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1 Introduction

Let k& be a field of characteristic 0, 81,...,3; be s elements of k£ and n be a
positive integer. We consider elements aq, ..., a, of an algebraic closure k of
k such that o = ;. In other words, the «;’s are n-th roots of the §;’s. The
problem that we address in this paper is the efficient computation of a basis for
K = k(ai,...,a;5) over k.

Computer Algebra Systems such as Maple or Mathematica often express so-
lutions to mathematical problems with algebraic numbers and functions defined
by radicals. In order to properly manipulate these expressions, the system must
be able to decide whether an expression represents zero. This normalization
problem clearly reduces to the basis computation mentioned above : if one can
decompose the algebraic number (or function) in a basis over some ground field,
then the zero recognition problem is solved. Another motivation is the pre-
processing of polynomials for factorization, since classical algorithms ([Tra76])
require a basis for the coefficient field. Finally, notice that a mathematical
object may be more intelligible when expressed in a basis.

A basis for K can obviously be determined provided that there is an algo-
rithm for factoring polynomials over finite algebraic extensions of k : Factor
z] — B over k and choose the minimal polynomial p;(z;1) of a1 over k amongst
the irreducible factors of ] — 1. Then, set k1 = k[z1]/(p1), replace k by ki,
£1 by P2 and repeat the process. We eventually obtain a field :

klz1,xa, ... 2s]/ (p1(x1), p2(21, 22), .. ., ps(21, . .., 25))

which is isomorphic to K. In the sequel, this algorithm will be referred to as
the “brute-force algorithm”.

We present in this paper a more efficient method based on extensions of a
theorem by Kummer which seem to be interesting in their own right.

Let us introduce some notations :

e weput A={ay,...,as}, B={p,...,0},
e k* is the multiplicative group of non zero elements of k,
e Ak* is the multiplicative group generated by the elements of £* and A,

e BE*" is the multiplicative group generated by the n-th powers of the
elements of £* and the elements of B,

e if m is an integer, then (,, denotes a primitive m-th root of unity. We
assume that the equality ngd = (m» holds for all nonnegative integers n
and m,

e if [ is any extension field of k, then £2; is the group of n-th roots of unity
contained in Al*,



e ¢ is Euler’s function.

R. Zippel ([Zip85]) proposed an algorithm based on the following theorem of
Kummer (see [Lan65] for an elementary proof). Other related results are quoted
in Zippel’s paper and ([Sme90]).

Theorem 1 (Kummer) Assume that k contains (,. Then the Galois group
of the extension K[k is isomorphic to the group Bk*”/k*n. In particular :

[K : k] = (BE*™ k™).

Unfortunately, Zippel’s algorithm requires the introduction of unnecessary roots
of unity, and compute a basis for k((,, A) over k. Adding roots of unity to
the ground field can dramatically increase the computation time and Zippel’s
algorithm is not optimal with this respect.

There has been numerous results along the lines of Kummer’s work by
Hasse, Siegel, Mordell and others. Several of these theorems are compiled in A.
Schinzel’s book ([Sch82]). As noted by Schinzel, they are all encompassed by a
remarkable result of M. Kneser ([Kne75]) :

Theorem 2 (M. Kneser) Assume that K/k is a separable extension. Then
[K k] = (Ak* 1 k)
if and only if the two following conditions are satisfied :
1. for all prime p, ¢, € Ak* = (, € k¥,
2. 14 € Ak = (4 € k™.

Several interesting results derive from this theorem (see for instance [SchT75],
[GV81], [AN95]).

In this paper we also build on Kneser’s work by relating [K : k], (Bk*" : k*™)
and [k(Qg) : k] when n is a power of a prime (theorems 4 and 5). Theorems
and proofs are gathered in section 2.

Section 3 is devoted to the description of algorithms based on the results of
section 2. We give an algorithm which computes a basis for K over k using only
factorization over fields included in k(£2).

We assume that there exists algorithms for answering the following ques-
tions :

e Branch choice problem : Given a radical o = /3, (8 € k), and a
factorization

P(z)=2" — 3= Pi(z)... Pn(x) (1)



of the polynomial ™ — 3, decide which of the F;’s is the actual minimum
polynomial for a over k. In order to make a branch choice, we need some
extra analytical information about «. If a is a number, then reliable
numerical methods such as interval arithmetic may be used to make a
decision. Note that we do not have to prove that a number is zero but
only to show that the wrong factors evaluated at a cannot be zero. If « is
an algebraic function, an evaluation point and the value of « at this point
uniquely determines the branch we are interested in.

e Perfect n-th power problem : Given an element 3 of k, decide whether
there exists v in k such that v = § and compute . It is clear that this
problem reduces to the factorization of ™ — 8 and to the branch choice
problem. If £ is a number or an algebraic function, the classical algorithms
([Len82]) and ([Tra76]) apply. Since we are only interested in linear factors
of ™ — 3, several optimizations of these algorithms are possible.

In this paper, we do not address in more detail these two sub-problems. We
do not consider neither the question of denesting radicals. (see [Lan92] and

[BFHTS5]).



2 Theoretical foundations

2.1 Preliminary results

For the convenience of the reader, we recall a few classical results :

Theorem 3 Let F be a field, Fy be a finite extension of F' and Fy a finite Galois
extenston of F. Then Fy Fs is Galois over Fy. Moreover, the Galois group of
the extension (Fy F)/Fy is isomorphic to the Galois group of the extension
Fy/(Fy N Fy).

Proof : See [Lan65]. O

In the next proposition, we use the following notations :
e p is a prime number,
e ¢ and m are positive integers,
e @ is a primitive root mod p,
o w=al
Proposition 1
1 Q) @) = 6(n).
2. QG Cm) = Q(Gem(m,n))-

3. If p is odd, then the Galois group G of the extension Q((p-)/Q is isomor-
phic to the direct product of a cyclic group G of order p—1 and of a cyclic
group H, of order p°='. The group G, is generated by the automorphism o
defined by o(Cpe) = Cpe- The group Hy is generated by the automorphism
T defined by T((pe) = C](,i+p). For each divisor m of ¢(p°), there exists a
unique subgroup of G of order m.

Proof: See [Has80], for instance. O

We then proceed by proving a number of lemmas. We shall make use of the
first one without any explicit reference.

Lemma 1 [k((,) : k] divides ¢(n).

Proof : Apply theorem 3 to FF = @, F1 = k and Fy = Q({,). The result follows
from the fact that [Q((,) : Q] = é(n). O



Lemma 2 If m = [k((pe) : k] divides p— 1, then the Galois group of the
extension k((pe)/k is generated by the automorphism o, defined by :

(p=1)/m
om (Gpe) = G .

Proof : Apply again theorem 3 to F = @, Fy = k and F5 = Q((p<). The Galois
group of k((pe)/k is isomorphic to the Galois group of Q((pe)/(Q((pe) N k). The
latter must be a subgroup of order m of GG,. The proposition follows from the
fact that o, has order m and G has a unique subgroup of order m. a

Lemma 3 Let [ be any extension field of k. Then,
(AP 1%) = (B ) (Sl 7).

Proof: Let a be an element of Al* and a its class in Al* /I*. We denote by B
the class of an element 5 of BI*™ in BI*" /I*®. Consider the morphism ® below :

& Al*JI* —s BT

a = a®

If @ is in the the kernel of ®, then a™ = 3" for some 3 in [*. Thus, a = ¢! 3 for
some integer i and o = ¢ mod I*. Since ¢} € O, @ € Yl* and ker ® C Q1*/1*.
Now, if @ € QI*/I*, then o™ = (¢J)" = 1 mod k*" for some integer j, which
proves that Q;* /I* C ker ®. O

Example We choose k = Q, a1 = /=2, ay = /3, and a3 = /6, where
the symbol X4 denotes the principal branch of the cube root function. The

set of roots of unity included in Ak* is generated by (¢ = /—1 so that Qj is
generated by (3. Hence, (Qzk* : k*) = 3. Let us now compute (Ak* : k*).
Consider integers €1, ez and e3 such that :

ey _€s €3 __ *
ai'az’ag® =1 mod k™.

Then,

étel N as?az® =1 mod k™.
Since ay, as and /2 are real numbers, we necessarily have e; = 0 mod 3.
Hence, a5? a5 = 1 mod k*. Tt is clear that oy and «s are multiplicatively

independent over k*, so that we also have ey = es = 0 mod 3. We conclude
that (Ak* : k*) = 27. On the other hand, there is a relation :

G232 63 =1 mod k*"
which shows that Bk*" /k*" ~ (Z/3 Z)2 and (BE*™ : k™) = 9. ]



Lemma 4 Let p be a prime number. If , € Ak, then {, & k* = p|n.

Proof: If (, € Ak™, then (j = 3" for some y and 3 in k*. Writingn = pg+r
with 0 < r < p, one obtains immediately that (; € k™. But if r # 0 then ¢, € k~
so that ¢, € k* = r = 0. |

Lemma 5 If 1 4+ {4 € Ak* then {4 € k* = 4|n.

Proof: If 14+(4 € Ak*, then (1+{4)" € k*. Writingn = 4¢+r with 0 <r < 4,
one obtains (1 4+ (4)" = (—4)? b where b is in the set {1,14 (4,2(4,2 (¢4 — 1)}
If r # 0 then {4 € k* and the result follows. a



2.2 Power of an odd prime

In this part of the paper, p denotes an odd prime and we assume that n = p/,
where f is a positive integer. We define | = k(¢,) if {, € Ak* and | = k
otherwise. Let [ be an element of the multiplicative group generated by the
elements of B. We denote by 3 the class of 3 in BI*™/I*® and 5 the class of 3
in Bk*™ /k*™. The following sequence of implications :

(B=3) =By ek =By el = (F=7)

allows to define a morphism ¥ :
¥ : Bk /k** — B/ (2)
B B
Proposition 2
1. ¥ s an isomorphism,

2.
(BI'™ - 1*%) = (BE*™ : k™).

Proof : The second assertion is a trivial consequence of the first one. It remains
to prove the first assertion when [ # k. The set {3 | 8 € B} is a set of generators
for BI*™ /I*", so that W is surjective. We are left to prove that ¥ is injective.
If 3 is an element of the kernel, then there exists an element ~ in [* such
that 8 = 4. Let ¢ denote a generator of the Galois group of [/k. We have
o(y") = 4" = o(v)" so that o(y) = ¢’ v for some integer i. If i = 0 mod p7,

then v € k, 8 = 1 and we are done. Otherwise, there exists an integer 7,
co-prime to p and a positive integer e < f such that :
¢h=Ge.

Since {/k is Galois, % is in  and so is {ye. Therefore, I = k((pe). The integer
m = [l : k] divides ¢(p) = p — 1, so that, by lemma 2, we can assume that
0 = o, If t is a non negative integer, then we have :

wp=1)/m 4
T (Gpe ) = G .
Now, if we choose t such that :
tw®=D/™ 4 =t mod p° (3)

then v; = C‘f,e 5 is an element of k which satisfies v} = 3. Hence, 3 = 1 and the
proof is complete. It remains to prove that equation (3) is always solvable. By

Fermat’s little theorem,

w(p—l)/m — 1= ape_l (p=1)/m _ 1= a(p_l)/m — 1 mod p.



Since a is a primitive root modulo p, a(P=1/m % 1 mod p. Thus, wp=1/m _ 1
is prime to p and equation (3) has always a solution.

Proposition 3

1) = k().

Proof : Assume that { # k. Then, ¢, is in Q and {(Q;) = k(). Let ¢ be an
element of ;. By definition, there exists &« € A and ¢ € [ such that { = ac.
Taking n-th power in this equality yields 1 = g ¢” with 8 € B. Proposition 2
shows that there exists an element d € k such that 3 = 1/¢” = 1/d". Hence,
¢ = ¢J d for an appropriate integer j and it is clear that ¢J belongs to [. There-
fore, we have { = (ad)¢l. But (ad) € Qx and ¢J €1 = k() C k(Q). We
conclude that ¢ € k(Q) and the proof is complete. O

Theorem 4 Let p be an odd prime, f be positive integer and suppose that n =
pf. Then,
[K k] = (BE*™ k™) [k(Qu) : k]

Proof : The following equalities are trivial :
[K k] =[(A) - k] =[I(A) [ : k).

By lemma 4 and lemma 5, the conditions of Kneser’s theorem are satisfied for
the extension {(A)/! and we obtain :

[K k] = (A" )] k).

Lemma 3 implies :

[K k] = (BU™ U™y (™ )] k)
Now, applying again Kneser’s theorem to the extension [(£;)/l, one gets :

[K k)= (B U - - k).
The theorem follows from propositions 2 and 3. m]
Example : We again choose k = Q, a1 = V/—2, as = /3, and az = /6, where
the symbol </ denotes the principal branch of the cubic root function. We have

already shown that (Bk*™ : k*") = 9 and that Qj is generated by (5. Hence,
(@, az, aa) : Q) = (BE™ < k™) [Q(Ga) : Q) = 18. 0



2.3 Powers of 2

We now consider the case n = 2/. It turns out that extra complications occur.
For any positive integer u, we define £, = &3u —1—52_“1. Let ¢ be the largest integer
such that & € k and ¢t = oo if no such integer exists. In this section, we denote

by ! the field k((4). Following Schinzel ([Sch77]), we set :
e a=—1ift> f,
ea=(&+2Y =g, ift<f,
o a=—(&+2)2 =g, ift=F.
Then, proposition 2 of the previous section is replaced by :
Proposition 4 If a € Bk*", then
(BI*™ . I"") = (BE*™ < kB*" ak*™ >),

else

(BI™ 1) = (BE*™ : k7).

Proof: We define the morphism ¥ asin (2). By a lemmaof Schinzel ([Sch77][lemma
2]), the kernel of ¥ is trivial or generated by a. a

Let us determine the order of the element a modulo £*" :
Proposition 5 Assume that (4 € k and n =2/ > 2. Then :
1. —1 has order 2 modulo k*™,

2. —(& + 2)2f_1 has order 2 modulo k*™ (t # o),

3. the order of (& + 2)2f_1 is 1 or 2 modulo k*" (t # 0 ).

Proof : It is clear that a has order at most 2 modulo £*". If —1 € £*", then
Cor+1 € k*. Since (4 ¢ k this situation cannot happen. If —(& + 2)2f_1 € k*n,
then C4 (& + 2)2' " € k*. Again, it would imply ¢4 € k. ]

The order of (& + 2)2f_1 can actually take the values 1 and 2, as shown by
the following examples : We choose k = Q(v/—2) and A = {/—4} (we consider
principal branches in this example), so that t = 2, f =3 and B = {—4}. Tt is
clear that (4 € k. We have (£3+2)* = 16 € Ak* but 16 = /=2 so we also have
(&2 4+ 2)* € k*". If we change the ground field and take k = @, then (&3 + 2)*

has order 2 modulo &*". O

We shall need the lemmas below :

10



Lemma 6 For any positive integer u, k(&) is a Galois extension of k.

Proof : Obvious, since k(&,) is included in the abelian extension k(z«) of k.
O

Lemma 7 Suppose that t # co. For any positive integer u > t, Euq1 & k(Ey).

Proof : We proceed by induction on u : If u = ¢, then the assertion is a trivial
consequence of the definition of t. Let us assume that u > ¢ and that &, is not

in k(€u—1). If €ug1 s in k(&y), then we have :

V2+€u:a+b€u:

where a,b € k(€y—1). By squaring this equation and using the induction hy-
pothesis, we obtain the system of equations :

2 = a2+b2 (2+€u—1)
1 = 2ab

Solving for a?, one finds that :
1
Cl2 =1 + 5\/@
Hence, we must have \/2 —&,_1 € k(€,-1). Since /2 — £, _1 is a conjugate of

&y over @, by lemma 6, we must have &, € k(€,—1). This assertion contradicts
the induction hypothesis and we conclude that £,41 € k(&y). O

If u and v are positive integers (u > v), we denote by N, , the relative norm
from k(£,) to k(&y). In particular, if t # oo, then N, ; is the norm from k(&)
to k.

Lemma 8 Assume thatt # co. Then :
1. Nu,t(gu) = _(2 +€t) qu =t + 11
2. Nu,t(gu) =2- é} qu >t+ 1.
Proof : By lemma 7, &41 € k. The conjugate of ;41 over k is —&;41 and

the first assertion follows. Let u be an integer satisfying u > ¢t 4+ 1. By the
transitivity of the norm, we have :

Nut(€u) = Nuc1,t(Nuu—1(Eu)).

11



Repeating the preceding arguments, we find :

Nu,t(gu) - Nu—l,t(_(2+€u—1))
Nu—Z,t(Nu—l,u—2(_(2 + gu—l))
Nu—2,t(2 - £u—2)

= Nt+1,t(2 - €t+1) =2-¢&.

Finally, we obtain an extension of ([Sch77][lemma 3]) :

Lemma 9 Suppose that (4 & k and t # co. Let s be an integer such that
s>t+ 1. Then Cas & k(Cys-1).

Proof : We put k1 = k(5-1). By lemma 7, £; does not belong to ki. Let m
be the largest integer such that (a3m belongs to k1((s) = k(Cas-1). In virtue of
([Sch77][lemma 3]), only two situations can occur : either m = s—1, (2= & k1(C4)
and we are done, or m = s and (4&; = d € ki. In the latter case, we have
k(&) = k(C2:). We now take norms and use lemma 8 :

Ns,t(c4€s) == Ns,t(c4) Ns,t(gs) =2- €t~
On the other hand, since d € ky and &; & k(&s;—1), we have :
Ns,t(d) = Ns—l,t(Ns,s—l(d)) = Ns—l,t(d2) = d%

for some dyi in k. But if 2 — &; is a square in k, then 2 + & is also a square and
&:41 belongs to k. The lemma follows from this contradiction. O

The propositions below are similar to proposition 3 :
Proposition 6 Assume that (4 € Qx. If a & BE*™ then [1() : k(Qg)] = 1.

Proof : From the assumption, [(€;) = k(). Let ¢ be an element of ;. There
exists a € A and ¢ € [* such that ( = a¢. Raising this equality to the n-th
power yields 1 = f¢” with § € B. By proposition 4 there is an integer ¢ and an
element d of k such that ¢ = ¢! d and ( = ad({’. Now, ad is an n-th root of
unity which is in Ak* and from the definition, we see that ¢! € I. We conclude
that ¢ € k(Qx). m|

Proposition 7 If n > 2, t > f and a = —1 € BEk*" then 1 4+ (4 € Ak*,
Can € k() and () : k(Q)] = 1.

12



Proof : Since

4
1= (%) c BEn
&3
and &3 € k, we also have (1 + (4) € Ak* and (4 € Ak*. Hence, {4 € k(Q%) and
consequently (ot € k(). Morever, t > f implies that (2, € k(). Finally, the
group €, which contains only n-th roots of unity, must be included in k(Qg).
O

Proposition 8 If f =t and a = =&, € BE*", then 1+ (4 € Ak, k(Q) =

Proof : First of all, we treat the case f = ¢t = 2. Since a = —4 € Bk*",
14 {4 belongs to Ak*. Consequently, (4 € Qi and I() = k(Q) = k(C4). Now,
consider the case t = f > 2. We have :

<1+C4
&3

Since f > 2, we can extract the fourth root of the right hand side. Therefore,
there exists an integer j such that :

Cﬁ (%) (2 _1_&)”/8
&3

is an element of Ak*. But {3 and (2 + &) are in k because t = f > 2 : We
conclude that 1+ {4 € Ak*. Therefore, (4 € Q and ¢, = (ot € k(Q). Again,
we must have {(Q;) = k(Q%). m|

)4 (2+&)"2.

Proposition 9 Assume thatt < f, a =y, € BE™. Then :
1. If a has order 1 modulo k*" and (4 € Q, then (%) : k(Q)] = 1.

2. If a has order 2 modulo k™ and 1+ (ot € Ak*, then 1 + {4 € Ak™ and
() : k(Qx)] = 1.

3. If a has order 2 modulo k™, C4 € Qi and 1+ (3x & Ak*, then [I(Q) :
k(Qg)] = 2.

Proof : It a has order 1, the argument of the proof of proposition 6 applies.
Now, assume that a has order 2, 1 + (5t € Ak*™ and let us prove the second
point : If t = 2, it is clear that 1 + {4 € Ak*. Notice that (1 + (s¢)* =
Cot (24 &) € Ak*. Since 24 & € k, we have (y: € Ak*. Therefore, if t > 3,
then (s = (14 (4)/& € Ak* and 1+ (4 is in Ak*. Let ¢ denote an n-th root of

13



unity in ©; such that { = ac with a € A and ¢ € [. By proposition 4, either the
argument used in proposition 6 shows that ¢ € k() or there exists an integer
j and an element d of k such that :

L _Gd _Gumd

& 14 ¢ -

In the latter case, ¢/ (541 is in {. Our hypothesis implies that the n-th root of
unity ad/(1 4+ (st) belongs to Ak*. From :

ad
14 (o

C = C}’yl C2t+1a (4)

we conclude that ¢ € k().

Finally, we consider the third situation. Proceeding as in the previous case,
we also obtain a relation of the form (4) with ¢/ (yt+1 in [. Squaring the latter
expression proves that (27 € [. Notice that we also have :

_ a? d? c2i
246"

Consequently, ¢? € k(Qx) and [I(Q) : k()] < 2. Since a € Bk*", there exists
an integer s and an odd integer ¢ such that :

Ei41 = Carr (1 4+ Got) = Cés ad (5)

C2

for some o € A and d € k. We split the problem into three parts : Firstly, we
assume that s <t + 1. Then, (3s cannot be in Qf, otherwise 1 4+ (5t would be
in Ak*. On the other hand, squaring relation (5) shows that (5.-1 is in Q :
We must have Q =< (9:-1 >. By lemma 9, {3: cannot belong to k(Q). But
the second equality in 5 shows that (- is an element of ;. Therefore, we must
have : [1() : k()] = 2.

Secondly, consider the case s = ¢ + 1. As previously, squaring relation 5,
one sees that (g:-1 = (o¢ is in Q. Relation (5) also yields 1 + (ot = (5} aod and
1+ (5t € Ak*. The latter inclusion contradicts the hypothesis and we exclude
this case.

Then, assume that s < ¢+1. This time, the relation (5) proves that {5¢+1 can-
not be in Q. However, (5:+1 belongs to €2, so that Qp =< {3+ >. We conclude
that k(Q) = k(C4). If (oe41 18 in k(Qy), a lemma of Schinzel ([Sch77][lemma 3])
shows that (4 41 belongs to k. But then, @ would have order 1 modulo £*".
Therefore, (o:41 is not in k(g ), and again, [[(€) : k(Q)] = 2. a

The following examples show that if (4 € k, ¢ < fand 14+ {4 € Ak*, then we
can actually have [[(€) : k()] = 1 or [{() : k()] = 2. In these examples,

we consider the principal branch of the radicals involved. We choose n = 16,

14



k= Q(ﬂ) sothat t =3 < f =4, & =2 and & 41 = V2 4+ V2. The first
example is a1 = /—4, as = (16&4. Since (s = ai/&s, we have k((s) C k(Qk).
It turns out that (1 is not in €, so that Qg = ;. We now replace as = (16&4

by as = &;. Then we have (15 € Al* since (15 = &4/(1+¢g ") and (g € [. Again,
one can show that Qy = < (s >, but (15 & k(%) = Q(\/iJ Ca). m|

The main result of this section 1s :

Theorem 5 If (s € k, f > 2 and one of the two following conditions is satis-
fied :

1. t> f and a € BE™,
2. t< f, a € BE™, a has order 2 modulo k*™ and 1+ {5+ € Ak*,

then :
[K : k] =1/2(BE*™  k*") [k(Q4) : k]

In all other cases :

(K : k] = (BE* : k™) k(%) : K].

Proof : Assume for a moment that {4 € k or n = 2 or (4 & Q. The latter
assumption implies that 1 + (4 ¢ Ak*. According to Kneser’s theorem and
lemma 3,

[K : k] = (BE™ : k") (Qk™ « k).

If n = 2, then (Qk* : k*) = [k(Q) : k] = 1. If {4 € k, then we can apply
Kneser’s theorem to the extension k(Q)/k and obtain the result. Finally, if
14 (s & Ak* then 1+ (4 & Qrk* C Ak* and Kneser’s theorem applies again to
k()R

We now assume that n > 2, {4 € Qg and {4 & k. We set | = k((4). Since
Cs € Q, k(A) =1(A) = K. Therefore,

[K < k] = [I(A) : Q[ : &].

The condition of Kneser’s theorem are satisfied by the extension {(A4)/l. By
Kneser’s theorem and lemma 3, we obtain :

[K k) = (B "™yl D[ k).
We can also apply Kneser’s to the extension {(€;)/! :
[K k] = (BU" ) [k(Q) : k]

The theorem is now an immediate consequence of propositions 4 to 9. a

We close the section by pointing out an important particular case :

15



Theorem 6 If the o;’s are real numbers then [K : k] = (BE*™ : k*™) [k(Q) :
k] = (BE*™ : k*™).

Proof : Immediate consequence of Kneser’s theorem and lemma 3. a

16



3 Algorithms

We present in this section various algorithms for constructing a basis for K over
k. We have attempted to avoid as far as possible factorization over algebraic
extensions of k£ and the introduction of spurious roots of unity. The algorithms
are inspired by ([Zip85]), but include various improvements based on results of
the first section as well as a different presentation. We first treat two important
sub-cases :

1. We assume that we know in advance that :
[K : k] = (BE™ - k™) [k(Qu) : K]

According to the previous section, such a situation occurs when n = p/,
with p odd and prime or p = 2 and (4 is in k, for instance. We call this
situation the regular case.

2. We consider the case where n is a power of 2. Theorem 5 shows that this
case is not always regular.

Finally, we consider the general case : n is supposed to be any composite integer.
Following ([CF76]) and ([Sme90]), we also have included an optimization based
on the computation of an independent set of multiplicative generators for the
B;’s which allows to skip factorization steps in some cases.

17



3.1 The regular case
We assume that the degree of the extension K/k is :
[K k] = (BE*™ k™) [k(Q) : K] (6)

We describe two algorithms for computing (Bk*™ : £*?) which simultane-
ously provides a set of generator for €. The second one is more efficient, but
its scope is limited to certain special cases.

3.1.1 General method

We consider the group Bk*" /k*™ as a group given by generators, namely the §;’s,
and relations. We start with the trivial relations 8 = 1 and search iteratively
for new relations of the form :

[I5 =y=1 ~vek, (7)
i=1

where the e;’s are integers satisfying 0 < e; < n and are not all equal to zero.
Each time a relation is found, the new relation is added to the others and a
minimal set of relations is computed. The problem of determining whether an
element of k is a perfect n-th power is not addressed in the paper (see the
introduction). The minimal set of relations is represented by a matrix M of
exponents in Hermite normal form. More precisely, M = (m; ;) is an (s,s)
matrix of nonnegative integers such that :

1. miyjIOifZ.>j,
2. m; i >0,
3. 0<m;; <my;ifi<y.

Each line of the matrix represents a relation :
S
[1s =w=1 (8)
=i

The matrix M is initialized to a diagonal matrix containing n on the diagonal
(the initial trivial relations). When a new relation (7) is found, a (s + 1,s)
matrix M’ is formed by adding the line (ej,es,...,¢e5) at the bottom of M.
A new Hermite normal form is computed from M’ using row reductions (see
[Coh93] for instance) and the last row (containing only zeros) is deleted. If
T = (ti j){1<i<s+1,1<j<s+1} is the (s + 1,5 + 1) left unimodular transformation
matrix corresponding to the Hermite reduction, then the new value ] of ~; is :

S
ti g
yi=Aen T 9)
j=1
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The initial values are of course v; = ;. After the set of possible exponent
vectors has been exhausted, we put r; = m;; and we define :

R= ﬁri.
i=1

Then, we have :

Proposition 10
(BE*™ . k™) = R.

Proof : From the triangular form of the matrix M, it is clear that every el-
ement of Bk*"/k*™ is equivalent to an element of the form £7*,..., 8 with
0 <e; <7;— 1. On the other hand, if any of these elements was a perfect n-th
power, the relation 87*,..., 3% = 1 would have been found by the exhaustive
search. Let 7 be the largest integer such that e; is nonzero. Then, inspection of
the row reduction algorithm shows that we should have r; < e;. O

For each line 7 :

gre=ar 11 B (10)

=i+l

Taking n-th roots in (10) yields :
of =y [ o™ (11)
j=itl
for some integer n;. Let w be an n-th root of unity such that :
<w>=< L0000 >
Proposition 11 k(Q) = k(w).

Proof : The inclusion k(w) C k() is trival. Let ¢ be an n-th root of unity
in Q. Using the relations (11), we can write :

s

— J €;

¢= [T
i=1

where v € k, j is a well chosen integer and 0 < e; < r;. Raising this equality to
the n-th power yields :
S
1= ’yn H ﬁf'.
i=1
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If €;,’s is different from zero, then (BE*"? : k*™) must be smaller than R and we
obtain a contradiction with proposition 10. Therefore, the e;’s are all equal to
zero and { = yw’. a

Next, for 1 < i < s, we define :

Py =a" =y [ o™ (12)
=i+l
and
[{S-H :k‘(Qk) ]{i :k(Qk,ai,...,as) (13)

Proposition 12 The polynomial P;(x) is the minimal polynomial of «; over
Kiyr.

Proof : By hypothesis (6), proposition 10 and proposition 11,
[K k] = R[k(Q) : k] = R[k(w) : k]

Therefore, none of the P;’s splits over K;41. O

It remains to compute [k(Qg) : k]. It is easy to show that if

n

m=————+
ged(ny, ..., ny)

then we can choose w = (,;,. The degree v of the minimal polynomial of (,,
over k can be computed by mere factorization over k of the m-th cyclotomic
polynomial.

Proposition 13 The set

{{hoal, ... al

0<ap<v,0<a; <ry,...,0<a; <rg}
form a basis for K over k.
Remarks

1. Is is clear that we only have to search for new relations of the form (7)
for e; smaller than the current value of m;; since any relation with an e;
greater or equal to an m; ; can be reduced using the relations (8).

2. If it has been determined that # is not an n-th power in k, then for any
integer m prime to n, ™ is not an n-th power. For, there exists integers
a and b such that am+bn =1and g7 =" = 2" =1~ =47 —
B=(y8")".
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3. Let ¢y(d) denote the cost of factoring a degree n polynomial over an
algebraic extension of degree d of k. In the worst case, that is when
[K : k] = n®, the cost of the brute-force algorithm sketched in the intro-
duction is dominated by the cost of the last step : ¢, (n*~1). In the same
condition, taking into account the preceding remark and the computation
of [k(€2%) : k] the cost of our algorithm is (n®/¢(s)+1) ¢, (1). Consider the
case of a finite algebraic number field k. It is reasonable to assume that
¢n(d) = (nd)™ for a positive integer m (see [Lan85], [Len83] for plausible
values of m). Then ¢, (n*~1) = n™* and n®/¢(s) ¢y (1) = n*+™/é(s). Pro-
vided that s and m are greater than 1, the exponent s+ m is smaller than
ms. The larger are m and s, the greater is the gain that the algorithm
achieves.

4. The problem of deciding which roots of unity actually satisfy (11) is a
instance of the branch choice problem mentioned in the introduction and
is not addressed in this paper.

5. Instead of Hermite normal forms, we could also use Smith normal forms.
In that case, the matrix M is reduced to a diagonal form by applying left
and right unimodular transformations. It means that the generators ;s
are also modified so as to give new generators 3] such that (3/)™+: € k*".
Using Hermite normal forms yields a basis generated by nested radicals
while Smith normal forms produce un-nested radicals. We leave the details
to the reader.

Finally, we summarize the method :
Algorithm Regular-case(k,n, B)
Input :

e k, afield,

e 1, an integer,

e B={f1,...,0s} aset of s elements of k.

Output : A set of polynomials {Pg, P1,..., Ps} such that Py is a minimal
polynomial for a primitive element of k(Q)/k, and for 1 < i < s, P; is the

minimal polynomial for {/3; over k(Q, ¥/Bit1,--., V/Bs)-
Begin

Initialization.

S:=A{le1,...,es] | 0< e <n}—{[0,...,0]}.

For ¢ from 1 to s do ~v; := f3;.

M :=n=x*Id,.

Computation of (Bk*™ : k*7).
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While S <> {} do
Choose an exponent vector v =[e,...,es] in S.
If B;'...B% =" for some 7y in k then
M, T := Row-reduce(M,v).
Update the 7v;’s according to formula (9).
S := Update(S, M).
else
S := Update(S,v,n).

Computation of the P;’s.

Choose the n;’s according to (11).
m:=n/ged(ny, ..., ng).
Compute the minimal polynomial Py of (.
Define the F;’s according to (12).
Return {P, P1,..., Ps}.

End.

Algorithm Row-reduce(M,v)

Input : M, asquare matrix of size s in Hermite normal form, v a row vector
of size s.

Output : a square matrix of size s in Hermite normal form and the transfor-
mation matrix 7.

Begin

M':= stack(M,v).
M',T := Hermite(M').
Delete the line of zeros at the bottom of M’.
Return M’ and T'.
End.

Algorithm Update(S, M)

Input : S, aset of s-uples of nonnegative integers, M = (m; ;) a square ma-
trix of size s with nonnegative integer entries.
Output : S, a set of s-uples of nonnegative integers, such that the #-th coef-

ficient of each s-uple is smaller than m; ;.

Algorithm Update(S, v, n)

Input : S, aset of s-uples of nonnegative integers, v, an s-uple of nonnegative
integers, n, a positive integer.
Output : S, a set of s-uples of nonnegative integers, such that there is no

s-uple in S congruent to mv modulo n for any m co-prime with n.
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Algorithm Hermite(P)
Input : P, a matrix with integer entries.
Output : The Hermite normal form @ of P and the transformation matrix 7'

such that T P = Q.

3.1.2 Independent generators

We shall show in this section, that [K : k] can sometimes be computed without
any factorization of polynomials over k. This section was motivated by the
techniques presented in [CF76]) and [Sme90] for the case k = Q.

Let {51-}199 be a set of elements of k* and denote by m; the order of J;
modulo £*7.

Definition 1 The d; s are multiplicatively independent modulo k*™ if, for any
r-uple of integers (e1, ..., e;), we have :

,
Héjjzlmodk*" —e;=0modm; 1<j<r
j=1

We assume in this section that there exists a set {(52'}19-3, of multiplica-
tively independent elements of k* such that there exists nonnegative integers

{pijt1<i<s,1<j<r satisfying :
-
Bi=T] o5 (14)
j=1
Definition 2 We shall say that the §;’s form a set of independent generators

for the B;’s.

Example : If £ = @, a set of independent generators for the §;’s can be
computed by factorization of the §;’s or by ged computations only (see [CF76]).
This technique can also be applied when k is an Euclidean quadratic field with
a finite group of units. ad

We now explain how to construct relations of the form (7) from (14). Let P be
the (s,r) matrix P = (p; ;). From (7), we get :
- Y i Pii€i n
H()j = =" (15)
j=1

The independence of the J;’s gives :

ZpiyjeiEOmodmj 1<ji<r. (16)

i=1
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Each of the relation set (16) is a vanishing linear combination of the rows of
the (r + s,7) matrix P’ built by stacking P and the (r,r) diagonal matrix
diag(mi,...,m,). Reciprocally, a vanishing linear combination of the rows of
P’ yields a relation of type (7). Let @ be the Hermite normal form of P’ and S
be the unimodular (s + r, s + r) matrix such that

SP' =Q.

The matrix @ is made of an (r, r) upper triangular matrix with nonzero elements
on the diagonal and of a (s,r) zero block. The r first rows of Q) are obviously
independent over Z. Hence, the s last rows of S generate all the relations of
type (16) over Z.

More precisely, if S = (s; j)1<i<s+r,1<j<s4r, then for r +1 < i < s 47, each
line of S corresponds to the relation :

[18; =118 " =+ = 1 mod k= (17)
j=1 j=1

for some «; in k*. Therefore, we form the square matrix M = (mi,j)lﬁissylsjﬁs
defined by m; ; = s; ; such that each line of M corresponds to a relation of type
(10) and we triangularize the set of generating relations represented by M using
a Hermite normal form or a Smith normal form, just as in the general case. It
is now clear that propositions 10 to 12 hold for the final matrix.

Algorithm Indep-Gen(k,n,B,P,D,my,...,m;, E)
Input :
e k, afield,

e 1, an integer,

B ={f1,...,0s}, aset of s elements of k,

P = (p;;), an (s,r) matrix with integer entries,

D = {éy,...,0,}, a set of independent generators for the §;’s such that
ﬁi = H;:l 5‘?1)]’

e my,...,m,, integers such that m; is the order of §; modulo k*",
o E={e1,...,e-}, aset of elements of £* such that §;"* = ¢}.

Output : A set of polynomials {Pg, P1,..., Ps} such that Py is a minimal
polynomial for a primitive element of k(Q)/k, and for 1 < i < s, P; is the

minimal polynomial for {/B; over k(Q, /Biy1,--., V/Bs).

Begin
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Computation of the relations.

P’ := stack(P,diag(mi,...,m,)).
@, S := Hermite(P’).
For ¢ from 1 to s do
For j from 1 to s do
mij = Sr4ij -
v = 1.
For j from 1 to r do
Yi =y k ej_s””s .
Reduction of the relations.

M,T := Hermite(M).
For 7 from 1 to s do
v = [T 7;“ ‘
Computation of the P;’s.
Proceed as in the general case.
Return {Py, P1,..., Ps}.
End.
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3.2 Powers of 2

We assume in this section that n > 2 and {4 is not in k, otherwise we are in
a regular case. According to theorem 5, the degree of the extension K/k is

(BE*™ : k) [k(Q) = k] or 1/2(BE*™ : k*™)[k(2) : k]. We recall that :
e a=—1ift> f,
oa=(&+2)Y " =€, ift < f
ea=—(6+2)2 7 =2 ift=F.

We assume in the following discussion that a has order 2 modulo k*". If a
has order one, we know from theorem 5 that the situation is regular. We still
have to search for relations of the form (7), but we are also looking for relations
of the form :

2f-1

S
[[8=as"=1, sek, (18)
i=1
where the f;’s are integers, not all equal to zero. We call such a relation an
wrregular relation. As in the regular case, the search for irregular relation reduces
to determine whether an element of %k is a perfect n-th power in k.
The following properties are immediate :

1. @ is in Bk*" if and only if there exists an irregular relation (18).

2. Once an irregular relation is found, all irregular relations can be deter-
mined by multiplying it by regular relations of type (7).

3. We cannot find a regular relation and an irregular relation for the same
exponent vector since a is supposed to have order 2.

4. If v is an exponent vector which doesn’t provide an irregular relation,
then, for any odd integer m, mv cannot yield an irregular relation.

Therefore, we just have to search for one irregular relation : Upon discovering an
irregular relation we store it and proceed with the computation of (Bk*™ : k*™).
If no such relation has been found, then a is not in Bk*"and we are reduced
to the regular case. If an irregular relation (18) has been discovered, then we
reduce it modulo the relation given by M so that f; < r; for 1 < i < s. Let
v denote the largest integer such that f, # 0. Such an integer exists since a is
supposed to have order 2. Moreover, we must have r, = 2 f,, so that :

grl?=asm [ 877 (19)
j=v+1
We define R, w, P; and K; (1 < i < s) as before (see (12) and (13)). Tt is
clear that :
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Proposition 14
1
(BE*™ < k" a k™" >) = ) R.

Moreover, since (4 ¢ k, a small modification of the argument in proposition 11
yields :

Proposition 15 Q =< w,—1> .

We consider three different cases :
Casel:t>f a=—-1.
Extracting n-roots in (19) gives :

ol =¢hrs I o5 (20)
j=v+1
for a well chosen integer n,. Therefore, we define :
Qu(z) = g l? i) H aj_fj.
j=v+1

Proposition 16 For i # v, P;(z) is the minimal polynomial of a; over K;y1.
Moreover, @y is the minimal polynomial of o, over K,41.

Proof : Proposition 7 says that (2, € k(Q). From the relations (11) and (20)
we get :

. 1 1
[K k] < §R[k(C2n) k] < §R[k(9k) t k]
Finally, theorem 5 and proposition 14 imply that the P;’s (i # v) and @, are

irreducible. O

Case2:1=f>2,a=-&,.
Proceeding as in the previous case, we obtain this time :

ol = e I o7 (21)
j=v+1
for a well chosen odd integer n,. We define :
Quz) =™ —Gr s T o "
j=v+1
Proposition 17 Fori # v, Pi(z) is the minimal polynomial of a; over Kiy1.

Moreover, the polynomial Q, is the minimal polynomial of o, over Ky41.
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Proof : By proposition 8, k(Q) = k((t). Since n, is odd, (F2&41 =

é?“_l)ﬁ (I 4 (o) is in k(Qg). The coefficients of @, are therefore in Ky41.

The proposition now follows from theorem 5 and the relations (11) and (21). O

Case 3: 1< f,a=¢£0,.
Taking again n-th root in (19), we get :

a:‘/v/2 = (P64 8 H aj_fj. (22)
j=v+1

for a well chosen integer n,. So we put :

Qu(a)=a"? =1 &qr 8 ] o7 "

j=v+1

Let s be the integer such that :
v =l

for an odd j and set m = max{s,t + 1}.

In the following proposition, we assume that (4 is in Qg, otherwise we are
in a regular case since 1 + (4 cannot belong to Ak*. The condition {4 € £ can
be quickly checked in virtue of proposition 15.

Proposition 18 Assume that (4 € Q. For i # v, P;(z) is the minimal poly-
nomial of a; over Kipq1. If s =141 or (am € Qy, then the minimal polynomial
of ay over Kyy1 15 Qy. Otherwise, the minimal polynomial of o, over Kyyq s
P,.

Proof : If s =t + 1, then Cés E41 = €4 (1 +Cor) is in Ak*. Squaring this ex-
pression, one sees that (J,_, (3¢ (2 + &) is in Ak*. Therefore, {5+ belongs to Qy
and so does (1 + (5:). Theorem 5 completes the proof. Suppose that s # ¢+ 1.
Writing €41 = Cor+1 (1 4 (ot), we see that 1 4 (5 is in Ak* if and only if {am
is in Ak*. If (am € Q, then the coefficients of @), are in K,41 and theorem
5 yields the result. If (3m is not in Ak*, theorem 5 shows that all the P;’s are
irreducible over their coefficient field. ad

The following algorithm summarizes the method :
Algorithm Power-of-2(k, f, B)

Input :

e k, afield,
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e f, a positive integer,
e B={f1,...,0s} aset of s elements of k.

Output : A set of polynomials {Pg, P1,..., Ps} such that Py is a minimal
polynomial for a primitive element of k(Q)/k, and for 1 < j < s, P; is the
minimal polynomial for 2{/@ over k(Q, Q\f/ﬁ“_l, . 2{/@ .
Begin

Initialization and special cases.

If f=1 or (4 € k then Return Regular-case(k,2,B).
n =27,
t := Max-t(k).
If t < f then a:=¢}y,
If @ € k" then Return Regular-case(k,n, B).
elif t = f then a:= —{,
else g :=—1.
S:=A{le1,...,es] | 0< e <n}—{[0,...,0]}.
For ¢ from 1 to s do v; := f3;.
M :=n=x*Id,.

Is-a-in-Bk*?? := false.
Computation of the kernel of .

While S <> {} do
Choose an exponent vector v =[e1,...,es] in S.
If B;'...B3% =" for some 7 in k then
M, T := Row-reduce(M,v).
Update the 7v;’s according to formula (9).
S := Update(S, M).
elif not Is-a-in-Bk*"? then
If B;'...0% =a~™ for some vy in k then

Is-a-in-Bk*"? := true.
Vg 1= V.
Ya =7

S := Update(S,v,n).
else S :=Update(S,v,n).

Computation of k()

Determine w from the n;’s (see propositions 12 and 15).
Compute the minimal polynomial F; of w over k.

Computation of the P;’s.

Define the P;’s (i > 0) according to (13).
If not Is-a-in-Bk**? then
Return {Py, P1,..., Ps}.
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elif ¢ > f then
Define (), as in proposition 16.
Return {PO,Pl;~~~7P1/—1,QU;PU+1;P5}-
elif ¢t = f then
Define (), as in proposition 17.
Return {PO;Pl;-~-;Pv—1;Qv;Pv+1;Ps}-
else
Define s and m as in proposition 18.
if s=t+1 or (, €E<w,—1> then
Define (), as in proposition 18.
Return {PO;PL~~~;Pv—1;Qvan+1;Ps}-
else
Return {P, P1,..., Ps}.
End.

Algorithm Max-t(k)

Input : k, a field.

Output : The largest integer ¢ such that & = {5+ + Cz_tl isin k.
Begin

t:=2.

&:=0.

While £ +2 is in k2 do
£=vE+2.
t=t+1.

Return ¢.

End.
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3.3 General case

We assume in this section that n is not a power of a prime and that the factor-
ization of n is :
m
n= H pit
i=1

where the e;’s are positive integers. For 1 < i < m, we define :

n

n; = e
p;’

and
A ={ad, . ali}

Proposition 19 k(A) = k(A41,..., An).

Proof : It is obvious that k(Ai,..., An) C k(A). Let ay,...,an be integers
such that
arnyg+ -+ Gy ny = 1.

Then we have :
(a}”)al . (a?’”)am = aj.

Hence, k(A) C k(A1 ..., An) and the proof is complete. |

Let us introduce some notations :

e Q; is the group of p;‘-th root of unity contained in A; k*.
o ko =k, ki=ki—1(4;) for 1 <i<m,

o log =k, l; =6;_1() for 1 <i<m,

hzzllﬁk(Al)fOI'lflfm

We shall build recursively the fields k; and {;, and attempt to keep as low as
possible the degree of the field wherein the computations are performed.
We assume in the sequel that p1 > ps > - > pp,.

Proposition 20 For 1 <1 <m, we have :
1. The prime factors of [ki—1 : li_1] are in the set {p1,...,pi—1},
2. [kiz1 () 1 L] = [kiz1 : ia],
3. Tki kic1 ()] = [k(A:) : Ayl
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Proof : We begin by proving that 1 implies 2 and 3. Since [l;,l;_1] divides
é(p;*) and p1 > pa >, -+ > pi—1 > p;, no prime factor of [k;_1 : {;_1] can divide
[li,li—1], so that ([ki—1 : li_1],[li,li—1]) = 1. Hence, equality 2 holds. From
theorem 4 and 5, [k(A;) : k()] is a power of p; and [k(A;) : h;] must also be a
power of p;. Since l;/k(§2;) is Galois, theorem 3 yields [l;(4;) : l;] = [k(A:) : hi].
But then [/;(A4;) : ;] and [ki—1(£%;) : {;] are relatively prime and 3 is true. Finally,
we prove 1 by induction on i. If ¢ = 1, k;_1 = [;_1 = k and the assertion is
trivial. If 2 < i < m, then assume that assertion 1 is true. We have just shown
that :

[]i’l . lz] = []i’l . ]fz—l(Qz)][kz—l(Qz) . ll] = []f(AZ) . hl][kz_l . li—1]~

Since [k(A;) : L Nk(A;)] is a power or p;, the prime factors of [k; : ;] must be
il’l {pla"'7pi—1api}~ a

In order to compute k;/k, this proposition shows that we only have to com-
pute the degree of the extensions in dotted lines in the figure 1 below (the
letters a, b, ¢ and d point out extensions of the same degree). It is clear that
this technique is better than the brute-force algorithm and that it totally avoids
the introduction of spurious roots of unity.

VRN
/\/\W

s d
a b 7
e
7/
7/
7/
k
Figure 1
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In the case k = @, one can prove a useful proposition :
Proposition 21 If k= Q and (p1p2...pi—1,501...0s) = 1 then h; = k().

Proof : We have h; = (k(A4;) N ;_1) Uk(€;). The only primes that ramify in
l;_1 are the p;’s for 1 < j < i—1 (see [Nar90]). On the other hand, a prime
which ramifies in k(A4;) must divide one of the 8;’s or p; by ([Nar90][Prop. 4.13],
[Nar90][Prop. 4.12]), and the fact that disc(z™ —a) = (=1)""tn™ a™"~L. Hence,
if (p1p2...pi—1,01...0s) = 1, there is no prime number which ramifies both in
k(A;) and ;1. Since the only unramified extension of @ is @ ([Nar90][p. 167]),
we conclude that (k(A;) N l;_1) = @ and we are done. a

Note that if ; is not in {;_; for some j (1 < j < i—1), then we can actually
skip p; in the test.
Prior to presenting our algorithm, we introduce a definition :

Definition 3 We shall say that a list of polynomials [Py, ..., P.] generates a
field M over a field L if for 1 < i < r, P; is the minimal polynomial over
L(v1,...,7vi—1) of an element v; of M and L(y1,...,v) = M.

Algorithm General-case(k,n, B)
Input :

e k, afield,
e 1, an integer,
o B={f1,...,0s} aset of s elements of k.
Output : A list of polynomials [Py, Py, ..., P,] such that :
e Py is the minimal polynomial of a primitive element ~q of l,,, /%,
e P, ... P, generates K over over l,.
Begin
Initialization and special cases.

For i from 1 to s do o; := /f;.

If the «;’s are real numbers or (, € k then
Return Regular-case(k,n, B).

Factor n into a product of primes n =[], pj'.

Sort the p;’s by decreasing order.

If m =1 then Return p-th-power(k,p{!, B).

Recursion.

[Ro, ..., R] := General-case(k,n/ptr, B).
[So,-..,S;s] == p-th-power(k, pir, B).
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Computation of 1, /k.

Py :=Cyclo(k, Ro, Sp) -

Computation of Ly, (Am) /lm.

If we can prove that h, = k(Q,,) (see proposition 21) then
Return [Py, Ry,...,R.,S1,...,5/]

else
[To,T1, ..., Tt] := p-th-power(ly,, pSr, B).
Return [Po,Rl, LRy T, T ,E]

End.

Algorithm Cyclo(k, Ry, So)
Input :

e k, afield,
e Ry, a cyclotomic polynomial over £,
e Sp, a cyclotomic polynomial over k,

Output : A cyclotomic polynomial Py over k such that the splitting field of
Py is the splitting field of Ry and Sp.

Algorithm p-th-power(k, p°, B)
Input :

e k, afield,
e p°, a perfect power of a prime p (e > 0),
e B={f1,...,0s} aset of s elements of k.

Output : A set of polynomials {Pg, P1,..., Ps} such that Py is a minimal
polynomial for a primitive element of k(Q)/k, and for 1 < j < s, P; is the
minimal polynomial for /3; over k(Qx, »/Bi+1,--., %/ Bs)-
Begin
If p is odd then
Return Regular-case(k,p®, B)
else
Return Power-of-2(k, f, B)
End.

Remarks :
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. In order to simplify the algorithm, we compute the extension ly, (Am)/lm
instead of k(Ap)/hm. It is the only step which requires factorization of
polynomials over an extension of k (namely, over I,,).

. The following example shows that we may have h,, # k(Q,,) : Assume
that A = {/=T, ¥/=3}. Then A, = {/=T, /=3}. Ay = {v/=T, =3},
li = Q(¢3), s = Q(¢5,¢4) and Q(Az2) = I3 so that the intersection hg is
larger than Q(Q2) = Q(¢4). A more general obstruction is the famous
theorem of Kronecker-Weber (see [Nar90]): The field Q(An,) is included
in a cyclotomic extension M of @ and if [,,, is large enough to contain M,
then again, h,, will be equal to k(Ay,).

. If we can prove that h,, = k(Q,,), using degree consideration for instance,
or proposition 21, then we have all the information to build k,, and we
can save computation. Otherwise, we proceed with the general method.

. Although we cannot avoid adding roots of unity to the ground field, the
roots that are required are elements of k(A) and are included in k({y).
There is no introduction of spurious roots of unity.

35



4 Conclusion and acknowledgments

We have described a new algorithm for constructing a basis for

K=k(B1,..., /B

over k. Unlike previously published algorithms, our method avoids the intro-
duction of spurious roots of unity and relies on factorization over k extended
by roots of unity which belong to K. The algorithm is based on theoretical
results extending a classical result of Kummer and a theorem of M. Kneser.
The efficiency and correctness of the algorithm depends heavily on the ability
to solve what we called the branch choice problem and the n-th power problem in
the introduction. We have shown that algebraic factorization can be avoided to
some extend, provided we can determine sets of independent generators for the
B;’s. Determining a larger class of radicals for which this construction is possi-
ble would extend the pratical range of the algorithm. Finally, obtaining results
similar to theorems 4 and 5 when n is composite would provide an alternative
approach for this case.

We would like to thank Michael Monagan for stimulating discussions on
this subject. We are also indebted to the Symbolic Computation Group of the
University of Waterloo (Ontario) for partially supporting this work. Dominique
Duval carefully read a first draft of this paper and several of her comments have
been taken into account. Thank you for this useful help.
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