us prove the first equality. Let
y 2 cl(Fs (7)) and select a sequence (yx )k in Ef (T) converging to y.
Therefore, for all £ > 0, we have yx 2 L¢ (Z) and

yk <c sup L (7).
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Thus, y € cl (L4(7) and y <¢ sup L;(7), which means that y € Q(7)
and therefore cl (E;(7)) C H(T).
Now let 7 € Hy(T). We have § € cl L4(T) and

7 <c sup L(T).
Hence, there exists a sequence (yx)x in £¢(T) converging to 7.
Consider now a sequence (vg)r > 0 of real numbers converging to 0
and take, for all k > 0, 7, := yr — 1. As L4(T) is free disposal we have
Y, € L4(T). Obviously,

Ui <c sup L4(T).
Accordingly,

yeclky (7).

The proof of the Lemma is therefore complete.
Proof. of Theorem 5.2: we first establish the part ”(a1) < (az)”. Let
b e Qf(f) B
First case: if 3 € L;(T), according to Lemma 5.4, it suffices to con-
sider § € Ef(Z), that is 8 <¢ sup L4(T).
We have, 3 <¢ sup £L;(). Thanks to Lemma 5.1, there exists a se-
quence () converging to (3 such that 8, € Ls(xy) for all k& > k.
Thus, B

B e limkinf L(xy),
and thus B

Be limkinf Gr(xy).

Second case: if 3 € H3(T), clearly, 3 <¢ f(Z). f being supposed
to be lower semicontinuous at 7, it follows that

f(@) <c sup Ly(7),
and consequently 5 <¢ sup L¢(T). Let us first prove that 3 € cl[L(T)].
Indeed, take v € R and & € F™* such that (£, L4(7)) < a. As

Jf(f) —pfentC
and since L£;(7) is free disposal, it follows that
B =J¢(@) = (J§(T) = B) € Ly(T),

and consequently

(£, 8) <a.
Equivalently, 8 € cl L;(Z). According to the above first case,
(5.3) cd[Ls(z)] C [limkinf Le(xy)]

(5.4) = limkinf Ls(xy) C limkinf Gr(xy).
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For the proof of the part "(as) ) (a1)”, let (xx) be a converging
sequence to T. Observing that

f(@) 2 d[HF(T)],
it follows that,

f(@) 2 |G ()] lirr}(info (k).

Otherwise, there would exist a sequence (k) in G (zx) converging to
f(@). Asfx 2 G (xk)theneither Bk 2 Ly (zk), or fx 2 HF(zx). This
leads to Ok ¢ f(xk) or Gk <c f(xk) and in any case, Sk ¢ f(zk) for
all k. Therefore, by the characterization of [3], f is lower semicontinu-
ous at 7, establishing (a,).

We shall prove now that (a;) ) (a3) ) (as) ) (a1) and then
(a1) . (as).
"(a1) ) (a3)”. f being lower semicontinuous at T, it follows that
f(@) 2 Lt (7). Since f(T) is an upper bound of L (7), if follows that
f(@) =supLs (), (a3) is then satisfied.
Now assume (a3) holds. Clearly, we always have Lt (Z) H¢(Z). On
the other hand, as clL; (Z) is a convex closed, it can be rewritten as
the intersection of all closed half spaces containing L¢ (7). Therefore
(a3) implies that H¢ (Z)  clL¢ (Z), concluding that H¢ (Z) = clL¢ (Z).
Therefore, using Lemma 5.1, it follows that

H: (7) li£1!1 iynf Lt (2) liir!l iynf Hs (2),

establishing (ay).
Suppose that (a4) is true and consider a sequence (zx) converging to
7. By assumption we have,

f(@) 2 li{(rll iynf Hs ().

Thus, there exists a sequence (yx) such that y 2 H¢(xk) and (yk)
converges to f(Z), which means that f is lower semicontinuous at Z.
"(aq)) (as)” Using (a4) and the definition of Lt (Z) we have H¢ (7)
Lt (Z). The opposite inclusion is always true and then (as) holds.
(a5)) (as) Thanks to Lemma 5.3 and (a5) we get easily

H¢ (z) = L¢ (T) h%liinf Lt (x) lig!ling Hs ().

The proof is then finished. U
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5.2. A regularization. We now consider a vector-valued mapping f :
E — F*. The existence of an ideal efficient point (resp. supremum) of
cl[Ls (T)] is crucial to define a regularization of f, which will be proven
now to be lower semicontinous. Precisely, we claim the following:

Theorem 5.5. AssumeF' that for evely = € Dom f, L (x) is nonempty
and admits a supremumsup L (z) = J; (z). Then

a) Jr is lower semiontinuous at evely point of its domain;

b) f is necessarily locally C-lower bounded;

c) fisls.catz € Dom f if, andonly if f(z) = J; (x);

d) J; is the greatestlower semi@ntinuous map minorizing f, i.e.,
if g: F— F*is alower semiontinuous map suchthat g <¢ f,
then necessarily g <c J;.

Proof. We start by proving a) : Put g(x) = J; (z) for each x € Dom f
and take Z € Dom f Observe first that for every € Dom f, Hg(z) =
cl L (z) (Clearly, Ls (z) C Hg(z), the other inclusion is obtained by
regarding L (z) as the intersection of all closed half spaces containing
L (z).)

According to Lemma 5.3, for all (zx) converging to Z,
cl £t (Z) C liminf Ly (x).
X—X

Then,

If follows from Theorem 5.2 that g is lower semicontinuous.

For b), according to a), J; is lower semicontinuous. Thus, as Int C' #
@, from [Proposition 2.12, [13]] we deduce that J; is locally C-lower
bounded. Then, f is also locally C-lower bounded. c¢) follows from
Theorem 5.2.

Now, let g be a l.s.c minorant of f. Observe, for x € Dom f, that
Ly(x) C L (x). Accordingly, Jy(z) <c Ji (z). By ¢) we have J4(z) =
g(x). The proof is therefore complete.

Remark 5.6. Notice that we have already remarked that a sufficient
condition for Lt (T) to be nonempty is to assume that f is locally C-
lower bounded, now Theorem 5.5 shows that the condition is necessary

Now, we present a special case where the regularization preserves
the convexity: Let H be a separable Hilbert space and let (en)nen be
a basis of H. We suppose that the order is defined by the closed convex
cone H, given by

Hy ={x € H | (ep,z) >0, Vp e N}
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Let f: E — F be a H,-convex map. We assert that J; is H,-convex.
Indeed, observe first that

epi (ep, Jr) = clepi(ep,f), VpeN.

Since f is H.-convex, for each p € N, (ep, f) is convex. This yields
(€p, Jr ) is convex for each p € N, i.e., J; is Hy-convex.

5.3. A quasi-lower semicontinuous regularization. F' is order
complete

Since the regularizations that preserve the convexity are of interest,
we will present in the following paragraph a regularization of this kind
which is not unfortunately lower semicontinuous but quasi-lower semi-
continuous. Consider therefore, for f : £ — F' | the map defined for
x € E by

(5:5) f(z) = inf{yeF |(z,y) € clgph(f)}
(5.6) = inf{y € F' |(z,y) € clepi(f)}.

Proposition 5.7. Assume that F' is order complete. Let f: E — F
be a C-convex map. Assume that Int C' # . Then f is quasi-lower
semicontinuous. In addition, f is the greatest quasi-lower semicontin-
uous regularization minorizing f i.e, if a map g is quasi-lower semicon-
tinuous and g <c f, then g <¢ f .

Proof. Observe that epi(f ) = clepi(f). Then, as f is C-convex, so
epi(f) is convex. Thus, epi(f ) is necessarily convex, which implies
that f is C-convex. To complete the proof, it suffices to observe that

if g is quasi-lower semicontinuous map minorizing f, then ¢ = g and
then g <¢ f . 0

Remark 5.8. Notice that f can also be defined as follows :
f@)=Inf{peF [zecd{y|fly) <c u}}-

Remark 5.9. Suppose F is order complete and semilattice. Remark
that J;y <¢c f <c f. If in addition F'is Daniell, then J; = f.

6. Comment

A dual treatment would allow to define and obtain upper semicon-
tinuous regularizations. Notice also that all regularizations, as well as
different concepts of semicontinuity, presented here agree with those of
extended-real-valued functions.
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