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ON THE CLOSEDNESS OF THE ALGEBRAIC DIFFERENCE OF CLOSED
CONVEX SETS

SAMIR ADLY, EMIL ERNST, AND MICHEL THERA

ABSTRACT. We characterize in a reflexive Banach space all the closed convex sets C'y
containing no lines for which the condition C'7° n C'$° = {0} ensures the closedness of
the algebraic difference C'y — C'; for all closed convexsets C'. We also answer a closely
related problem: determine all the pairs C'y, C» of closed convex sets containing no lines
such that the algebraic difference of any sufficiently small uniform perturbation of C'; and
C'5 remains closed. As an application, we state the bradest settting for the strict separation
theorem in a reflexive Banach space.

1. INTRODUCTION AND NOTATIONS

It is a well known fact in analysis that in a reflexive Banach space, the algebraic dif-
ference C; — C'; of two closed convex subsets C; and C is closed whenever at least one
of the sets C'; and C is bounded. Accordingly, this difference may fail to be closed, but
only when both C; and C'; are unbounded, and the failure of the closedness is always due
to the relative position of the sets “at infinity”. A first manner to control the interplay of
the sets C; and C'; is to impose to the intersection of their recession cones to reduce to the
singleton {0}. This condition ensures the closedness of the algebraic difference, but only
in finite dimensional spaces. By imposing, in addition, that at least one of the terms of the
algebraic difference to be locally compact, Dieudonné [7] obtained a closedness criterion
for the algebraic difference valid in every Hausdorff topological linear space.

Dieudonné’s original result knew several refinements. The initial condition of local
compactness was successively relaxed to a generalized compactness (in [3] and [13]), or
to an asymptotic compactness property (see [10] and [11]).

The first objective of this article is to determine, in a reflexive Banach space, the broad-
est condition which should be added to the recession condition C't° N C$° = {0} in order
to ensure the closedness of the algebraic difference. Namely, we characterize the closed
convex sets C containing no lines for which the algebraic difference C'; — C5 is closed
for every closed convex set C fulfilling C$° N C$° = {0}. This class is characterized
(Theorem 2.1) by a geometrical condition: the set C; has the above property if and only if
itis well-positioned, that is if there is a continuous linear functional such that the difference
between this functional and the norm is bounded from below on .

Thus, the statement of the broadest setting for the Dieudonné Theorem in a reflexive
setting is the following: the algebraic difference of two closed convex sets containing no
lines remains closed whenever the both following condition are fulfilled:

a) CeNCse = {0},
and

b) at least one of the sets C, C is well-positioned.
1



2 SAMIRADLY, EMIL ERNST, AND MICHEL THERA

However, it should be observed that in a reflexive Banach space, the algebraic difference
of two closed and convex sets may be closed even if none of the terms of the difference is
well-positioned. The closedness of the algebraic difference is, for instance, ensured if the
distance between the parts of the two sets lying without the ball of radius » goes to infinity
when r goes to infinity:

(1.2) li)m d(C1 \ mBx,Cs \ rBx ) = cc.

This condition is sufficient but is obviously not necessary - the difference of Cy, = {(z,y) €
RZ:z>0,y>0}and Cy = {(z,y) € R?: 2 > 0,y < 0} being the closed half upper
plane C; — Cy = {(z,y) € R?:y > 0} although relation (1.1) is violated.

In the second part of this article (Section 3) we prove that, at least for closed convex
sets containing no lines, there is an important difference between the cases when C'; — C4
is closed while the sets C; and C5 fulfill condition (1.1) and those when C, — C is closed
while condition (1.1) is not verified.

Let us first remark that if condition (1.1) is fulfilled by two closed convex sets C; and
C, then it is also verified by any two uniform perturbations C; . and C3 . of Cy and Cy,
that is closed convex sets fulfilling

(12) C1CCi+eBx, Ci CCi+eBx, Coe CCy+eBx,Cy CCy. + By

Consequently, the algebraic difference C; . — C' . is closed and therefore relation (1.1)
ensures not only the closure of the algebraic difference of the initial sets, but also the
closure of the algebraic difference of any small uniform perturbations of the initial sets.

The main result of this part of the paper states that the closedness of the algebraic
difference is unstable with respect to small uniform perturbations of the initial sets when
condition (1.1) is violated. More precisely, we prove (Theorem 3.1) that if the algebraic
difference of two closed convex sets, €7 and C'; containing no lines is a closed proper
subset of a reflexive Banach space X and if condition (1.1) is violated, then, for every
¢ > 0 there are C . and C'; ., two uniform perturbations of C; and C’ in the sense (1.2),
such that C'; . — C5 - is not a closed set.

Accordingly, condition (1.1), although only a sufficient condition when the mere closed-
ness of the algebraic difference is requested, turns out to be both sufficient and necessary,
if we are seeking on stable closedness.

The last section contains the proofs of several technical results needed for establishing
Theorems 2.1 and 3.1.

We use Theorem 2.1 to give an application to the strict separation of closed convex sets
in reflexive Banach spaces.

is presented in the last section. Throughout the paper, we suppose, unless otherwise
specified, that X is a reflexive Banach space with continuous dual X *. By Bx , B} we
denote the primal and dual unit ball, respectively. As usual:

i)| -], ||« are the norms on X and X*, and (-, -) is the duality pairing between X* and
X,

ii) j : X* — X is the duality mapping given by (f,j(f)) = |f|? and |i(£)| = |fl..
(see for example [15]). Due to a well known renorming Theorem of Troyanski (see e.g.
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[6]) we can (and will) assume that the norms on X and X* are locally uniformly rotund.
This implies that the duality mapping j is single-valued and norm-to-norm continuous,

iii)d(z,y) = |z —y] is the distance between two elements = and y of X, and d(z, S) =
inf,e s d(z, y) is the distance between a point z and a subset S of X,

iv) co(S), €5(S), sp(S) and 5p(.S) are the convex hull, the closed convex hull, the linear
span, and the closed linear span of the set S,

v)S® ={fe X*:(f,w)<0 Yw € S} isthe negative polar cone of the set S of X,
which reduces to the orthogonal St = {f € X* : (f,w) =0 Yw € S} when S isa
closed linear subspace,

vi) B(S), the barrier cone of a closed convex subset S of X, is defined as the domain
of the support functional o5 (f) := sup,cs(f, ),

B(S)={fe X" : 05(f) < +o0} = Domog,

vii) C'* is the recession cone of the closed convex set C, that is the maximal closed
convex cone whose translate at every point of C lies in C,

C®={veX: VA>0,z0eC,zg+ v eC},
(see Rockafellar [12] as a reference book); C is called linearly bounded if C*° = {0},

viii) [(C) = C° N (=C™) is the maximal linear subspace contained in the closed
convex set C,

iX) Pc : X — C is the projection operator onto the closed convex set C,
Pc(z) = argminge |z — yl.

Finally, we use the symbol “ — ” to denote the weak convergence on X.

2. WELL-POSITIONED SETS AND CLOSEDNESS OF THE ALGEBRAIC DIFFERENCE

In a recent paper Adly-Ernst and Théra [2] introduced the concept of well-positioned
convex sets. Recall that C' C X is well-positioned if there exists 2o € X and g € X™ such
that:

(9,2 —xo) > |2 — g, forallzeC.

We give below a new characterization of such sets.
Theorem 2.1. Let X be a reflexive Banach space and C'; be a closed convex subset of X
containing no lines. The two following statements are equivalent:
i) Cy iswell-positioned,;
ii) forevery closed convex set C such that C° N C$° = {0}, the algebraic difference
C1 — Cyis closed.
Proof of Theorem 2.1: i) = i1)
Let C; be a well-positioned closed convex set, z; € X and ¢ € X* such that
(2.1) (9,2 — zo) > |x — xo| forall z € Cy,

and let C, denote a closed convex set such that C° N C° = {0}. Take a sequence
{zn}nen+ In C71 — Cy which strongly converges to a limit point z and let us prove that
z€ Cy—Cs.
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As z, € Cy — Oy, select z,, € C7 and y,, € Cy, such that
Zpn = Tn — Yn = (In _IO) - (yn _?EO)~

For the purpose of obtaining a contradiction, let us suppose that the sequence {z,} is
unbounded. Accordingly, by using a subsequence if necessary, we can (and will) suppose
that lim,, o |2n — 20| = +00. Since the sequence {z, } is convergent, there exists some
M > 0 such that |z,| < M; accordingly, |y, — zo| > |2n — zo| — M. Thus, for n large
enough we deduce that |y, — zo| > 0, and therefore we can write:

Yn — Zo _ In — Lo _ Yn — Lo <1_ |yn_m0|> Yn — Tn
[Yn — 2ol |zn — 20| |yn — @0l |2n — ol |zn — 2ol
As z, — yn = (n — 20) — (Yn — o) = 2y, it follows that |y, — z,| < |2z,] < M and

[lyn — zo| — |zn — 2o]| < |2n| < M; consequently,

Yn — Lo Znp — Xo ||yn—I0|—|33n—I0|| |yn_In| 2M
|yn—m0| |$n_m0| - |33n_m0| |$n_m0| - |33n_'$0|
This inequality yields
(2.2) lim (y"_““’o - :’3”_”30):0.
neo \ |y — 0| |2n — 20l

Let w denote a weak cluster point of the bounded sequence { Z==29.%: as z, € C1, it

|z —zol
follows that w € C7°, while from relation (2.1) it follows that (g, w) > 1 and therefore
that w # 0. Relation (2.2) implies that the element w of C° \ {0} also belongs to C$°,
contradicting in this way the Dieudonné condition C° N C$° = {0}.

The sequence {z,} is therefore necessarily bounded. Let = denote one of its weak
cluster points. As the set C is convex and closed, it is also weakly closed, so x belongs to
(4. Since the sequence {z,} strongly converges to z, and y,, = z, — ,, it follows that
z — x is a weak cluster point for the sequence {y,, } and since C’ is weakly closed belongs
to Cs. Accordingly, z = 2 — (z —z) € C1 — C4, and the set Cy — C' is closed, completing
the desired implication.

i1) = 1)
We will complete the proof of Theorem 2.1 by establishing that, for every non well-

positioned closed convex set C; containing no lines, there is a closed convex set C's such
that Ct° N C'° = {0} and the set C; — C5 is not closed.

Let us remind the following classical result (see [1] or [4]).

Theorem 2.2. For every closed and convex unbounded linearly bounded set C' of a reflex-
ive Banach space X, there is ¢ in X* such that
sup {g,z) = land (g,z) < 1 forallz € C.
reC
Applying Theorem 4.2 (Section 4) to the set C;, we deduce that there is a closed linear
manifold L of X such that C; N L is unbounded and linearly bounded. Let V' denote the

subspace of X parallel to L. Applying Theorem 2.2 to C; N L, it follows that there is
g € X* such that

(2.3) sup {g,z)=1and (g,z) <1 forall z € (C; N L).
z€(C1NL)
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Relation (2.3) shows that the linear functional g is not constant on 7, and therefore the
subspace V' is not contained in Ker g := {z € X : {g,z) = 0}. Accordingly, there is
v € V such that (g, v) = 1. From relation (2.3), for every n € N*, select z,, € (C1 N L)
such that

(n—1)/n < (g2a) <1
and define
Cy:= @@ {yn :n €N},

where y, == 2z, + (1 = {g,2n))v. Asd(w,,C1 N L) < |yn — | < |v|, we have
Cy C (C1 N L)+ |v|Bx and consequently,

C3” C((CrN L) + |v|Bx)™ = (C1 N L) = {0}.

The condition C° N C2° = {0} is therefore fulfilled. From the definition of y,, it follows
that (g, yn) = 1 forevery n € N*. Thus, Cy C {z € L : (g,z) = 1}. Accordingly,
CynCy C{ze(CinL):{g z)=1} and relation (2.3) implies that C; N C; = 0, that
is0 ¢ C1 — C5. Taking into account that for every n we have |z, — y,,| < L|v|, it follows
that the set C; — C'5 is not closed since lim,, 4 oo (25, — yn) = 0. O

3. ANALYSIS OF THE CLOSURE OF THE DIFFERENCE FOR ARBITRARY UNIFORM
PERTURBATIONS

In this section we determine the conditions under which the closed algebraic difference
of two closed and convex sets C'; and C, remains closed when C, and C are subjected to
small uniform perturbations.

More precisely, we prove that if condition (1.1) is not fulfilled, then, even if C; — Cs
happens to be closed, there is at least an uniform perturbation C ., C5 ., of Cy, C5 (in the
sense of (1.2)) such that the algebraic difference C . — C - is no longer a closed subset
of X.

Theorem 3.1. Let C'y and C; be two closed convex subsets containing no lines of a reflex-
ive Banach space X, such that C'; — C is a proper closed subset of X. If
(3.1) d(C1\ rBx,Ca\rBx) < d < +oco Vr >0,

then, for every ¢ > 0 there are C'; . and Cs ., two closed and convex uniform perturbations
of Cy and 5 (in the sense of (1.2)) such that the algebraic difference C'; . — C' . fails to
be closed.

General idea of the construction and proof of Theorem 3.1 Let f € B(Cy — Cy),
with |f|. = 1. As B(Cy — C2) = B(C1) N B(—CY3), we have

(3.2) my = sup (f,z) < 400
reCy

and

(3.3) my = xien(i (f,z) > —o0,

so there are z; € Cy and x5 € C5 such that

(34) (fiz1) + 2 2 mi, (f,z2) = = < ma.
Sety; = z1+¢j(f) and y» = z2 —e3(f), and introduce the points z; and z3 belonging
to the segments [x1, y1] and [z2, y2] and satisfying (f, z1) = m1, (f, z2) = ma. More
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precisely,
; my — (f, 1) (fry) —mi
LT TG T oy = e
(3.5) = =z + (m1— (f,21))i(f),
and
o= Afiwa)—ma my —(fiy2)
LT T -G G - )
(3.6) = x3— ((f, z2) — ma)j(f).

As j is an isometric map and | f|. = 1, we have
3.7) ly1 — 21| = |w2 — 2| = [ei(f)] =&,
<f7y1_m1>:<fa$2_y2>:<f16j(f)> =E.

This yields d(y1,C1) < e and d(y2, Cs) < e.
Accordingly, given two closed convex sets F; and F such that

Cy C F1 C(y1,C1) and Cy C Fy C T(y2, Ca)
we have
(3.8) F, CC1+eBx,Cy C Fy +¢eBx
Fy CCy+eBx,Cy C Fy +eBx.

In other words, condition (1.2) is satisfied for every closed convex sets 4 and F; contain-
ing C; and C and contained in co(y;, C1) and €6(y2, Cs).

Therefore, the uniform perturbations C; . and C . will be chosen as closed convex sets
containing C; and C'y and contained in co(y;, C1) and €o(y2, C4).

Finally, from relation (3.4) and (3.7) we derive

(3.9) m1+%§<f,y1>ém1+5aﬂdm2—%2<f,y2>2m2—5~

For technical reasons, the proof of Theorem 3.1 will be divided into three parts:
(i) C7° nCse # {0}

(i) I(Ch, — C3) # {0} and C° N C° = {0},

(iii) condition (3.1) is fulfilled and I(C, — C3) = {0}.

3.1. Casei): C° NC # {0}. Letus remark that the example given in the introduction
fits this case. Indeed, if
Cy={(z,y) €R? : 2>0,y>0}and Cy = {(z,y) ER? : >0,y <0},
then w = (1, 0) belongs both to C{° = C; and to C° = (.
o Construction of the uniform perturbationsC'; . and C, ..

Fixw € C° N O, w # 0, and set
D +vwt pi(f) s 0<p0< p< ——=
=% vw : v — = .
1 Ky SyUs s 1402
Let us prove that Cy . = (D, C1) and C3 . = To(y2,C2) can be used as uniform

perturbation to prove Theorem 3.1 in case (i).
e (1. and (s . satisfy relation (1.2).



ON THE CLOSEDNESS OF THE ALGEBRAIC DIFFERENCE OF CLOSED CONVEX SETS 7

FIGURE 1. Uniform perturbations in case i)

Using (3.5), foreach z = (z1 + vw + pj(f)) € D, we have
=z + (m1 — (f,z1) + p)ji(f) +vw.
Hence,

xr =

e —(m —if,f'@1>+/i)(x1+,,w)+ W(MJFVMJFWU))

and therefore

I:5_(m1_<f’xl>+ﬂ)(ml+yw)+ml_(faml>+ﬂ(

n + vw).

Noticing that « < £, and using (3.4) we observe that m; —(f, 1)+ u < € and therefore
x is a convex combination of y; + vw and z; + vw.

Since w € C° and C; C To(y1,Ch), then w € (€o(y1,C1))*°, and since zq,y1 €
co(y1, Cy), it follows that (z; + vw) and (y; + vw) are two elements of co(y;, Cy).
Consequently, D C co(yi,C4). Hence, C; C Ci. = co(D,Cy) C co(y1,C4). As
Cy C Oy =to(y2, C), relation (3.8) implies that relation (1.2) is satisfied.

e Cy . — O3 isnotclosed.

In order to prove that the algebraic difference C; . — Cs . is not a closed set, we shall
use the following result.

Lemma3.l. Forevery x € Cy . =co(D,Cy), we have (f,z) < my + 5.

Proof of Lemma 3.1: By contradiction, take = € &6(D, C1) such that (f, z) = m; + 5.
As z € co(D, C), select a sequence {ay, fnen+ in co(D, Cy) norm-converging to z. As
obviously D is closed and convex, for every a,, € co(D,C:) select d, € D withd, =
21+ Vnw + pnj(f), en € Crand A, € [0, 1] such that a, = Apen + (1 — Ap)dy.

Observing that f € B(C;) and w € Cf°, we have (f,w) < 0. Noticing also that
f € B(=C3) and w € C5°, we also have (f,w) > 0. Consequently, (f,w) = 0, and
therefore

i €
i (s () = s — ) = 5.
As pin < 5 and A, ((f, cn) — m1 — p,) <0, the previous relation implies that

. . 9
(3.10) im (An(<f, en) —my — ,ln)) = 0and lim _p, = .
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Using the fact that (f, ¢,,) — m1 — pn < —pp, We derive
(3.11) lim sup ((f, Cn) —my — un) < _<
n—00 2
Combining relations (3.11) and (3.10) it follows that A, — 0, while since p, — 5 we
deduce that v,, — co. Let us observe that

(3.12) Ancn = —(1 = XA)vpw + an — (1 — X)) (21 + pnd(f))

and that (1 — A,)v, > 0, for n large enough (1 — A, — 1 and v, — o0). Hence, dividing
by (1 — A, )v, we obtain

(3.13) ﬂj‘#)yncﬂ R S € (1)\5);:3;#”]“))'
Being convergent, the sequence {a,, } is bounded, so the previous relation implies that
An
mcn — —w.
Ast, = (l_iﬁ — 0, ¢, € Cy and tpe, — —w as n — +oo, it follows that —w €

Cs°, thatis 0 # w € [(C4), contradicting the fact that the closed convex set C; contains
no lines. U

Let us return to the proof of the case i). As (f,y2) < ma — 3 (see (3.9)), we deduce
that, for every z € Cy . = To(y2, C3),

619 (o) 2 min (), inf (fia)) = min () ) = (f,0m).
Lemma 3.1 and relation (3.14) imply that
(3.15) (f, &) < my — (f,y2) + % Ve €Oy, — Oy,

Setb, = (z1 + nw + n+1 53(f)) = (y2 + nw); as w € C5° C (c6(y2, C2))™ and
Y2 € To(ya, Cs), it follows that (y» + nw) € (y2, C2) = C5 . and consequently b,, €
C1,e — Cy .. Moreover

9
(3.16) bl = |(21 — y2) + +12J( <l = w2l + 5,
and
n £

<fabn> =m _<fay2>+ n+1§:

relation which implies
. 9

(3.17) Jim (f.b) = mu = (Fo) + 5.

Let b be a weak cluster point of the bounded (see (3.16)) sequence {b, }nen+. Using
relation (3.17) we obtain

(3.18) (F,b) = m1 = (F.m) + .

Using relations (3.15) and (3.18) it follows that & does not belong to Cy . — C5 .. Conse-
quently, the algebraic difference C . — C5 . is a convex set which is not closed and the
proof of case (i) is thereby completed..
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3.2. Caseii): {(Cy — C3) # {0} and C° N C$° = {0}. This case can occur as the
following construction shows.

Let A be a separable Hilbert space and (e, ) be an hilbertian basis. Take

neN
[ee] [ee]

€ €q
u = E - and v = —,
72 1

i=1 i=1
and define
K= {CL‘ €EH : (z,e)>0VieN" (z,u) <1and|{z,en)| < <x,v>}.
Obviously, K is a closed convex set and K> = {0}, while
K-K= {r € H:(Py(z),u) < land (P_(z),u) > —1},
where P, and P_ are the projections on the positive and respectively on the negative cone
Ci={z€eH : () >0VieN},C_={ze H : (x,e)<0 VieN}.
Set Cy = Cy = K. Since simultaneously C° N C$° = {0} N {0} = {0}, the algebraic
difference C; — Cy = K — K is closed, and
I(Cy —Cy) ={Xeg : AERY,

we may conclude that the closed convex sets C'; and C'; fulfill conditions ii).

e Construction of the uniform perturbations.

When [(Cy — C3) # {0} and C7° N C5° = {0}, the uniform perturbations satisfying
Theorem 3.1 are:
(319) Cl’g = @(yl, 01) and C?)g = @(yg, 02)

As obviously C4 . contains C; and is contained in ¢o(y1, C1), and C . contains C and is
contained inco(y2, C4), condition (1.2) is verified.

For the purpose of obtaining a contradiction, let us suppose that the algebraic difference
co(y1,C1) — ©o(y2, C2) is closed, and fix d € {(Cy, — C3), d # 0. Accordingly, d €
(C1 = C3)*® C (Cyc — C2.)%, relation which implies, as (y1 — y2) € (C1c — Ca.),
that (y1 — y2 + d), (y1 — y2 — d) € (C1. — C2.). Thus, there are a;,b; € C; . and
as, by € Cy . such that:

(320) al—agzyl—y2+dandb1—bg:yl—y2—d.
Since f € B(Cy — Cy)and d € [(Cy — C4), we have (f,d) = 0. Thus,
(far —as) =(fiy1 —ya+d) = (f,y1 — vya),

(b1 =ba) =(fomn —y2—d)y = (f 51 —y2) .
Then
(3.21) <fv‘11>_ <fay1> = <f,a2>— <fay2>1 <fab1> _<fay1> = <f:bz> _<f:y2>~
As
(Fran) (b2 < ma (sup (7.0).(m) ) = max(ms () = (o)
and

(f,a2),(f b2) > miﬂ< of (f,z),(f, y2>) = min(ma, (f, y2)) = (f, ¥2),

1
reCy
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relation (3.21) implies that {f,a1) = (f,b1) = (f,y1), and (f, a2) = (f, b2) = {(f, y2),
thatis a;,b; € Ny and a2, bs € No, Where

Ny ={zeco(y,C1) : (f,z)={f,n)}
and

Ny ={z €T0(y2,C2) : (f,2) = (f,92)}-
Lemma3.2. N; C (y + C°) and Ny C (y2 + C5°).

Proof of Lemma 3.2: Let wy,wy, € X such that y; + w; € Ny and yo + we € No;
accordingly, {(f,w1) = (f, w2) = 0.

Asy +wy € T (y1,C1) and ys + wy € TO(y2, C2), select four sequences {z, tnen+ €
C1, {tntnent € Ca, { A tnens € [0,1],and {pn tnen+ € [0, 1], such that

lim (Anzn +(1- )\n)yl) =y + wi, and Egl (untn +(1— un)y2) = y2 + wo.

n—4oo

Consequently,

(3.22) nll}l;noo ()\nzn - )\nyl) = wi, and nl&noo (,untn — ,uny2) = ws.
Therefore,

(3.23) Jim (M ((foz) = (o)) = (Fwn) =0,

(3.24) Jim (n(fn) = (Fo))) = (frwz) = 0.

From relation (3.9) it follows that

(fyzn) <my < (f,yﬁ—%and (fitn) > my > <f’y2>+§

This yields,
(3.25) (F2n) = (foy1) < =5 and (£t) = (F, 1) >

Combining inequalities (3.25) and relation (3.23) yields

IR

(3.26) Ap — 0and p,, > 0asn — 400,
Using relations (3.26) and (3.22) we derive
Anzn — wy and ppt, — wa,
which, combined to relation (3.26) gives
(3.27) wy € C7° and wy € C5°.
g

Applying Lemma 3.2 to a1, as, by and by gives the existence of z;,¢;, € C{° and
29,19 € 0200 such that a; = Y1 + z1, b = Y1 +t1,a2 = ya2 + 22 and by = Y2 + 23. We
thus have z1 — z9 = —t1 4+t = d, thatis z; + t1 = 23 + #2. As C$° and C$° are convex
cones, it follows that z; +¢; € C7° and 25 + ¢ € C5°, and, since C° N C° = {0}, we
deduce that zq + 1 = z5 + 12 = 0.

Accordingly, z; = —t; € —C{° and z9 = —ty € —(C$°, 50 21, € {(Cy) = {0} and
za,ty € [(Cy) = {0}. Thus, d = z; — z3 = 0, a contradiction. The proof of Theorem 3.1
in the case ii) is completed.
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3.3. Caseiii): wesupposethat d(C1 \ 7Bx,C2 \ rBx) < d < +oco ¥Yr > 0 and that
[(Cy — C3) = {0}. Similarly to the case ii), the fact that case iii) can occur is not obvious.
Let us give an example of such a situation.

Let A be a separable Hilbert space and (e, )nen- an hilbertian basis. Define
Ci=Cy={z€H:—i<(x,e)<i Vi N}

Obviously, Cy and C5 are closed convex sets, and Ct° = C'$° = {0}. Since Cy = —C1,
the algebraic difference C, — C5 equals 2C1, that is a closed set, and

(Cy —Cy) =1(2C)) =1(Cy) C CF° = {0}.
On the other hand,
ne, € (C1\7Bx) = (C2\rBx) VneN,n>r,
S0
d(Ci\ rBx,Cy\rBx) =0, Vr > 0.
The sets €, and C, fulfill therefore the conditions of case iii).
o Construction of the uniform perturbations C; . and C’ ..

Aslim, 0, d(Cy \ rBx , C2 \ rBx ) = d < +oo, there are sequences {an }nen+ C C1
and {b,, }nen+ C Ca, such that

(3.28) lim |a,| = lim |b,| = cc and |a, — b,| < d+ 1 Vn € N*.
n— o0 n— o0
Applying Proposition 4.1 (see section 4) to the closed convex set C; — C; and to the
separable subspace X; = sp({a; : i € N*}), we deduce that the linear continuous func-

tional f of norm one used in defining m1, ms, x1, z2, y1 and y» (relations (3.2) to (3.6))
may be picked in B(Cy — C'3) such that

Cl = {we (Cr — C2)™ : (f,w) =0} C j(X{).
Set
(3.29) By ={z €co(y:,Ch) : (f,z) =m}.

As (f,z1 — z3) = 0 forany =1, 22 € By, it follows that (f, w) = 0, for all w € B{°.
Moreover, since B; C ¢o(y1, C1), we have

B C (c5(y1,C1)®) = CF° C (Ch — o)™
Hence, B C j(Xi).

Set
1 mz— f;y2> .
( —(f yo>) '
l ma <f y2> <f an> (f,y1>—m1 "
B30 =) <<f = o™t T = (Fan) ).

Then, for every n € N*, ¢, is a convex combination of z;, y; and a,,. It is easy to check
that ( f, ¢,) = m;. Consequently, ¢,, belongs to B .

Lemma3.3. The set D = &6 ((cn)nen+) is unbounded, and

d(z,—j((B*)°)) < |z1] + |3/2_1| for every z € D.
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Proof of Lemma 3.3: By definition of ¢,, (see (3.30)), for every n € N* we have,

(3.31) oL ) mmy mi— {fiw)

2(f,y2) = ([, bn) (fran) = (f,p1)
By the inequality (f, (bn, — an)) < |fl«lan — bs| < d + 1, it follows that

ap S |21| + |:9.12_1|

my Z<faan>2m2_d_1 and m2S<f’bn>§m1+d+1
Thus, we have

(f,y2) —ma (f,y2) — ma

(332) <fay2>_<fabn>2<f;y2>_m1_d_1>0
and
m1 — (f, y1) m1 — (f, 1)
(333) <f,t1n>_<f,y1>ng—d—1—<_f,y1> >0
Relations (3.31), (3.32) and (3.33) imply that
1 (f,y2) — mo my — (f,y1) ly1]
|Cn| 2 5<f,y2>—ml—d—1’1'712—d—1—<f:y1>|an|_ |Z1|_T’

and, as |a, | — oo, it follows that |¢,,| — oo and the unboundedness of D.
Finally, as B® C j(Xi) it follows that X, = j(j(Xi)*) C j(B5°)°, and, as relation
(3.31) implies that d(z, X1) < |z1] + @ the proof of Lemma 3.3 is completed. O

The conclusions of the previous lemma allows us to construct by induction a decreasing
sequence {D,, } of closed, convex and unbounded subsets of D, and a sequence {g, }nen+
of elements from B(B;) of norm 1, such that

<gi733> < —1 Vx e D;, VieN.

Let us define D and g;. As D is unbounded and as

(334 D e (7)) + (Jal+ 2 ) B,

we deduce that P_;((pe)s) (D) is unbounded, so there is e; € D such that

(3:35) 1Py (en)] = 4+ |=r] + 2L
By the bipolar Theorem, B(B;) is dense in (B$°)°, so there is Ay € B(B;) such that
(3.36) |P_j((Bsyo)(€1) — j(=m1)| < 1.
From the relations (3.35) and (3.36), it follows that
@I il =Lkl 2 1P ()] =12 3+ 1a ]+ 250
Using (3.34), we have

|1

(3.38) lerv = Pojimgeye) ()] < Jan| + 7
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Consequently,
<h1 ) €1>

IN -+

(3.39) <

(h1,3(=h1)) 4 (b1, (e1x — P—j((Bs=)e)(e1))
(P—j((Bs=)ey(en) + j(h1)))

a2 4+ (1 4+ [+ 220
o (=Tl 41+ 2]+ 22

—9|hy]..

Setgy = a—and Dy = {z € D : (g1,2) < —1}. As

[h1].

-1>-2 > <g1161> > l}lelg <g1JI>J

13

it follows from Lemma 4.2 that Dy is unbounded, so the first step of the induction is

completed.

Let n > 1, and suppose that the elements D; and g; have been constructed for all
1<i< (n—1). Theset D,_; isunbounded, and

Do e D€ (=308 + (Jal+ ) e )

therefore P_;((pee)o)(Dn—1) is unbounded, so there is e, € D,,_1 such that

|yl|

|P_j((Bz)ey(en)] > 043+ |21] + .

Pick h,, € B(By) such that

2

|P_j((Bs)e)(en) — i(—hn)| < 1

(hn, exists since B(By) is dense in (B{°)°). The two previous relations yield

hale = li(=ha)| 2 1P-smprey(en) =1 2 m+ 24 Jor] 4 205 0

Thus, similarly to relation (3.39),

(hn,en) < —(n 4+ 1)|hn]«.

Let us define g, = o~ and D,, = {x € Dp,_1 : (gn, z) < —n}. As

[hnls

> =0+ 1) = {gaen) > il (gn,2),

we may use Lemma 4.2 to deduce that D,, is unbounded, and complete the induction.

-1

We have thus constructed two sequences, {e,} C D and {g,} C B(Bi), such that

lgnl. = 1 and

(3.40) (gi,e;5) < —1, Vi,j € N*such that ¢ < j.

We can now define the desired uniform perturbations as requested in Theorem 3.1, for
the case d(Cy \ Bx,C2 \ rBx ) < d < +oo Vr > 0and!(Cy, — C3) = {0}: let us take

(3.41) Ci.=to <{un =e, + L € N*}, C’l)
n

and

+14

(3.42) Cye={z €T(y2,Co) : (f,z) > ma}.
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FIGURE 2. Uniform perturbations in case iii)

e (1 . and (5 . satisfy relation (1.2).
By definition of ¢,, (see 3.30), we have

. _ _ my — ([, y2) »

aten—a) = <1 <f,bn>—<f,y2>)1

ma — (f,y2) my — {f, an) (fyn)—m
(F.ba) — (F,2) <<f, iy = Lam T o) - >) '

Hence, z1 + 2(Cn — Zl) S E(yl,Cl).

Consequently, z; + 2(D — z1) C ©o(y1,C1), S0 z1 + 2(en, — 21) € TO(y1,C1) for every
n € N*.

Taking into account that y, = z1 + (¢ — m1 + (f, z1))j(f) (see relation (3.5)) we deduce
that

+

en—i—(E —m ;_ <f’ml>)j(f) = €n+%(y1—21) = %(Z1+2(6n—z1))+%y1 e€co(y, Ch);
Finally,
e(n—1) .
U, = €p+ 4n ](f)

B <1 2 —6577111_+1<)f,f'31>)) o

g(n—1) lg_m Y .
2n(e —mu + (f, 21)) <en+2( 1+ ((f 1>)J(f)),

ase(n — 1) < 2n§ < 2n(e — my + (f, x1)) (see 3.4), it follows that u,, is a convex
combination of e,, and e,, + wj(f), S0 uy, € co(y1, Ch).
Thus we have established that C; . C ©o(y1, C1). As obviously Cy C C . and C C

C'y . C To(y2, Cy), relation (3.8) implies that relation (1.2) holds.

o U1 . — (5 isnotclosed:
Set

_ 1 Sy —my ;
dﬂ B <1 2<f:yl>_<faan>> ?
1 (fiy) —m (f,bn) — mo mz — (£, y2)
2(f, ) — (f an) ((f,bn>—<f,y2>y2+ <f,bn>—<f,y2>bn)'

It follows that d,, is a convex combination of z-, y» and b,,, and therefore belongs to
Co(y2, C2). Moreover, (f,d,) = ms,50d, € By = {2 € Cy : (f, ) = ma}. Using the

+
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definitions of ¢,, and d,, and relation (3.28) it follows that

|y1|+ |y2|+ |an _bn|

lyr| + |yo| +d+ 1
5 - .

2

len — dn| < 21| + |22 + < a1 + 2] +

Consequently,

+lys| +d+1
cne(32+<|zl|+|@|+'y1' Jvs| )BX),

2
and therefore

(3.43) Dc (32 + <|zl| ol 4

|y1|+|y2|+d+1)ﬂi% )
2 X

For every e,, € D the previous relation implies that

il + gl +d + 1

d(en, B2) < |z1| + |22] + 2 ,

so there is a sequence {v, }nen+ in By C C5 - such that
lyal + 2l +d + 1)

en = unl < (] + Jza)+ 220212

Accordingly, |u, — v,| < (|21| + |za] + W) + £, and let w be a cluster point

with respect to the weak topology of X of the bounded sequence u,, — v, 0f Cy . — C's ..
Since (f, en) = my and (f, v,,) = ms, we have :

= lim m—}—LE—m =m;—m +E
T oaseo L ml4 )T TRy
Consequently, we obtain
9
(3.44) (fyw)y=mg —my + T

Similarly to the proof of case i), the following result will play a key role.
Lemma3.4. Forevery x € Cy ., we have (f, ) < mj + 5.

For the purpose of obtaining a contradiction, suppose that there is z an element of
Ci e such that (f,Z) = my + . Since z € C, there are a,, € co ({u; : i € N*}),
wy, € Cp,and 0 < p, < 1suchthatb, = ppan + (1 — pn)wn, — T (See (3.41)). Since
(f,Z) = m1 + %, by using a subsequence if necessary, we can suppose that (f, b,) > m;
for every n € N*.

As w, € C1, itfollows that (f, w,) < my; forevery n € N* such that (f, w,) = my,
sett, = w, and A, = u,, and for every n € N* such that (f, w,) < my, set

m _<f,wn> a, + <f,an>—m1 u
<f,£ln>—<f,wn> " <fvan>_<fawn> "

,Un(<fa aﬂ> - <f7 wn>) - (ml - <f’ wn>)
<f: an> —m .
Remark that (f,t,) = m; forevery n € N*; ast, € Cy . C ©(y1, C1), it follows that
t, € By (see (3.29) for the definition of By). Moreover,
Fown) = (f, an))(1 — ptn)
<f: aﬂ> —m ’

t, =

and
Ap =

A o—1= U
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and, as (f,w,) <my < my + 5 < (f, an), itfollows that A, < 1. On the other hand,

<f7 bn> —m
<fa an> —m ’
and, since (f, b,) > my, we deduce that 0 < A, < 1. Accordingly, b, can be expressed
as a convex combination of ¢,, and a,,, b, = Apa, + (1 = Ap)in.
Fix ig € N*; as

co({u; :i € N*}) =co(co({u; : 1 <i<ig}),col{u; : ip < 1})),
any element a,, € co ({u; : i € N*}) may be writtenas a convex combination a,, = 7, pn+
(1 = 7,)g, Of some elements p,, € co ({u; : 1 <i<ip}),and g, € co({u; : ip < 1}),
where 0 < 7, < 1.
Consequently,

An =

M (7 (oo = s = ) (1= ) (o) = s = ) +
(1= 00) ((F,t0) =y = ).

As lim ((f,bn) —m1 — %) = 0, and as (f,pn), (f,qn), (f.tn) < m1 + £, it follows
that the three sequences A, 7, ((f,pn) — m1 — 5), An(1 — 1) ((f, ¢n) — m1 — §) and
(1= X)) ((f,tn) — m1 — §) converge separately to zero.

Since p,, € co({u; : 1 <i<ig}), we know that

9 9

<fapn>_m1 - 4 S _4(2-0_+_1)-
Accordingly, since A, 7, ((f,pn) — m1 — §) — 0 we deduce that A\, 7, — 0. Moreover,
(fitn) —mi — 5= —5,50 (1 = A)({f, tn) — m1 — §) — 0 implies that A, — 1. We
may thus conclude that A, — 1 and 7, — 0. Setting M = sup,,p, (4i,, *), We have
<gi01tn> S M.
As (gi,,e;) < M forevery 1 < i <ig, pp € co({u; : 1 <i<ip}),and |gi,]« = 1, we
obtain (g;,, pn) < M + 5.
Finally, {(g:,,ex) < —ig forevery k > ig and, as ¢, € co ({u; : 40 < i}) and |g;, |« = 1,
we deduce that (g;,, ¢n) < —io + 5.
From the three previous inequalities we obtain

(Gio: bn) = A (T (Gios Pn) + (1= 7n) {Gio, @n)) + (1 — An) (gios tn)
A (Tn (M n Z) +(1— 1) (—io + %)) (1= )M

= M(1= X+ Xam) + Ao —ioda(1 = 7).

INA

and, as A, — 1 and 7, — 0, it follows that lim sup,,_, ., (¢i,,bn) < —i0 + §.

Since |g;, |« = 1, from the previous relation we deduce that lim sup,, , ., |bn| > 0 — 3,
relation which, as ¢, is arbitrary in N*, means that |b,,| — oo. The last relation contradicts
the fact that b,, — =. O

Let us return to the proof of case iii). As forevery z € Cy ., (f, ) > ms, from Lemma
3.4 we deduce that

(3.45) (f, &) < mi —ms + % Yo € Cy.— Ch..
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Relations (3.44) and (3.45) imply that w ¢ C4 . — C5 ., which, accordingly, does not
contain one weak cluster point of one of its bounded sequences. Thus C'; . — C3 . is not
weakly closed, and, as Cy . — Cs . is convex, we deduce that C'y . — C' . isnotclosed. O

4. PROOF OF THE TECHNICAL RESULTS

Let us recall the following separation theorem due to Klee (see [9]).

Theorem 4.1. Let C be a closed convex set in a separable Banach space X. If the set C
does not contains lines, there is h € B(C') such that

(4.1) (h,wy< 0 Yw e C”, w#0.

If the ambient Banach space X is not separable, it is impossible, in general, to pick f
fulfilling (4.1). The following result proves that, at least, it is possible to manage that the
closed convex cone CY = {w € C* : (f,w) = 0} be as far as possible from any given
separable subspace X; of X (in the sense that C/ C j(X{)).

Proposition 4.1. Let X be a reflexive Banach space and ¢’ C X a closed convex set
containing no lines. For every separable closed subspace X; of X, there is f € B(C)\ {0}
such that C¥ C j(X{).

Proof of Proposition 4.1: Let us consider in a first step the particular case of subspaces
X1 which are images through the duality mapping j of closed separable subspaces of X *
spanned by elements from B(C).

Step 1: the subspace X is of the form (Y1), where Y; is a closed separable subspace
of X such thatsp (B(C') NY1) = Y;. Consider K = ¢o(P;(y,)C). As for every f € X~
and w € X we have

(4.2) (Pyi(£),w) = (Py, (), Pivyy (w)) = (£, Pivyy (w)),
it follows that
Pvi(f) € B(C) & [eB(K).

Observe from (4.2) that (j(Y1))* C B(K). Since also B(C) NY: = B(K) N Y1, we have
thats5p (B(K) NY1) = 5p (B(C)NYy) = Yy, and therefore Y1 C 5p(B(K)). As X* =
j(Y1)t + Y7, itfollows that sp(B(K)) = X*. Consequently I(K) = {0} and therefore the
closed convex subset K of the separable reflexive Banach space j(Y 1) contains no lines.

The continuous dual of the separable space j(Y7) may be identified to the subspace Y;
of X*, so the barrier cone of K -when viewed as a subspace of j (Y1) -is B(K)NYy. Thus,
when applying Theorem 4.1 to the closed convex subset K of the separable Banach space
J(Y1), we deduce that there is f in B(K) N Y7, such that

(4.3) (fw) <0 Ywe K, w#0.

Since B(C) NY; = B(K) N Yy, it follows that f € B(C) NY;. Letw € C7. We have
0 = (f,w) = (f, Pjiyy)(w)); as obviously P;j(y,)(C>) C K we may apply relation
(4.3) to f and P;j(y,(w) and deduce that P;(y,)(w) = 0. Thus C¥ C j(j(¥1)*).

Step 2: the general case.

Let us prove that for every closed separable subspace X; of X there is Y7, a closed
separable subspace of X* fulfillingsp (B(C) NY1) = Y7 and X1 C j(¥3).

As X is separable, select a countable set {z; : i € N*} such that X; = sp({z; :

1€
N*}). The Bipolar Theorem states that B(C') is dense in (C'°°)°; as relationsp((C'*)°) =
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1(C)+ obviously holds for every closed convex set C, we deduce that sp(B(C)) =(1(C)*.
The set C' contains no lines; thus sp(B(C)) = X*.

Fix i € N*; as j='(2;) € sp(B(C)), j~'(x:) is the strong limit of some sequence
{gn}nen+ from sp(B(C)). For every k € N*, select p, € N* and Ay ; € B(C) for
1 <7< pg such that qr € Sp({hk’j 1 <5< pk}). Define U; = {hk’j k€
N* 1 < j < px};asqe € sp(U;) forany k € N*, and ¢, — j~ (=), it follows that
i~ (z:) €5p(Ui). Let Y1 = 5P (U;ey- Us). Obviously, 5p (B(C) N Y1) = Yi; moreover,
asz; € j(5p(Ui)) C j(Yy) for every 1 € N*, it follows that X; C j(¥7).

Consequently, j(Y1)1 C X and therefore j(j(Y1)1) C j(Xi). We have established
(step 1 of the proof) that there is f € B(C') such that C/ C (j(¥1))*, so Cf C j(X{),
and the proof of Proposition 4.1 is complete. O
Theorem 4.2. Let X be a reflexive Banach space, and C' C X be a closed convex set
which contains no lines. Then C'is not well-positioned if and only if C N L is unbounded
and linearly bounded for some closed linear manifold L of X.

Proof of Theorem 4.2: Let us first prove that an unbounded closed convex subset of a
well-positioned closed convex set can not be linearly bounded.

Let C' be a well-positioned closed convex set, and D a closed convex unbounded subset
of C. As C is well-positioned, there are 24 and g, two elements of X and X*, such that

(4.4) (g, —xo) > |z — =], VZEC,

and, as D is unbounded, it contains an unbounded sequence {a, }nen-.
For every |a,| > 0, we obtain from relation (4.4) that

<g’a_n> > 1+ <g,1‘0>— |’r0|

|an| |an|
Therefore,
(4.5) liminf<g, “—”> > 1.
n—00 |an|

Let w denote one of the weak cluster points of the bounded sequence ( o ) ' As
neN*

[an]

a, € D, w belongs to D*; from relation (4.5) it follows that (g, w) > 1. Hence, w # 0.
Accordingly, the set D is not linearly bounded.

In order to complete the proof of Theorem 4.2 we have to prove that for every not well-
positioned closed convex set C' containing no lines there is at least a linear manifold Z such
that C' N L is an unbounded linearly bounded closed convex subset.

Lemma 4.1. Let C be a closed convex set containing no lines, and y € C. For every
R > 0, letus define

c _)*"Y . "
My’R_{|1‘—y| rz € C, |,L—y|2R}.

The following two affirmations are equivalent:

i) C is well-positioned;

ii) there is R > 0 such that 0 ¢ co(M [ ).

Proof of Lemma 4.1: i) = 1)

Let C be a well-positioned closed convex set, y an element of C, and zo and g two
elements of X and X* such that

(4.6) (9,2 —xq) > |z — x|, VzeC.
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The first part of the proof will be accomplished by proving that, for every R > 2(1 +
|g]<) |y — o], 0 does not belong to co(M R)-
Indeed, for every = € C such that |z — J| > 2(1 4 |gl«)|y — zo], relation (4.6) implies

that
i)+
e=yl/ T lz—yl e =yl
> _|y—:p0|_|||y—mo|
- |z — yl |z — yl
|y CE0|
= 1—(1+]gls)
|z — yl
1
> =,
- 2
This yields
1 — C
(9,2) > 3 Yz € To(My R),

and consequently 0 ¢ co( M z).
if) = i)
Take now a closed convex set C'and fix y € C such that 0 ¢ @(leR) forsome R > 0.
Let us prove that

3h 2R
(4.7) <W;m_<y | | )>>
where z = Peye j0and b = j~'(2).

Indeed, for every z € C'such that |z — y| > R, the vector ﬁ belongs to @(M;’R),
and, as z is the element of minimal norm in @(MyCR) we have,

<h7u> > |22,
|z — yl

Accordingly, for every z € C' such that |z — y| > R, we have

3h 2R 2R
(4.8) <—2,:L‘— <y——z>> > 3le—yl+3—

|| || |2 |
3 (o=l + 201

(-5)]

r—ly——z]|.
||

If | — y| < R, then

<ﬁx—y>> hlfe =yl > -8
I e Sar

2
x — y——Rz , Yz eC,
||

\Y

v

v
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Thus, for every z € y + RBx, we have

3h 2R 3R 6R
. It _ > Iy
(4.9) <|z|2’* (y |z|z)> ERE

2R
R+ — |z

||

2R
r—|ly—+—z2]|.
E

Combining relations (4.8) and (4.9) yields (4.7), completing thus the proof of Lemma
4.1. O

v |

v

Let us now return to the proof of Theorem 4.2. In order to define the linear manifold Z,
we consider first the particular case of a separable reflexive Banach space X.

Step 1: the case of a separable reflexive Banach space X.

As X is separable, from Klee’s theorem (Theorem 4.1) we infer the existence of h €
B(C') such that
(4.10) |hl« =1, (h,w) < 0 Yw e C®°, w#0.
Forevery p € R, letus define L, = {x € X : (h, z) = p}. From relation (4.10) it follows
that

(CNL)*® =C"NLy={weC®:{(hw)=0}={0},

and therefore all sets C,, = C'N L,, are linearly bounded. The first step of Theorem 4.2 will
thus be achieved by proving that at least one of the linearly bounded sets €', is unbounded.

For the purpose of obtaining a contradiction, suppose that C, is bounded for every

p € R, thatis p, := sup,cc, |2| < oo for every p € R. Let us prove that the above
assumption necessarily implies that sup,, <, #;_p < 0o, where m = sup, ¢ (h, z).

Indeed, suppose that sup, < ,, #g_p = oo, that is that there is a sequence (pp )nen+ C

(—o0, m], such that p,, > n(m+ 2 — p,). Accordingly, we may pick z,, € C,, such that
1 1
(4.11) |zp| >n(m+1—p,)+n— 2 =n(m+1—{(hz,))+n— 7"

As pp, — 0, the sequence p,, can not be constant, so relation p,, = limy, o0 pp,, fails
for at least one value of k € IN*, say k. Accordingly, there are n > 0 and a subsequence
(Pk.)nene OF (Pn)nen- such that
(4.12) Pk, & (Pr —m.pr+1n) Vn €N

Set

Yn = <1—777 )xk—}—in Tk,
|pr.,. — Pkl |pr.,. — il
relation (4.12) implies that 0 < Wi_m < 1. This imply that y,, is a convex combination
of z; and xy,,, and therfore belongs to C'. Moreover, [(h, y,) — pg| = 17,50 yn € (Cpr—p U

Cp;+n)-
If pr, < pg < m,then
(m+1—pg,)max(l,m —pg) >m+1—pr, > pg —pr, = |Pf — P, |,
while if p; < pi, < m, then
(m+1-pg,) max(l,m—pg) > (m+1-p,)(m—pg) > m—pg > Pk, —Pr = |PE—Pk. |-
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In both cases, (m + 1 — pg,, ) max(1,m — pg) > |pg — Pk, |, SO

1-— 1
(4.13) mAt 17 Pra Vn € N,
lps — pr.| — max(1l,m—pg)
From relations (4.11) and (4.13) we deduce that
lyn| = ‘(1 - L) xg + Lﬂfkn
.. — Pi| ., — Pzl
> g+ ———lax,|
Pk, — prl
kpo(m+1—
> e+ ( Pk..)
Pk, — Pl
1
k- |zl
max(1,m — pg) ]

As k, — oo, the sequence ¥, is unbounded, and, as y,, € (Cp,—, U Cp,45), it follows
that at least one of the sets C,. _,, and C,,, 1, is unbounded.

This contradiction proves that, if all sets C), are bounded, then there is A > 0 such that

#S—p <M Vp<m,
inequality which implies that

lzg| < M(m+2—(h,z)) Ve €C.
Consequently,

(—(M +m+3)h,x— (m+3)j(h))

(M+m+3)(m+2—(h,z))

+ (M+4+m+3)
> M(m+2—(hz))+m+3
> |zl+m+3
> |z—(m+3)j(h)| Yz eC,

relation which contradicts the fact that C' is not well-positioned.

We have thus proved that our initial assumption is false, so at least one of the linearly
bounded sets ), say C, must be unbounded. Thus, the linear manifold L satisfies to the
requirements of Theorem 4.2, and the proof of the first step is complete.

Step 2: the general case.

Let us first prove that there is a separable subspace X; of X such that C' N X is not
well-positioned.

Sety € C and k € N*; as C' is not well-positioned, Lemma 4.1 implies that 0 €
@o(M,, ). Consequently for every n € N* we may pick 2, € co(M,,) such that |z,| <
1/n. As z, belongs to co(M, ), there is p, € N* and {y, ; : 1 < i < p} C M, such
that z, € co({yn,; : 1 < i< p,}),and define Uy = {y,; 1 n € N*, 1 < i < p,}. From
the definition of lek we deduce that there is a set Ry C C'\ kBx such that U = {ﬁ :
r € Ry}

Let X1 = 5p (y, Upene Bx) and K = C'N X;. Since z, € co(Uy) and z,, — 0, it

follows that 0 € co(Uy) for every k € IN*. The definitions of X; and K imply that, for
every k € N*, Uy C M. Hence, 0 € @5(Ux) C co(M,,), forevery k € N*.
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Since M, C M[p, when Ry > Ry, and as 0 € co(M),) for every k € N*, we
deduce that 0 € @(MfR) for every R > 0. From Lemma 4.1 it follows that the closed
convex set K = C'N X is not well-positioned.

As X is separable, we have established (step 1 of the proof) that there is L, a closed
linear manifold of X; (and thus of X) such that X N L is not well-positioned. As . C X7,
CNnL=(CnX;)NnL,;soCNL=KnN L. Accordingly, L is a closed linear manifold of
X such that C'n L is not well-positioned, and the proof of Theorem 4.2 is complete. O

Lemma4.2. Let A be an unbounded convex set of a normed linear space X, h € B(A)
and m > infye4 (h, z). Thenthe set A, ,, = {# € A : (h,2) < m} is unbounded.

Proof of Lemma 4.2. Let us suppose that for some m > infy¢c 4 (h, z), the set Aj, ,,, =
{x € A: (h,z) < m} isbounded, that is there is p > 0 such that A; ., C pBx .
Asm > infye 4 (h, ), thereis zg € A, such that (h, z0) < m. Consequently, for

every z € A\ Ap . We have 0 < (h““x)_ < 1, so the element

)I)_<h7x0)
(h,z) —m m — (h, zo)
y= o z
(h,x) = (h,xo) ° " (h,x)— (h, zo)
belongs to A. Moreover, (h,y) = m, S0y € Ap m, thatis

(h,z) —m n m — (h, xq) ‘
x x
(h,zy— (h,xz0) ° " (h,z)— (h,z0) |~
Thus
m— (h,zo) (h,z)—m
@19 kmw—wwwﬁ-hmw—www“+”
Since h € B(A), we have M = sup, 4 (h,z) < +o0; then
0 < (h,z) — (h, zq) < M—(h,m())’
— m—{(h,zg) ~ m—{(h,z0)
and
0 < (h,z) —m < M—-—m
= (h,z)— (h,ze) = m—(h,zo)
It results from relation (4.14) that
o) < bV —m) O = (o)

Zo| +
m—(hzo)? T ()
Accordingly, the set A \ A, , is bounded; therefore, A, as the union of two bounded
sets would be bounded, a contradiction. O

5. APPLICATION: A CONVEX SEPARATION THEOREM

In any finite dimensional space, any two closed convex sets C and C', fulfilling
(5.1) CinCy =0, CPnCe = {0}
can be strictly separated by means of a closed hyperplane, that is, there exist f € X* and

t € IR such that
<f,£L‘1> >t > <f, :L‘2>, Vo, € C1, xq € Ch.

This result is no longer true in a general reflexive Banach space. An aditional condition,
describing the behaviour at the infinity of at least one of the closed convex sets involved, is
nedeed. On the basis of Theorem 2.1 we will completely characterize, a reflexive Banach
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space, the class of all closed convex sets C; that can be strictly separated with a closed hy-
perplane from all the closed convex sets C'; fulfilling conditions (5.1). We thus determine
the broadest condition which should be added to (5.1) in order to ensure the existence of a
closed hyperplane strictly separating C; and Cs.

Theorem 5.1. Let X be a reflexive Banach space and let C'; be a closed convex subset of
X containing no lines. The two following statements are equivalent:
i) Cp iswell-positioned;
ii) every closed convex set Cs such that conditions (5.1) are fulfilled may be strictly
separated from 1, that is, there exist f € X™* and ¢ € R such that
<f,£L‘1> >t > <f, :L‘2>, Vo, € C1, xq € Ch.
Proof of Theorem 5.1: i) = i1)
If Cy and C'5 are two closed convex sets such that C; is well-positioned

and CT° N C$° = {0}, then, making use of Theorem 2.1, it follows that C; — C is
closed.

Let f denote the projection of 0 on the closed convex set C'y — Cs, i.e., the element of
minimal norm in C; — C5:

J=Pc,—c,0.
Accordingly,
TNy > GTHLF) = 1P Ye € Cr = Ca
Therefore,
G ) > GTNS), z2) + [|fI)?, Vor € Ch, 29 € Ca.
The above inequality implies that

inf (57'(f),2) > sup (G7H(F), =)+ [I£I°-

reCy zeCs
Set )
. — —1
Gt e (D)
- 2
As C; N Cy = B, we deduce that 0 ¢ C1 — Cs, thenf # 0, and thus
2 2
iencf <j_1(f),m> >t+ @ >t>1— @ > sup <j_1(f),m>.

Accordingly, for every z; € Cy and 25 € Cs,
G ) 2 ok (TN > > sup (7)) 2 () ).

zeCy
completing thus the desired implication.
ii) = i)
Let C; be a closed convex set containing no lines which is not well-positioned. By the
virtue of Theorem 4.2 (Section 4), there is a closed linear manifold Z of X suchthat C1 N L

is unbounded and linearly bounded. Applying Theorem 2.2 to C'y N L, it follows that there
is g € X* such that

(5.2) sup {g,z)=1and (g,z) <1 forall z € (C; N L).
z€(C1NL)
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Set Cy = {z € L : {g,z) = 1}. As relation (5.2) shows that the linear functional g
is not constant on Z, it follows that the closed and convex set C'5 is unbounded, and thus
nonempty.

The closed and convex set C'5 lies within Z.. Acordingly,

(5.3) CiNCy=(CiNL)yNCy,
and
(5.4) CrNCe =CrPnNL)yNCye = (CiNL)*nNnCse.

The definition of C;, and relations (5.2) and (5.3) imply that C; N Cs = @, while the fact
that Cy N L is linearly bounded and relation (5.4) imply that C° N C$° = {0}.

Suppose that there is f € X* and ¢ € IR such that
(f,z1) >t > (f,z2), Vo1 € C1, 23 € Co.
Acordingly,

(5.5) inf (f,z)>1t> sup (f, z).

reCy zeCs
As C5 is an unbounded linear manifold of X, it follows that every linear functional bounded
from below on C5 is constant on C'y. Accordingly, there is ¢, € R, ¢ > ¢; such that
(f,z) =1y forevery z € Cs.

Let V' be the linear subspace of X parallel to Z.. The linear functional g is not constant
onV, sothereisv € V such that (g,v) = 1. Assup,cc,nz (9, %) = 1, forevery n € N~
thereis z,, € (C1 N L) such that (g, z,) > (n — 1)/n. Sety, = z, + (1 — (g, zn))v; We
have y, € L and (g, y,) = 1, thatis y, € Cs.

Consequently, (f, y») = t2. Thus,

|t2_<f,In>|: |<f,yn>—<f’33n>|: |(1_<g;=rn>)<f,’0>|§ |<f;lv>|

Hence, infyec, {f, z) < liminf, 1o (f, 2n) = t2 < t, and therefore,

. 1 < .

(5.6) nf (f2) <ty <t
The proof of Theorem 5.1 is thus completed as the contradiction between relations (5.5)
and (5.6) shows that for every closed convex set C; which is not well-positioned, there is
at least a closed convex set C' such that C; N C, = @ and C{° N C5° = {0} that can not
be strictly separated from C; . d

We are now in position to state the broadest setting for the strict convex separation
theorem in a reflexive Banach space: two closed convex sets containing no lines may be
strictly separated by means of a closed hyperplane if the both following conditions are
fulfilled:

a) 01002:& 0100002002{0}
and

b) at least one of the sets 4, C5 is well-positioned.
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