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Abstract

Let F be an abelian number field and S the set of primes of F
that are either ramified or over p, with p an odd prime. In this paper
we compute the (first) Fitting ideal of K¢ ,(0%)(¢) for i > 2, where
O3 is the ring of S-integers of F and ¢ is a character of Gal(F/Q)
of order prime to p different from the ¢th power of the Teichmiiller
character. This Fitting ideal proves to be principal and generated by
a Stickelberger element.

keywords: étale K-groups, Fitting ideals, Iwasawa modules, Stickelberger
elements.

Introduction

Let F' be an abelian number field. The classical Stickelberger’s Theorem
states that the first Stickelberger ideal annihilates the ideal class group of F
(see [W]). Inspired by Stickelberger, Coates and Sinnott made similar guesses
about annihilator ideals for higher even K-groups. Namely, they conjectured
in [CS] that the ith “twisted” Stickelberger element annihilates Ky;(Op).
Adopting a p-adic approach, one can try to annihilate Ky (Op) ® Z,, with
p a fixed odd prime. The Quillen-Lichtenbaum conjecture (which is true for
i = 2) affirms that K5 (Op) ® Z, is canonically isomorphic to the higher
étale K-theory group K5(Op[1/p]). This group injects into K<(O3) where
S is the set of primes of F that are either ramified or over p, and O% is
the ring of S-integers of F'. Iwasawa theory provides another expression of
K£H(03) and one can use the Main Conjecture to annihilate it (see [N]). The
determination of the annihilator of a Galois module is a presumably difficult



problem. A first step in this task consists in computing the first Fitting ideal
of this module, since it is contained in its annihilator ideal.

Let G denote Gal(F/Q) which we decompose in G = A x P where P is
the p-part of G. We suppose that F'is linearly disjoint from the cyclotomic
Z,extension of Q, so that the étale cohomology group HZ(Op;7Z,(i)) =
K ,(03) is a Zy[G-module. To study its Z,[G]-structure, we will use the
decomposition Z,[G] = &4Z,(¢)[P], where the ¢ run over the Q,-irreducible
characters of A (see section 1).

In this paper we compute the (first) Fitting ideal of K5t ,(O%)(¢), where
(.)(¢) means e4(.) and ey is the usual orthogonal idempotent. When S is
exactly the set of primes above p, it coincides with the main result obtained
by [CO] for totally real abelian number fields of prime power conductor.

We now formulate the main theorem of this paper in the case where F'/Q
is tamely ramified over p. Let f denote the conductor of F' and let o, be the
restriction to F' of the automorphism of Q(uy) that maps a primitive fth
root of unity to its ath power; define the :th Brumer-Stickelberger element

0, s by
Ois =Y (rs(—ia)o;’,

1<a< f
(a;f)=1

where the partial zeta function (s s(a,s) is given by

(rs(a,s):= st

k=amodf
(k,S)=1

Theorem 1. Let ¢ be a Q,-irreducible character of A, ¢ a character of
degree one of A dividing ¢ and 1 be an integer greater or equal to 2 such that
W(=1) = (=1)". We also require that ¢~ w' is a non-trivial Q,-irreducible
character of A, the non-p-part of G' := Gal(F(u,)/Q). Then,

Fittz,o)p) Ko (OF)(¢) = (Oi_1,s(2)),
where ©; s(v) := Z (r5(—i,a)0(8,) pr "t and 0, = S,pa in the decompo-

1<a< f
(a,f)=1
sition G = A x P.
A slightly different statement will be formulated in section 3 for the wildly
ramified case (see Theorem 2 in section 3). Notice that for the excluded char-
acter ¢ = w', the corresponding Fitting ideal is probably not principal.

2



Acknowledgements: The author would like to thank J.-R. Belliard and his
adviser A. Movahhedi for their valuable suggestions and helpful comments.

1 ¢-components and semi-simple decomposi-
tion

Let us denote by @p an algebraic closure of QQ,. For a finite abelian group
A, we denote by Dj the group of @p—irreducible characters of A. One knows
that the Q,-irreducible characters of A (which we shall denote by W) can be
expressed by means of elements of Dan. Namely, any ¢ € WA can be written

b= P,

where ) € Da is of order gy, has image g, , the group of gy-th roots of
unity, and Dy, is the decomposition group of p in Q(u,,)/Q. We say that ¢
divides ¢ and write ¥ | ¢.

When p { |A|, there is a semi-simple decomposition of the ring Z,[A]
which can be indexed by the elements of ¥ A. More precisely,

ZA] = P eZ,]A],
SN
1
where the ¢, = ﬁ

Z #(67")d are the usual orthogonal idempotents. Define
SEA

Zy(@) := Ly(py,) for a v | ¢ ( hence for all such ). Then eysZ,[A] = Z,(¢).
This is an isomorphism of Z,[A]-modules if Z,(¢) is endowed with the A-
action d.s = ¥(9)s for any s € Z,(¢) and any § € A. If M is a Z,[A]-module,

then
M= P M(9),
PEWA

with M(¢) := e, M, M(¢) being canonically a Z,(¢)-module with action
¥(d).m = d.m for any § € A and any m € M(¢).

When ¢ is a character of a group GG whose order is divisible by p, one cannot
define a ¢-component as a direct summand of Z,[G]. For this reason we
introduce another Z,(¢)-module called “the ¢-quotient” of M and defined
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by My := M ®g,16) Zp($), where G acts on Z,(¢) by g.¢ = ¢(g) for any
g € G. The Z,(¢)-module My, = M, (where v | ¢) is isomorphic to the
largest quotient-module of M @y, Z,(¢) on which G acts via 1 (see [Ts]). If
p1 |G|, and ¥ | ¢, we have the following isomorphism of Z,(¢)-modules

€¢M = Mi/”

and the functor ¥-quotient M — My is exact.

2 Fitting ideals of étale cohomology groups

The abelian group G' = Gal(F'(u,)/Q) decomposes into A’ x P' with P' = P.
In the following, we will identify P and P’. Define ppeo 1= U,>1ppn as the
union of all p-power roots of unity; we will call X, (resp. %fo) the Galois
group over F'(u,) of the maximal p-ramified (resp. S-ramified) abelian pro-p
extension of F'(pp). Let Qu /Q denote the cyclotomic Z~extension of Q; we
will assume throughout this section that F'is tamely ramified over p. This im-
plies in particular that FNQy = Q, hence I' := Gal(F'(up=)/F (1)) identifies
by restriction to Gal(Q., /Q) and we have a decomposition Gal(F'(pp~)/Q) =
I' x Gal(F(u,)/Q). This ensures us that X5 is a Z,[[I']][G’]-module.

As usual, A will denote the Iwasawa algebra Z,[[I']] which is isomorphic

to Z,[[T]] by mapping a topological generator vy of I' to 1 +7'. We will call &
the restriction of the cyclotomic character of Gal(F'(u,~)/F) giving the ac-
tion on all p-power roots of unity to I' and by w (the Teichmiiller character)
its restriction to F'(p,). For any I'-module M, M(7) will mean M twisted
i-times.
The triviality of HZ(O%;Q,/Z,(i)) may be seen as a higher analog of the
Leopoldt’s conjecture (which is the case ¢ = 0) and it is known to be true
for any ¢ > 2, because of the finiteness of the group Ky _2(Op) (and thus
of H2(O%;7,(1))); consequently we can use Theorem 4.1 of [KNF] (stated
for X., but which holds also for ¥ as one can readily verify) and formulate
the following lemma which gives the relation between X2 (—i)(¢™')r and
H2(03:Z,(i))(¢), where ¢ is a p-adic character of Was of same parity as
P> 2.

Lemma 1.
(X2 (=) (67" )r)* = HA(O5 Z,(1))(9).
where § denotes the Pontrjagin dual.



Note that since X5 is a Galois group over F(up~), the A[G']-modules
X5 (=) (¢7") and X5 (¢7'w')(—1i) coincide. It is also well-known that the
latter is a A(¢™")-torsion-module (since ¢~'w' is even) without non-trivial
finite submodules (see [I]). Another important property of X2 , which will
be crucial for our goal, is that, provided ¢~'w' is not trivial, %go(qb_lwi) is a
cohomologically trivial A(¢~")[P]-module, or, equivalently, that its projective
dimension over A(¢7')[P] is lower or equal to 1. We record this important
result in a lemma and we include a proof (the arguments can be found in

[N2] and [BN]) for the convenience of the reader.

Lemma 2. Suppose ¢~ w' is a non-trivial character of Uar. Then
pd(X2(¢7'w") <1

over the algebra A(¢™'w")[P].

Proof. Set ¢ := ¢7'w'. By a result of Greither (Theorem 2.2 in [G]), if a

A()[P]-module M is cohomologically trivial for P and has no Z,-torsion,

then pd(M) < 1 over A(€)[P]. Since X2, has no non-trivial finite submodule

and its p-invariant is zero by Ferrero-Washington, it is Z,-torsion free; con-
sequently, there remains to show that X5 (£) = lim X°(¢) is cohomologically
H

trivial over Z,(€)[P], and for this, it suffices to show that it is true for each

X3(€), n > 0. Prop 1.7 of [N2] gives an exact sequence of Z,[P]-modules
0= X =Y~ I(P)—0,

where I(P) is the kernel of the augmentation map Z,[P] — Z, and Y,°

is a cohomologically trivial module if Leopoldt’s conjecture holds for F,.
Therefore H'(P,X3) = H'"*(P,Z,) for any i € Z. Next, as H*(P,Z,) = 0
and ﬁO(P,Zp) = Z,/|P|Z,, it follows that for £ non-trivial, ﬁi(P, x5(¢) =
H'(P,%2)(€) =0 for i = 1,2 and we are done. O
We briefly recall the definition of the (first) Fitting ideal of a finitely gener-

ated module M over a commutative ring R (for more details, see the appendix
of [MW]). For some r € N and B C R", there exists an exact sequence

0 BLR S M o0,

Consider the r x r matrices of the form

f(b1)
A .

£(b,)
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where (by,--- ,b.) runs through all r-tuples of elements of B. The Fitting
ideal Fittg(M) is defined to be the R-ideal generated by the elements det(A)
for all such A. In fact, Fittg(M) depends only on M and one can show that

FittR(M) g AHHR(M).

Since R := A(¢™")[P] is a local ring and X3 (¢~ 'w') is a torsion module,
Lemma 2 gives us a free resolution

0— R™ — R™ — X5 (¢7'w') — 0

which ensures us that FittA(qs—l)[p](%fo(qb_lwi)) is principal. To find a gener-
ator of this Fitting ideal, we will use Iwasawa’s Main Conjecture which we
now recall.

The Main Conjecture for abelian fields has been proven by Mazur and
Wiles in [MW] . For any even primitive Dirichlet character & (attached to
an abelian field) of the first kind, i.e., whose conductor is not divisible by p?,

there exists a unique power series Gg z(T') € Z,(&)[[T]] such that
L,s(l— 5,5) = Gsf(us - 1),

where u := k(7o) and L, s(s, 5) is the p-adic L-function associated to S and
€. The p-adic L-function L, s(s,&) is the unique continuous function defined
for s € Z,, such that for all integer £ > 1,

LP,S(l - kvé) = LS(l - kvgw_k)v

and Lg(s, x) is given by the Euler product

Ls(s,x) = [] @ =xOr)™,

(1,9)=1

where the product is taken over all rational primes [ with ({,5) = 1.

Since we assume in this section that F/Q is tamely ramified in p, any
character of D¢, viewed as a Dirichlet character, is of the first kind. Besides
gis even, so by the result of Ferrero-Washington on the p-invariant, W(é) =
(%i)g ®z,(6) @p is a finite dimensional vector space and the characteristic

ideal of (%i)g over A(€) (denoted Char(%fo)g) is defined as the ideal generated
by the characteristic polynomial of (7o — 1) acting on this space. By the
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structure theory of finitely generated torsion A({)-modules, there is a pseudo-
isomorphism

(X))~ A&/ (f) @ aAE/(f)

for some integer r, where each f; € A(£). The ideal (f;--- f,) is an invariant
of (%fo)g and is equal to char(%fo)g. The Main Conjecture (now a theorem,
see [MW] or [W1]) asserts that

Char(%i)g = (ng(T))'

Let us denote by Hy a generator of FittA(¢—1)[p](S{i(qb_lwi)). Let us call ¢
the Q,-character of G induced by ¢~'w' (i.e., £ is the trace of the linear
representation of G’ obtained from ey-1,:Q,[G’]) and consider a § € D¢

dividing €. Note that £ is even since p is odd.
Lemma 3.5 of [G] tells us that FittA(g)(%fo)g = char(%fo)g. Furthermore, if
we take the resolution

0— B™ L B™ — 25 (67'w') — 0

and tensor it with A(£), we obtain an exact sequence

m f®acl, ¢

0—Q— AE)" = AO™ — (XL)g — 0,

and since (%i)g is a A(E)—torsion module, so is Q; but @ C A(E), hence Q) is
trivial. As a result, FittA(g)(%fo)g = g(det f).

Using the Main Conjecture we can then state the following equalities

(E(Hy)) = Fitty (X2, = char(X2,); = (G- (1)

Before proceeding further, we make yet another remark.
Since (A(¢™")[P])p = Z,(¢~")[P], we derive from property 4 of the appendix
of [MW] that

Fitty,p-1)p X2, (=) (¢~ )r = (Fittag-1)p X5, (=) (¢7) -

This, in turn, is equal to
<FittA(¢—1)[p] %go(qb_lwl)(—z))r

As aresult, Fitty 4-1)p] X5 (—i)(¢)r is principal. Here the action is twisted
(-1) times, consequently we must replace the action of v¢ by that of £(v9) "0,
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i.e., T is replaced by x (7o) (1+7) —1, and taking the coinvariants, i.e., letting
T =0, we find that

Fittz,g—p) X2 (=) (6 ) = (Ho(k(70) (1+T) = Dir=0) = (Ho((70)" = 1).

We denote by ay the generator Hy(k(7)" — 1). We now formulate a proposi-
tion which gives a first evaluation of the element a (recall that the element
0,_1,5(¢) is defined in the statement of Theorem 1).

Proposition 1. For any character € of G dividing €, the induced character
of o~'w" on G', we have

E(ag) = (Ew™) (ug®im1,s(¥)),
where uy s a unit of Z,(¢)[P].
Proof. Equality (1) yields that

(E(Hy)) = (G(T)).
Further, we know by [W1] (see also [G2]) that there exists a power series
Gy-1,:(T) € A(¢™'w*)[P] such that
§(Gym10i(T)) = G e(T).
Thus, for any character & dividing the induced character of 71w, we have
Fitty o) (X2)¢ = (E(Ho(T))) = (E(Gym1 (1)),

and applying Lemma 3.7 of [G] to the A(¢™'w')[P]-module X5 (¢~ w"), we
obtain that )
(Hy(T)) = (Gy-14(T))
as ideals of A(¢'w')[P]. Hence, there is a unit Uy(T') € (A(¢™'w")[P])* such
that )
Hy(T) = Uy(T)Gy14i(T).

Recall that our aim is to evaluate (ay) = Fittz 4-1)p %fo(—i)(qb_l)r. We
successively find
{(ag) = éi(Has(/i(’Vo)_i - 1)) |

E(U(w(0) — 1))Geln(r0) — 1)

&
2
.



Next, since Lg(1 — i,f) = 5__1((92-_1,5) (see for instance [CS], Lemma 1.7),
and denoting uy := Uy(k(70)" — 1)7", it follows that

{(ag) = é?ilwlj(%@i—l,S)
= (§w™) Hug®i1,s(1)),

because (Ew_i)_l extends . O

We recall the statement of our main theorem

Theorem 1. Let ¢ be a Q,-irreducible character of A, ¢ a character of
degree one of A dividing ¢ and 1 be an integer greater or equal to 2 such that
W(—1) = (=1)". We also require that ¢ "' is a non-trivial Q,-irreducible
character of A, the non-p-part of G' := Gal(F(u,)/Q). Then,

Fittz 4)p] K5i 5(07)(¢) = (0i—1,5(1)),

where ©; s(v) := Z (rs(—i,a)0(8,) " p.t and 0, = §,.pa in the decompo-

1<a< f
(a;f)=1

sition G = A x P.

Before giving the proof of Theorem 1, we state a lemma we shall use
in this proof.

For a Z,[G]-module M, we have denoted by M* the Pontrjagin dual
of M, i.e., the group Hom(M,Q,/Z,) where the action of ¢ € G is made
via (g.0)(m) := 0(g~'.m) for m € M and § € Hom(M,Q,/Z,). We shall
also need in the sequel the group Hom(M,Q,/Z,) where the action of G is
(g.0)(m) := 0(g.m). We call it (M*)*.

We are thankful to T. Nguyen Quang Do for providing us with the proof of

Lemma 3. Let N be a finite O[P]-module, where O is a finite ring extension
of Z,, with projective dimension lower or equal to 1 over R := O[P]. Then,

Fittpg N = Fittg(N)*.

Proof. Apply the functor Homg(., R) to a resolution 0 — R™ LR 5 N
0. We obtain

0 — Hompg(N, R) — Hompg(R™, R) 4 Homp(R™, R) — Extg(N, R) — 0.
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We know that Hompg(N, R) = 0 because N is finite, and Homg(R™, R) = R™
because R™ is free over R. Besides, still because of the finiteness of N,

Exth(N, R) = (N*)* by Corollary 2.5 of [J]; whence the lemma. O

Proof of Theorem 1. In order to apply Lemma 3 to N := x5 (¢t )=1)r,
we need to check that pd(X2 (¢7'w)(—i)r) < 1 over R := Z, (¢~ w")[P].

Taking the coinvariants in a projective resolution of X5 (¢~ 'w")(—i) yields
an exact sequence

0= Q— R™ = R™ — X5 (¢ "w")(—i)r = 0.

Since X3 (¢~ 'w")(—i)r is finite, the Z,-rank of Q is 0, hence Q = 0.

Thus Lemma 4 gives us
Fitty (4-1yp) N = Fitty,(4-1yp) (NF)"

We want to compute the Fitting ideal of K&&_,(O32)(4) = HZ(O%; Zp(1))(p) =
N¥ by Lemma 1. Generally speaking, for an abelian group A, let A* denote
the same group as A but where G acts via ¢g7'. If A is a Z,(¢™")[P]-
module and if Fitty 4-1ypjA = (), then A" is a Zy(¢)[P]-module and
Fitty (sp) A* = (), where ™ is an element of Z,(¢)[P] such that y(a®) =
X" () for any character x of D¢ dividing the induced character of ¢.
Consequently, keeping in mind that (ay) = Fitty 4-1ypy X5 (=) (¢ Y, it
follows that
Fittz, g N = (a3).

Such characters x of D¢ dividing the induced character of ¢ can be written
under the form (fu)_l)_l, where ¢ is still a character dividing the induced
character of £ = ¢~'w'. Now, recall that

E(ag) = (bw™) M (ugOi1,s(1)),

by Proposition 1; but §(a¢) = (éw_i)(o%) since ay is an element of Z,(¢™")[ P].
Hence, x ' (ay) = x(uyO;_1.s(2)) for any character y of Dy dividing the in-
duced character of ¢. Finally, the element o we want to compute (i.e., a

generator of Fitty s)p) Hx(Oh; Z,(i))(4))) verifies

x(eg) = X(ue®©i—1,5(¥)),
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for any character y of D¢ dividing the induced character of ¢.
Using the fact that Q,(¢)[P] decomposes into @,3Q,(x), we conclude that
ay = us0;_1.5(1)), so that

(a3) = (Oi1,5(¥)).

3 The wildly ramified case

In this section, we do not suppose that p is tamely ramified in #/Q, but we
suppose that F'is linearly disjoint from @Q, in order that the whole group G
acts on X2, rather than only a subgroup.

To be able to use the Main Conjecture again, which is only valid for Dirichlet
characters of the first kind, we shall resort to a construction evoked in [S]
and build a field F' tamely ramified over p and such that F.Q., = F.Q.., and
thus retrieve the result of the previous section.

Let us define I as the wild inertia field of F,,/Q. We prove in the following
that this field is the unique field meeting the two previous requirements.
We write the conductor of F' under the form f = p"*'m, where p and m are
coprime, and we call F the wild inertia field of #/Q. We have [F' : E] = p°,
with e < r. Consider the diagram :

Qu————F

Y
=
]

Q E F

Since F,./F'is a cyclic extension of prime power order, it is unramified at the
start and then totally ramified. On the other hand, the wild ramification
index of p in this extension is p"~%; this implies that F,/F' is unramified and
F../F. is totally ramified. Consequently, F C F, and considering degrees
of the extensions, we get F.Q, = F.. Hence, (F)Oo = F.. Notice that
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Gal(F/Q) = Gal(ﬁ/@) —: (. Let P denote the p-Sylow subgroup of G.
Since E C F, we find that G/P = G/P.

There remains to show the uniqueness of F. Suppose K is a field tamely
ramified over p and verifying F,, = K. Clearly, K C F for K/Q is tamely
ramified. Besides,

[I( : Q] = [[(oo : QOO] = [Foo : QOO] = [F : Q]7

whence K = F'.
We set up a little more notations : I' denotes Gal(Fy, /F), R the ring
Zo(6 H[T][P], R the ring Z, (¢ Y)[[I][P], and f is the conductor of F.
The restrictions of Gal(F/Qu) to F' and F glve a canonical isomorphism
between P and P. The action of P or P on X5 is made via the p-Sylow
subgroup of Gal(F,/Q.) and two elements corresponding by this isomor-
phism give the same action on X2 . Besides, both T' and I' are isomorphic
by restriction to Gal(Qs/Q) and we denote by 7 the isomorphism between
R and R obtained from these restriction maps.

Like in the first section, let ¢ be a Q,-irreducible character of A and :
be an integer satisfying the assumptions of Theorem 1. Since F/Q is tamely
ramified, we know with Theorem 1 that

O~é¢ = Flttzp(¢_1)[p](%go(—l)(Qb_l)f)ﬁ = ((:)i—l,S(LZ))%
where

O;_1,s( Zé}s —n,a) )lﬁgl-

1<q<f
(a,f)=1

There exists an exact sequence of R-modules
0— B L B — 25 (—i)(¢71) — 0.
The isomorphism 7 induces an exact sequence of R-modules

0= r" 27 gy X5 (=i)(¢7!) — 0,

so that
Fittr X5, (—i)(¢7") = 7(Fitt; X5, (=) (¢7)).
We consider a topological generator 4 of I'. Then v := 7(7) is a topological

generator of I', and this is precisely the one we choose to map to 1 + T
Consequently, using property 4 of the appendix of [MW] again, we find that

Fittz, o-1)ip) 22 (=) (¢ )r = 7(Fitty yoyp X2 (=0)(67)r),
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and we finally obtain that

Fitty 51 (X5 (=) (67)r)" = 7(dy)
= > (sl a)p(8) (5.

1§q<f
(a,f)=1

We thus have proved the following

Theorem 2. Let F be an abelian number field and let I be the unique field
such that F/Q is tamely ramified over p and such that F.Qu = F.Qu. Let f

denote the conductor ofF and let T be the canonical isomorphism described

above that maps I'x P tol x P, where I' = Gal((F)oo/F) and P is the
p-part of Gal(F/Q). Let ¢ be a chamcter of Wa verifying the assumption of
Theorem 1. Then,

Fittz,(s)p) K5i_o(OF)(¢) = (Oim1,s(¥)),
where (:)ns(l/)) = Z Cﬁs(—n,aﬁ/}((sa)_lr(ﬁgl) and 6, = d,p, in the decom-

1<a<f
(a, f)

position G = A x P.

Remark. We have recently learnt in a preprint by M. Kurihara that he
has obtained similar results by different methods.
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