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Abstract. In this paper we provide an error bound estimate and an implicit multifunction theorem
in terms of smooth subdifferentials and abstract subdifferentials. Then, we derive a subdifferential
calculus and Fritz—John type necessary optimality conditions for constrained minimization problems.
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1. Introduction

Let f X — RU{+4o00} be an extended-real-valued lower semicontinuous function
defined on a Banach space X. By an inequality system we mean the problem of
finding x € X such that .

fx) <0. 1

Let S denote the set of solutions to (1). The Hoffman error bound of the inequality
system (1) is an inequality of the form:

d(x,S) <c[f(x)]y forallx € C, @

where d(x, S) = inf,es l|lx — z||, [f (x)]+ = max{f(x), 0}, C is some subset of X
and c a real strictly positive. If S = @, we set d(x, S) = +00. Several conditions
ensuring these error bounds have been established in different contexts, as well
as their applications to optimization problems, sensivity analysis, ... (see, e.g.,
(1, 10-12, 14, 15, 19, 22, 28, 30, 36, 42, 48, 49], .. ).

In this paper, we consider the inequality system (1) when X is a general Banach
space. We give sufficient conditions for the error bound in terms of presubdif-
ferentials and discuss their applications to implicit multifunction theorems and to
approximate representation of normal cones to the level sets of a function by its
subderivatives, as well as some related results.

The paper is organized as follows. Section 2 contains preliminary results and
required notations. Section 3 is devoted to the study of error bounds for systems,
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2 HUYNH VAN NGAI AND MICHEL THERA

and an application is given in the context of smooth Banach spaces to prove a
general implicit multifunction theorem associated to the inclusion

0 € F(x, p).

Section 4 relates to the approximate representations of the normal cone to the level
sets by subderivatives of the function under consideration.

In the last section, we apply the results established to study subdifferential
calculus rules, and to obtain a fuzzy multiplier rule using smooth subderivatives.

2. Preliminaries

Let X be a Banach space with topological dual X* and let Bx and By« denote the
closed unit ball in X and X*, respectively. Recall that a bornology B on X is a
family of bounded and centrally symmetric subsets of X whose union is X. We
assume that 8 is closed under multiplication by positive scalars and is directed
upwards (that is, the union of any two members of 8 is contained in some member
of B). Let us denote by Xz the dual space of X endowed with the topology of
uniform convergence on B-sets. The most important bornologies are those formed
by all bounded sets (the Fréchet bornology), all weakly compact sets (the weak
Hadamard bornology), all compact sets (the Hadamard bornology) and all finite
sets (the Gateaux bornology) (see {4, 6] for some details). We also recall that a
convex bornology is a bornology that also contains all convex closures of the sets
in the corresponding bornology.

We say that a function ¢ defined on X is pB-differentiable at x and has a
B-derivative Vg f(x) if

o(x +tu) — o(x) — t{Vgp(x), u)
t

—> 0

uniformly as ¢+ — Oinu € V for every V € B. The function ¢ is said to be
B-smooth at x if Vge(u) exists on an open neighborhood U of x and the mapping
Vpp: U — X3 is continuous over U.

Recall that a Banach space X is said to be B-smooth provided that it has a
B-smooth Lipschitzian bump function (a bump function is a bounded function with
a bounded nonempty support).

Let ¢ be a given extended-real-valued function on X. Its viscosity B-subdiffer-
ential at x € domg := {x € X : ¢p(x) < +00} is the set dgp(x) of all x* € X*
with the following properties: there exist a neighborhood U of x and a S-smooth
function g: U — R such that g is Lipschitz on U, Vgg(x) = x* and ¢ — g attains
a minimum on U at x. If g is concave then we speak about the concave viscosity
B-subdifferential at x.

For a closed subset C of X the (concave) normal cone to C at x € C is defined
by Ng(C, x) = 9gd¢(x), where dc is the indicator function of C given by 8¢ (x) =
0if x € C and 6 (x) = +0o0 otherwise.
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ERROR BOUNDS AND IMPLICIT MULTIFUNCTIONS IN SMOOTH BANACH SPACES 3

We will need a version of the following local fuzzy sum rule (see [4]): Suppose
that X is a B-smooth space and let fi, ..., f, be lower semicontinuous functions
on X. Suppose that all but one of the functions f; are locally Lipschitz at x €
M-, dom f; and Y _, f; attains a local minimum at x. Then for any € > 0, there
existx; € x +€B, xF € gfi(x;) ( =1,...,n) suchthat |fi(x;) — fi(x)| < €
and | Y0y 571l < e.

Moreover, if X is a Banach space with a 8-smooth renorm, then the conclusion
above is true for B-concave subdifferentials.

The following result gives a relationship between S-subdifferentials of distance
functionals and B-normal cones of the corresponding set. It generalizes the results
in [17] and [37] for the Fréchet subdifferential and the Fréchet normal cone.

PROPOSITION 2.1. Let X be a B-smooth Banach space. Let C be a closed non-
empty subset of X and let x* € 9gd(C, X) with x ¢ C. Then for any € > 0 and any
neighborhood Ug of the origin in X, there exist z € C, z* € Ng(C, z) such that
lz =Xl <d(C,%)+e€ 2"l =1,
l{z*, X —z) —d(C,x)| <€ and x*—z*€Uj.

Proof. Let € > 0 be small enough such that B(¥,€) N S = @ and let Uy C X3.
By definition, there exist a S-smooth function g and a closed neighborhood U of
% in X such that x* = Vgg(x) and d(x, C) — g(x) attains a local minimum on U
atx. Set

@y = lx -yl — gx).

Fix n < min(1, €/3) such that B(x,2n) C U and let V;{ - X; be a neighborhood
of 0 in X; such that Vf’,“ + 4nB* C Ug‘, and Vgg(x) € Vgg(x) + VI;‘ for all
x € B(%, n). Take z, € C such that ||X — z,|| < dc(¥) + n*. Then,

f@ zy) < inf f(x,9) + 1.

yeC

By the Ekeland variational principle, there exist u,, v, with u, € B(x,n), v, €
B(z,, n) N C such that the function

(x, ) = f(x, ) +nlx —uyll +lly — o) +8c(y) = O(x, y)

 attains a minimum on U x C at (u,, v,). Therefore, (0,0) € 330 (u,, v,) and by
the fuzzy sum rule, there exist

Xy € By, m), ¥y € By, m),  x€ Bugn),

Y2 € By, NC, G,y € dpll - — - 1Gxh, yp)s
X2 =Vg(x2), y* € Ng(C, y2)

such that
I —x*l <20, [y + 3,1 < 2n.
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4 HUYNH VAN NGAI AND MICHEL THERA

Since B(X,€) N C = @, it follows that x, # y,. Consequently, [x;*]| = 1,
yI* = —x)*. Moreover by construction, x;* € x* + V. Hence,

y,%* €x* +vp+4nB* € x* + Uj.

On the other hand,
Ily,f — % <% = zall + llzw — vyll + vy — Y2l < dec@) +n*+ 29
< de(x) +e€.
Since (x,*, y;*) € 8gll - — - (x5, y;), it follows that s yn — %3 = llx) = y3ll.

Hence, for n small enough this yields:

Y E—y)) = (G +yE=) - - D)

< Ik 4 y2IE = Y20 + Iy E — y21
< 20l — Y2+ 1% = Y2
< de(®) +n” +2n + 2n(dc(®) + n* +21)
< de(X) +e.
The proof is complete. a

3. Error Bound and Implicit Multifunction Theorem

Let X be a Banach space. In this section, we use the symbol 9 to denote any
presubdifferential which satisfies the following conditions (see [47, 26]):

CHafx)={x*eX*: x*,y—x) < f(y) — f(x), Yy € X}, if f is convex;

(C2) 3f(x) = dg(x) if f(y) = g(y) on a neighborhood of x;

(C3) Let f: X - RU {+00} be a lower semicontinuous functional and suppose
that g: X — R is convex and Lipschitz.

If f + g attains a local minimum at Xy, then for any € > 0, there exist x;, x, €
x +€Byx, x{ € 3f (x1), x5 € 3g(x2), such that | f (x1)— f(x2)| <€ and ||x]+x7 ]| < €.

Let us recall that X is an Asplund space if every continuous convex function
on X is Fréchet differentiable on a dense Gjs-set. It is well known that, when X
is an Asplund space, the Fréchet subdifferential is a presubdifferential. If X is a
. B-smooth space, then, the B-viscosity subdifferential is a presubdifferential. In
~ the setting of general Banach spaces, it is known that the Ioffe and the Clarke—
Rockafellar subdifferentials are presubdifferentials. When X and Y are Sy and
By-smooth Banach spaces, respectively, then the (B8x, fy)-subdifferential is a pre-
subdiffferential on X x Y (see [34]).

Let X, Y be Banach spaces, and let 0 be a presubdifferential on X x Y. Let
F: X — 2Y be a multifunction. The multifunction D*F (%, y) from Y* to X*
defined by

D*F(x,y) (") = {x* € X* : (&, —y*) € 0(8gpnr (X, ¥))}
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is called the d-coderivative of F at (x, ¥). In the preceding relation, the notation
gph F stands for the graph of the multifunction F, that is

gph F:={(x,y) e X xY :ye F(x)}.

For example, suppose that X and Y are Banach spaces and let Bx, By be bornolo-
gies on X and Y respectively and F: X — 2 be a given multifunction. We will
say that the multifunction Dy 5 F(X, y) from Y * to X* defined by

Dig, gy F X, 5)(9") = {x* € X*: (x*, —¥") € Negy,py)(8Ph F, (%, )}

is the viscosity (Bx, By)-coderivative of F at (x, y).
Let us now consider an inequality system, that is, the problem of finding x € X
such that

fx) <0, ©))

and let S denote the set of solutions to this system. The following theorem is a
refinement of Theorem 3.1 in [37].

THEOREM 3.1. Let X be a Banach space and 3 be a presubdifferential on X.
Let f: X — RU {+00} be a lower semicontinuous function. Suppose that S =
{(xeX:f(x)<0landx & S. Forany y > 0, let m denote

vleiﬁ)linf{llx*ll xeX, [lx—x]
< min{y, d(S, )}, x* € 0f (x), f(x) < f(X) +¢€}.
Then,
f(X) 2 mmin{y, d(S, X)}.
Proof. For the function ¢(x) = [ f (x)]+, we obviously have

p() < info(x) + f(X).

By the Ekeland variational principle, there exists z € X such that {|z — x|| <
min{y, d(S, x)}, the function

f(x)

x> FOl+ o=

flx -zl

attains a minimum at z, and f(z) < f(X).
Fix € > 0 and take 0 < €’ < min{e, min(y, d(S, X)) — ||z — x||}. By the fuzzy
sum rule (C3), there exist u € X, u™ € 3] f(x)]+ (#) such that

lu —zll <€ < minfy,d(S, x)} — llz — x|},
f@) < f@Q+€ < fE) +e,
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and

J(x) /

L R T

Hence, |lu — X|| < min{y, d(S, X)}. Consequently, # ¢ S, and u* € df(u). As € is
arbitrary, we obtain f(X) > m - min{y, d(S, x)}. The proof is complete. |

We easily obtain from Theorem 3.1 the following error bound result which was
established, e.g., by Lewis—Pang [28] for convex functions, and by Jourani [22] by
using an abstract subdifferential.

COROLLARY 3.1. Let 0 be a presubdifferential on X. Let f and S be as in
Theorem 3.1.

(i) (Global error bound) If there exists a constant m > 0 such that |[u*|| = m
forallu ¢ S, u* € 3f (u). Then S # P and d(x, S) < %[f(x)]+ Vx € X.

(ii) (Local error bound) Let xo € S. If there exists m > 0, € > 0 such that
lu*|]| = m forallu ¢ S, u € B(xp,€), u* € 9f(u). Then d(x,S) <
LIf @)1y Vx € B(xo, €/2).

We now consider the parametric inequality system

Sfx,p)<0 and S(p)={xeX: f(x,p) <0} @

where f: X x P — RU {400} is an extended-real-valued function, X is a Banach
space, and P is a metric space.

The following theorem generalizes the result of Ledyaev—Zhu (Theorem 3.1,
[27]) for Fréchet smooth spaces, and the one of Clarke et al. ([8]) for Hilbert spaces.
The proof is based on Theorem 3.1.

THEOREM 3.2. Let X be a Banach space with associated presubdifferential 0, let
P be a metric space and let U be an open set in X x P. Suppose that f: X x P —
R U {400} satisfies the following conditions:

(i) there is x € S(p) with (x, p) € U;
(ii) the mapping p v+ f(X, p) is upper semicontinuous at p;
(iii) for any p near p, x — f(x, p) is lower-semicontinuous;
(iv) There exists m > 0 such that for any (x,p) € U with f(x,p) > 0, & €
af (x, p), we have |§]| = m.

Then, there exist open sets V € X, W C P containing X and p respectively such
that for any p € W we have VN S(p) # @ and

1
d@x, S(p) < —Lfx, p)l+ VpeW.xeV.
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Proof. Let € > 0 be arbitrary. Since the mapping p + f(x, p) is upper
semicontinuous at p, there exists an open set W C P containing p such that

fGE,p) < fE p)+e<e VpeW.

For € > 0 small enough such that B(x, (6e)/m) x W < U, we claim that
B(x, (2¢)/m) N S(p) # 0.

Let p € W be arbitrary fixed. Assume on the contrary that B(xX, (2¢)/m) N
S(p) = 0. Applying Theorem 3.1 to the function f(:, p) and y = (2¢€)/m, we
may find x € X, x* € 3, f(x, p) such that |x — X|| < min{y, d(x, S)} = 2¢)/m
and
€ €

<
min{y, d(x, S)} ~ 2¢/m
By (iv), this implies that x € S(p), a contradiction.

Let us take x € B(X,(2¢)/m) and p € W. For any y € X withd(y,x) <
d(x, S(p)), one has

m
*
< —_

- - 2¢  2¢ de
Iy = x| S Ix =% +d&E, S(p)) « —+ — = —.
m m m

Hence,

- - 6¢
ly =X < lly = xll +llx — %[l < ot

that is, y € B(X, (6¢€)/m). Therefore, by (iv), we derive

Iyl =>m forallyeX, |y—x|<d S(p), » €df(y p).

Thus, it follows, directly from Theorem 3.1 that

1 _ 2e¢
d(xy S(p)) < —[f(xv P)]+ Vx € B(xa _>v p € W
m m
establishing the proof. O

We present next a simple proof based on Theorem 3.3 of a -smooth version of
the implicit function theorem which was established in ([6], Theorem 2.2).

COROLLARY 3.2. Let X be a Banach space. Let f: W — R be a (Bx X Br)-
smooth Lipschitzian function on some neighborhood W < X xR of (x, @). Suppose
that f(X,&) = 0 and that Vo f(X,&) # 0. Then, there exist a neighborhood
U C X of X and a unique Bx-smooth Lipschitz function g: U — R such that
f(x,g(x)) =0forall x € U and furthermore,

Vg f(x, g(x))

————_——Vaf(x, 20) forallx € U.

Vﬂxg(x) =
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8 HUYNH VAN NGAI AND MICHEL THERA

Proof. For every x € X, set
S={aekR: fx,a)=0}={aeR: |f(x,a)] <0}.

Since f is B-smooth and V, f(x, @) # 0, it follows that we can select a neigh-
borhood W7, € W of (x,a) and a m > 0 such that |V, f(x,a)| = m for all
(x, @) € Wy. Applying Theorem 3.2 to the function (x, @) > | f (x, @)|, we derive
the existence of an open neighborhood U of x and € > Owith U x (@ —¢,a+€) €
Wi such that S(x) N (@ — €, @ + €) # @, and

d(a, S(x)) < 'f(’:n—“)' forallx €U, a € @ —¢€,a+ ). )

Moreover, since V,, f (x, &) does not vanish on Wj, it follows that
SN (@ —¢€,a+¢€)

is singleton for each x € U. Thus, the function g: U — R defined by
gx)=S@)N(@—e,a+e)

satisfies f(x, g(x)) =0forall x € U. Forany x, y € U, by () we get,

lg(x) — g < 1f (x, 8)) — f(y, YD/ m.

Since f is locally Lipschitz, the inequality above implies that g is locally Lipschitz.
Letx € U and let V € By. Since f is B-differentiable at (x, g(x)),

C flxttv,a) — f(x, g(x) — Vg, f(x, g(x))(v) —
— Vo f(x, g(x))(a — g(x))
t+ o — gx)]

uniformly as t — 0, — g(x) on V. Since g is Lipschitz, by taking a :=
g(x + tv), in the limit above, it follows that

g(x +1v) — g(x) + 1V f(x, g(x) 'V, f(x, g(x)) (V) N
t

—0

0

uniformly in V as ¢ — 0. This means that Vgg(x) =V, f (x, g(x))“VﬁX fx, gx)).
The proof is complete. O

We next consider the implicit multifunction problem
S(p)={xeX:0€F(x, p)}, &)

where F: X x P — 2% is a multifunction. Let f(x, p) denote d(0, F (x, p)), then
remark that

S(p)={xeX: f(x,p) <O}

When X and Y are Fréchet smooth spaces, we can approximate in the norm topol-
ogy of X* the Fréchet subderivatives of f(x, p) by the Fréchet co-derivative of
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