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A limited memory algorithm for inequalit y
constrained minimization

Paul Armand Y and Philipp e Segala t Y

October 2, 2003

Abstract: A method for solving inequality constrained minimization problemsis
described. The algorithm is basedon a primal-dual interior point approad, with a
line seart globalization strategy. A quasi-Newtontechnique (BF GS) with limited
memory storageis usedto approximate the secondderivativesof the functions. The
method is especially intended for solving problemswith a large number of variables
with bound constraints and a medium number of general inequality constraints.
Somenumerical experimernts are preseried to validate our approad.

Key words: constrained optimization, interior point method, large scale opti-
mization, limited memory method, quasi-Newton method

1 Intro duction

We presert a limited memory quasi-Newton algorithm for solving large scalenonlinear
optimization problems of the form

min f (x);

00 O (1.1)

wheref : R"! Randc:R"! R™ are continuously di erentiable functions. We
assumethat n, the number of variables, is large. A particular attention will be brought
to the problems having a set of constraints de ned by a function c of the form

0 1
9(x)
cx)=@x | A, (1.2)
u X

whereg: R" ! RP is a nonlinear function with a medium number of componerts and
where | and u are lower and upper bounds on the variables. It is assumedthat the
componerts of the lower and upper bounds satisfy 1 liy < ugy  +1, for all
i = 1;:::;n. The algorithm needsonly to evaluate the function values and the rst
derivativesof f and c, the computation of the secondderivativesis not required. The
Hessian matrices of the functions are approximated by meansof quasi-Newton tech-
niguesand only a limited amount of memory is required to store these approximation
matrices.

The algorithm is an implementation of a BFGS interior point method proposed
in [1] and usesa compact represenation of limited memory quasi-Newton matrices
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introducedin [2]. To store the secondorder information, only a small number, say r, of
vector pairs of length n is kept in memory (in practice 3 r 20). We will show that
the storagememory requiremert is of order O(nr)+ O(p(p+ r)) and the computational
cost of one iteration is of order O(n(p+ r)?) + O(p%) + O(r3).

The paper is organized as follows. In the next section, we presert an outline of
the algorithm and shaov how we usea compact represenation of BFGS matricesin the
framework of an interior method. In Section 3, we give the estimatesof the amount of
memory and of the computational cost for one iteration. Then, we give a convergence
result of the algorithm in Section4 and present somenumerical tests in Section 5.

2 Outline of the algorithm

Let us denote by r f (x) the gradient of f at x, r ¢(x)” the Jacobian matrix of c at
X, 2 R™ avector of multipliers, C = diag(cq;:::;Cm)) the diagonal matrix, whose
diagonal elemerts are the componerts of c and e = (1 1)> the vector of all ones.
The Lagrangian assaiated with problem (1:1) is the function * : R" R™ ! R de ned
by "(x; )= f(x) >¢(x). The gradient and Hessianof * with respect to x are given
by

xn
r (X )=rf(x) rex) and r2°(x; )=r % (x) i 2cgy(x):
i=1

The primal-dual interior point algorithm computesiterativ ely approximate solutions
of the perturb ed optimalit y conditions assaiated to (1:1)

g r«( )=0
C(x) e =0 (2.1)
(c(x); )>0;

for a sequenceof parameters > 0 corverging to zero. The secondequation means
that

Therefore, when tendsto zero, any accunulation point of the sequencesatis es

(8i=1:::;m) cipy(x)=0 or  (;3=0; c(x) O and 0;

which corresponds, with the rst equality of (2:1), to the optimalit y conditions of (1:1).

For eath xed valueof , anapproximate solution of (2:1) is computed by meansof a
sequenceof Newton iterations, called inner iterations. Let us denote by zy := (Xk; «)
the vector pair of primal-dual iterates at the k-th inner iteration. The iterates are
generatedaccording to the recurrence

Zke1 = Zk + kO,



where di is the Newton direction, obtained by a linearization of (2:1) at zx and g isa
step length. The direction di := (df;d,) is the solution of the following linear system

M r C(Xk) d)li _ rf(xk) I’C(Xk) K

Kk c(Xk)”  C(X) d. C(xk) kK € ; (2.2)

in which My is a positive de nite matrix approximating of the Hessianof the Lagrangian

of a badktracking line seard, performed on the primal-dual merit function

X xn
x; )=f1(Xx) log ¢y (x) + (i) Sy (X) log( (iyCaiy(X)) :
i=1 i=1
Starting from the unit step ( = 1), the value of the step length is progressiely

reduced, by using somesafeguardrules, until the following su cien t decreasecondition
is satis ed:

(zk + k) (z)+ W!'r o (z)7d

where! 2 (0;1). The aim of the line seard is to guarantee the global convergenceof
the inner iterates. At last, the approximate Hessianmatrix is updated by the BFGS
formula

MiSkScMk | ViV .

M =M : 2.3
N “ Sy Micsk Y Sk 23)

where sk and yi are de ned by
Sk = Xk+1 Xk and Yk = r x (Xk+1; k+1) T ox (Xk) k+1): (2.4)

The positive de niteness of My.1 is guararteed provided y; s > 0. Whenewer y; sy is
not su cien tly positive, one can use somecorrection formula (seee.g., [3, x 18.4]) or
simply skip the update.

The main computational part restsin the solution of the linear system (2:2). By
eliminating d, from the rst equation in (2:2), the primal direction is the solution of
the following linear system:

(M + 1 c(x) kC(xk) 'rc(xi)”)dk = r f(x )+ rc(xe)Clx) ter (2.5)
Then, the dual direction is computed with only somematrix-v ector products:
de=  k+ Cx) Ye  krc(x)7d): (2.6)

When n is large, a full represenation of the n n matrix My is too expansiwe to
store in memory. Instead, limited memory techniqueskeeponly a few number of vector
pairs (sk; yx) of length 2n, that allows to have an implicit represeration of the matrix
My (see[4, 5, 6]). In our case,the coe cien t matrix of the linear system (2:5) is of the
form M+ Ny, where M is the BFGS approximation and Ny is symmetric and positive
semide nite. The following proposition shavsthat the compactrepreseration of BFGS
matrices introducedin [2], allows to represert the matrix My + Ng in a compact form.
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Prop osition 2.1 Let Mg be a symmetric and positive de nite matrix and letthen k
matrices Sy = sSgp ::: Sk 1 and Yg = VYo i Yk 1. Supmsethat the k vector
pairs fs;;y; gikzo1 satisfy s7y; > 0. Let Ny be a symmetric and positive semide nite
matrix and let My be obtained by updating Mg k times using the direct BFGS formula
(2:3) and the pairs fs;;y; g!‘zol. Then, the inverse of M + Ny is given by

(M + Ni) 1= (Mo+ Ny) 1+ (Mo + Ni) *UcE, *Ug (Mo + Ny) (2.7)
>
wher Uc= MgSk Yk and Ex = SkM;OSk Cx , with
Mo = Mo Mo(Mo+ Ni) My;
Ck = Lk SiMo(Mo+ Ni) 1Yy
Dk = Di+ Yo (Mo+ Ny) Yy

where Ly is the k  k lower triangular matrix

S 1Y ifi>],
(Liy = RN J

0 otherwise,
and Dy = diag spyo;:::;Sp 1Yk 1 - Moreover, the Schur complementof Dy in E
Sy MoSk + CyD, 'Ch;
is a positive de nite matrix.

Pro of. Using the compact represemation of My [2, Theorem 2.3], we have

1

S>|\/|oSk Lk .
k U

M+ Ng= Mo+ Ng U L; Dy

Applying the Sherman-Morrison-Woodbury formula [7] to My + Ny we obtain
(M + Ni) 1= (Mo+ Ny) 1+ (Mo + Ni) *UE, TUZ (Mo + Ny)

where
SE M osk L k

Ly Dk
from which the formula of Ey follows.

To shawv that Eg is nonsingular, let us rst remark that sincethe k vector pairs
satisfy s7y; > 0, the diagonal matrix Dy is positive de nite and sois Dy. Therefore,
the matrix Ex may be decomposedas

Ex = Ug (Mo + Ni) U

| CkD,' SpMoeSc+ kD, 'Cy O | 0

0 | 0 Dy D 'Cy | 28



The proof will be completed if we shav that the Schur complemern (the upper left
block in the middle matrix) is nonsingular. Supposethat (S;MoSx + CkD, lL‘i)u =0
for somevector u. Writing Mo = Mg M, 1 (Mo+ N¢) 1 My, we easily seethat
NI is positive semide nite and henceS; MoSy + LD, 1E§ is positive semide nite too.
We then deducethat MoSyu = 0 and Cyu = 0. These two equalities imply that
Sku= (Mg + Ni) MoScu and next

‘U = Y (Mo+ Nig) MoSeu
= Yo Su:

By de nition of Ly, the matrix SV« L is upper triangular with positive diagonal
elemers, then u = 0. 2

The algorithm keepsin memory a xed number, sa r, of the most recen vector
pairs (sx;yk) de ned by (2:4) and such that y;sx > 0. At ead iteration, if the new
pair satis es y; sx > 0, the oldest pair is removed from the memory and the new oneis
stored. The storing matrices are then of the form

Sk = Smax(©k r) ‘i Sk 1 and Yy = Ymax(0k r) -+ Yk 1 (2.9)

the matrices L and Dy of Proposition 2.1 being modi ed accordingly.

At ead iteration, a new initial matrix is computed and its choice is basedon the
following considerations. When Ny = 0, formula (2:7) givesthe compactrepresenation
of the inversematrix M, 1 see[2, Theorem 2.2]. For the updating the inverseM it
has beenshown that a relevant choiceis to setthe initial matrix to (y”s=y’y)l where
(s;y) is the most recert vector pair stored in memory (see|[5, formula (4.1)]). As a

consequencethe scaling factor and the initial matrix are setto
>
= YD and Mp= (2.10)
yk 1Sk 1

We found that this choice performs well in practice.
A complete description of the algorithm is given in Appendix A.

3 Memory storage and computational cost

Let us estimate the amount of memory and the computational cost required for com-
puting the direction dx with formul (2:5), (2:6) and (2:7). We will distinguish two
casesdepending on the structure of the constraints. When the constraints are reduced
to simple bounds (p = 0), the matrix

Ni == 1 (k) kC(xk) *r c(xk)”

in (2:5) is diagonal and thus the computation of (Mg + Ny) 1 in (2:7) is reducedto
2n divisions. In the generalcase(p 1), the matrix Ny is no longer diagonal and the
computation of d requiresthe factorization of somep p matrix.
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To simplify the estimation, we assumethat k > r, sothat the size of the matri-
cesin (2:9) isn r, that there is no skipped update and that there are exactly 2n
bound constraints. The number of operations that will be given correspond only to
multiplications and divisions.

3.1 Bound constrain ts case

Supposethat the set of constraints of (1:1) is de ned by

_ox b
where 1 < lg < ug < +1,foralli= 1;:::;n. The matrix N is diagonal and its
diagonal elemerts are of the form

( W) N ( K+
xay oy Uiy KKy

The direction dy is computed by meansof the following algorithm. Supposethat,
at the iteration k, the matrices Sy 1, Yk 1, Dk 1, Lk 1 and the vector pair (sk;Yk)
which satis es sy, > 0 are available. For ead step, an estimation of the number of
operations is given in brackets.

Computation  of di in the bound constrain ts case

1. Compute N. [2n]
2. Update Sy, Yk, Dk and L. [nr]
3. Compute Dy, Lk and S; MoS. [nr (7r + 5)=2+ O(r?)]
4. u:= (Mo+ NW) H(r f(x)+ ro(x)Clxe) ). [4n]
5.v:= U7 u. [(2n + D)r]
6. Solve Exw = v. [O(r3)]
7. A= u+ (Mo+ Ny) tUcw. [n2r + 2)]
8.d,:= k+C(xk) e kI (k)™ ). [4n]

The computation of v at Step 5 is done by using the following block products:

vi = S Mou;
Vo = You

Then, at Step 6, the linear systemis solve by using the decomposition (2:8):

| CxD,' SpMoeSc+ kD, 'Cy O | 0 wi _ v .

0 | 0 Dy D01 owe v



The solution requires the factorization of the two r  r matrices Dy and S MoSy +
CxDy 1I:§. Sincethesetwo matrices are positive de nite (Proposition 2.1), one can use
a Cholesky factorization.

The total costto compute d, with the above algorithm is then n(7r2+ 15r + 24)=2+
O(r?3) operations. The memory storagerequiremert of the storing matrices S, Y and
of all intermediate matrices is about 2n(r + 1) + O(r?).

3.2 General case

We supposenow that the set of constraints of (1:1) is of the generalform (1:2). Let us
denote by b(x) the vector of bound constraints, so that the vector of constraints and
their gradient matrix are partitioned as follows:

- 9(x) _ :
c(x) = and rc(x)= rg(x) rhbXx) :
)= ()= 19X 1 bx)
Using this partition, let usdenoteby := ( 9; P) the vector of multipliers and by G,

B, 9, Pthe corresponding diagonal matrices. The matrix N can be written
Ni = 1 b(xi) PB(xi) r b(x)” + 1 g(xk) PG(xi) r g(xk)”: (3.1)

To compute the inverseof Mo + Ny we proceedas follows. Using (2:10) and (3:1) one
has
Mo+ Nk = k+rg(xk) PG(x¢) 'r g(x)’;

where ¢ = |l + r b(xg) EB(xk) Ir i(xx)” is a diagonal matrix. Applying the
Sherman-Morrison-Woodbury formula, we obtain

(Mo+ Ny) t=
G g D) Tex) Frgk)” gl trogk)” i (3.2)

The inversionof Mg+ N requiresthe factorization ofthe p p positive de nite matrix in
brackets. When the number of inequality constraints is not too large, this computation
is acceptable.

The algorithm to compute dy is quite similar to the one described previously. Only
the rst stepisdierent. We denoteby Hy the Choleskyfactor of the bracketed matrix
in (3:2).

Computation  of di in the general case

1. Compute | and Hy. [2n + np(p+ 1) + O(p?)]
2. Update Sy, Yk, Dk and L. [nr]
3. Compute Dy, L and S MoSy. [nr((7r + 5)=2+ 2p) + O(rp(p+ 1))]
4. u:= (Mo+ Ny) *(r f(x)+ ro(xk)C(xk) 'e). [n@Bp+ 4)+ O(p?)]
5.v:=Ugu. [(2n+ D)r]



6. Solve Exw = v. [O(r3)]
7. A= u+ (Mg+ Ny) tUcw. [NBp+ 2r + 2) + O(p?)]
8. dy : k+ Clxk) (e Kl C(Xk)™ d). [n(p+ 4)+ 2p]

The matrices of Step 3 are computed as follows. From equality (3:2) we can write
Dk = De+ Yo MY (W)Y
Ci Lk SiMo Y+ (Sk)” Y
SE MoSk S;MOSK SEMO klM osk + (Sk)>Sk;c

where
Yi:= H o 'rg(xk)” Yo and Si= Hy trog(xe)” | Sk

arep r matrices. It follows that the computing cost of the three matrices at Step 3,
is increasedby the oneof Yy and Sy.

The total costto computethe direction dy in the generalcaseis equalto n(2p?+7 r2+
4pr + 16p+ 15 + 24)=2+ O(p3) + O(r3) operations. The memory storage requiremert
is equal to the one of the bound constraints caseplus the storage of the matrices Hy,
Yk, Sk and one vector of RP. The total memory storage requiremert is approximately
equalto 2n(r + 1)+ O((p+ r)?).

All details about these computations are given in [8].

4 Convergence analysis

In this section, we shaw that the sequenceof inner iterates corvergeswith a r-linear
rate. This result relies on the assumption that the problem has a strong convexity
property.

Assumption 4.1 The functionsf and c¢; (1 i m) are convexand dier entiable
from R" to R. There exists 2 R™ and > 0, suchthat for all (x;y) 2 R" R",

(rc (X ) ry(y; ) (x ) kx  yk2.

Under this assumption, it can be shown that the perturbed optimality conditions
(2:1) have a unigue solution and that whenewer My is updated by the BFGS formula,
the sequenceof inner iterates corvergesr-linearly to this solution (Theorem 3.4 in [1]
is proved with a stronger assumption, but it is still valid under Assumption 4.1, see[9,
Theorem 4.10]). The cornvergenceresult is proved thanks to a well known property of
the BFGS formula [10, Theorem 2.1]. This property assertsthat the BFGS formula
generatesa constart fraction of \good iterates”. It meansthat if there exist constarts
a; > 0and ap > 0 such that

Yesk aiksgk? and ypsc  apkykk? (4.1)



for all k 1, then there exist positive constarts 1, 2, and 3, sud that

S Micsk kM . sik
KM s kksi k ksik

for at least half of the iterates. Sinceour limited memory algorithm and the algorithm
proposedin [1] di er only in the way of updating the BFGS matrices, the convergenceof
the inner iterates will be proved if we show that it generatesa sequenceof good iterates.
This result is actually already proved in the framework of an unconstrained limited
memory algorithm [5, Theorem 7.1]. To be complete, we state the result formally and
give a proof.

The matrix M is said to be generated by the L-BFGS formula from an initial
matrix M © and using q pairs f (s;: yi)giqzol, if M is computed accordingto the following

and >

3 4.2)

MOssMO yiyr

M+ = @ | ,
ssM (s; y7'Si

(4.3)

then setM = M (9,

Lemma 4.2 LetfM éo)g be a boundal segquene of positive de nite matriceswith boun-
ded inverses. Let f(sk;Yk)0k 1 be a sequene of vector pairs such that (4:1) holds for
constantsa; > 0 and a, > 0. Let g be a positive integer and let f Mg be a sequene of
positive de nite matrices suchthat each My is genesated by the L-BF GS formula from
the initial matrix Mlﬁo) and using the vector pairs  (sj; ;i) jq';Ol wherel o Q.
Then, there exist positive constants 3, 2, and 3, suchthat (4:2) holdsfor any index
k 1,

Pro of. Using (4:3), the secondinequality in (4:1), ok g and the boundednessof the

sequence M éo)g, the trace of M, can be bounded above as follows:

K iy k2
(M) t(M@)+

(M) + ga,* Ky; (4.4)

where K is a positive constart. The formula for the determinant of My is given by
(see[11])

1 1
> g A yisij sfjsij

det(My) = det(M “”)W N :
- k _ - :
j=0 Sij Mk Sj; i =0 S|>] Si; SI>J Mlgl)sij

Using the rst inequality in (4:1), (4:4) and the boundednessof the inversesof MS’),
one has
detMy) detMD)(aak,; H*  detMPymin 1;(aak, HT Ky, (4.5)

for somepositive constart K.
From (4:4) and (4:5) we deducethat the matrices My and M 1 are uniformly
bounded. We then concludethat inequalities (4:2) are satis ed. 2
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Theorem 4.3 Supmsethat Assumption 4:1 holds and that f and c are di er entiable
with Lipschitzian continuous derivatives. Then, the sequen@ of inner iterates f zcg
convergesr-linearly to the unique solution of (2:1).

Pro of. The inequalities (4:1) are consequencesf the strong convexity of the Lagrangian
(secondpart of Assumption (4:1)) and of the Lipschitz continuity of the derivatives of
f and c (see[9, Lemma 4.5] for a proof). The initial matrices are of the form I,
where  is given by (2:10). From (4:1), one has a; k l=a. We can then apply
Lemma 4.2 and according to the discussionmade at the beginning of the section, we
obtain the r-linear corvergenceof the inner iterates. 2

5 Numerical experimen ts

We have tested our limited memory interior point algorithm named NOPTIQNonlin-
ear Optimization with interior point and quasi-Newtontechniques)in the ervironment
CUTEr12] and compared our results with those obtained with |-BFGS-B [13] for the
bound constrained problems, and with those obtained with LANCELQ1I4] for the prob-
lems with generalinequality constraints.

NOPTI@s written in Fortran 77 and all numerical tests were performedon a PC with
256 MB of RAM. In orderto comparethe results of NOPTIQith thoseobtained with the
two other codes,we have usedthe samestopping criterion asthe oneusedby I-BFGS-B
and LANCELOTet P, : R" ! R" bethe projection operator onto the rectangular box
de ned by the bound constraints. The projection is de ned componertwise by

8 .

< |(|) if X(i) < |(|),
Pou() ¢y =. X T 1o X@ Uiy

ey T UGy < Xy

When the problem has only bound constraints, NOPTIQs terminated whenewer
kxk  Pro(xk 1 f(x)k 10 & (5.1)
otherwise, it is terminated when
kxk  Pra(xk x (Xk; k)k 108 and kG(xx) kk 10 & (5.2)

A limit of 10000 iterations was also imposedto the codes. The number of vectors
pairs kept in memory is setto r = 5 for both NOPTIGnd I-BFGS-B. The secondorder
information in LANCELOIE obtained by using the BFGS option. Other settings for
[-BFGS-B and LANCELGdre the default values.

We report the numerical results asin [15]. For the i-th test problem, we compute
the relative number of function evaluations and the relative CPU time to solve the
problem:

G = logy(nfnopmignfc) and tj = logy(tnopTiEtc);

where C stands for I-BFGS-B or LANCELOT hese quartities are computed only if the
codes corvergeto the samesolution. If NOPTIQs better than the other code in term
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Figure 1: Relative performance of NOPTIQFigure 2: Relative performance of NOPTIQ
and I-BFGS-B for the problemsin Table 1. and LANCELOr problemsin Table 2.

of function ewaluations, then the value of g is positive and the number of times that
NOPTIQutperforms the other codeis 2% . In the sameway, t; > 0 whenever NOPTIQs
better than the other code in term of CPU time.

The numerical tests NOPTIQersus|-BFGS-B are reported in Table 1 (App endix B)
and Figure 1. Thesetests include only bound constraints problems, becausda-BFGS-B
cannot solve problems with generalinequality constraints. We notice that even if the
number of function evaluations made by NOPTIQs often greater than that of -BFGS-B,
the CPU times are often equivalent for both codes.

The numerical tests NOPTIQersusLANCELQOAre reported in Table 2 (App endix B)
and Figure 2. They include more general inequality constrained problems, but our
choice wasrestricted becausethe starting point for NOPTI(Qieedsto be strictly feasible.
We can notice that, in term of CPU time, NOPTIQ@utperforms LANCELO®r almost all
the problemsand, in term of function evaluations, NOPTIQs better than LANCELO®r
almost half of the test problems.

We can conclude that NOPTIQs a viable solution to solve inequality constrained
problems, with a low memory storageand a low computational cost per iteration. It is
of particular interest when the problem is large, with a medium number of nonlinear
inequalities and when the secondderivativesare unavailable. Moreover, the algorithm
is simple to implement. Our preliminary experiments showv that NOPTIGascomparable
results with I-BFGS-B for solving bound constrained problems. Wethink that its ability
to solve a larger classof problems could be interesting for real-world applications. The
main drawbadk of our implementation is the need of a strictly feasible starting point.
We plan to implement a new version for handling infeasible starting points with the
strategy described in [16].

The Fortran code NOPTI@an be obtained at http://www.fist.fr
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A Algorithm

1. Choosethe constart values! 2 (0;1),0< < %< 1, > 0andthe numberr of
vector pairs kept in memory. Choosethe initial point zJ = (x3; ) with ¢(x$) > 0
and 3> 0, the initial value ©> O for the barrier parameter, the initial stopping
tolerances ? > 0and 2 > 0. Setthe outer iteration counter j := 0. Set the
storing matrices S§ := []and Y@ := [].

2. Setthe inner iteration counter k := 0.

3. If the matrices Sf( and ij are empty, then setthe scalingfactor {( .= 1, otherwise

set {( = z—g where (s;y) is the most recertly vector pair kept in memory.

4. Compute the primal direction (dX)L by (2:5) and (2:7), with x = xL, = 'k and
= 1, the initial matrix M® = 11 and the matrices S| and Y; .

5. Compute the dual direction (d )L by (2:6), with x = xl, = 'k and
6. Set = 1. While the su cien t decreasecondition
i(zL+ db) @)+t (@) d
is not satis ed, choosea newtrial step in[ ; ©].
7. Setzl,, =z, + d}.
8. De ne the vector pair
SJk = XJk+1 XJk and YL =T X\(Xjk+1; Jk+1) r X\(Xjk; Jk+1):

9. If (y{()>s{(' ky{(kz, then delete the oldest vector pair and add the new one to
S, and Yy to form the matrices S,; and Y,,, otherwise set S,; = S} and
Y., =Y.

10. If the stopping criterion of the inner iterations
ke (xk; Wk 1 and kC(xd) L Tek L
is not satis ed, then increasek by 1 and goto step 4.

11. If the stopping criterion (5:1) or (5:2) of the outer iterations is not satis ed, then
set the new barrier parameter I*1 .= 1= | the precision thresholds j” =
10 1*1= 0 and L' := 0:999 i*1. Setthe new starting iterate Z** := z),, for
the next outer iteration and setS)*™* := Sl,, and Y] ™ := Y/, . Increasej by 1
and go to step 2.

The numerical experiments weredonewith the following constart values:! := 10 4,

0:=1, :=10, := 102, 0:= 0:95and is setto the machine epsilon. The initial

multiplier  § is computed as the solution of C(x3) 3 = 9. For more details about
the implementation, see[8].
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B Tables

Problem NOPTIQ I-BFGS-B
Name n nb nf time nf time
1 PALMER4 4 3 81 0,02 25 0,01
2 PALMER3A 6 2 1948 0,29 633 0,04
3 HS3 2 1 11 0,01 4 0,01
4 HS38 4 8 70 0,01 26 0,01
5 SIMBQP 2 2 11 0,01 5 0,01
6 PSPDOC 4 1 24 0,002 11 0,02
7 S368 8 16 24 0,01 11 0,01
8 HA TFLDC 25 48 47 0,02 23 0,01
9 PALMERSD 8 4 49 0,01 24 0,01
10 OBSTCLAE 100 128 38 0,02 19 0,02
11 PALMERIA 6 2 1484 0,19 771 0,05
12 HS5 2 4 15 0,001 8 0,01
13 OBSTCLBM 10000 19208 189 26,94 110 8,07
14 HS1 2 1 49 0,02 29 0,01
15 TORSION1 5476 10368 279 19,97 168 6,05
16 TORSION2 5476 10368 279 19,66 168 6,05
17 HIMMELP1 2 4 27 0,02 17 0,02
18 TORSIONA 5476 10368 294 23,46 187 7,35
19 TORSIONB 5476 10368 294 23,49 187 7,33
20 HAR T6 6 12 29 0,001 19 0,01
21 PALMERGA 6 2 1142 0,13 759 0,05
22 TORSION5S 5476 10368 178 13,42 119 3,65
23 TORSIONG6 5476 10368 178 13,45 119 3,63
24 PALMER2A 6 2 1260 0,18 851 0,06
25 PALMER3B 4 2 83 0,02 57 0,01
26 HS3MOD 2 1 13 0,01 9 0,01
27 MCCORMCK 5000 10000 20 1,252 15 0,46
28 TORSION3 5476 10368 240 19,8 182 5,95
29 TORSION4 5476 10368 240 16,53 182 5,85
30 TORSIONC 5476 10368 234 18,51 178 6,42
31 TORSIOND 5476 10368 234 18,42 178 6,39
32 PALMER2B 4 2 80 0,02 62 0,02
33 MDHOLE 2 1 113 0,02 88 0,02
34 PALMER2 4 3 55 0,01 43 0,01
35 LOGR OS 2 2 146 0,02 115 0,02
36 NOBNDTOR 5476 10368 505 36,12 404 14,72
37 CAMEL6 2 4 17 0,01 14 0,01
38 HS2 2 1 24 0,01 20 0,01
39 TORSIONE 5476 10368 163 12,77 138 4,79
40 TORSIONF 5476 10368 163 12,8 138 4,72
41 YFIT 3 1 109 0,03 106 0,01
42 HS45 5 10 15 0,001 16 0,01
43 NONSCOMP 5000 10000 47 2,503 51 1,17
44 ALLINIT 4 3 15 0,02 17 0,02
45 PALMERSA 6 2 307 0,03 378 0,03
46 LINVERSE 1999 1000 249 4,897 308 3,70
47 HATFLD A 4 4 29 0,01 39 0,01
48 OBSTCLAE 10000 19208 341 49,1 462 30,20
49 HA TFLDB 4 5 22 0,01 34 0,01
50 BDEXP 5000 5000 6 0,22 15 0,38
51 BDEXP 100 100 10 0,03 25 0,01
52 BDEXP 1000 1000 10 0,06 25 0,07
53 BDEXP 500 500 10 0,02 25 0,04

Table 1: Numerical results of NOPTIQand I-BFGS-B. The number of bounds on the
variables is denoted by nb.
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Problem NOPTIQ LANCELOT

Name n nb p nf time nf time

1 CVXBQP1 10000 20000 0 115 15,8 2 1,20
2 NCVXBQP1 10000 20000 0 136 10,79 5 2,24
3 HA TFLDC 25 48 0 47 0,02 5 0,01
4 PALMER1A 6 2 0 1484 0,19 190 0,26
5 HS4 2 2 0 14 0,01 2 0,01
6 NONSCOMP 5000 10000 0 47 2,503 7 0,76
7 SINEALI 1000 2000 0 51 0,41 8 0,20
8 LUKVLI3 10000 2 2 161 24,91 26 9,82
9 W OMFLET 3 3 3 301 0,04 49 0,07
10 BQP1V AR 1 2 0 10 0,01 2 0,01
11 PALMERS5D 8 4 0 49 0,01 10 0,01
12 PALMER4B 4 2 0 120 0,02 25 0,03
13 PFIT3LS 3 1 0 1458 0,16 358 0,37
14 HAR T6 6 12 0 29 0,001 9 0,01
15 PFIT2LS 3 1 0 687 0,08 214 0,23
16 HS5 2 4 0 15 0,001 5 0,02
17 PALMER2A 6 2 0 1260 0,18 479 0,67
18 HS3MOD 2 1 0 13 0,01 5 0,01
19 PFITALS 3 1 0 1603 0,16 639 0,76
20 MCCORMCK 5000 10000 0 20 1,252 8 1,22
21 HS3 2 1 0 11 0,01 5 0,01
22 MDHOLE 2 1 0 113 0,02 57 0,09
23 PALMER3B 4 2 0 83 0,02 43 0,07
24 PALMERGA 6 2 0 1142 0,13 606 0,69
25 HS1 2 1 0 49 0,02 29 0,03
26 PALMER2B 4 2 0 80 0,02 74 0,09
27 CAMEL6 2 4 0 17 0,01 16 0,03
28 HATFLD A 4 4 0 29 0,01 30 0,05
29 HA TFLDB 4 5 0 22 0,01 24 0,03
30 HS36 3 7 1 16 0,01 20 0,04
31 HS35 3 4 1 46 0,01 68 0,07
32 PALMERSA 6 2 0 307 0,03 466 0,51
33 HS35I 3 7 1 43 0,01 68 0,08
34 PFIT1LS 3 1 0 519 0,07 949 0,97
35 HS12 2 1 1 25 0,01 52 0,08
36 BDEXP 5000 5000 0 6 0,22 27 2,38
37 HS113 10 8 8 22 0,01 103 0,18
38 PALMER4A 6 2 0 834 0,14 7148 9,07
39 PALMER3 4 3 0 430 0,08 6134 7,14
40 HS100 7 4 4 106 0,02 1547 1,71
41 HS38 4 8 0 70 0,01 1899 1,93
42 BQPGASIM 50 100 0 44 0,01 1420 1,67
43 YFIT 3 1 0 109 0,03 4837 5,55
44 HS70 4 9 1 96 0,06 5491 8,83
45 HIMMELP4 2 7 3 18 0,01 4017 4,38

Table 2: Numerical results of NOPTIGnd LANCELOT
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