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SLICE-CONTINUOUS SETSIN REFLEXIVE BANACH SPACES:
CONVEX CONSTRAINED OPTIMIZA TION AND STRICT
CONVEX SEPARATION

EMIL ERNST,MICHEL THERA, AND CONSTANTIN ZALINESCU

ABSTRACT. The conceptof continuoussethasbeenusedin nite di-
mensiornby GaleandKlee andrecentlyby AuslenderandCoutat.Here,
we introducethenotionof slice-continuousetin agenerale exive Ba-
nachspaceandwe shawv thatthe classof suchsetscanbe viewed asa
subclas®f theclassof continuoussets.Further we prove thateverynon
constanteal-valuedcorvex andcontinuougunction,whichhasaglobal
minima, attainsits in mum on every nonemptycorvex andclosedsub-
setof are exive Banachspacdf andonly if its nonemptylevel setsare
slice continuous. Thereafterwe provide a new separatiorpropertyfor
closedcorvex sets,in termsof slice-continuityandconcludethis article
by comments.

1. INTRODUCTION AND NOTATIONS

This article concerngwo closelyrelatedtopics: constrainedcorvex op-
timization andthe strict corvex separatiorprinciplein a re eive Banach
space . More preciselywe characterize

(1) all the non-constanteal-valuedcontinuousand corvex functions
suchthatthe constraineadtorvex optimizationproblem:

hasa solutionfor every nonemptyclosedandcorvex subset of

aswell as

( 2) the classof thosenonemptyclosedand corvex subsets of
which may be strictly separatedy a closedhyperplanefrom ary
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disjointnonemptyclosedcorvex set . Thismeanghatthere
existsa continuoudinearfunctional suchthat

Two subfamiliesof closedcornvex setsplay acrucialrole in solvingthese
problems:

(1) theclass 1 of thoseclosedcorvex setswhich admitno boundary
raysor asymptotes;

and

(2) theclass 2 of thoseclosedcornvex setsfor which the supportfunc-
tion (asde®nedin Rockafellars book[13]) is continuousat every
nonnullcontinuoudunctional.

Thework of GaleandKlee [12] (seealsoAuslenderandCoutat{6]) proves
thatthesetwo classesoincidesn , andtheirelementsarecalledcontinu-
oussets.It is alsoprovedthat,in the®nite dimensionaketting,a nonempty
closedcorvex setcanbestrictly separateérom ary otherdisjointnonempty
closedcorvex setif andonly if it is continuous.Moreover, on the basisof
theresultsfrom [6] and[12], it caneasilybeestablishethatanon-constant,
real-valued,convex functionattainsits in®mum on every nonemptyclosed
convex subsetof if andonly if the function attainsits in®mum on
andall its level setsarecontinuous.

Let usalsonotethatin several recentresultsincluding, for instancethe
characterizatioof theclosureof thelinearimageof corvex sety([5]), or ex-
istencetheoremdor generalizechon-coercore equilibriumproblemg[11]),
®nite-dimensionatontinuousclosedconvex setsplay acrucialrole.

In the framework of in®nite dimensionalre exive Banachspacesit is
well known that

( 1) classes 1and 2 nolongercoincide,
and
( 2) neitherthe strict separationnor the solvability of the constrained
cornvex optimizationproblemare guaranteedy ary of the above

mentionedclassesf closedand corvex sets(for a de®nitionand
several propertieof in®nite-dimensionatontinuoussetssee[9]).

Thus, the aim of this paperis to de®ne,in the framewvork of general
re exive Banachspacesa classof closedconvex setsenjoyingseparation
andsolvability propertiessimilar to thoseof continuoussetsin

A recentlyestablishedveakerstrict separatiorresult suggests possi-
ble way to avoid dif®culties ( 1) and( 2). Namely it is proved that
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a nonemptyclosedandcorvex subsebf a re exive Banachspacecanbe
strictly separatedrom every disjoint nonemptyclosedandcorvex setsuch
that the two corvex setshave no commonrecessiorhalf-line if andonly
if it is well-positioned. The conceptof well-positionedclosedcorvex set
(introducedby Adly etal. in [1]) is a geometricnotion equialent,in the
framework of re exive Banachspacesto the absencef linesandto weak
local compactnesgsee[4]). The necessityof well-positionednes# this
separatiorproblemwasestablishedby Adly etal. in [2], while suf®ciengy
goesbackto Dieudonne [10].

In light of theseconsiderationsthe notion we seekshouldclearly cap-
ture the propertiesof well-positionednesandthoseof closedcorvex sets
withoutboundaryraysandasymptotesln thisrespectPropositionl proves
thatthe classof closedcorvex slice-continuousets(seeDe®nition5), that
is closedcornvex setsfor which every nonemptyintersectiorwith a closed
linearmanifoldis continuouswith respecto theclosedinearmanifold,co-
incideswith the classof well-positionedclosedconvex setswith no bound-
ary raysandno asymptotes.

The main resultsof this article, Theoremsl and 2, prove that a non-
constanteal-valuedcorvex andcontinuoudunction  which attainsits in-
®mumonare eiveBanachspace , attaingtsin®mumoneverynonempty
closedandcorvex setif andonly if every of its nonemptylevel setsis slice-
continuouslt is alsoproventhatthe sameconditioncharacterizethe class
of nonemptyclosedand corvex setswhich may be strictly separatedby a
closedhyperplandrom ary disjoint hnonemptyclosedcorvex set.

A direct characterizatiomf non-constanteal-valuedcorvex and conti-
nuousfunctions attainingtheir in®mum on every nonemptyclosedand
corvex setis alsoprovided (Propositiom): thefunction is requiredto be
the sumbetweena coercve anda linear functional,andevery half-line of

onwhich is boundedrom abose mustmeet

The article is organizedas follows. Section2 proves the necessityof
the absencef boundaryraysandasymptotegLemma2) andof the well-
positionednesf_emmab). Theclassof closedandcontinuousslice-conti-
nuoussetsis de®nedandstudiedin Section3. Sections4 and5 aredevoted
to the statemenandthe proof of the mainresultsof the paper Theoremsl
and2. Thelastsectioncontainsdimension-reductionrariantsof the main
results,andconcludingremarks.

Throughoutthe paper we supposehat is a re eive Banachspace
(unlessotherwisestated)with continuousdual . Thenormsin  and
will bedenotedy and , andthe primalanddualclosedunit balls
of and by and , respectiely.
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Themeasuref the distancebetweerntwo subsets and of is given
by . As usual,

isthenegative polarconeoftheset of ,and reducedotheorthogonal

when is alinearsubspacef
We will usethe notations and to denoterespectrely the norm-
interior andthe norm-boundaryof aset in  orin . We recallthat
therecessiortoneto theclosedcornvex set is theclosedcorvex cone
de®nedas

(se€[13] asareferencebook). A set is calledlinearly boundedvheneer

If is an extended-real-aluedfunction, is

thesetof all for which is ®nite, andwe saythat is properif

. When is a properlower semi-continuougsorvex function,

therecessiorunction  of istheproperowersemi-continuousornvex

function whoseepigraphis the recessiorconefor the epigraphof , i.e.,
. Equivalently

where is ary elementsuchthat is ®nite. Givena closedconvex
subset of ,thedomainof thesupportfunctiongivenby

is thebarrier coneof

Finally, we usethe symbol“ " to denotethe strongcornvergenceand
to denotetheweakcornvergenceon

2. NECESSARY CONDITIONS

Whende®ningthe classof non-constanteal-valuedcorvex continuous
functionsattainingtheirin®mumon every nonemptyclosedcornvex set,we
will proceedby elimination. Lemmata2 and5 collect conditionsdisal-
lowing the constrainecbptimization problemto have a solutionon every
nonemptyclosedcornvex set.
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2.1. Asymptotesof corvexsets. In this subsectiorwe will extendthe no-
tion of asymptotenell known in realanalysisto the caseof closedcorvex
setsin anormedvectorspacgfor ade®nitionof theasymptoten ageneral
topologicalvectorspacesee[8]).

De nition 1. Let bea nonemptyclosedcorvex subsetof the normed

vectorspace . We saythatthehalf-line (with
and ) isanasymptoteof , andthat is anasymptoticdirection
of ,if and for every

Remark 1. In orderto simplify the notationsthe above de®nitiondoesnot
distinguish,ascustomarybetweerboundaryrays,thatis half-lineslaying
within , andasymptotesthat is half-lines disjoint from  ful®II-
ing for every . In the sequel,the notion of
asymptotewill thusbe understoodn the senseof De®nition 1 (a half-line
calledasymptotan the presentarticle may accordinglycorresponckither
to a boundaryray, or to an asymptote asclassicallyde®ned). As a con-
sequenc®f De®nition 1, onemay easilyremarkthatevery with
is anasymptoticdirectionwhen

Ratherthanthe previousde®nition,we will usein the sequekhe follow-
ing characterizationf asymptotiadirections.

Lemma 1. Let be a Banah spaceand with . The
following two statementare equivalent:
(a) isanasymptotidirectionof ;

(b) andthehalf-line isdisjointfrom for some

Proofof Lemmal: (a) (b). Consider , , anasymptotic
directionof ,and anasymptoteof  of direction . Let
us ®rst prove that . Indeed,as for every

, it followsthattherearesequences and

suchthat
In particularthis yields , andtherefore . Then,
from therelation we obtainthat :
andso

Letusnow provethatthereis suchthat is disjoint
from .When and aredisjointthereis nothingto prove. Hence et us
considethecase . Take andremarkthat ,
whichmeanghat . We distinguishtwo casesgdependingvhether

theinteriorof is emptyor not.



6 EMIL ERNST,MICHEL THéRA, AND CONSTANTIN ZAEINESCU

Casel: . Let andtake . Assumethat
thereexists suchthat . Then,

Since - , we getthecontradiction

Case2: . Without loss of generality we (may) assumehat
. For every , theset

is closedand hasan empty interior (remarkthat ). As s of

secondBaire catgory, it follows that the countableunion of closedsets
with emptyinterior is a propersubsef . Accordingly, there
is someelement suchthat for every , which means
thattheopenhalf-line doesnot meettheset

To the end of obtaininga contradiction,supposdhat , that

is for some . Then, on one hand,because ,

— andontheotherhand :

This contradictghefactthat and aredisjoint, andthereforewe have
provedthat

(b) (a). Let : , suchthat doesnot
meet for some . As noticedabore, is anasymptoticdirection
when . So,assumehat . Without lossof generalitywe
(may)assumenhat . Set
Then, andobviously S is a
closedsubsebf which doesnot contain . Let
andtake and . Because we have that

. Considera sequence in converging to

By thechoiceof  notethat

Therefore,for every thereexists suchthat
. Fixing some , as we have that for
. It followsthat

Sincethelasttermgoesto , thisyields ,andso is
anasymptoteof

Notethattheimplication(b) (@) of the precedingemmais provedin

[7, Prop.2.4.1Jwhen is ®nite dimensional.Moreover, we usedthe fact
that iscompleteonlyfor (a) (b)inthecase
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2.2. Two necessaryconditions. The ®rst condition preventing the non-
constantreal-valuedcorvex and continuousfunction from attainingits
in®mum on every nonemptyclosedand corvex subsetof statesthatat

leastoneof thelevel sets  of with and
hasasymptotes.
Lemma?2. Let beaBanadt spaceandlet be a continuous

convex function. If oneof the nonemptylevel setsof hasan asymptote,
thenthere is a two-dimensionahonemptyclosedcorvex subsetof  on
which thefunction doesnotattainits in mum.

Proof of Lemma2: Supposédhat,for some , the level set of
hasasymptotesandlet be an asymptoticdirectionof ; of
course, . FromLemmal it follows thatthereis suchthat
thehalf-line doesnotmeet . Withoutlossof generality
we (may)assumehat . De®ne
andput . Weclaimthat . Indeed|f ,
thenthereexists with . Then for some
. Since , we obtainthat
This provesthat f de®ne and
As above we obtainthat  is aninterval and - because
- . So,replacingif necessary by ,we(may)assumehat
Obserethat and arelinearly independenfotherwise for
some ; thenwe get the contradictiorEE ).

Considertheset
(1) —

A straightforwarccalculationshavsthat  is a closedconvex subsebf
which obviously contains . Moreover, from thede®nitionof and we
deducehat and  aredisjoint.

Accordingly,
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andin orderto prove Lemmaz2 let us de®né& a sequence
suchthat

To this respectpecause , therearesequences
convergingto and suchthat for every
. Let ; of course, . Since
and , we have that
Let
Obviously, the sequence convergesto . Because we
have

Ontheotherhand,we have that

andso . Therefore for every . Consider
where and . A simpleveri®cationshavs
that and . Therefore for every

. But therelation

holdsfor every , andtakinginto accounthatthe sequence
convergesto , andpassingo thelimit we obtainthat
Therefore , In®mumwhichis not attained.

In orderto statethe secondconditionensuringthe existenceof at least
onenonemptyclosedandcorvex setonwhichthefunction doesnotattain
its in®mum(Lemmas), we recalltheconcepof well-positionedcconvex set
introducedrecentlyby Adly etal. ([1]).

De nition 2. A nonemptysubset of a normedvectorspace is well-
positionedf thereE exist and sud that:
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It follows directly from the de®nitionthatwhen is well-positioned,
the sets and arewell-positionedfor every : and

Thefollowing geometriaesultwill beusefulin the proof of theLemma
3 andalsoin the next section.

Theorem[2, Theoremd.2]. Let beare exiveBanadt spaceand

be a nonemptyclosedconvex setwhich containsno lines. Then is not
well-positionedf andonly if Is unboundeandlinearly boundedor
someclosedinear manifold of

Lemma 3. Let be a nonemptyclosedcornvex subsetof , andassume
that doesnot containlines and is not well-positioned. Thenthere is a
closedinear manifold of disjointfrom sud that

Proof of Lemmag3: It follows from [2, Theorem4.2] (recalledabore)

thatthereis a closedlinear manifold of |, suchthat is aclosed
convex linearly boundedandunboundedet. Accordingly (seethe proof of
[2, Theorem?2.2]), thereis suchthat

(2)

Theclosedinearmanifold de®nedby

will be a goodcandidatdor doingthejob (remarkthat is nonemptyas
is not constantthussurjectve,on ). Relation(2) implies,ononehand,
that , andon the otherhandthatthereis a sequence
with for every andsuchthat :
IfE denoté thelinearsubspacef parallelto ,as isnotconstant
on ,wecan®nd suchthat

Accordingly, for every , the element
belonggo ; moreover, ,andso isanelemenf .Hence

as , it followsthat

Lemma4. Let beaproperclosedandconvex subsebf a normedliinear
space ,and sud that . If theline lies within
for some ,then isanasymptotidirectionof

Proof of Lemma4: Asboth and belongto , for every non-null
linearfunction (sucha existssince isapropersubsebf )
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we simultaneoushhave and , thatis
Obviously, for every suchthat
the half-line and aredisjoint. Thus(seeLemmal) is

anasymptotiadirectionof

We now statethe secondconditionensuringthe existenceof atleastone
nonemptyclosedandcornvex setonwhichthefunction doesnotattainits
in®mum.

Lemma 5. Let be a non-constanteal-valuedcornvex and continuous
function,and supposehat one of its nonemptylevel setsis not well-posi-
tioned.Then theris eithera closedinear manifold,or a two-dimensional
closedcorvex subsebf onwhich thefunction doesnotattainitsin -
mum.

Proof of Lemmab: Let be a nonwell-positionednonemptylevel set
of .Whentheclosedandcorvex set  containsatleastaline, we apply
Lemma4 to deducethatthe set admitsat leastan asymptoteandthen
Lemma2 to prove that thereis a two-dimensionaklosedcornvex seton
which doesnot attainsits in®@mum.

Inthecasewvhenthelevelset  doesnotcontaindines,theclosedinear
manifoldon whichthefunction doesnot attainits in®mumis the closed
linearmanifold obtainedby setting for inthe proof of Lemmas3.
Indeed|n this case , SO

andtheconclusionof Lemmab will follow, in thesameway to the proof of
Lemma2, by de®ningasequence suchthat

As is not constanton , thereis suchthat . Set
, where  wasde®nedin Lemma3 and
; thechoiceof  shawvsthat for every :
andthatthe sequence tendsto . As a corvex combinationof
and , bothin , theelement belongsto for . Because
, we have that . E Takinginto accounthat
, thecorvexity of vyields

for every . Sincethe sequence convergesto we obtain
that . Theproof of Lemmab5 is thuscomplete.



CONSTRAINEDOPTIMIZATION AND STRICT CONVEX SEFRARATION 11
3. DEFINITION AND PROPERTIES OF SLICE-CONTINUOUS SETS

By virtue of Lemmata2 and5 it follows thatif the function attains
its in®mum on every nonemptyclosedcorvex set,thenall its level setsare
well-positionedLemmab) andhave no asymptotegLemmaz2).

The objectof this sectionis to explore the relationsbetweenthe well-
positionedclosedconvex setswith noasymptotesndthe continuityof their
supportfunction. Let usextend(in De®nition3) the De®nition 1 from lines
to closedinearmanifolds,andclarify (in De®nition4) the notionof conti-
nuity with respecto a closedlinearmanifold.

De nition 3. Let bea nonemptyclosedand corvex subsebf a normed
vectorspace . We saythatthe closedlinear manifold of is anas-
ymptoticlinearmanifoldof if for every ,and

Notethatanasymptotidinear manifold of ®nite dimensionmustneces-
sarily containat leastoneasymptotgin the senseof De®nition 1), but that
anin®nite dimensionaklosedlinear manifoldof = maybe anasymptotic
linear manifold even in the absenceof ary asymptote. Remarkalso that
aline is anasymptotic(one-dimensionallinear manifold for a closedand
convex setif andonly if oneof its half-linesis anasymptote.

De nition 4. Let bea closedlinear manifold of a normedlinear space

andlet denotetheclosedsubspacef parallelto . \We saythat
a nonemptyclosedcornvex subset of is continuouswith respecto  if
is a continuoussubsetf the normedvectorspace for some

We cannow de®nethe centralnotion of this study It correspondgo
the classof thoseclosedcorvex subsetof  which satis®esneitherthe
hypothesi®f Lemmaz2, northoseof Lemmab.

De nition 5. We saythata nonemptyclosedcorvex subset of a normed
vectorspace is slice-continuousf Is continuouswith respecto
for everyclosedliinear manifold which meets .

Propositionl. Let beanonemptyroperclosedcorvexsubsebf . The
following statementsare equivalent:

(a) isslice-continuous;

(b) is continuousandhasno asymptotes;

(c) hasnoasymptotidinear manifolds;

(d) iswell-positionecand admitsno asymptotes;

(e)for everyclosedinear manifold which meets , thebarrier coneof

is theunionbetween anda nonemptynorm-operset.
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Remark 2. Accordingto (b), andsimilarly to theclassof continuouslosed
corvex setsin  , we deducehattheclassof slice-continuouglosedcon-
vex setsis characterizethy boththeabsencef boundaryinesandasymp-
totes,andthe continuity (exceptmaybeat ), of their supportfunctional.
As aconsequencat followsthatin  theclasse®f slice-continuousnd
of continuousclosedcorvex setscoincide.

Remark 3. Theequialencebetween(a) and(c) togethemwith De®nition5
highlightsthe differencebetweer®nite-dimensionaindin®nite-dimensio-
nal re eive Banachspaces.Indeed,from (c) it follows that slice-conti-
nuoussetsmustdisallov not only (half-line) asymptotesasin  , but also
asymptotidinearmanifoldsof ary dimension.Themerede®nitionof slice-
continuoussetsimplies that not only the supportfunction of  mustbe
requestedo be continuougexceptat ), but alsothatthe supportfunctions
of all nonemptylinearslices mustbe continuousexcepton

Every unboundedinearly boundedclosedand corvex setis not well-
positioned,andthus, althoughit admitsno asymptotesgannotbe a slice-
continuousset. Takingtheclosedcorvex set de®nedby

we have that
and , Where (andsimilarly ). It follows
that is continuouson and is anasymptoticdirectionof

whichmeanghat is a continuoussetwith asymptotes.

We may thus concludethat, in in®nite dimensionalre exive Banach
spacesthe classof slice-continuoussetsis a proper subsetof both the
classe®f closedcorvex setswithout asymptotesandof continuousclosed
convex sets.

Proof of Proposition1: As when is one-dimensionalevery proper
closedconvex setobviously ful®lls all the statement®f Propositionl, we
assumethat (we needthis assumptionn orderto construct
two-dimensionalinearmanifoldsof ).

Stepl[(d) (e)]: (d) (e). Consider to bea well-positionedset
without asymptotesand a closedlinear manifold suchthatthe intersec-
tion is nonempty We prove that

3)

Astheinclusion” ” is obvious,let usprovethecornverseone. Assumethat
thereissome in whichis notin . Because
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is well-positioned the norm-interiorof the corvex set is

nonempty Hence thereexistssome of norm suchthat
Because isre eivewe (may)considethat . Theset is
acone,thus
Accordingly,

Finally, remarkthatthe half-line is disjoint from
for every suchthat
(suchanelement exists because and ), and
thus, because , s disjointfrom . FromLemmal it follows
that is anasymptoticdirectionfor , contradictingthusassumptior(d).
Thereforerelation(3) holds.As IS nonemptythe conclusion
follows.

(e) (d)Let beanonemptyclosedandcornvex setful®lling (e). With-
outlossof generalitywe (may) supposehat . Put in (e),to
deducethat is a nonemptynorm-openset. Accordingly, the

norm-interiorof the barrierconeof  is nonemptyandthus(seeProposi-
tion2.1from[1]) iswell-positioned.

It remaingo provethat doesnotadmitasymptotesln orderto obtaina

contradictionsupposéhat with anasymptotiairectionof
. FromLemmal it followsthat andthehalf-line
and aredisjoint,for some . Similarly to theproofof Lemma2, we

havethat and arelinearlyindependentConsiderthetwo-dimensional
linearmanifold(in factlinearspace)

hence . Notethatnecessarily
(4)
Indeedjf theinclusion(4) fails, then for some ,
. It followsthat , Where . Because
, we getthe contradiction
Because , thereis suchthat and :
Takinginto accoun{4), we have that for every . Hence

and . Accordingto our
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hypothesisve obtainthat . It follows that
for some . Because , we have that
whencethe contradiction . Theproof of theequvalence(d) (e)is

thuscomplete.
Step2[(e) (@)]: (e) (a). Let beaclosedlinearmanifoldsuch

that , and . By our hypothesisyve have that
with anonemptyopenset.lt followsthat :
andso and , thatis
(3) holds.
Therestrictionoperator de®nedfor every as

is alinear, continuousandsurjective operatorbetweertwo Banachspaces.
Accordingly,

for every subset of

If is thebarrierconeof viewedasasubset
of there eive Banachspace , we obsenrethat
andwe deducehat

Thus,relation(3) impliesthat

(5)

Obsere thatin a Banachspace , every lower semicontinuougonvex
function is (norm) continuousat if andonly
if isin theset . Applying this remarkto the
supportfunction of the closedcorvex
subset of , we deducdhat is (norm)continuous
on . But, by (5), we
have that
andthus . Therefore, is continuouson

(@) (e). beingaproper(closedandcorvex) its barriercone is

nonempty Moreover, ,andapplyingassumption
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(a) to , we deducethat is an openset, andtherefore
isnonemptyLet beaclosedinearmanifoldsuchthat
. Clearlytheinclusion yields

Accordingly, in orderto prove (e), it is suf®cientto shawv that(3) holds. As
theinclusion in (3) is obvious, let us prove the corverseone. For this

consider . Thecase beingobvious, let suppose
that . Then,by ourhypothesis, is continuousat ,
andso . As

it follows that (3) holds, andthe proof of the equivalence(a) (e) from
Propositionl is complete.

Step3[(c) (d)]: (d) (c).Let beawell-positionedclosedcorvex
setwithoutasymptotesandsupposehatthereis anasymptotidinearman-

ifold of . Thustherearesequences and

suchthat and . Accordingly, and
As is well-positioned,there is and such that

for every . Thus
whence for every weak cluster point  of the sequence
. As isre «ive, by virtue of the previousinequalitywe

canchoose . Ononehand,as , we deducethat

Ontheotherhand,since , then , asaweakcluster

pointof thesequence . Let andset

If and aredisjoint,Lemmal impliesthat is an asymptotlcdl-

rectionfor ;when meets ,then isobviouslyanasymptoteof . In
bothcaseswe obtaina contradictionwith condition(d) which stateghat
hasno asymptotes.

(c) (d). Let beaclosedandcorvex subsetof which hasno as-
ymptoticlinearmanifolds.Obviously, hasno asymptotesasthe support
line of ary asymptotds an asymptotic(one-dimensionallinear manifold
of . In orderto prove that is well-positioned,let us ®rst remarkthat

containsno lines. Indeed,from Lemma4 it follows thatary closedand
convex setcontaininga line admitsasymptotesandthusasymptotidinear
manifolds.Finally, for theclosedcorvex set , whichcontainsolinesand
is not well-positioned we may apply Lemma3 to deducethe existenceof
aclosedlinearmanifold of disjointfrom suchthat
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As is aboundedclosedandcorvex setdisjointfrom and is
re exive, it follows that for every , andthus
for every

In conclusionjf  containsaline, it hasan asymptoteandthusan as-
ymptotic (one-dimensional)inear manifold, while if ~ doesnot contain
lines but it is not well-positioned,then admitsthe asymptotic(in®nite-
dimensional)inearmanifold . Accordingly, ary closedcorvex setwith-
outasymptotidinear manifoldsis well-positioned.

Step4[(b) (d)]:(d) (b).Let beaclosedcorvex well-positioned
setwith no asymptotes in orderto prove that ful®lls (b) it is suf®cient
to remarkthat, from the implication(a)  (d) it follows thatthe support
functionalof is continuouson

(b)  (d). Assumethat ful®lls (b). Thenits supportfunctionalis
continuouson and®nite on , andthisyieldsthat
is anopensubsetof . As is a nonemptyproperclosedand corvex
subsef |, its barriercone containsat leastonenon-null element;
hence . By virtue of Proposition2.1from [1] it followsthat
is well-positioned;from (b) we alsoobsene that hasno asymptotesso
satis®eqd).

An importantstepin proving themainresultof this sectionis thefollow-
ing topologicalpropertyof slice-continuouglosedcorvex sets.

Proposition 2. Anytwo disjoint closedand corvex nonemptysubsetsrom
are exive Banat spacemaybe strictly sepaatedby a closedhyperplane
providedthat at leastoneof themis slice-continuous.

Proof of Proposition2: Let and betwo disjoint closedandconvex
nonemptysubsetdrom there eive Banachspace , andsupposehat
is slice-continuousLet us®rst prove that

On the contrary let us supposdhat thereis suchthat
. Pick ;as , it followsthat .
Since and aredisjoint, we deducethat the closedhalf-line  does
notmeet , while . Accordingly, is anasymptoticdirectionof
. Takinginto accountthat is a slice-continuouset, this contradicts
theequvalencega) (b) from Propositionl. Hence,

Proposition2 follows now as a consequencef the equivalence(a)
(d) in Propositionl andof Theorem5.1in [2], which statesthatary two
nonemptyclosedandcorvex disjoint setswith no commonrecessiorhalf-
line may be strictly separategrovidedthatoneof themis well-positioned.



CONSTRAINED OPTIMIZATION AND STRICT CONVEX SERARATION 17
4. THE MAIN RESULT

We cannow characterizall the non-constantreal-valued,corvex and
continuoudunctionsattainingtheirin®mumon every closedcorvex subset
of . Thischaracterizationms givenin termsof level sets.

Theorem 1. Let be a non-constantconvex and continuous
functionwhich attainsits in mum onare exive Banat space . Thenthe
following statementsare equivalent:
(a) attainsits in mum on eat nonemptyclosedcorvex subsebf
(b) everynonemptyevel setof is aslice-continuouset.

Proofof Theoem1: Theimplication(a) (b)followsimmediatelyfrom
Lemmata2 and5, andfrom theequivalencega) (d) from Propositionl.

(b) (a)Assumehateverynonemptylevel setof isaslice-continuous

set. Consider a nonemptyclosedcorvex set. Without loss of
generality we (may)assumehat . Set f
thereis nothingto prove. So,let andassumehat

, thatis . Because and attainsitsin®mumon

theset isnonemptyAs and  aretwo closed,corvex anddisjoint
sets,andas is a slice-continuousset, Proposition2 implies that there

are : , and , suchthat

(6)

Consequently is a non-null elementof the barrier cone of the slice-
continuousset . UsingDe®nition5 for , We obtain

andthus . Since (by the Bipolar The-
orem)and , by a classicalresulton corvex sets,we obtain
that

Because : ; usinga classicalresult (seefor
instancd.emmaz2.1from [1]), thereare with suchthat

Fromthisrelationand(6) we obtainthat

Accordingly, is boundedpeingalsoclosedandconvex,
is weakly compact.Thereforethereexistssome suchthat
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acontradiction.The proofof Theoreml is thereforecomplete.

4.1. Characterization of slice-continuousfunctions. The next proposi-
tion shavs thatthe conditionrequestinghatall the level setsof a function
areslice-continuousetsmayberelaxedto only two of thelevel sets.

Proposition 3. Let  be a normedvector spaceand ~ bea
properlower semicontinuousornvex functionand . Then
€)) for every with , Wwhee
(b) for every with X

(c) If is well-positionedthen is well-positionedfor every
with )

(d) If is an asymptotidirectionof |, then is anasymptotic
directionof  for every with :

(e)If isreexiveand is a slice-continuouset,then isaslice-
continuoussetfor every

Proof of Proposition3: Theassertior(a) is well-known. Beforestudying
theotherassertiondet usrecallthatfor onehas

(7)

Taking into accountthe precedingrelation and Propositionl, only as-
sertion(d) needsanexplanation.Let be anasymptoticdirectionof

and with . It follows that and, by (the note after)
Lemmal, . By (a), f , from (7) we have
that , andso is anasymptoticdirectionof . Assumethat
. From (7) we obtainthat , except, possibly when
; in this latter case,asabove, we have that is an asymptotic
directionof . So,let . Because is anasymptotiadirectionof
, againby Lemmal, thereexists suchthat
Take suchthat f , set
Takinginto accountthat , we have that

From(7) we obtainthat , Or, equivalently,
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If , set . Hence . By (thenoteafter)
Lemmal, we obtainthat is anasymptotiadirectionof

Notethattheassertiongb)—(e)arenotvalid if . Indeed et

Then and

Hence and :
Moreover, is anasymptoticdirectionfor , but is notan as-
ymptoticdirectionfor  with

In ®nite dimensiong(c) and (e) aretrue even if becausea
nonemptyclosedcorvex set (with ) is well-positioned
if andonly if is pointed(thatis doesnotcontainlines). For acounter
exampleof (c) and (e) in the case and , take

, for ,
We remark that , is slice-continuougbeing well-
positionedand having no asymptotes)but  is unbounded )
andlinearly bounded;hence is not well-positioned(andthereforenot
slice-continuous).

Remark 4. Onthebasisof the previous proposition,we establisithatthe
level setsof a non-constanteal-valuedcorvex andcontinuousfunction
which attainsits in®mum areslice-continuousf andonly if is
slice-continuousind  is well-positionedfor some

The following propositionprovidesa direct characterizatiomf all non-
constantyeal-valuedcorvex andcontinuousslice-continuougunctionsat-
tainingtheirin®mumon , whereby aslice-continuousunctionwe mean
afunctionfor which all the nonemptylevel setsareslice-continuous.

Proposition 4. Let be a non-constantreal-valuedcorvex and continu-
ousfunctionwhich attainsits in mum on . Thelevel setsof are slice-
continuoussetsif and only if the two following conditionshold simultane-
ously:

0] is coecivefor some ;

(i) every half-line  of onwhich is boundedfrom abovemeets

Proof of Proposition4: It is well known (seefor instanceLemma5.1in
[1] followedby Proposition3.1from [3]) thatcondition(i) is equivalentto
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the well-positionednessf the epigraphof  in . In orderto prove
thatall thelevel setsof arewell-positionedif andonly if its epigraphis
alsowell-positioned)et usrecallthefollowing analyticcharacterizatioof
well-positionednes@Proposition2.1in [3]).

Proposition [3, Proposition2.1]. Let bea re exive Banat spaceand

bea closedcorvex setwhich containsnolines. Then is notwell-

positionedif and only if it doesnot containsequences sud that
and weaklyconvemgesto .

Astoeverysequence suchthat and
correspondthesequence in whichsatis®es
and

in ,it is clearthatall thelevel setsof arewell-positionedwvheneer
theepigraphof is well-positioned.

In orderto prove the corverseimplication,supposédhatall thelevel sets
of arewell-positionedput its epigraphis not.

Thefunction attainsgtsin®mumon , andthusis boundedrom below,
andnoneof its level setscontainslines. Accordingly, the epigraphof
doesnot containlines. Fromthe above Propositiorwe deducehatthereis
asequence suchthat

Accordingly, : and in . More-
over, since attainsits in®mumon  andits level setsarewell-positioned,
we have that

Pick and . As , it follows that
for every andsome . Take
It is obvious that for and . moreover, be-
cause and , we have that . Since
, we have that
andso for , Where : hence

It followsthat and
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Using[3, Proposition2.1] recalledabore, we deducethat is not well-
positioned.This contradictionprovesthat is well-positioned.

Finally, remarkthatcondition(ii) is equialentto theabsencef asymp-
totesfor every level set. Indeed,from Proposition3(a), it follows that
is a recessiordirection for a nonemptylevel set of if andonly if
is boundedrom above on every half-line of the form ,
with . In this case,condition(ii) prescribes
which, by V|rtue of Lemmal, is equialentwith the absencef asymptotes
for every level setof

5. STRICT SEPARATION OF CONVEX SETS

In this sectionwe useTheoreml to characterizall thenonemptyclosed
andcorvex subsets of are exive Banachspace which canbestrictly
separatedrom every disjoint nonemptyclosedandcorvex set , i.e.,

Indeed,it is well known thattwo nonemptyclosedand corvex subsets

and of canbestrictly separated andonly if . For
every nonemptyclosedandcornvex subset of there exive Banachspace
, set for thereal-valuedfunctionde®nedby

It is straightforwardo provethat  is corvex andcontinuousandthat
its level setssatisfy

Let usalsoremarkthat

Thefollowing resultallows usto useTheoreml in decidingwhetherthe
nonemptyclosedand corvex set may be strictly separatedrom every
disjointnonemptyclosedandcornvex set

Lemma 6. Let be a nonemptyclosedand corvex subsetof a re exive
Banad space . Thetwofollowing assertionsare equivalent:
(a) For everynonemptyclosedandcorvex subset of  sud that
onehasthat
(b) Thefunction  attainsits in mum on every nonemptyclosedand
convex subsebf
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Proof of Lemma6: The implication (b)  (a) is easy Indeed,let
be a nonemptyclosedandconvex subsetof  suchthat . By
hypothesisthereexists — suchthat  — . Hence

- because and isclosed.

(@) (b) Assumethat (a) holds, and selecta nonemptyclosedcorvex
set . Let

If , then — with — . Assumenow that
. ¢,Fromour hypothesisve obtainthat :
Consider ; of course, isanonemptycornvex set.Becaus

is re ive, is (weakly) closedasthe sumof a weakly closedanda
weakly compactset. By Lemmab5.2 in [14] we have that

. It follows that (otherwise by
(a), ). Thereforethereexist and suchthat
. It follows that , Which

provesthat attainsits in®mumon at .

Propositionl, Theoreml andLemmab allow usto prove themainresult
of this section.

Theorem 2. Let be a nonemptyclosedand convex proper subsetof a
re exive Banad space . Thetwo following assertionsare equivalent:
(@) canbestrictly sepaatedfromeverydisjoint nonemptyclosedand
cornvex subsebf
(b) isaslice-continuouset.

Proof of Theoem2: Lemmaé6 impliesthat (a) holdsif andonly if the
function  attainsits in®mumon every nonemptyclosedandcorvex sub-
setof . FromTheoreml weinferthat  attainsits in®mum on every
nonemptyclosedandcorvex subsebf if andonly if is aslice-
continuoussetfor every

The proof of Theorem2 will beachievedif we shawv thatfor eachslice-

continuousset andeach , the sets areslice-continuous.
Assumethat is aslice-continuouset. It is obviousthat
for every . By Propositior2.1from [1] we know that  is well-
positionedf andonly if , andso is well-positioned
for every . Assumethat hasasymptotegor some
Then,by Lemmal, thereexist with and
suchthat is disjointfrom . It followsthat

and aredisjoint, andso,usingagainLemmal, hasasymptotesa
contradiction.
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6. DIMENSION REDUCTION STATEMENTS OF THE MAIN RESULTS

Let beareal-valuedconvex andcontinuousunctionwhich attainsits

in®mum on the re exive Banachspace , suchthat for
somenonemptyclosedand corvex set . Accordingto Theoreml, at
leastoneof its nonemptylevel sets,say , is not a slice-continuouset.

Takinginto accountPropositionl, theset  ful®Ils eitherthe conditions
of Lemma2, or thoseof Lemmab. Thus,thereis eithera closedlinear

manifold,or atwo-dimensionatlosedandcorvex setonwhich doesnot

attainits in®@mum.

We have thusestablishedhe following dimensionreductionversionof
themainresult,Theoreml.

Corollary 1. Let be a corvex and continuoudunction. Then
thetwo following statementgare equivalent:
(@) attainsits in mum onead nonemptyclosedcorvex subsebf
(b) attainsits in mum on everyclosedlinear manifoldandevery two-
dimensionahonemptyclosedconvex subsebf

UsingLemmas, the previousCorollaryimpliesthefollowing dimension
reductionversionof Theorem?2.

Corollary 2. Let bea nonemptyclosedand convex proper subsebf
Thenthetwo following statementsare equivalent:

(@) canbestrictly sepaatedfromeverydisjoint nonemptyclosedand
cornvex subsebf

(b) canbestrictly sepantedfromeverydisjointclosedlinear manifold
and every disjoint nonemptytwo-dimensionatlosedand cornvex subsebf

Finally, letusremarkthatthecontinuoussublinearfunctionsform asmall
subsebf the classof non-constanteal-valuedconvex andcontinuousunc-
tions attainingtheir in®mum on every nonemptyclosedcorvex subsetof

. Likewise, the closedconvex conesform a very small subclasof the
nonemptyclosedandcorvex propersubset®f  with thestrictseparation
property Indeed,using Theoremsl and 2, it is straightforwardto prove
that,in every re exive Banachspaceof dimensiongreaterthanor equalto
two, the only continuoussublinearfunctionsandthe only closedandcon-
vex conewith the abore mentionedpropertyarethe positve homogeneous
coercve functionsandthesingleton |, respectiely.
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