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SLICE-CONTINUOUS SETS IN REFLEXIVE BANACH SPACES:
CONVEX CONSTRAINED OPTIMIZA TION AND STRICT

CONVEX SEPARATION

EMIL ERNST,MICHEL THÉRA, AND CONSTANTIN Z �ALINESCU

ABSTRACT. The conceptof continuoussethasbeenusedin �nite di-
mensionby GaleandKlee andrecentlyby AuslenderandCoutat.Here,
we introducethenotionof slice-continuoussetin ageneralre�exive Ba-
nachspaceandwe show that the classof suchsetscanbe viewed asa
subclassof theclassof continuoussets.Further, weprovethateverynon
constantreal-valuedconvex andcontinuousfunction,whichhasaglobal
minima,attainsits in�mum on every nonemptyconvex andclosedsub-
setof a re�exive Banachspaceif andonly if its nonemptylevel setsare
slice continuous.Thereafter, we provide a new separationpropertyfor
closedconvex sets,in termsof slice-continuity, andconcludethisarticle
by comments.

1. INTRODUCTION AND NOTATIONS

This articleconcernstwo closelyrelatedtopics: constrainedconvex op-
timizationandthestrict convex separationprinciple in a re¯exive Banach
space

�

. More precisely, we characterize

( � 1) all the non-constantreal-valuedcontinuousand convex functions
suchthattheconstrainedconvex optimizationproblem:

�������
	���
�������������	��������� !� "# $�%
'&

hasa solutionfor every nonemptyclosedandconvex subset



of
�

,

aswell as

( � 2) the classof thosenonemptyclosedand convex subsets( of
�

which may be strictly separatedby a closedhyperplanefrom any
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disjointnonemptyclosedconvex set )�*,+ . Thismeansthatthere
existsacontinuouslinearfunctional - suchthat
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Two subfamiliesof closedconvex setsplayacrucialrole in solvingthese
problems:

(1) theclassI 1 of thoseclosedconvex setswhich admit no boundary
raysor asymptotes;

and
(2) theclassI 2 of thoseclosedconvex setsfor which thesupportfunc-

tion (asde®nedin Rockafellar's book [13]) is continuousat every
nonnullcontinuousfunctional.

Thework of GaleandKlee [12] (seealsoAuslenderandCoutat[6]) proves
thatthesetwoclassescoincidesin J#K , andtheirelementsarecalledcontinu-
oussets.It is alsoprovedthat,in the®nitedimensionalsetting,anonempty
closedconvex setcanbestrictly separatedfrom any otherdisjointnonempty
closedconvex setif andonly if it is continuous.Moreover, on thebasisof
theresultsfrom [6] and[12], it caneasilybeestablishedthatanon-constant,
real-valued,convex functionattainsits in®mumon every nonemptyclosed
convex subsetof JLK if andonly if the function attainsits in®mum on J;K

andall its level setsarecontinuous.

Let usalsonotethat in several recentresultsincluding,for instance,the
characterizationof theclosureof thelinearimageof convex sets([5]), orex-
istencetheoremsfor generalizednon-coerciveequilibriumproblems([11]),
®nite-dimensionalcontinuousclosedconvex setsplayacrucialrole.

In the framework of in®nite dimensionalre¯exive Banachspaces,it is
well known that

( M 1) classesI 1 and I 2 no longercoincide,
and

( M 2) neitherthe strict separation,nor the solvability of the constrained
convex optimizationproblemare guaranteedby any of the above
mentionedclassesof closedandconvex sets(for a de®nitionand
severalpropertiesof in®nite-dimensionalcontinuoussetssee[9]).

Thus, the aim of this paperis to de®ne,in the framework of general
re¯exive Banachspaces,a classof closedconvex setsenjoyingseparation
andsolvability propertiessimilar to thoseof continuoussetsin JNK .

A recentlyestablishedweakerstrict separationresultsuggestsa possi-
ble way to avoid dif®culties ( M 1) and ( M 2). Namely, it is proved that
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a nonemptyclosedandconvex subsetof a re¯exive Banachspacecanbe
strictly separatedfrom every disjointnonemptyclosedandconvex setsuch
that the two convex setshave no commonrecessionhalf-line if andonly
if it is well-positioned.The conceptof well-positionedclosedconvex set
(introducedby Adly et al. in [1]) is a geometricnotion equivalent,in the
framework of re¯exive Banachspaces,to theabsenceof linesandto weak
local compactness(see[4]). The necessityof well-positionednessin this
separationproblemwasestablishedby Adly et al. in [2], while suf®ciency
goesbackto DieudonnÂe[10].

In light of theseconsiderations,the notion we seekshouldclearly cap-
ture the propertiesof well-positionednessandthoseof closedconvex sets
withoutboundaryraysandasymptotes.In thisrespect,Proposition1 proves
thattheclassof closedconvex slice-continuoussets(seeDe®nition5), that
is closedconvex setsfor which every nonemptyintersectionwith a closed
linearmanifoldis continuouswith respectto theclosedlinearmanifold,co-
incideswith theclassof well-positionedclosedconvex setswith nobound-
ary raysandnoasymptotes.

The main resultsof this article, Theorems1 and 2, prove that a non-
constantreal-valuedconvex andcontinuousfunction O whichattainsits in-
®mumonare¯exiveBanachspaceP , attainsits in®mumoneverynonempty
closedandconvex setif andonly if everyof its nonemptylevel setsis slice-
continuous.It is alsoproventhatthesameconditioncharacterizestheclass
of nonemptyclosedandconvex setswhich may bestrictly separatedby a
closedhyperplanefrom any disjointnonemptyclosedconvex set.

A direct characterizationof non-constantreal-valuedconvex andconti-
nuousfunctions O attainingtheir in®mum on every nonemptyclosedand
convex setis alsoprovided(Proposition4): thefunction O is requiredto be
thesumbetweena coercive anda linear functional,andevery half-line of

P onwhich O is boundedfrom above mustmeetQ5RTSVUXW@Y!Z�O .

The article is organizedas follows. Section2 proves the necessityof
theabsenceof boundaryraysandasymptotes(Lemma2) andof thewell-
positionedness(Lemma5). Theclassof closedandcontinuousslice-conti-
nuoussetsis de®nedandstudiedin Section3. Sections4 and5 aredevoted
to thestatementandtheproof of themainresultsof thepaper, Theorems1
and2. The lastsectioncontainsdimension-reductionvariantsof the main
results,andconcludingremarks.

Throughoutthe paper, we supposethat P is a re¯exive Banachspace
(unlessotherwisestated)with continuousdual P�[ . Thenormsin P and P\[

will bedenotedby ]_^B] and ]_^`]

[

, andtheprimalanddualclosedunit balls
of P and P

[

by a

Z and a

Zcb , respectively.



4 EMIL ERNST,MICHEL TH ÂERA, AND CONSTANTIN Z ÆALINESCU

Themeasureof thedistancebetweentwo subsetsd and e of f is given
by gihkj#l0dnmDeporq,s�t`uTv�wyxyz�{Dw�|~}€•$•ƒ‚„}�…,† . As usual,

dˆ‡cqŠ‰Œ‹Ž•�fŽ•�•�‘�‹�mD’p“�”•†—–#’••%d_˜

is thenegativepolarconeof theset d of f , and d

‡

reducesto theorthogonal
d_™Žqš‰Œ‹›•%f

•

•œ‘•‹�mD’p“žqŸ†›–#’ •ƒd_˜ when d is a linearsubspaceof f .
We will usethenotations¡�tB¢£d and ¤ž¥¦d to denoterespectively thenorm-
interior andthe norm-boundaryof a set d in f or in f

•

. We recall that
therecessionconeto theclosedconvex set d is theclosedconvex cone d¨§

de®nedas

d

§

q©‰Œª«•�f¬•�–$­®…¯†`m„–L•±°²•%dnm_•!°r³´­µª¶•%d_˜�m

(see[13] asa referencebook).A set d is calledlinearly boundedwhenever
dˆ§·qŠ‰Œ†�˜ .

If ¸>•�f ¹ º¼»�‰�³¾½,˜ is anextended-real-valuedfunction, ¿¦ÀŒÁŠ¸ is
thesetof all •�•Žf for which ¸�l�•�o is ®nite, andwe saythat ¸ is proper if

¿¦ÀVÁ•¸ÃÂ q>Ä . When ¸ is a properlower semi-continuousconvex function,
therecessionfunction ¸c§ of ¸ is theproperlowersemi-continuousconvex
function whoseepigraphis the recessionconefor the epigraphof ¸ , i.e.,

Å

j!s5¸�§ qŸl

Å

j!s5¸žoÆ§ . Equivalently

¸

§

l�•�o_q Ç�s@Á

È�ÉžÊ

§

¸�l••±°r³ÌËÍ•;o

Ë

m

where •±° is any elementsuchthat ¸�l�•�°�o is ®nite. Givena closedconvex
subsetd of f , thedomainof thesupportfunctiongivenby

Î

x!l•‹„o�•Ïq Ð0Ñ!j

v�w5x

‘�‹�mD•�“

is thebarrier coneof d :
Ò

l0d_orqÓ‰Œ‹Ž•�f
•

•

Î

x
l�‹„o�Ô�³¾½,˜#q,¿¦ÀŒÁ

Î

x!Õ

Finally, we usethe symbol “ ¹ ” to denotethe strongconvergenceand
Öž×ÙØ

to denotetheweakconvergenceon f .

2. NECESSARY CONDITIONS

Whende®ningtheclassof non-constantreal-valuedconvex continuous
functionsattainingtheir in®mumoneverynonemptyclosedconvex set,we
will proceedby elimination. Lemmata2 and 5 collect conditionsdisal-
lowing the constrainedoptimizationproblemto have a solutionon every
nonemptyclosedconvex set.
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2.1. Asymptotesof convexsets. In this subsectionwewill extendtheno-
tion of asymptotewell known in realanalysisto thecaseof closedconvex
setsin anormedvectorspace(for ade®nitionof theasymptotein a general
topologicalvectorspace,see[8]).

De�nition 1. Let Ú be a nonempty, closedconvex subsetof the normed
vectorspaceÛ . We saythat thehalf-line ÜŸÝÏÞ©ßVàráãâ#ä`å (with ßkà�æDåŸçŽÛ

and è€å$èLÞêé ) is an asymptoteof Ú , andthat å is an asymptoticdirection
of Ú , if Üìë'íïîBð�ÚŠÞ¼ñ and ò�ó5ônõ�Üìö²÷�ø�ù
æ�Ú#úrÞ•û for every ÷
ü•û .

Remark 1. In orderto simplify thenotations,theabovede®nitiondoesnot
distinguish,ascustomary, betweenboundaryrays,that is half-lineslaying
within ýžþ¦Ú , andasymptotes,that is half-lines Ü disjoint from Ú ful®ll-
ing ò�ókônõ•Ü·öÿ÷yø ù æ€Ú
ú~ÞÓû for every ÷ƒüÓû . In the sequel,the notion of
asymptotewill thusbeunderstoodin thesenseof De®nition 1 (a half-line
calledasymptotein the presentarticle may accordinglycorrespondeither
to a boundaryray, or to an asymptote,asclassicallyde®ned). As a con-
sequenceof De®nition 1, onemayeasilyremarkthatevery å ç,Ú

�

with
è€å è�ÞŠé is anasymptoticdirectionwhen í�î`ð ÚŠÞ•ñ .

Ratherthanthepreviousde®nition,we will usein thesequelthefollow-
ing characterizationof asymptoticdirections.

Lemma 1. Let Û be a Banach spaceand åÙç Û with è€å è›Þ é . The
following two statementsare equivalent:

(a) å is anasymptoticdirectionof Ú ;
(b) åŠç�Ú

�

andthehalf-line
�

Ý Þ��
à

á®â
ä

å is disjoint from Ú for some
�

à
ç Û .

Proofof Lemma1: (a) � (b). Considerå ç Û , è€å$èpÞŸé , anasymptotic
directionof Ú , and ÜšÝ Þ©ß

à
áƒâ

ä
å anasymptoteof Ú of direction å . Let

us ®rst prove that å çšÚ

�

. Indeed,as ò�ó5ô�õ•Ü·öÿ÷�ø
ù

æ�Ú#ú«Þ û for every
÷
ü•û , it followsthattherearesequencesõ��	��ú
����
����•â

ä
and õ
��� ú�����
����·Ú

suchthat

è€ß
à

á����Œå è�����æ è����� ƒß
à

 ����Œå è�! é "#��ç%$'&�(

In particularthis yields �)�›ü*�+ >è€ß
à

è , andtherefore�)��, á.- . Then,
from therelation è/�1032

�

�4�. 5�1032

�

ß
à

 ãå è6!7�/0�2

�

we obtainthat �10�2

�

���8, å ,
andso åŠç%Ú

�

.

Letusnow provethatthereis �
à

ç�Û suchthat
�

ÝÏÞ9�
à

á~â
ä

å is disjoint
from Ú . When Ü and Ú aredisjoint thereis nothingto prove. Hence,let us
considerthecaseÜ�ë
Ú;: Þ¯ñ . Take �

à
çŽÜ�ë
Ú andremarkthat �

à6<
ç íïîBð�Ú ,

whichmeansthat �
à

ç—ýžþ¦Ú . Wedistinguishtwo cases,dependingwhether
theinteriorof Ú is emptyor not.
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Case1: =
>@?�ACB

DFE . Let G1H�I%=
>@?�A andtake JKHML

DFNPO

HRQ�G/H . Assumethat
thereexists SUTFV suchthat JKH�W�S	XYIZA . Then,

O

H[W]\

^

S	X

D

\

^

G/H[W]\

^`_

J�H�W�S	XbaUIc=d>e?fAbg

SinceO

HhW

\

^

S	XYI%i , we getthecontradictionikjl=
>e?mA;B

D9E .

Case2: =
>e?mA

D*E . Without lossof generality, we (may) assumethat
VnIZA . For every o%I%p'q , theset

AhrnL

D

XsWto

_

A9QuXva

is closedand hasan empty interior (remarkthat A

\

D

A ). As w is of
secondBaire category, it follows that the countableunion of closedsets
with emptyinterior x

r�y�zf{

Ahr is a propersubsetof w . Accordingly, there
is someelementJKHbI%w suchthat J�H}| I�Ahr for every oZI~p q

, which means
thattheopenhalf-line •€L

D

XkWt• q‚

_

JKHhQuXba doesnotmeettheset A .

To the endof obtaininga contradiction,supposethat ƒ„j…A B

D†E , that
is J�HMWY‡3X IˆA for some ‡7T‰V . Then,on onehand,becauseV�IˆA ,

Š

L

D

\

\

‚�‹

_

JKHŒW…‡�XvaRIZA�• andontheotherhandŠ

D

XtW \

\

‚�‹

_

JKH�Q�XbaRIZ• .
This contradictsthe fact that A and • aredisjoint, andthereforewe have
provedthat ƒFjŽA

D•E .

(b) • (a). Let X€I‘A.’ , “�Xn“

D•” , suchthat ƒ–L

D

JKHUW9•

‚

X doesnot
meet A for someJ

H
Iuw . As noticedabove, X is anasymptoticdirection

when =
>e?�A

DFE . So,assumethat =
>@?fA;B

D�E . Without lossof generality, we
(may)assumethat V—Ic=d>e?fA . Set

˜

L

Dš™`›

I

_

Ve•

”•œ

L

_

›

J�HhWu•

‚

XvažjŸ=
>@?�A

DFE@ 

g

Then,
˜

D¡™`›

I

_

V@•

”�œ

L

›

J
H

|I

_

=
>e?mA#aRQY•

‚

X

 

• andobviously S is a
closedsubsetof ¢£V@•

”�œ which doesnot contain V . Let ›

HnL

D7¤¦¥

>

˜

I

_

V@•

”�œ

andtake O

H¦L

D†›

H�JKH and i§L

D€O

H'WF•

‚

X . Because›

H8I

˜

we have that
isj%=
>e?mA

D¨E . Considera sequence_

›

r@a
r�y�z

{

in _

V@•

›

H�a converging to ›

H .
By thechoiceof ›

H notethat

_

›

r©J�H�Wu•

‚

XvažjŸ=d>e?�A€B

D•E ª

oŽI%p

q

g

Therefore,for every o]T

” thereexists S	r5T‰V suchthat ›

r`J�HMW‘S�rPX¡I

=
>@?fA . Fixing some«8T¬V , as X€I•A.’ we have that ›

r`J�HUW5S�­

r

XˆI�A for
S�­

r

L

D

«®W…S)rbWš“�J�H¯“ . It followsthat
°`±�²

_

is³´«�µ·¶#••A¸aº¹C“

_

›

H�JKH�W…S

­

r

XbaŒQ

_

›

r`J�H�W�S

­

r

Xba�“

D

_

›

HUQ

›

rea�“�J�H¯“�g

Sincethelasttermgoesto V , this yields °`±�²

_

is³'«�µŒ¶n••A#a

D

V , andso i is
anasymptoteof A . »

Notethat theimplication(b) • (a) of theprecedinglemmais provedin
[7, Prop.2.4.1]when w is ®nite dimensional.Moreover, we usedthefact
that w is completeonly for (a) • (b) in thecase=
>e?�A

DFE .
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2.2. Two necessaryconditions. The ®rst condition preventing the non-
constantreal-valuedconvex andcontinuousfunction ¼ from attainingits
in®mum on every nonemptyclosedandconvex subsetof ½ statesthat at
leastoneof thelevel sets¾[¿ of ¼ with À Á�ÂÄÃeÅÇÆÈ¼ and

¾ ¿ˆÉFÊPËŽÌ ½ÎÍ@¼MÏ Ë�ÐRÑ ÀYÒeÓ

hasasymptotes.

Lemma 2. Let ½ bea Banach spaceandlet ¼šÍm½ Ô Õ bea continuous
convex function. If oneof thenonemptylevel setsof ¼ hasan asymptote,
then there is a two-dimensionalnonemptyclosedconvex subsetof ½ on
which thefunction ¼ doesnotattain its in�mum.

Proof of Lemma2: Supposethat, for someÀ Ì Õ , the level set ¾ ¿ of
¼ hasasymptotes,andlet Ö Ì ¾Ø× be anasymptoticdirectionof ¾ ¿ ; of
course,Ù�ÖnÙ É¬Ú . FromLemma1 it follows that thereis Û�Ü Ì ½ suchthat
thehalf-line Ý]Í

É
Û

Ü�Þ
Õ¸ß�Ö doesnotmeet ¾h¿ . Without lossof generality,

we(may)assumethat à
Ì

¾
¿

. De®ne
á

ÉYÊ`â8Ìuã
à@Ó

Ú�ä
ÍÈÏ

â
Û�Ü

Þ
Õ

ß
Ö

Ðžå
¾

¿çæ É�è
ÒeÓ

andput é}Í
É9ê)ë�ì

á

Ìtã
à@Ó

Ú•ä
. Weclaimthat

ã
à@Óíé

ÐUî

á

. Indeed,if à
Ñ‘âlï

é ,
thenthereexists ð

Ì

á

with
â…ï

ð
Ñ

é . Then ðžÛKÜ
Þsñ

Ö
Ì

¾
¿

for some
ñ

ÁFà . Sinceà
Ì

¾
¿

, weobtainthat

â

ð

ÏòðžÛ�Ü
Þ�ñ

Ö
Ð�ÉYâ

ÛKÜ
Þ

â

ñ

ð

Ö
Ì

¾
¿8ó

Thisprovesthat
â8Ì

á

. If é
É7Ú

de®neÛõô

Ü

Í
É9ö

Û�Ü and
á

ô

Í
ÉYÊ`â8Ìuã

à@Ó
Ú�ä

Í'Ï
â

Û

ô

Ü

Þ
Õ

ß
Ö

Ðžå
¾

¿*æ ÉFè
Ò

ó

As above we obtain that
á

ô is an interval and é©ôbÍ
É*ê�ë�ì

á

ô
Ñ ÷

ø because
÷

øúù

Ì

á

ô . So,replacingif necessaryÛ
Ü by

ö
Û

Ü , we (may)assumethat é
ïFÚ

.

Observe that ÛKÜ and Ö arelinearly independent(otherwiseÛ�Ü
É

ðûÖ for
some ð

Ì
Õ ; thenwe get the contradiction̂EÊ Û

Ü

É
à

Þ
ðžÖ

Ì
¾

å
Ý ).

Considertheset

(1) üçÍ
É

ýhþ

Û�Ü
Þtÿ

ÖYÍ.é
ï

þ

Ñ Ú
Ó

ÿ
Á

Ú

�

þ

þ

�

é

�

ó

A straightforwardcalculationshows that ü is a closedconvex subsetof ½

which obviously containsÝ . Moreover, from thede®nitionof
á

and é we
deducethat ü and ¾

¿ aredisjoint.

Accordingly,
¼MÏ

Ë�Ð��
À �

ËúÌ
üŸÓ
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andin orderto prove Lemma2 let us de®nêE a sequence���
	���	�
��������

suchthat �����

	���� �

�!��	��#"%$'&

To this respect,because()"+*-,/.10 , therearesequences��2 	 � 	3
4� �5�+0

converging to ( and �!6
	��!	3
4�7�8�:9<; suchthat 2=	?>A@#BC6�	?DFEHG#I for every
J

E)K�L . Let MN	POQ"

�PR�S/T

63	/U

J

BWVXU��YV[Z\(]�N^/_a` ; of course,Mb	dc e . Since
D%E G

�

I

and MY	gfh63	 , we have that

i

	gOQ"'2=	?>A@jBCMY	?D%E G#I k

J

ElK

L

&

Let m

	nOo"

V�Zp(

V[Zp2=	

Z

V

MY	

U

J

EqK

L

&

Obviously, thesequence�

m

	��!	3
4��� convergesto V . Because2r	ts%(Pu:V we
have m

	nu%�NV�Zp(]�Yv��NVwZp2a	���u%VX&

Ontheotherhand,we have that

M
	

f:V3v��YV[Zp(]��f%�YV[Zp2
	

�Nv��NVwZp(]�bU

andso

m

	
fyx . Therefore

m

	
E{z|x]U�V�� for every J . Consider

��	�Oo"

m

	

i

	wB'�YV�Z

m

	]�}>A@�"W2•~

	

>4@jB{6]~

	

D5U

where 2

~

	

OQ"€V•Z

m

	/�NVwZC2=	•� and 6

~

	

OQ"

m

	]MN	 . A simpleveri®cationshows
that 2

~

	y‚

( and 6

~

	

"ƒ�NV�ZW2

~

	

�Yv���2

~

	

ZW(]� . Therefore��	yE„� for every
J

ElK
L . But therelation

$ u

�

�!�
	

��s

m

	

�

�

i

	
�…By�YV�Z

m

	
�

�

�!>
@

�8s

m

	
$ B'�YV�Z

m

	
�

�

�!>
@

�

holdsfor every J

ElK†L , andtakinginto accountthatthesequence�

m

	]��	�
����

convergesto V , andpassingto thelimit weobtainthat

�����

	����

�

�!��	•�#"h$ .
Therefore

��‡]ˆN‰


4Š

�

�

i

�‹"%$ , in®mumwhich is not attained. Œ

In order to statethe secondconditionensuringthe existenceof at least
onenonemptyclosedandconvex setonwhichthefunction

�

doesnotattain
its in®mum(Lemma5),werecalltheconceptof well-positionedconvex set,
introducedrecentlyby Adly etal. ([1]).

De�nition 2. A nonemptysubsetG of a normedvectorspace• is well-
positionedif thereÊ exist i

@[EŽ• and •PEl•lL such that:
•

•7U

i

Z

i

@4‘�fF’

i

Z

i

@X’3U k

i

E G1&



CONSTRAINEDOPTIMIZATION AND STRICT CONVEX SEPARATION 9

It follows directly from the de®nition that when “ is well-positioned,
the sets ”d•%–—“ and ˜ arewell-positionedfor every ”h™Wš , –'™%› and

œŽ•

ž

˜„Ÿh“ .

Thefollowing geometricresultwill beusefulin theproof of theLemma
3 andalsoin thenext section.

Theorem[2, Theorem4.2]. Let š bea re�exiveBanach space,and “: yš

be a nonemptyclosedconvex setwhich containsno lines. Then “ is not
well-positionedif andonly if “\¡t¢ is unboundedandlinearly boundedfor
someclosedlinear manifold ¢ of š .

Lemma 3. Let “ be a nonemptyclosedconvex subsetof š , and assume
that “ doesnot contain lines and is not well-positioned.Thenthere is a
closedlinear manifold £ of š disjoint from “ such that ¤�¥3¦…§¨£P©ª“<«

žy¬ .

Proof of Lemma3: It follows from [2, Theorem4.2] (recalledabove)
that thereis a closedlinear manifold ¢ of š , suchthat “%¡q¢ is a closed
convex linearly boundedandunboundedset.Accordingly(seetheproof of
[2, Theorem2.2]), thereis ­P™Žš¯® suchthat

(2) °-±/¦

²4³3´¶µ�·�¸

­7©a”�¹

ž»º

¥3¼—½

¸

­7©a”�¹8¾

º ¿

”P™ “\¡À¢�Á

Theclosedlinearmanifold £ de®nedby

£ÃÂ

žWÄ

”P™ ¢pÂ

¸

­7©a”�¹

ž:º�Å

will bea goodcandidatefor doing the job (remarkthat £ is nonemptyas
­ is not constant,thussurjective,on ¢ ). Relation(2) implies,on onehand,
that £Æ¡l“

ž

œ

, andon theotherhandthatthereis a sequence§!”ÈÇ�«!Ç

³4É�Ê

Ÿ

“)¡n¢ with º5Ë

¸

­7©a”/ÇÌ¹ for every Í¯™ÏÎ†® andsuchthat Ð�Ñ�ÒÓÇ�Ô�Õ

¸

­7©a”/Ç�¹

žÖº .
If Ê ×g§¨¢#« denotêE thelinearsubspaceof š parallelto ¢ , as­ is notconstant
on ¢ , we can®nd Ø�Ù[™ ×n§-¢#« suchthat

¸

­7©aØ�Ù4¹

ž:º .

Accordingly, for every Íp™pÎ†® , theelementÚ
ÇPÂ

ž

”/Ç••W§

º•Û

¸

­7©a”/Ç•¹Y«-Ø3Ù

belongsto ¢ ; moreover,
¸

­7©aÚ
Ç]¹

ž:º , andso Ú�Ç is anelementof £ . Hence

¤�¥�¦…§-£P©ª“Ü«ÞÝàßrÚ
Ç

Û

”
Ç

ß

ž

§

º�Û

¸

­7©a”
Ç

¹Y«4ßrØ
Ù

ß

¿

ÍŽ™lÎ

®4á

as Ð�Ñ�ÒÜÇ�Ô�Õ

¸

­7©a”/ÇÌ¹

ž%º , it followsthat ¤�¥3¦…§¨£P©ª“<«

žW¬ . â

Lemma 4. Let “ bea properclosedandconvex subsetof a normedlinear
spaceš , and ã:™lš such that ßrã�ß

ž€º . If theline ”ÈÙ#•p›<ã lies within “

for some”/Ùw™)“ , then ã is an asymptoticdirectionof “ .

Proof of Lemma4: As both ã and Û

ã belongto “

Õ

ä , for everynon-null
linearfunction åq™ æ5§¨“<« (sucha å existssince “ is a propersubsetof š )
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we simultaneouslyhave ç-èêéaë•ì<íÆî and ç�èïé�ð•ë•ìÜíÆî , that is ç!èêéaë•ìÜñòî .
Obviously, for every óAôwõÀö suchthat

ç-èêéaó4ôªì�÷ ø¨ù/ú

û4üAýÌþ

ç-èêéaÿ�ì—é

thehalf-line ���oñÖó ô������ ë and 	 aredisjoint. Thus(seeLemma1) ë is
anasymptoticdirectionof 	 . 


We now statethesecondconditionensuringtheexistenceof at leastone
nonemptyclosedandconvex setonwhichthefunction � doesnotattainits
in®mum.

Lemma 5. Let � be a non-constantreal-valuedconvex and continuous
function,and supposethat oneof its nonemptylevel setsis not well-posi-
tioned.Then,there is eithera closedlinear manifold,or a two-dimensional
closedconvex subsetof ö on which thefunction � doesnot attain its in�-
mum.

Proof of Lemma5: Let 	�� bea nonwell-positionednonemptylevel set
of � . Whentheclosedandconvex set 	
� containsat leasta line, we apply
Lemma4 to deducethattheset 	�� admitsat leastanasymptote,andthen
Lemma2 to prove that there is a two-dimensionalclosedconvex set on
which � doesnot attainsits in®mum.

In thecasewhenthelevel set 	
� doesnotcontainslines,theclosedlinear

manifoldon which thefunction � doesnot attainits in®mumis theclosed
linearmanifold � obtainedby setting 	
� for 	 in theproof of Lemma3.
Indeed,in this case����	

�
ñ�� , so

���!ÿ��#÷�� �<ÿdõ��Pé

andtheconclusionof Lemma5 will follow, in thesameway to theproofof
Lemma2,by de®ningasequence����� �!�

ü#"%$'&

� suchthat (�)�*+�-,/.������0�1� ñ

� .

As 2 is not constanton 3 , thereis �
ôlõ�3 suchthat ç427é5�
ô4ìtñ76 . Set
�8�9�Qñ;:<��ÿ=�

�
�?>5ð@:<�<�A��ô , where ÿ=� wasde®nedin Lemma3 and :!�B�Qñ

��65ðyç427éaÿ=��ìC�?DFE ; thechoiceof ÿG� shows that îIH@:<�JHK> for every L õ9MON ,
andthat the sequencêE �P:<� �!�

ü#"
$ tendsto > . As a convex combinationof

ÿ=� and ��ô , both in 3 , the element�Q� belongsto 3 for L õKM

N . Because
ç427éC�0��ì•ñ�> , we have that �!�Q�1�!�

ü#"�$/&

� . Ê Taking into accountthat ÿR�Põ

	
� , theconvexity of � yields

� H@�����0� �#íS:<� ����ÿ=�T�
�

�?>[ðU:<� �?���!��ôV�8íS:<� �
�

�?>�ðU:<� �W������ô-�

for every Lyõ�MON . Sincethesequence�P: � �!�

ü#"
$ convergesto > we obtain

that (X)�*+�-,/.������0� �jñY� . Theproof of Lemma5 is thuscomplete. 
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3. DEFINITION AND PROPERTIES OF SLICE-CONTINUOUS SETS

By virtue of Lemmata2 and5 it follows that if the function Z attains
its in®mumon every nonemptyclosedconvex set,thenall its level setsare
well-positioned(Lemma5) andhaveno asymptotes(Lemma2).

The object of this sectionis to explore the relationsbetweenthe well-
positionedclosedconvex setswith noasymptotesandthecontinuityof their
supportfunction.Let usextend(in De®nition3) theDe®nition1 from lines
to closedlinearmanifolds,andclarify (in De®nition4) thenotionof conti-
nuity with respectto a closedlinearmanifold.

De�nition 3. Let [ bea nonempty, closedandconvex subsetof a normed
vectorspace\ . We saythat the closedlinear manifold ] of \ is an as-
ymptoticlinearmanifoldof [ if ^1_0`baP]dc
e-fhg+ij[lk'm�n for every elo�n , and

]�prqts<u�[Smwv .

Notethatanasymptoticlinearmanifoldof ®nite dimensionmustneces-
sarily containat leastoneasymptote(in thesenseof De®nition1), but that
an in®nite dimensionalclosedlinearmanifoldof \ maybeanasymptotic
linear manifold even in the absenceof any asymptote.Remarkalso that
a line is anasymptotic(one-dimensional)linearmanifold for a closedand
convex setif andonly if oneof its half-linesis anasymptote.

De�nition 4. Let ] bea closedlinear manifoldof a normedlinear space
\ andlet xyaP]zk denotetheclosedsubspaceof \ parallel to ] . We saythat
a nonemptyclosedconvex subset[ of \ is continuouswith respectto ] if

[S{}|G~ is a continuoussubsetof the normedvectorspacex+aP]zk for some
|

~€•
] .

We can now de®nethe centralnotion of this study. It correspondsto
the classof thoseclosedconvex subsetsof \ which satis®esneitherthe
hypothesisof Lemma2, nor thoseof Lemma5.

De�nition 5. We saythat a nonemptyclosedconvex subset[ of a normed
vectorspace\ is slice-continuousif [�p�] is continuouswith respectto ]

for everyclosedlinear manifold ] which meets[ .

Proposition1. Let [ bea nonemptyproperclosedconvex subsetof \ . The
followingstatementsare equivalent:

(a) [ is slice-continuous;
(b) [ is continuousandhasnoasymptotes;
(c) [ hasnoasymptoticlinear manifolds;
(d) [ is well-positionedandadmitsnoasymptotes;
(e) for everyclosedlinear manifold ] which meets[ , thebarrier coneof

[Up•] is theunionbetweenx+aA]zk5‚ anda nonemptynorm-openset.
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Remark 2. Accordingto (b),andsimilarly to theclassof continuousclosed
convex setsin ƒ�„ , we deducethattheclassof slice-continuousclosedcon-
vex setsis characterizedby boththeabsenceof boundarylinesandasymp-
totes,andthe continuity (exceptmaybeat … ), of their supportfunctional.
As a consequence,it follows that in ƒ

„ theclassesof slice-continuousand
of continuousclosedconvex setscoincide.

Remark 3. Theequivalencebetween(a)and(c) togetherwith De®nition5
highlightsthedifferencebetween®nite-dimensionalandin®nite-dimensio-
nal re¯exive Banachspaces.Indeed,from (c) it follows that slice-conti-
nuoussetsmustdisallow notonly (half-line) asymptotes,asin ƒy„ , but also
asymptoticlinearmanifoldsof any dimension.Themerede®nitionof slice-
continuoussetsimplies that not only the supportfunction of † must be
requestedto becontinuous(exceptat … ), but alsothatthesupportfunctions
of all nonemptylinearslices †U‡•ˆ mustbecontinuousexcepton ‰yŠPˆz‹•Œ .

Every unboundedlinearly boundedclosedandconvex set is not well-
positioned,andthus,althoughit admitsno asymptotes,cannotbea slice-
continuousset.Takingtheclosedconvex set † de®nedby

†•Ž‘••’”“••YŠ�“�–V—C“R˜j—-™X™�™š‹œ›••#˜�Žž“�–
Ÿ�… —ž  ¡

¢¤£

˜¦¥

“

¢

¥<§©¨

“�–0ªl—

wehave that

†

¡

•�ƒ�«G¬0–V— ­®ŠP†l‹'•@¯Q…1°²±�¯-³r›••#˜€Ž€³<–/´�…T°

and µ�¶<·%†¹¸ •»º , where ¬8–�Ž‘•¼Š?½Q—C… —#™-™-™‘‹�›¾•#˜ (andsimilarly ¬

„

). It follows
that ¿%À is continuouson •-˜OÁ®¯Q…T° and ¬8– is an asymptoticdirectionof † ,
whichmeansthat † is a continuoussetwith asymptotes.

We may thus concludethat, in in®nite dimensionalre¯exive Banach
spaces,the classof slice-continuoussetsis a propersubsetof both the
classesof closedconvex setswithout asymptotes,andof continuousclosed
convex sets.

Proof of Proposition1: As when Â is one-dimensional,every proper
closedconvex setobviously ful®lls all thestatementsof Proposition1, we
assumethat Ã Ä�Å�Â Ÿ Æ (we needthis assumptionin order to construct
two-dimensionallinearmanifoldsof Â ).

Step 1 [(d) Ç (e)]: (d) È (e). Consider† to be a well-positionedset
without asymptotes,and ˆ a closedlinearmanifoldsuchthat the intersec-
tion †U‡•ˆ is nonempty. Weprove that

(3) ­®ŠP†�‡�ˆz‹z•S‰+ŠAˆz‹

Œ

±rµ�¶ ·=­®ŠA†U‡Éˆ�‹5™

As theinclusion“ Ê ” is obvious,let usprovetheconverseone.Assumethat
thereis someË in ­®ŠP†d‡®ˆ�‹ which is not in ‰ÌŠPˆz‹5Œž±Íµ�¶ ·F­®ŠP†d‡®ˆ�‹ . Because
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Î@Ï9Ð

is well-positioned,thenorm-interiorof theconvex set Ñ®Ò

Î�ÏÓÐzÔ

is
nonempty. Hence,thereexistssomeÕSÖ�×9ØAØ of norm Ù suchthat

Ú�Û”Ü

ÕÞÝ
ß

Ú�àbÜ

Õ²Ý á

à

Ö•Ñ®Ò

ÎâÏ•ÐzÔCã

Because× is re¯exivewe(may)considerthat ÕSÖ�× . Theset Ñ®Ò

Î9ÏJÐzÔ

is
acone,thus

ÚAÛ”Ü

ÕÞÝ
ß�ä+ß

Ú�àbÜ

Õ²Ý á

à

Ö�Ñ®Ò

Î�Ï�ÐzÔCã

Accordingly,

ÕSÖæåçÑ®Ò

Î�Ï�ÐzÔ�èêéžë

Ò

Î�Ï•Ð�Ôtì©ëYÎ®ìUÏ�í

Ò

ÐzÔCã

Finally, remarkthatthehalf-line î»ï

ëYð0ñœò�ó�ô

Õ is disjoint from
ÎUÏ•Ð

for every
ðõñ

Ö

Ð

suchthat
Ú!Û�Ü

ð-ñ

Ý
ö ÷Aø=ù

ú-ûõü=ý8þ

ÚAÛ�ÜCÿ

Ý

(suchan element
ðõñ

exists because
Û

Ö�Ñ®Ò

Î�Ï�ÐzÔ

and
Û��

Ö

í

Ò

ÐzÔ��

), and
thus,becauseî �

Ð

, î is disjoint from
Î

. From Lemma1 it follows
that Õ is anasymptoticdirectionfor

Î

, contradictingthusassumption(d).
Therefore,relation(3) holds.As ���	�<Ñ®Ò

ÎâÏÉÐ�Ô

is nonempty, theconclusion
follows.

(e) 
 (d) Let
Î

beanonemptyclosedandconvex setful®lling (e). With-
out lossof generalitywe (may)supposethat ä�Ö

Î

. Put
Ð�ë

× in (e), to
deducethat Ñ®Ò

Î�Ô���


ä�� is a nonemptynorm-openset. Accordingly, the
norm-interiorof thebarrierconeof

Î

is nonempty, andthus(seeProposi-
tion 2.1from [1])

Î

is well-positioned.

It remainsto provethat
Î

doesnotadmitasymptotes.In orderto obtaina
contradiction,supposethat ÕSÖ�× with �VÕ��

ë

Ù anasymptoticdirectionof
Î

. FromLemma1 it followsthat ÕSÖ

Î

ì

andthehalf-line î•ï

ë}ðõñ=ò ó ô

Õ

and
Î

aredisjoint,for some
ð0ñ

Ö•× . Similarly to theproofof Lemma2,we
have that

ð
ñ

and Õ arelinearly independent.Considerthetwo-dimensional
linearmanifold(in fact linearspace)

Ð

ï

ë�
��=ð-ñ�ò��

ÕSï

�

Ü

�

Ö

ó

���

hence
í

Ò

ÐzÔzë�Ð

. Notethatnecessarily,

(4)
ÎUÏ•Ð

�


��=ðõñœò��

ÕKï

�

Ü

�

Ö

ó

Ü

���

Ù��

ã

Indeed,if theinclusion(4) fails, then
ÿ

ï

ë��=ð0ñ8ò��

ÕSÖ

Î

for some
�

Ü

�

Ö

ó

,
�

öSÙ . It followsthat
ÿ��

ï

ë��=ð
ñ

ò �

�

ÕSÖ

Î

, where
�

�

ï

ë"!$#&%

Ò

�

Ü

ä

Ô

. Because
ä+Ö

Î

, we getthecontradiction
�('*)

ÿ
�

ë�ð-ñœò+�,'*)-�

�

ÕSÖ

Î�Ï

î .

Because
ðõñ

�

Ö

ó

Õ , thereis
à

Ö�×

Ø suchthat
ÚAàbÜ

Õ²Ý

ë

ä and
Ú�àbÜ

ðõñ

Ý

ë

Ù .
Takinginto account(4),wehavethat

Ú!àhÜ5ÿ

Ý

�

Ù for every
ÿ

Ö

ÎIÏ�Ð

. Hence
Õ ÖBÒ

Î�Ï•ÐzÔ

ì

ë

Ò Ñ®Ò

Î�Ï•ÐzÔ?Ô

é

and
à

Ö Ñ®Ò

ÎUÏÉÐ�Ô.��Ð��

. Accordingto our
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hypothesiswe obtainthat /10�243�5�687:9�;=<?> . It follows that /A@"BDC.EGFIH

687:9J;K<?> for someBML"N . BecauseOP0Q7R687:9J;K<?>S>UT , we have that

B�VXW(Y�O Z\[]V�/^@�B_W(Y�O Z\`�N abWI0KC E FcY

whencethecontradictionBA`PN . Theproof of theequivalence(d) d (e) is
thuscomplete.

Step 2 [(e) d (a)]: (e) e (a). Let < be a closedlinear manifold such
that 9";f<hg [�i , and j�kb0l< . By ourhypothesis,we have that 687:9J;K<?>G[

m

7U<�>-npoIq with q anonemptyopenset.It followsthat q�H"2�3	5r687:9l;$<?> ,
andso 2�3	5r687:91;f<?>Mg [si and 687U91;t<?>G[

m

7U<?>

n

ou2�3	5*687U91;f<?> , that is
(3) holds.

Therestrictionoperatorvxw&yxzc{}|x~

m

7U<?>U| de®nedfor every •t0K{€| as

VUvxw&y•7�•‚>�Yƒj„Z?[PVU•„Y�j…Z a.j$0

m

7:<?>ƒY

is a linear, continuousandsurjective operatorbetweentwo Banachspaces.
Accordingly,

2�3�5†7‡v€wˆyŠ‰*‹•7‡Œ•>S>Ž[•v€w&yƒ‰*‹•7�2�3�5•7�Œ•>->ƒY

for everysubsetŒ of
m

7:<?>
| .

If 6x•‘7:9l;I<$’fj
k

> is thebarrierconeof 7U9l;A<$’tj
k

> viewedasasubset
of there¯exiveBanachspace

m

7:<?> , we observe that

687:9J;K<?>?[�vxw&y
‰*‹

7“6

•

7:9J;f<f’+j*k†>->

andwe deducethat

2�3�5*687:9J;K<?>?[�v€wˆy
‰*‹

7‡243�5�6

•

7U91;f<f’+j*k•>S>ƒ”

Thus,relation(3) impliesthat

(5) 6

•

7U9";K<f’+j*k•>�[h•�N—–˜ou243�5�6

•

7:9";K<™’+j*kD>ƒ”

Observe that in a Banachspaceš , every lower semicontinuousconvex
function •Jz‚š›~ œ�ot•�@8•"–�Y is (norm)continuousat jl0•š if andonly
if j is in theset 7:šPž€Ÿ¡ c¢�•£>Žof2�3�5•7�Ÿ¡ �¢�•‚> . Applying this remarkto the
supportfunction ¤

•

¥*¦

•

‰�§ƒ¨

z

m

7:<?>U|=~ œ©o+•�@••"– of the closedconvex
subset7:9f;�<ª’uj�k&> of

m

7U<�> , wededucethat ¤
•

¥*¦

•

‰�§ƒ¨

is (norm)continuous
on «]z¬[P7

m

7U<�>4|­žŽ6
•

7:9+;$<$’tj*kD>S>‘oI2�3	5�6
•

7U9+;A<u’=j*k•> . But, by (5), we
have that

«P[›®

m

7U<�>

|

ž¯7:•�N�–¡o°2�3	5*6

•

7U9";K<™’+j�kD>->U±xo$2�3	5�6

•

7:91;u<t’+j*k†>

andthus «³²

m

7:<?>U|´žb•�N�– . Therefore,¤
•

¥*¦

•

‰�§ƒ¨

is continuouson
m

7U<?>:|�ž

•�N—– .

(a) e (e). 9 beinga proper(closedandconvex) its barriercone687:9M> is
nonempty. Moreover, 687:9M>Dž‘•�N—–8[�¤

‰r‹

¥

7�œ�>_ž,•�N�– ,andapplyingassumption
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(a) to µ³¶¸· , we deducethat ¹8º:»M¼?½�¾�¿—À is an openset,andtherefore
Á�Â	Ã

¹8º:»M¼ is nonempty. Let µ beaclosedlinearmanifoldsuchthat »QÄ^µ�Å ¶

Æ

. Clearlytheinclusion
Á�Â	Ã

¹8º:»M¼?Ç

Á�Â�Ã

¹8º:»AÄ8µ?¼ƒÈ yields
Á�Â	Ã

¹8º:»$Ä8µ?¼bÅ ¶

Æ

.
Accordingly, in orderto prove(e), it is suf®cientto show that(3) holds.As
the inclusion É in (3) is obvious, let us prove the converseone. For this
considerÊ+ËÌ¹8ºU»"Ä=µ?¼ . ThecaseÊÌË"Í�ºUµ?¼�Î beingobvious, let suppose
that Ê1Ï Ë=Í�º:µ?¼ Î . Then,by ourhypothesis,Ð£Ñ

Ò*Ó

Ñ�Ô�ÕƒÖ

is continuousat ×xØ&Ù†º‡Ê„¼ ,
andso ×€ØˆÙ†º�Ê„¼\Ë

Á�Â�Ã

¹ Ñ ºU»1ÄuµtÚlÛ*ÜD¼ . As

Á4Â�Ã

¹8ºU»ÌÄfµ?¼?¶

Ô*Ý

×€Ø&Ù•º

Á�Â�Ã

¹

Ñ

º:»"ÄuµfÚ+Û*Ü†¼-¼ƒÈ

it follows that (3) holds,andthe proof of the equivalence(a) Þ (e) from
Proposition1 is complete.

Step3 [(c) Þ (d)]: (d) ß (c). Let » bea well-positionedclosedconvex
setwithoutasymptotes,andsupposethatthereis anasymptoticlinearman-
ifold µ of » . Thustherearesequencesº�Û‘à�¼�à&áDâ„ã8Çäµ and º‡å�à	¼‡à�á_â,ã Ç�»

suchthat æ•Û�à‘æ^ç è and æ•Û*àpÚ�å�à‘æ^ç ¿ . Accordingly, æ•å�à‘æ^ç è and
æ•å

à
æDÏ*æ•Û

à
æ¡ç é .

As » is well-positioned,there is Û�ÜêË · and ë Ë ·fì such that
í

ë„È�Û�Ú+Û*ÜDî\ïðæ•ÛªÚ+Û�Ü�æ for every ÛKË=» . Thus
ñ

ë(È

å&à

æ•å
à

æ

Ú

Û*Ü

æ•å
à

æ‘ò

ï›ó

ó

ó

ó

å�à

æ•å
à

æ

Ú

Û�Ü

æ•å
à

æ

ó

ó

ó

ó

ï]éxÚ

æ•Û*Ücæ

æ•å
à

æ

È

whence
í

ë„Èƒôbîäï é for every weak cluster point ô of the sequence
º�å&à—Ïræ•å�à(æD¼�à&áDâ‘ã . As · is re¯exive, by virtue of theprevious inequalitywe
canchooseôäÅ ¶]¿ . On onehand,as æ•åcà‘æ8ç è , we deducethat ôðËÌ»8õ .
On theotherhand,since æ•Û�à¡Útå&à,æ˜çö¿ , then ôPË=Í�º:µ?¼ , asaweakcluster
pointof thesequenceº‡Û

à
Ï*æ•Û

à
æD¼

à&áDâ
ã . Let ÷

Ü
Ëlµ andset øðù¬¶P÷

Ü�ú�ûpü
ô .

If ø and » aredisjoint, Lemma1 impliesthat ôbÏ*æ•ô�æ is anasymptoticdi-
rectionfor » ; when ø meets» , then ø is obviouslyanasymptoteof » . In
bothcases,weobtainacontradictionwith condition(d) whichstatesthat »

hasnoasymptotes.

(c) ß (d). Let » bea closedandconvex subsetof · which hasno as-
ymptoticlinearmanifolds.Obviously, » hasno asymptotes,asthesupport
line of any asymptoteis an asymptotic(one-dimensional)linear manifold
of » . In order to prove that » is well-positioned,let us ®rst remarkthat

» containsno lines. Indeed,from Lemma4 it follows thatany closedand
convex setcontaininga line admitsasymptotes,andthusasymptoticlinear
manifolds.Finally, for theclosedconvex set » , whichcontainsnolinesand
is not well-positioned,we mayapplyLemma3 to deducetheexistenceof
aclosedlinearmanifold ý of · disjoint from » suchthat þ ÿ

�

º:ý°È†»p¼Ž¶•¿ .
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As �������
	 is a boundedclosedandconvex setdisjoint from � and � is
re¯exive, it follows that 
����
����������	���������� for every �! �� , andthus


"�#�$���&%'�(�$	)�����+*,� for every �� -� .

In conclusion,if � containsa line, it hasanasymptote,andthusanas-
ymptotic (one-dimensional)linear manifold, while if � doesnot contain
lines but it is not well-positioned,then � admitsthe asymptotic(in®nite-
dimensional)linearmanifold � . Accordingly, any closedconvex setwith-
outasymptoticlinearmanifoldsis well-positioned.

Step4 [(b) . (d)]: (d) / (b). Let � beaclosedconvex well-positioned
setwith no asymptotes; in orderto prove that � ful®lls (b) it is suf®cient
to remarkthat, from the implication (a) / (d) it follows that the support
functionalof � is continuouson �102%435�"6 .

(b) / (d). Assumethat � ful®lls (b). Then its supportfunctional is
continuouson �10
%735�"6 and®nite on 8����9� , andthisyieldsthat 8��:�9�;%735�<6

is an opensubsetof �10 . As � is a nonemptyproperclosedandconvex
subsetof � , its barriercone 8��:�)� containsat leastonenon-null element;
hence=?>A@B8��:�)�DC *FE . By virtueof Proposition2.1from [1] it followsthat �

is well-positioned;from (b) we alsoobserve that � hasno asymptotes,so
� satis®es(d). G

An importantstepin proving themainresultof thissectionis thefollow-
ing topologicalpropertyof slice-continuousclosedconvex sets.

Proposition 2. Anytwo disjoint closedandconvex nonemptysubsetsfrom
a re�exiveBanach spacemaybestrictly separatedby a closedhyperplane
providedthatat leastoneof themis slice-continuous.

Proofof Proposition2: Let �IH and �KJ betwo disjoint closedandconvex
nonemptysubsetsfrom there¯exiveBanachspace� , andsupposethat �LH

is slice-continuous.Let us®rst prove that �NM

H

����M

J

*�35�<6 .

On the contrary, let us supposethat thereis OQPR�
M

H

�L�
M

J

suchthat
S

O

S

*UT . Pick V�WXPY�KJ ; as OZPY�
M

J

, it follows that [Z\]*,V�W_^a`9bBOZc��KJ .
Since �

H and �
J aredisjoint, we deducethat the closedhalf-line [ does

not meet �dH , while OePL�
M

H

. Accordingly, O is anasymptoticdirectionof
�dH . Taking into accountthat �DH is a slice-continuousset,this contradicts
theequivalence(a) . (b) from Proposition1. Hence,�

M

H

�!�
M

J

*�35�"6 .

Proposition2 follows now as a consequenceof the equivalence(a) .

(d) in Proposition1 andof Theorem5.1 in [2], which statesthat any two
nonemptyclosedandconvex disjoint setswith no commonrecessionhalf-
line maybestrictly separatedprovidedthatoneof themis well-positioned.

G
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4. THE MAIN RESULT

We cannow characterizeall the non-constant,real-valued,convex and
continuousfunctionsattainingtheir in®mumoneveryclosedconvex subset
of f . Thischaracterizationis givenin termsof level sets.

Theorem 1. Let gih+f j k be a non-constant,convex and continuous
functionwhich attainsits in�mum ona re�exiveBanach spacef . Thenthe
followingstatementsare equivalent:

(a) g attainsits in�mum oneach nonemptyclosedconvex subsetof f ;
(b) everynonemptylevel setof g is a slice-continuousset.

Proofof Theorem1: Theimplication(a) l (b) followsimmediatelyfrom
Lemmata2 and5, andfrom theequivalence(a) m (d) from Proposition1.

(b) l (a)Assumethateverynonemptylevelsetof g is aslice-continuous
set. Consider n opf a nonemptyclosedconvex set. Without loss of
generality, we(may)assumethat qsrtn . Set uvhxwzy|{A}•~(€‚•!g . If uƒw�gD„…q<†

thereis nothingto prove. So,let uˆ‡�gD„…q<† andassumethat ‰�ŠŒ‹Ž••y•{

•

g-w

‘

, thatis n“’•”_•zw

‘

. Becauseu—–&y|{A}˜g and g attainsits in®mumon f ,
theset ”+• is nonempty. As n and ”K• aretwo closed,convex anddisjoint
sets,andas ”_• is a slice-continuousset,Proposition2 implies that there
are ™!r!f�š , ›œ™•›

š

w�ž , and ŸKr�k , suchthat

(6)  ?™
¡£¢N¤K¥-Ÿ7¥“ …™¦¡•§¨¤ ©ª¢•r«”
•

¡¦©ª§¬rtn®­

Consequently, ™ is a non-null elementof the barrier cone of the slice-
continuousset ”

• . UsingDe®nition5 for ¯Ywzf , weobtain
°

„:”+•K†_w²±5q<³D´�µ¶{B·

°

„:”+•7†•¡

andthus ™¸r,µ?{B·

°

„:”+•7† . Since „:”�¹

•

†¶ºsw¼»œ½

°

„�”+•I† (by the Bipolar The-
orem)and µ?{A·

°

„:”_•K†•¾ w

‘

, by a classicalresulton convex sets,we obtain
that

µ?{B·

°

„:”+•7†+w,µ?{B·œ„:”

¹

•

†

º

­

Because”
¹

•

wp”
¹

¿AÀÂÁŒÃ , ™erÄµ?{B·(„�”
¹

¿AÀÂÁŒÃ

†
º ; usinga classicalresult (seefor

instanceLemma2.1from [1]), thereare Å�¡ÇÆ�r�k with Æ�È&q suchthat

 ?™
¡£¢N¤K¥�Å&ÉYÆ+›œ¢2›#¡ ©)¢Êrt”

¿AÀËÁŒÃ

­

Fromthis relationand(6) we obtainthat

ŸK¥�ÅzÉYÆ_›œ¢2›#¡ ©)¢®r«”

¿AÀ

~£Ì

Ã

’!n®­

Accordingly, ”

¿AÀÂÁÇÃ

’dn is bounded;beingalsoclosedandconvex, ”

¿AÀËÁŒÃ

’dn

is weaklycompact.Thereforethereexistssome Í¢!r«”

¿AÀÂÁŒÃ

’�n suchthat

gD„�Í ¢N†+w-y|{B}�±"gD„…¢N†+hB¢Êr«”

¿AÀÂÁŒÃ

’!n�³)w-y|{A}

Î

g&w¸u1¡
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acontradiction.Theproofof Theorem1 is thereforecomplete. Ï

4.1. Characterization of slice-continuousfunctions. The next proposi-
tion shows thattheconditionrequestingthatall thelevel setsof a function
areslice-continuoussetsmayberelaxedto only two of thelevel sets.
Proposition 3. Let Ð be a normedvectorspaceand ÑÓÒ7Ð Ô Õ be a
properlowersemicontinuousconvex functionand Ö�×DØ&Ù|ÚBÛÇÜ�Ñ . Then

(a) Ý�Þ_ßœà�áZâ²ã5äÊå�ÐQÒæÑ

á

Ý?äNàKçéè"ê for every Ö9å�Õ with Þ_ß)ë â,ì , where
Þ+ßDÒxâ,ã5íÊå!ÐÓÒªÑ)Ý?íNàKç-ÖŽê ;

(b) î�Ý:Þ+ß£à+â-î�Ý:Þ+ßðï£à for every Ö9å�Õ with Ö9ØzÙ|ÚAÛñÑ ;
(c) If Þ+ßòï is well-positioned,then Þ_ß is well-positionedfor every ÖÊåzÕ

with Þ+ß9ë â¸ì ;
(d) If óôåYÐ is an asymptoticdirectionof Þ_ßòï , then ó is an asymptotic

directionof Þ ß for every Ö9å�Õ with Þ ß ëâFì ;
(e) If Ð is re�exiveand Þ_ßòï is a slice-continuousset,then ÞKß is a slice-

continuoussetfor every Ö9Ø&Ù|ÚBÛNÑ .

Proofof Proposition3: Theassertion(a) is well-known. Beforestudying
theotherassertions,let usrecallthatfor Ñ)Ý?íõ×œà7öFÖ�÷dözÖ(ø4ö,ù onehas

(7) Þ+ß�úKûéÞ+ßòüDû

Ö(ø2ý&Ñ)Ý?íæ×(à

Ö�÷þý&Ñ)Ý?íæ×(à

Þ+ß:úþý

Ö(ø+ýLÖ�÷

Ö�÷þý&Ñ)Ý…í¨×(à

íæ×(ÿ

Taking into accountthe precedingrelationandProposition1, only as-
sertion(d) needsanexplanation.Let ó be anasymptoticdirectionof Þ'ßðï

and Ö!åFÕ with Þ_ß�ë âôì . It follows that �œó��sâ�� and,by (thenoteafter)
Lemma1, óiå Þ�á

ßòï

. By (a), óiå�Þ�á

ß

. If �¶Ú��õÞ_ßðïsâ�ì , from (7) we have
that �¶Ú��õÞ_ß•â ì , andso ó is an asymptoticdirectionof ÞKß . Assumethat

�?Ú��õÞ+ßòï�ë â�ì . From(7) we obtainthat �¶Ú��NÞ_ß�ë â�ì , except,possibly, when
ÖaâiÙ•ÚAÛñÑ ; in this latter case,asabove, we have that ó is an asymptotic
directionof Þ

ß . So,let �?Ú�� Þ
ß

ëâ,ì . Becauseó is anasymptoticdirectionof
Þ+ßòï , againby Lemma1, thereexists �#×Då!Ð suchthat

Ý	�(×�
LÕ
�;ó à����¶Ú��NÞ+ßðïdâ,ìæÿ

Take íæ× å!Ð suchthat Ñ)Ý?íæ×(à7özÖ�× . If Ö9Ø-Ö�× , set

�

ßDÒxâ

Ö ýLÑ9Ý…í
×

à

Ö�×Ký&Ñ9Ý…íæ×�à

�(×+ý

ÖDýLÖ
×

Ö�×Ký&Ñ)Ý?íæ×�à

íæ×(ÿ

Takinginto accountthat �#×�� åYÝ��?Ú��NÞ+ßðï�àþýLÕ
�Bó , we have that

�

ß�� å

ÖDý&Ñ)Ý?íæ×�à

Ö
×

ý&Ñ)Ý?í
×

à

Ý��?Ú��NÞ+ßðï�àþý

Ö4ýLÖœ×

Ö
×

ý Ñ)Ý?í
×

à

í¨×+ýLÕ��æó�ÿ

From(7) weobtainthat �

ß
�åYÝ	�¶Ú��NÞ

ß
àþýYÕ

�
ó , or, equivalently,

Ý

�

ß�
LÕ��Aó à����?Ú��õÞ+ßdâ,ìæÿ
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If �
����� , set ��� �"!�#$� . Hence%����'&)(�*�+-,/.10�2�3546�7!�8 . By (thenoteafter)
Lemma1, we obtainthat + is anasymptoticdirectionof 47� . 9

Notethattheassertions(b)–(e)arenotvalid if �$�:!<;=2�>�? . Indeed,let

?@�A(
B�C (ED ?�%	FGDH�I,�!

J

KML<N

;">O��PRQ�D

Q ;">OF�!S��!RQ�D

F

BUT

� ;">O��VRQ�W

Then ;=2�>YX/Z�?[!�Q and

46� ![\�%�F�DU�],6^_(�B��`�baRQ�D6F/B �����]c�D de�`afQ�W

Hence g`%Y4 � ,1!h(jik%ml

N

DUQ�n and g`%Y4 � ,�!o\�%	Q�DUQA,mc�prqs(ti<%ul

N

DUQA,sv .
Moreover, %�Q�Dxw�, is an asymptoticdirectionfor 4y� , but %�Q�D$w�, is not an as-
ymptoticdirectionfor 4z� with �
V{Q .

In ®nite dimensions(c) and (e) are true even if � � !|;}2�>5? becausea
nonemptyclosedconvex set 4•~R€ (with •�;=‚ƒ€ P

N

) is well-positioned
if andonly if 4`„ is pointed(thatis 4 doesnotcontainlines).For acounter-
exampleof (c) and (e) in the case •�;}‚…€ !

N

and �
�

! ;=2�>�? , take
? �‡†

B

C ( , ?�%	Fˆ,‰�Š! ‹fŒŽ•]•‘•G’

•”“

F

Œ

“

for Ft! %	F

•

DxW$W$W•DUF

Œ

DxW$W$W–,—^˜†

B

.
We remark that ;}2�>5? ! Q , 4z�R! \™Qšc is slice-continuous(being well-
positionedandhaving no asymptotes),but 4

• is unbounded( •G›

Œ

^œ4

• )
and linearly bounded;hence4

• is not well-positioned(andthereforenot
slice-continuous).

Remark 4. On thebasisof thepreviousproposition,we establishthat the
level setsof a non-constantreal-valuedconvex andcontinuousfunction •

which attainsits in®mumareslice-continuousif andonly if žŽŸm ”‚¡;}2£¢¤• is
slice-continuousand 4z� is well-positionedfor some�
V<;=2�>

¢

• .

The following propositionprovidesa direct characterizationof all non-
constant,real-valuedconvex andcontinuousslice-continuousfunctionsat-
tainingtheir in®mumon € , whereby a slice-continuousfunctionwemean
afunctionfor which all thenonemptylevel setsareslice-continuous.

Proposition 4. Let • be a non-constant,real-valuedconvex andcontinu-
ousfunctionwhich attainsits in�mum on € . Thelevel setsof • are slice-
continuoussetsif andonly if thetwo following conditionshold simultane-
ously:

(i) •‰l…¥ is coercivefor some¥)^¤€§¦ ;
(ii) every half-line ¨ of € on which • is boundedfrom abovemeets

ž�Ÿu ”‚b;=2�¢¤• .

Proof of Proposition4: It is well known (seefor instanceLemma5.1 in
[1] followedby Proposition3.1from [3]) thatcondition(i) is equivalentto
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thewell-positionednessof theepigraphof © in ª «)¬ . In orderto prove
thatall the level setsof © arewell-positionedif andonly if its epigraphis
alsowell-positioned,let usrecall thefollowing analyticcharacterizationof
well-positionedness(Proposition2.1in [3]).

Proposition [3, Proposition2.1]. Let ª be a re�exive Banach space,and
­¯®

ª bea closedconvex setwhich containsno lines.Then
­

is not well-
positionedif andonly if it doesnot containsequences°�±³²š´	²�µx¶'· such that

¸

±]²

¸:¹ º

and °�±]²A»

¸

±]²

¸

´ weaklyconvergesto ¼ .

As to everysequence°�±I²A´�²Žµ$¶'·¾½

­6¿

suchthat
¸

±I²

¸‡¹ º

and±]²�»

¸

±]²

¸‡À

¼ correspondsthesequence°u°�±/²�Á�Â[´u´�²Žµ$¶'· in ÃxÄ]Å”© whichsatis®es
¸

°�±£²�Á�Â[´

¸UÆ:Ç$ÈÉ¹

º

and
°	±I²�Á�Âr´m»

¸

°	±]²�Á•Â[´

¸UÆ‡ÇxÈÉÀ

¼

in ª�«�¬ , it is clearthatall thelevel setsof © arewell-positionedwhenever
theepigraphof © is well-positioned.

In orderto prove theconverseimplication,supposethatall thelevel sets
of © arewell-positioned,but its epigraphis not.

Thefunction © attainsits in®mumon ª , andthusis boundedfrombelow,
andnoneof its level setscontainslines. Accordingly, the epigraphof ©

doesnot containlines. Fromtheabove Propositionwe deducethatthereis
asequence°m°	±I²]ÁUÊU²A´m´	²�µx¶'·�½kÃ$Ä]Å”© suchthat

¸

°�±]²�ÁUÊU²š´

¸UÆ‡Ç$ÈÉ¹ º

Á °	±I²�ÁUÊU²�´u»

¸

°	±I²�ÁUÊU²�´

¸UÆ‡Ç$ÈÉÀ

¼�Ë

Accordingly,
¸

±
²

¸E¹ º

, Ê
²

»

¸

±
²

¸`¹

¼ and °	±
²

»

¸

±
²

¸

´

À

¼ in ª . More-
over, since © attainsits in®mumon ª andits level setsarewell-positioned,
wehave that ÊÌ²

¹ º

.

Pick Í�Î_ÏÐª and Â ÑÓÒÉÔŽÕ]Ö™¼�Á�©:°	Í�Î$´m× . As ÊU²

¹ º

, it follows that
ÊÌ²ØÑfÂ for every Ù§Ú{Ù5Î andsomeÙ³ÎÛÏ_Ü Ý . Take

Þ

²1ß"à¯°YÂ á<©:°�ÍŽÎ$´m´u»A°�ÊU²`áƒ©:°	Í�Î$´u´UË

It is obvious that
Þ

²¯Ïo°�¼�Á$â�´ for Ù˜Ú Ù³Î and
Þ

²

¹

¼ ; moreover, be-
causeÊÌ²A»

¸

±]²

¸)¹

¼ and ÊÌ²

¹ º

, we have that
Þ

²

¸

±I²

¸—¹ º

. Since
°�ÍŽÎ$Á�©:°	Í�Î$´m´HÁ�°�±]²�ÁUÊU²�´6Ï¤ÃxÄ]Å”© , we have that

°	ãä²�Á�Âr´zàr°mâ:á

Þ

²�´H°�Í�ÎxÁ�©:°�ÍŽÎ$´m´�å

Þ

²‘°�±]²�ÁUÊU²š´yÏ¤ÃxÄ]Å”©:Á

andso ãä²�Ï

­6¿

for Ù_Ú�Ù³Î , whereãä²�ß"à[°uâ á

Þ

²�´sÍŽÎzå

Þ

²æ±]² ; hence
Þ

²

¸

±]²

¸

á

¸

Í�Î

¸Ûç•¸

ãä²

¸:ç

Þ

²

¸

±]²

¸

å

¸

Í�Î

¸ è

Ù¤Ú�Ù³Î$Ë

It followsthat
¸

ãä²

¸ ¹ º

and

ã
²

¸

ã$²

¸

à

â‡á

Þ

²

¸

ã$²

¸

Í�Î6å

Þ

²

¸

±
²

¸

¸

ã$²

¸

±
²

¸

±]²

¸

À

¼�Ë
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Using [3, Proposition2.1] recalledabove, we deducethat éëê is not well-
positioned.Thiscontradictionprovesthat ì$í]îŽï is well-positioned.

Finally, remarkthatcondition(ii) is equivalentto theabsenceof asymp-
totesfor every level set. Indeed,from Proposition3(a), it follows that ð

is a recessiondirection for a nonemptylevel set é7ê of ï if andonly if
ï is boundedfrom above on every half-line of the form ñoòôó™õ ö{÷
ø]ð ,
with ó$õÉùRú . In this case,condition(ii) prescribesñüû§ý�þmÿ��bî���� ï

�

ò�� ,
which,by virtue of Lemma1, is equivalentwith theabsenceof asymptotes
for every level setof ï . 	

5. STRICT SEPARATION OF CONVEX SETS

In thissection,weuseTheorem1 to characterizeall thenonemptyclosed
andconvex subsetsé of a re¯exive Banachspaceú which canbestrictly
separatedfrom everydisjointnonemptyclosedandconvex set 
 , i.e.,

�
�

ù¤ú��������������]í

�����

�

�! #"!$�%

î��'&

(#��)

�

�* #+,$

�

Indeed,it is well known that two nonemptyclosedandconvex subsets
é and 
 of ú canbestrictly separatedif andonly if ÿAý�í.-sé

 


0/2143 . For
every nonemptyclosedandconvex subseté of there¯exive Banachspace

ú , set ï

�65

ú87 ÷ for thereal-valuedfunctionde®nedby

ï

�

-

"

/6ò•î9�:&

(;�<�>=

+@?A"

=

 B@"

ù¤úC�

It is straightforwardto prove that ï

� is convex andcontinuous,andthat
its level setssatisfy

é�D<ò

E

� îF&8G

%

3

 

éRöAGIH

�

îF&8GKJL3:�

Let usalsoremarkthat ÿæý�í.-Yé

 


0/6òRî��:&

����)

ï

�

-

"

/ .

Thefollowing resultallowsusto useTheorem1 in decidingwhetherthe
nonemptyclosedandconvex set é may be strictly separatedfrom every
disjointnonemptyclosedandconvex set 
 .

Lemma 6. Let é be a nonemptyclosedand convex subsetof a re�exive
Banach spaceú . Thetwo following assertionsare equivalent:

(a) For everynonemptyclosedandconvex subset
 of ú such that é�û


•òM� onehasthat ÿæý�íN-sé

 


0/O1P3:Q

(b) Thefunction ï

� attains its in�mum on every nonemptyclosedand
convex subsetof ú .
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Proof of Lemma6: The implication (b) R (a) is easy. Indeed,let S

bea nonemptyclosedandconvex subsetof T suchthat UWVXSZY�[ . By
hypothesis,thereexists \^]_S suchthat `badc \
efYhg�i'jlk#m�nI`oa�cp\
e . Hence

qsr�t

c�UvuwSxe�YW` a c \
ezy|{ because\6} ]6U and U is closed.

(a) R (b) Assumethat (a) holds,andselecta nonemptyclosedconvex
set S•~LT . Let €h•

Y•g9i:j

k#m�n

`oa�cp\
e�Y

qsr�t

c‚U2u�Sxe„ƒ

If U_VPS …Y†[ , then
€

Y `oa�c \
e with \4]‡U_VPS . Assumenow that
UWVXS†Y�[ . ¿Fromour hypothesiswe obtainthat

€

Y

qsrˆt

c‚U2u�Sxe0y•{ .
Consider‰

•

YŠSM‹

€IŒŽ•

; of course,‰ is anonemptyconvex set.Because
T is re¯exive, ‰ is (weakly) closedasthe sumof a weakly closedanda
weakly compactset. By Lemma5.2 in [14] we have that qsr�t

c‚‰0u�U@e•Y

•

rˆ‘
’�q“rˆt

c�SIuwU”eo•

€

u#{—–CY�{ . It follows that ‰˜V™Uš… Y�[ (otherwise,by
(a), qsrˆt

c�‰0u�U”e�yM{ ). Therefore,thereexist \I]XS and ›œ]

€•Œž•

suchthat
Ÿ

•

Y•\x‹|›L] U . It follows that `za�c¡\,e£¢¥¤

Ÿ

•L\Ž¤IYZ¤w›�¤•¢

€

, which
provesthat `za attainsits in®mumon S at \ . ¦

Proposition1, Theorem1 andLemma6 allow usto provethemainresult
of thissection.

Theorem 2. Let U be a nonemptyclosedand convex proper subsetof a
re�exiveBanach spaceT . Thetwo followingassertionsare equivalent:

(a) U canbestrictly separatedfromeverydisjoint nonemptyclosedand
convex subsetof T ;

(b) U is a slice-continuousset.

Proof of Theorem2: Lemma6 implies that (a) holdsif andonly if the
function `oa attainsits in®mumoneverynonemptyclosedandconvex sub-
setof T . From Theorem1 we infer that `ba attainsits in®mum on every
nonemptyclosedandconvex subsetof T if andonly if U^‹A§

Œ
•

is aslice-
continuoussetfor every §”¨M{ .

Theproof of Theorem2 will beachievedif we show thatfor eachslice-
continuousset U andeach §©¨•{ , thesets Uª‹L§

Œ.•

areslice-continuous.
Assumethat U is a slice-continuousset. It is obviousthat «¬c‚UL‹P§

Œd•

eOY

«¬c‚U@e for every §”¨|{ . By Proposition2.1from [1] weknow that U is well-
positionedif andonly if ­®i'¯'«¬c‚U”e2… Yª[ , andso UL‹P§

Œ.•

is well-positioned
for every §œ¨°{ . Assumethat UW‹L§

Œ±•

hasasymptotesfor some §™¨²{ .
Then,by Lemma1, thereexist ³W]Xc‚UP‹X§

Œ±•

e�´WYWU¬´ with ¤w³f¤µY ¶ and
·�¸

]CT suchthat ‰

•

Y

·<¸

‹º¹”»
³ is disjoint from UP‹X§

Œd•

. It followsthat
‰ and U aredisjoint, andso,usingagainLemma1, U hasasymptotes,a
contradiction. ¦
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6. DIMENSION REDUCTION STATEMENTS OF THE MAIN RESULTS

Let ¼ bea real-valuedconvex andcontinuousfunctionwhich attainsits
in®mum on the re¯exive Banachspace½ , suchthat ¾ˆ¿ÁÀÃÂIÄ9Å*Æœ¼°ÇhÈ for
somenonemptyclosedand convex set É . According to Theorem1, at
leastoneof its nonemptylevel sets,say ÊoË , is not a slice-continuousset.
Taking into accountProposition1, theset ÊoË ful®lls eithertheconditions
of Lemma2, or thoseof Lemma5. Thus, thereis eithera closedlinear
manifold,or a two-dimensionalclosedandconvex setonwhich ¼ doesnot
attainits in®mum.

We have thusestablishedthe following dimensionreductionversionof
themainresult,Theorem1.

Corollary 1. Let ¼ÍÌÎ½ Ï Ð bea convex andcontinuousfunction. Then
thetwo followingstatementsare equivalent:

(a) ¼ attainsits in�mum oneach nonemptyclosedconvex subsetof ½ ;
(b) ¼ attainsits in�mum on everyclosedlinear manifoldandevery two-

dimensionalnonemptyclosedconvex subsetof ½ .

UsingLemma6, thepreviousCorollaryimpliesthefollowing dimension
reductionversionof Theorem2.

Corollary 2. Let Ê bea nonemptyclosedandconvex propersubsetof ½ .
Thenthetwo followingstatementsare equivalent:

(a) Ê canbestrictly separatedfromeverydisjoint nonemptyclosedand
convex subsetof ½ ;

(b) Ê canbestrictly separatedfromeverydisjointclosedlinear manifold
andeverydisjoint nonemptytwo-dimensionalclosedandconvex subsetof

½ .

Finally, let usremarkthatthecontinuoussublinearfunctionsform asmall
subsetof theclassof non-constantreal-valuedconvex andcontinuousfunc-
tions attainingtheir in®mum on every nonemptyclosedconvex subsetof

½ . Likewise, the closedconvex conesform a very small subclassof the
nonemptyclosedandconvex propersubsetsof ½ with thestrict separation
property. Indeed,usingTheorems1 and2, it is straightforwardto prove
that,in every re¯exive Banachspaceof dimensiongreaterthanor equalto
two, theonly continuoussublinearfunctionsandtheonly closedandcon-
vex conewith theabove mentionedpropertyarethepositivehomogeneous
coercive functionsandthesingletonÑ�Ò—Ó , respectively.
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