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Abstract. The algebra of formal Hurwitz series has been recently investigated in view
of potential applications to differential algebra. In the case where the ground ring is a reduced
ring of prime characteristic, this paper describes continuous endomorphisms of the algebra of
Hurwitz series - or equivalently endomorphisms of the binomial coalgebra. This is made by
means of the investigation of the coradical filtration of this coalgebra and of components of
linear maps between some graded modules that naturally arise in the problem. Our problem is
tantamount to determine all polynomial sequences of binomial type. As such, it contains the
study of sequences built by Carlitz in the context of his discovery of the Carlitz module.
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A close relative of the algebra of formal power series, namely the algebra of formal
Hurwitz series has been studied recently by Keigher and Pritchard [9]. Its main interest
lies in the fact that it provides formal solutions to homogeneous linear ordinary differential
equations in any characteristic and so seems to have many potential applications to the
study of differential algebra. Seeking to interpret the elements of this algebra as formal
functions, Keigher and Pritchard have defined a composition of Hurwitz series. As in
the realm of formal power series, this composition allows to build endomorphisms of the
algebra by composition on the right with a fixed series that is without constant term. It
is therefore natural to ask whether all endomorphisms of the algebra of formal Hurwitz
series are of this kind, as it is indeed true for formal power series.

The main objective of this paper is to describe all continuous endomorphisms of the
algebra of formal Hurwitz series in the case where the ground ring is a reduced ring of
prime characteristic p. We shall see that other endomorphisms do exist that those arising
from the composition of Hurwitz series.

The principal idea for our description stems from the umbral calculus. In the case
where the ground ring is a field of characteristic 0, it has been shown indeed [12, 13] that
umbral calculus can be traced back to the existence of a duality between polynomials
and formal power series, leading to an interplay between the structure of the algebra of
polynomials and the less apparent structure of coalgebra that is induced by this duality.
Whatever characteristic has the ground ring, we observe in an analogous way that the
dual of the algebra of formal Hurwitz series is, up to a topological isomorphism, nothing
but the univariate binomial coalgebra By, as defined by Joni and Rota in [7]. Thus it is



clear that transposition maps bijectively the set of endomorphisms of the coalgebra By to
the set of continuous endomorphisms of the algebra of formal Hurwitz series. Hence the
problem to describe completely all continuous endomorphisms of the algebra of formal
Hurwitz series is the same as to determine all endomorphisms of this binomial coalgebra.

This way to deal with the problem seems to make it more tractable, as we can use the
tools of the coalgebra theory. In particular, the determination of the so-called “coradi-
cal filtration”, its interpretation as the filtration canonically associated to a very simple
grading of By, the systematical use of the components of the linear maps between graded
modules that naturally arise in our problem, are the foundations upon which our exposi-
tion rests. These results appear to be not directly translatable to properties of the dual
algebra.

As it is well-known [7], the problem to determine the endomorphisms of the binomial
coalgebra is tantamount to determine all polynomial sequences (p,), of binomial type,
that is satisfying the binomial identity

Pu(z +y) = ;i:o (g) Ps(@)pa-p(y) -

In the case where the ground ring is a field of characteristic zero, it has been observed
that the automorphisms of this coalgebra, often called umbral operators, were in bijective
correspondance with the polynomial sequences of binomial type [7, 12]. It means in
particular that the degree of an element of the binomial coalgebra is invariant by every
automorphism. In the case of prime characteristic, on the contrary, we shall see that
there exist automorphisms of By that do not preserve the degree, as in our Example 4
(see Section 5). Precisely, we shall even show that every endomorphism of the submodule
of primitive elements of B; can be extended to an endomorphism of B;.

In positive characteristic, an other method for building polynomial sequences of bino-
mial type has been provided by Carlitz [2] in the context of his discovery of the object
now known as the Carlitz module. His construction is described as follows. Let R be the
ground ring, of which the characteristic is the prime number p. Given a sequence (¢;);eN
of additive polynomials, it suffices to set for each integer k = ag + a1p+ ...+ azp® where
0<a; <p:

Gk(t) = %(t)aol/)l(t)al ---%/Js(t)as :

Then one can easily check, using the Lucas congruences, that the sequence (G})ren is of
binomial type. Hence by identifying By with R[z], the R-linear map ¢ from R[z] to R[z]
that sends z* to G'k(x) is an endomorphism of the R-coalgebra By. Still we shall see that
not all the endomorphims of the binomial coalgebra can be obtained by this process, as
illustrated by our Example 4 (see Section 5).

Our paper is organized as follows. In Section 1, we first recall some facts about graded
modules, graded maps and binomial coefficients. These results appear to be more or less
known, but are resumed in order to supply a suitable reference for our work. Next Section
2 deals with the multi-integers and partitions and more particularly, we shall give some
results concerning computation modulo p of multinomial coefficients. Then in Section 3
we shall introduce the main object of our paper, that is the binomial coalgebra, denoted
by By after Joni and Rota, and examine a particular grading of this coalgebra which



allows us to characterize a coalgebra endomorphism by some of its components (Theorem
3.16). In order to reverse the process by building a coalgebra endomorphism from these
particular components, we shall address in Section 4 the link between multi-integers and
the coalgebraic structures, which will enable us to determine the wanted endomorphims.
Eventually, we shall examine a few examples in Section 5.

1 Basic notions

1.1 Graded modules

Let R be a fixed commutative ring, which will be called the ground ring. For every
R-module M, let Iy; denote the identity map of M.

Gradings

Let M be a R-module and A a non-empty set. Recall [1, chapitre 11, page 164] that a
grading of type A on M is the data, for each element ¢ in A, of a submodule M;s of M,
such that the family (Ms)sca satisfies :

M= M.

seA

Definition 1.1 A graded module of type A, consists in a R-module M together with a
grading of type A on M.

Setting a graded R-module M of type A yields the maps 15 : Ms — M such that
is(x) = z for each x in M;. Besides, a unique map pr® from M to Mjs is defined by

s . Iy, if §=08
pr 025/_{0 e (1)

Components of a linear map

Definition 1.2 Let u a linear map of the graded R-module M of type T into the graded
R-module N of type A. Fiz v € I' and § € A. The (v,d)-component of u is defined to be
the linear map ug from M, to N5 such thal

ui:pr‘souoiv.
Notice that

u = > i(gouiopr”. (2)
(v,8)eT x A

This makes sense since, for every x in M, the element 75 o ui o pr?(x) is trivial except for
a finite number of (v, d).



Remark 1.3 Let M and N two graded R-modules of types respectively I' and A. Two
linear maps u and v from M to N are equal if and only if they have the same components,
that is if and only if, for each element (v,8) in I' X A, we have :

5 _ .8
uw—vw.

Computation of components of the composition of two linear maps

Proposition 1.4 Let u be a linear map from a graded R-module M of type ' o a graded
R-module N of type A and let v be an other linear map from a graded R-module N of
type A to a graded R-module P of type F. For every element (v,d,e) in I' x A x E, the

(v, e)-component of vou is
(vou)] = ngoui.

SEA

s

2(z) is zero except for

This sum makes sense since for a fixed z in M, the element v§ o u

finitely many 4.
Proof. Fix v and ¢ in I and E respectively. The first step of the proof consists in
applying Definition 1.2, getting

(vou), =prfo(vou)oiy;

by associativy of composition, this becomes

(vou), = (pr°ov)o(uoiy); (3)
but equality (2) yields :
v = Z ler O vgl opr’ and u= Z i5 O uill opr” .
(5,)EAXE (v',6')elx A

Substituting these expressions in equality (3) gives :

. ! . ] ' i
(vou), = Z Z pr o 1. 0 v opr5oz(g/oui,oprw 0 lny.
(5,2 )EAXE (v',5/)€Tx A

Finally, the result is deduced from relations (1).

Graded maps

Definition 1.5 Let M and N be two graded R-modules of the same type A. A R-linear
map u from M to N is said to be graded when u(Ms) C Ns for each § in A.

We have just defined the category of graded modules of type A ; one can readily verify
that it is an abelian category.

The map u is graded if and only if the component u} is trivial whenever § # §’. In
this case, equality (2) becomes :

u:Ei50U5Opr5 (4)
SEA



where us = ug.

Generally speaking, given a graded R-module M of type I', a graded R-module N of
type A and a map p from A to I', we know [1, chapitre II, page 163, exemple 2] how
to define the grading of N of type I' deduced from (Ns)sea by means of the map p. A
R-linear map u from M to N is said to be p-graded when it is graded in the sense of
Definition 1.5 for the gradings of type I' given on M and thus defined on N. This is
equivalent to the condition :

u(M,) C @ Ns
(&)=
for each v in I'. The map u is p-graded if and only if the component ug is trivial whenever
p(8) # ~. Then equality (2) becomes :

U = E 150 Us O prp(S) (5)
SEA

setting us = uim.

Tensor product of graded modules

Let M and N be two R-modules of type I' and A respectively. The tensor product M @g N
is endowed with the product grading of type I' x A, given by the decomposition in direct
summands :
M@r N = @ (iy @ 15)(My @R Ns)
(v,8)ETrxA

where 1, : M, — M and i5s : Ns — N are the injections defined above.

When M and N are flat R-modules, so are their direct summands M., and Ns. In
this case, we shall systematically identify the R-module M, @z N5 with its image by the
injection 2, ® 15, thus writing :

M@rN= & (M,2rN;).
(v,0)er'xA

Components of the tensor product of two linear maps

Proposition 1.6 Let My, My, Ny and Ny four flat graded R-modules of types I'y, T'y, Ay
and Aq respectively. Let u a linear map from My to Ny and v an other linear map from
M; to Ny. For each element (y1,72,61,02) in 'y X I'y X Ay X Ay we have :

(81,82)
(7172)

(u®w)

_ .5 )
=u,y, ® Uy -

Proof. For every (y1,72,d1,d2) fixed in I'; x I'y X Ay X Ay, Definition 1.2 yields

(81,82)

(viv2) — pr(51’52) o (u ® U) 0 i(Wle) .

(v®v)

Since My, My, Ny and N, are flat R-modules , as already noticed, the tensor product of
the homogenous components is identified with the homogenous component of the tensor
product, which is expressed by the identities :

L(651,62)

5 5 . . .
p = pr '® pr > and Yyiy2) = ® Lyy -



thus :

= (pr" @ pr’) o (u@v) o (iy, Diy,)
= (pr51 OUOiy)® (pr52 OV 0 i)

_ 81 )
= Uy ® Uz

hence the result.

Tensor algebra of a graded module

Let M be a flat graded R-module of type I' and let I' stand for the disjoint union of the
sets I where j runs over IN. The tensor algebra T (M) of the R-module M is endowed
with the grading of type I' that associates to every “multi-degree” v = (y1,72, ...,7;) € IV
the submodule T',(M) = M, @M,,®..Q MM, so that T(M) = @vef T,(M). Further,
the grading thus defined is compatible with the tensor product, in the sense that the
tensor product of an element of T,(M) by an element of T.,(M) belongs to T, (M)
where the product in I' of 4 and 4’ is the concatenation product of words, that is, if

Y= (717727 cee 771) and 7/ = (7]+177]+27 cee 77j+h)7 then

Y = (V2 Vs YVids e s Vidh)- (6)

1.2 Binomial coefficients

Let p be a prime number, fixed throughout the paper.

An ordering of natural integers

Let a, b be two natural integers, let (2) denote, as usual, the binomial coefficient defined
by the identity

(T+2)=> (b)x

a>0 a

between polynomials. In particular (s) =0 when a > b.

Definition 1.7 Let < stand for the binary relation over N such that

b
a~<b<— ( ) Z0 (mod p).
a
Lemma 1.8 Ifa < b then a <b.

Lemma 1.9 The relation < is an order relation over IN.
Proof. The reflexivity of < is straightforward, the antisymmetry results directly from
Lemma 1.8 and the transitivity from the equality (c) (C_a) = (b) (Z)

a) \c—b a



Sum of digits function

Definition 1.10 The sum of base p digits function is the function s, from IN to itself
defined by the induction formulas

$p(0)=0 and s,(qgp+7r)=3s,(q)+r of 0<r<p.

When a is a natural integer, let N, ,, be the set of all natural integers n such that s,(n) = a.

Recall that the p-adic valuation V, is the map from Q to 7Z U {+oc} defined by
V,p(0) = 400 and for z € Q, Vp(z) = r for x = p"¢ where a and b are integers coprime
to p.

Lemma 1.11 For every n in IN and every [ in the set {0,1,...,n}, the p-adic valualion
of the binomial coefficient is given by the formula :

y, ( G)) _ sp(0) +sp;n_—1z) — s,(n) |

Corollary 1.12 Let a and b be two natural integers such that a < b ; then a < b is
equivalent to s,(b— a) = s,(b) — s,(a).

Proof. By definition, the relation a < b is equivalent to the vanishing of the p-adic

valuation of the binomial coefficient (2), hence the result by Lemma 1.11.

Lemma 1.13 Let a and b be two natural integers such that a #b. If a < b then s,(a) <

sp(b).
Proof. By corollary 1.12, a < b imply that s,(b — a) = s,(b) — s,(a) therefore

sp(a) < s,(b).

Lemma 1.14 Let n be a natural integer such that n > 0, there exists a natural integer |
such that :
[ <n and sp(l) = sp(n) — 1.

Proof. We write the base p representation of n as n = ZZ:O a,p" ; since n > 0, there
exists some index r € {0, 1,...,d} such that a,, > 0. Let us set then [ = n — p#, so that
sp(l) = sp(n) — 1. It remains to prove that [ < n ; for this, it is sufficient to compute the

y, ( @) _ (D) +sp;n_—1z) —s(n)

But s,(l) — s,(n) = —1 and s,(n — 1) = s,(p"") = 1 thus V, ((n)) = 0 and therefore <7)

]
is coprime to p, that is [ < n.

n
{

p-adic valuation of ( ) :




2 Multi-integers and partitions

2.1 Multi-integers

Definitions and notations

A multi-integer a of length j is a list @ = (ay,ay, ...,a;) € IN? where the a; for 1 <i < j
are all natural integers. Let N denote the set Ujen IN? of all multi-integers of any length.
We provide then N with the concatenation operation defined by formula (6). For every
multi-integer @ and for every natural integer n, we denote by a*” the n — th power of a
for this concatenation operation.

Let @ be a multi-integer, let a! stand for the natural integer a! = ay!as!...q;!, called
the factorial of a. Moreover |a| is defined as the natural integer |a| = a1 + a2 + ... + a;,
that we call the degree of a. For @ = (ay,az,...,a;) a multi-integer of length j and p a
prime number, let IN,, stand for IN,, , x Ny, , X ... X N, .

We shall have to use the following interpretation of the base p representation of an
integer n, where p is a fixed prime number. Let n be an integer, such that s,(n) = j. We
write n = ag + ayp + ... + a;sp°, the base p representation of n, so that the integers «;
belong to {0,...,p — 1} for each ¢ € {0,...,s} satisfy ag + a; + ... + ag = j . Then one
defines a map w from IN;, to IN;x, , by setting

w(n) = [Reopxan | pdXd

Lemma 2.1 The map w satisfy the identity
()] = n

for every integer n € IN; .
This allows us to generalize Lemma 1.14 in the following way.

Lemma 2.2 Let n be a natural integer such that s,(n) = j and let © be a natural integer
such that @ < j. Then there exists a natural integer | such that | < n and s,(l) = 1.
Proof. Let w(n) = 1¥eopxer  p@" % As ag + ay + -+ 4+ ag = j, there exist natural
integers (o, (1, ..., 34 such that 0 < 3, < a,, for each index v € {0,...,d} and satisfying
the relation B3y + - -+ 4 B4 = 1. The number [ = [1*fop*A ...pdxﬁd| answers our problem.

Multinomial coefficient

Let a be a multi-integer of length 7. The multinomial coefficient of the multi-integer a is
the natural integer M(a) defined by :

. |
al—}—ag—}—...—l—a]):ﬂ )

al’

Mia) = (

1,02, ...,0y
Lemma 2.3 Let a = (ay,az,...,a;) and @’ = (ajt1, aj42,...,a,) two multi-integers, then

la| + |a'|
|a|

M(aa') = ( )mz(a)mz(a/). (8)

8



Proof. By formula (7), we have the following equality :

_ |aa'|!

M(aa’) = (aa’)!’

as aa’ is the concatenation product of words @ and a’, we have :

laa| = |a| + |a’| and (aa’)! = ala’!,

from which formula (8) follows.

Action of symmetric group

Let S; be the symmetric group on j symbols. We let .S; act on IN in a natural way, defining
oa for each (0,a) € S; x N/ as 0a = (a,-1(1), Ag-1(2), ..., Ao-1(;)) OF in an equivalent way
(ca), = a,-1(,). It is obvious that (o7)a = o(7a).

Remark 2.4 The multinomial coefficient M(a) of a mulli-integer a is invariant by the
symmelric group S;, in the sense thal for every permulation o € S; and for every multi-
integer @ of length j, we have M(ca) = M(a).

Computation of multinomial coefficients modulo p

Lemma 2.5 Let a = (ay,ay,...,a;) be a mulli-integer of length j such that at least p
components are equal to the same power p* of p. Then M(a) =0 (mod p).

Proof. By hypothesis there exist p indices 11, 1,,...,7, in {1,2,..., 5} such that for all
ve{l,2,...,p} we have :

a;, =p°~.

By Remark 2.4, we can suppose that 1; = 1,725 = 2,...,4, = p. Now consider the multi-
integer b = (p*)”” of length p. As a = be, where ¢ is a multi-integer of length j — p,
Lemma 2.3 imply that it is sufficient to show M(b) = 0 (mod p). Writing b = b'd",
where b’ = (pa)x(p_l) and b” = (p>)*', Lemma 2.3 gives

_( ' " .
)= (7)) meme);

and lastly Lemma 1.11 yields

hence the result.

Lemma 2.6 Lel a € Nyx;,, a mulli-integer of length j, all the components of which
are powers of p. Then M(a) = fstab(a) (mod p), where §stab(a) is the order of the
stabilizer stab(a) of the mulli-integer a.



Proof. Suppose that at least p components of @ are the same power of p. From
Lemma 2.5 we infer that 9M(a) = 0 (mod p). On the other hand stab(a) contains at
least the subgroup of S; that permutes between them these p components ; thus §stab(a)
is a multiple of p!, and then fstab(a) =0 (mod p).

Therefore, we can suppose that each power of p appears at most p—1 times among the
components of a. At first, we tackle the case where @ = (p®)*’ with 5 < p. We proceed
by induction on j. For j = 1, we have @ = a; = p* and in this case, M(a) =1 = 1!
(mod p). Suppose now that m(pax(j_l)) =(j—1)! (mod p). Let us set @ = (p*)™’ and
compute M(a) :

Ma) = (7))
_ (” )mt«pa)”—lm(pa) ;

P
then using Lucas congruences [10, chapitre 23, page 418] results in
M((p™)) = (G — 1! (mod p)
that is to say
M((p")/) =5t (mod p). (9)

We look now at the general case : we write, up to a permutation, letting unchanged
M(a), a = (p°)™"...(p°*)*"" where all the integers ji, ..., jn are smaller than p. Then
Lemma 2.3 allows to write :

) = (77 I Yo )

In this last formula, the binomial coefficient is =1 (mod p) by Lucas congruences, and
then we obtain :

M(a) = M(p™ ) M=) ..(p™ )] (mod p)
using an easy induction and formula (9) :
M(a) = jiljn! (mod p)
as jil...jn! is nothing but #stab(a) we deduce that :
M(a) = tstab(a) (mod p) .

2.2 Partitions
The multinomial coefficient of a partition

Let j be an integer > 1. We recall that a partition A of an integer n € IN into 7 summands
can be seen [3, chapitre I1] as a non-increasing solution Ay > Ay > ... > A; > 1 in non-zero
natural integers (called summands of the partition) of the equation :

/\1—|—/\2—|——|—)\]:n,

10



or as a solution in integers a; > 0 (number of summands equal to ) of the system :

a, +2ay+ ...+ na, = n
a+a+..4+a, = J

This second aspect allows to associate with a partition A, the multi-integer of degree
n defined as 1**12%?2. . .n**". Thus the set of partitions of the integer n into 7 sum-
mands is identified to the set of orbits under the action of S; of multi-integers of length
J and degree n. We take advantage of this to define the multinomial coefficient of
a partition A = (a1,daz,...,a,) of n into j summands as M(1**12%%2 . .n**)  that is

M(N) = !

(AN (2072 (ah)o" -

A variant of multinomial coefficients

Let A be a partition (1#12%2..n%) of the integer n. We associate with A a modified

n!
n!)*alas!.an!’

multinomial coefficient, that is the rational number ((X)) = I @272

Lemma 2.7 [f X is a partition of n, then the element ((X)) is an integer.
This result was proved by Weill in 1880 [6, chapter 26, page 266]. The number ((}))

is called Faa di Bruno coefficient in [7].

A lemma

Let @ be a multi-integer of length 7 and n a non-zero natural integer. We suppose that
a # 0%7. We designate by IN, ., the set of multi-integers in IN,, of degree equal to n. Let
Part,(n) denote the set of partitions of n into at most j summands (identified to non-
increasing sequences of natural integers y; > y2 > ... > y; > 0 such that y1 +y2+---4y; =
n) satisfying the condition

Vv ed{l,...7} sp(y) = a,.

Definition 2.8 Let a # 0%/ be an element of N and (o, )) € Hses, Partsa(n) that is an
ordered pair (o, \) where o € Sj and A = (A1, Az, ..., Aj) is @ non-increasing sequence of j
natural integers such thal s,(A,) = a,-1¢, for every index v € {1,...,7} and Ay + Ay +
ot A =n. Wesel :

K(a, ) = (Ao(1)s Ao(2)s -+ Ao(h))- (10)

Lemma 2.9 The equality (10) defines a map & from the set [1,c5, Partsa(n) to Noy .
For z € N, ., the cardinalily of k™' (z) is given by

card /i_l(z) =b!l = H b;!
i=0

where b; = card {v €{1,....,5}/ =z, =1}. In particular, & is surjective.
Proof. As s,(\,) = a,-1(), that is 5,(\,(,)) = a,, the multi-integer x(o, A) indeed
belongs to IN,, ; moreover, since ex hypothesi A; + Ay + ... + A; = n, the sum A,y +

11



As(2) .-+ As(j) is equal to n, so that x defines a map from the set ], ¢g, Part,q(n) to
the set IN, .

For z € N, ., we write 2 = (z1,22,...,2;) ; there obviously exists a permutation
o such that the sequence oz is non-increasing. Set then A, = z,-1(,) for each index
v € {l,...,5}. It is readily verified that A belongs to the set Part,q(n). Thus (o, )
belongs to the set [[,¢g, Part,q(n) and its image by « is z. This shows already that the
map k 1s surjective.

Suppose now that two elements (o, A) and (¢/,X') in [I,cs, Part,q(n) have the same
image z by k. Since A and A" are non-increasing, necessarily A = X’. From this we infer
that oo’~! belongs to the stabilizer under the action of the group S; of the multi-integer
z. Therefore the set of antecedents of z by the map & is in bijection with the stabilizer
of z. Thus the result.

3 The binomial coalgebra

3.1 Definition

Here is the definition of the main subject of our paper [7, page 9].

Definition 3.1 Let R be a commutative ring. The binomial R-coalgebra is defined as the
triple (By, A, ¢) where :

-the R-module By is the free R-module with denumerable basis (€,)neN;

-the comultiplication A is the R-linear map from By to By®@grB, such that :

S (s

k=0

-the counit is the R-linear map ¢ : By — R such that :

)0 if n#0
5(6“)—{1 if n=0

In the case where R is a ring the characteristic of which is a prime number p, since
by definition £ < n is equivalent to (Z) Z 0 (mod p), the comultiplication A can be
expressed by :

Alen) = Z(Z)ek@@en_k. (11)

k<n

Remark 3.2 The coalgebra B; can be provided with a filtered structure. Indeed by
setting Cy = Reg, C1 = Reg + Rey,..., C; = Reg + Rey + ... + Rej,... we get a non-
decreasing filtration of the R-module B; by sub-coalgebras C,,, with U,en Cr, = B1. We
say that By is a filtered R-coalgebra ; this allows to define the degree deg(b) of an element
b of By by setting deg(b) = min{k € IN;b € Cy}.

We denote by HR the Hurwitz algebra defined by Keigher in [8] provided with its
natural topology [9, page 293]. Let provide the dual algebra B1* of the coalgebra B; with

12



the weak topology, which by definition is the weakest topology that makes continuous the
maps 1 : B1* — R defined by i,(b*) =< b*,b > for each b € By, R being provided with
the discrete topology.

Lemma 3.3 The map :
Q:B"— HR

that with an element b* in By™ associates the element Q(b*) = (b*(en))n is an isomorphism
of topological algebras.

Proof. It is clear that Q is a bijection, because we can immediately explicit Q~!.
Indeed, it is defined as the map from HR to By" that with an element (a,), of HR
associates the element b* of B such that < b*, e, >= a,. One easily proves that  is a
morphism of algebras. Lastly, we have to prove that © and Q7! are continuous. For this,
we observe that B;* is provided with the weak topology, which is the weakest topology
that makes continuous the maps 7, : B1" — R, and that H R is provided with its natural
topology as defined by [9, page 293], that is the weakest topology that makes continuous
for all n € IN the maps 7, : HR — R. (Recall that m, is defined by [9] as the map that
sends a formal Hurwitz series (a,), to a,). Therefore it is sufficient to prove that the
maps m, 0 : Bi* — Rand 1,0 Q7' : HR — R are continuous for all natural integers
n and for all elements b in B;. We observe that 7, 0 2 = 1., which is continuous on B",
and we also remark that 7, 0 27! is a locally constant map, hence a continuous map, so
Q and Q7! are continuous, which ends the proof of Lemma 3.3.

By Lemma 3.3, we can build continuous endomorphisms of the algebra H R by trans-
position of coalgebra endomorphisms of B;. When R is a field of characteristic zero, we
know that H R is topologically isomorphic to the algebra R[[t]] of univariate power series
with coefficients in R and that every continuous endomorphism of this algebra can be
described as a composition on the right by a fixed series without constant term. This
description of coalgebra endomorphisms explains the link between polynomial sequences
of binomial type and formal power series that lies at the core of umbral calculus. Now our
objective is to describe the coalgebra maps of By in positive characteristic. In the sequel
we intend, at least in the case where R is a reduced ring, to determine the group-like
elements of the binomial coalgebra and to study the coradical filtration of this coalgebra.

3.2 Group-like elements

Recall the definition of group-like elements of a coalgebra as given in [11, page 57].

Definition 3.4 We call x a group-like element of a R-coalgebra (C,A, ), when x is an
element of C satisfying the relation :

Alz) =2 ® x.

Proposition 3.5 Let R be a reduced ring. The group-like elements of the binomial coal-
gebra By are exactly these of the form reg, where r is an idempotent of R.

Proof. It is clear that elements of B; of the form req, with r* = r, are group-like.
Examine the reciprocal : let = = YN r;e; a group-like with ry # 0, let us show that
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ri=ry=..=ry=0and rl =rg. As z is group-like, the equality A(z) = z @ x is true.
On the one hand we can compute :

N

A(z) = Ziri (;) € & €i-j

1=0 5=0
and on the other hand
N N
rRxr = erﬂ"jei ® €;.

=0 5=0

By identification, we get that for each ordered pair (,7) of integers such that i + j < N

i+J
rmr; =Tty ;

is true, and that if 1 + j > N then r;r; = 0. We see that for i = j =0 r2 = rg and
consequently rq is idempotent. When N # 0, by putting : = 5 = N, this gives ri = 0
which imply inevitably that ry is zero because R is a reduced ring. Hence the result.

the equality :

Remark 3.6 For all element r of R, the element eq + rey is group-like if and only if
r? = 0. Thus previous proposilion is no longer valid when R is not reduced.

3.3 The coradical filtration

Definition 3.7 We define by induction a sequence (Ey)ren of submodules of By by setting
Eo = Reg and, for every integer k > 1

Er = ker((mp—1 ® mo) 0 A)
where, for each natural integer j, m; is the canonical surjection from By to B/ E;.

Remark 3.8 In the case where R is a field, Ej is the (k 4+ 1) — th power of Fy for the
“wedge” operation defined by [11, page 179]. (FE))ren is the coradical filtration defined
by [11, page 185].

As a first step in our investigation of the coalgebra B, we have to determine the
submodules FEj. This will be made under the supplementary assumption that R has
characteristic p, a prime number.

Let P; be the R-submodule of B; spanned by the subset {e,;n € IN;,}. The data
of (P;)jen is a grading of type IN on B;. We shall show that the filtration canonically
associated with this grading is nothing but the coradical filtration. In other words, we
have the following.

Proposition 3.9 If R is a ring of characteristic the prime number p > 0, then :

14



Proof. We proceed by induction on the natural integer k. When £ = 0, it obvious
that Py = Reg = Fy. Let us suppose that Ep_; = EB;:& P; and infer from this that
By =@, P;.

To prove the inclusion Fj O @;?:0 P;, it is sufficient to show that e,, belongs to Ej as

soon as s,(m) < k. Accordingly we fix a natural integer m such that s,(m) <k ; let us
show that A(e,,) belongs to the kernel of 71 ® mp. By formula (11), we have :

(Thr @ To)Alen) = Z(T)m_l(el)@wo(em_l).

{<m

By our induction hypothesis, it is known that mz_1(e;) = 0 when s,(/) < k. Moreover we
have mo(eg) = 0. So we can write :

(Thr @ To)Alen) = 3 . (T)Wk_l(el)@@wo(em_l).

I<m,l#m,sp(l

This last sum is restricted to indices [ such that s,(l) > k. On the other hand ez hypothesi
sp(m) < k, hence s,(l) > s,(m). Then Lemma 1.13 imply that m £ [, so that (77) =0
(mod p). Therefore (mr—1 @ m9)A(en) = 0, and this means that e, indeed belongs to the
kernel of (71 ® mp) 0 A, as to be shown.

In order to show the reciprocal inclusion F; C @520 P;, let us fix an element y in Ej.

As (€n)nen is a basis of the R-module By, we can write y = ZZ:O rne, where r, € R for
each integer n, so that :

Aly) = zd: - (’;) €1@en_1. (12)

n=0 I<n

Applying the map (mz_1 ® mo) to the two sides of the preceding equality (12) and using
the fact that y € Ej, we obtain :

0= (M @m)Al) =Yr. 3 (’;) Tt (€1)@mo(Envt). (13)

n=0 Z<n,l;’:n,sp(l)2k

Let Fy_; be the R-submodule of By spanned by the elements e,,, where n ¢ Ny, U
Ny, U..UNg_y,. By our induction hypothesis F;_y = f;é P;, we know that the
submodules Ejy_; and Fj_; of By are supplementary. Thus the restriction of mz_; to Fyp_y

is an isomorphism from Fj_; on By/FEj_;. Then we can define a morphism
D1 : Bl/Ek—l — By

as the composition of the natural injection from Fy_; to By with (mp_y |p,_,)~". In the
same way, we define ¢q : By/Ey — By as the composition of the natural injection from
Fo to By with (7o |g,)~". Then we can apply ¢r_1®d¢g to the two sides of the equality
(13), getting :

d
Z Z (7) @€y = 0.

n=01<n,sp(l)>k,l#n
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As the subset {e; @ e, : (I,m) € N*} of By ® B, is R-linearly independent, we see that,
for every n € {0, ...,d} and for every [ < n such that [ # n, the relation s,(l) > k imply
that (7)% = 0. Let n € {0,...,d} be such that s,(n) > k > 0, Lemma 1.14 shows the
existence of a natural integer [ with [ < n and s,(/) = s,(n) — 1, so that (7;) is coprime to
p and therefore r,, = 0 for each n such that s,(n) > k. Thus y indeed belongs to @?:O P;.

Observe that, since Fj is a free R-module, F;, ® E} is identified with a submodule of
B ® Bj.

Corollary 3.10 The R-module Fy is a direct summand of By. Moreover Fj is a sub-
coalgebra of By, in the sense that A(Ey) C K @ Ey.

Proof. The module Fj has a basis formed by elements (e,) where n describe the set
Uf:o IN;,. It is sufficient to show that, for such an integer n, A(e,) belongs to Ej @ Fy.
Thus let n be a natural integer such that s,(n) < k. By Lemma 1.13, if s,(/) > s,(n) then
[ 4 mn. Soifl < n, then s,(I) < s,(n) and therefore ¢; € Fy. As (nil) = (7), we observe
that [ < n if and only if n — [ < n. So when [ < n we have, in the same way as before,
€n—1 € Fy. By the equality (11), this proves the wanted inclusion A(FEy) C Fy ® Ey.

Lemma 3.11 For each integer k > 1, we have

E, = A_l(Ek—1 ® By + B @ Ey).

Proof. This is a straightforward consequence of the fact that Fr_; and Fj are direct
summands of Bj.

Proposition 3.12 Let R be a reduced ring of characteristic equal to p. Then the sub-
module Ey is stable by every endomorphism ¢ of the coalgebra B;.

Proof. Let ¢ be an endomorphism of the coalgebra By. Let us prove by induction
on k that ¢(Ey) C Ey. For k = 0, by Proposition 3.5 we have ¢(eg) = reg with r an
idempotent of R, so that ¢(Fy) C Ey. Let us suppose now that ¢(Fy_1) C Ej_y and let
[ be an element in K. By lemma 3.11, we have

Ao d(B)=(¢@¢) o A(B) € (¢ ® ¢)(Er-1 @ Br + B1 @ Eo) ;

hence the desired result ¢(3) € Fjy by our induction hypothesis.

3.4 The components of the comultiplication

We provide By with its grading by the submodules P;, with j € IN. Let p be the mapping
from IN x IN to IN such that p(u,v) = g 4+ v. We remark that A is p-graded from B; to
By ® By ; indeed, by formula (11), we have A(P;) C @,(,,.)=j Pu @ P,. As seen in section
1, we have then

A= Z (i, ®i,)0A,, opr*t”

wv 20

where
Ay = (pr" @ pr¥) o Aoy,
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Lemma 3.13 The map Ay, from Py, lo P & Py, ts injective.

Proof. In order to show that A;,, is injective, it is sufficient to find a R-linear map
Jim from Pi@ Py, to Py, such that fi,,0A;, = Ip, .. Such an application is determined
in a unique way by the images of the elements e, @ e, where (u,v) € IN;, x N,, ,. Indeed
these elements make up a basis for the submodule P; ® P,, of B; ® B;.

For a natural integer n € IN;4,, ,, we build the set D,, of natural integers defined as :

Dn:{]‘EINZ,p§J.<n}-

By Lemma 2.2, the set D,, is non-empty. We set d(n) = min D,,. Let (¢,v) be an element
of N;;, x N, ,. We put :

0 if (“:U)EO (mod p)(& p £ p+v)
Jim(le,®e,)=1¢ 0 if p<p+v and if p#dp+v)
-1
() e i p=dlptv) <ptv

Let us verify that f,, o Ay, = Ip,,,,. For n € INiy,, ,, we compute :

Al,m(en) = E (?) €; & ey.

(j7k)ENl,p XNm,p7j+k:n

Hence

fl,m © Al,m(en) = Z (j) fhm (6]' ® ek)

(j7k)eNl,p XNm,p7j+k:n

- @&J@&QJQ

= e,

Indeed, on the one hand f,, (e; @ e;) is zero except for j = d(n), and on the other hand
the ordered pair (d(n),n — d(n)) belongs to the set {(7,k) € N;, x N, ,,7 + k =n}. In

this way we see that A;,, is an injective map.

3.5 The components of a coalgebra endomorphism

We denote by ¢* the (v, pt)-component of ¢ (see Definition 1.2). As in Section 1, for each
endomorphism ¢ of the R-module By, we have :

d= > i, o0dlopr.

wv 20

Proposition 3.14 Let ¢ be an endomorphism of the R-module By. The identity Ao ¢ =
(¢ @ @) o A is true if an only if, for every natural integers [, m, p, we have the following
equality :

Dm0 o = X (6@ 6l 0 Ay

ptv=p
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Proof. Firstly we remark that the data of the submodules P, provide the R-module
By with a grading of type IN and consequently B; ® B; with a grading of type IN x IN.
Let us compute the (v, ({,m))-component of A o ¢. By Proposition 1.4, for v and (I,m)
fixed respectively in IN and IN x IN, we have :

(Ao SN (14)

seN
It is known that A is p-graded, where p is the map from IN x IN to IN such that p(I,m) =
{ +m. Thus A(Sl’m) = 0 when ¢§ # [ + m. Therefore the sum in the right-hand side of

formula (14) is restricted to a single term with § = [ + m, hence :

(Ao ¢)(wl7m) l+m QbH—m
But, as we let A;,, denote A;i:nn), the (v, (I, m))-component of Ao ¢ is :
(Ao d) ) = Ay, 0 g5

Now let us compute the (v, (/,m))-component of (¢ ® ¢) o A. By Proposition 1.4, for v
and (I,m) fixed respectively in IN and IN x IN, we have :

[(p@@) o AI™ = 3 (p@ )l oAl (15)

(p,v)ENXN

As By is free as a R-module, it is flat and consequently By @ By is flat. So Proposition 1.6
allows to write :

(6® )y = 4, D 6
Substituting this equality in formula (15), we get :

(p@¢) o AlY™ = 3 (g @¢r) oAl (16)

(p,v)ENXN

As A is p-graded, we have Afy‘“‘) =0 if p+v # v and therefore the sum in the
right-hand side of formula (16) is restricted to a sum of terms such that p+v = v ; hence
the (v, (I, m))-component of (¢ ® ¢) o A'is :

(@ @) o AI™ = 3 (4, @) 0 Ay .

ptv=ry
Lastly, remark 1.3 gives the wished equivalence.

Lemma 3.15 Suppose that R is a reduced ring of characteristic p. Let ¢ be an endo-
morphism of the R-coalgebra By. The (u,0)-component and the (0,v)-component of ¢ are
zero for all non-zero natural integers p and v. The (0,0)-component of ¢ is nothing but
Ip,.

Proof. The map ¢ is an endomorphism of the R-coalgebra By, so that e 0 ¢ = e.
Provide R with its unique grading of type {0}. For u a natural integer, let £, denote the
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(£, 0)-component of . Let us compute the (i, 0)-component of € o ¢. By Proposition 1.4,
we have :

(Eogb)g = Zayoqbﬁ. (17)
veN
Now ¢, = 0 when p # 0. Therefore the sum, in the right-hand side of equality (17) is
restricted to a single terme, hence :

(o), =coo0d, .

By Remark 1.3, we can write :
en = €00 . (18)

Moreover, it can be observed that ¢g is the linear map from the rank 1 free R-module Py
to R that maps ey € Py to 1 € R. Therefore ¢q is bijective. We are in one of the following
cases :

If 4 = 0, the equality (18) gives e = €9 0 ¢5. As &g is bijective, we deduce ¢f = Ip,.

If 4 # 0, the equality (18) becomes 0 = &g 0 ¢, so ¢ = 0 for > 0.

Lastly Proposition 3.12 shows that for g > v we have ¢* = 0. Hence ¢ = 0 for p > 0.

3.6 Characterization of coalgebra endomorphisms

We define the map © from the set of R-coalgebra endomorphisms of By to the product
[ Hom(P;, Py) by the formula :

O(¢) = (¢j)ix- (19)
The following theorem shows that ¢ is completely characterized by ©(¢).

Theorem 3.16 [f R is a reduced ring of characteristic p, then the map © defined by (19)
15 tnjective.

Proof. Let ¢ and ¢’ two endomorphisms of the R-coalgebra By such that ©(¢) =
O(¢'). We have only to verify that the (u,v)-components ¢* and ¢t agree for all natural
integers p and v. We prove this by induction on g. Lemma 3.15 shows that this is true
for g = 0. Fix now a natural integer p > 0 and suppose that ¢ = ¢/ for all v > 0 ; let
us show that ¢#t! = gb’f“ for all v > 0. By Proposition 3.14, we have :

Agiodhtt = > (@b oA
a+pB=v

= Y (dh0ds) ol
a+p=v
= A,go0¢tth
Now, by Lemma 3.13, the map A, ; is injective, thus ¢#+! = qb’ff"'l for each natural integer

v, as to be shown.
As a matter of fact, we shall prove in the sequel the following result.

Theorem 3.17 If R is a reduced ring of characteristic p, then the map © is bijective.
In order to show this theorem, we need some preliminary results about coalgebras.
This will be examined in the next Section.
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4 Multi-integers and coalgebras

Throughout this section, the ground ring R is supposed to be a reduced ring of charac-
teristic p.

4.1 Notations

Definition 4.1 The diagonal map of order j is the R-linear map AW of By to By®’
defined by induction on j by setling : ‘

A©) 45 the counit ¢ of By, A = Iy and AUTY = (A(j)@)]BI)OA for each natural integer
J =1

Remark 4.2 As A is p-graded, we easily verify that the map AU) is p;-graded where p;
is the map from N’ to N that sends a multi-integer a of length j to the integer |a| .

For every multi-integer @ = (ay,...,a;) of length j, we denote by P, the R-module
®?_; Pa, (denoted by T,(P) in Section 1) so that we have B;%/ ~ @,cns Pa. For a multi-
integer @ of length j, we denote by e, the tensor product @i_; e,;, by i|q the injection
from Py, to By, by pr* = ®?:1 pr® the projection from B;%7 to P,.

4.2 The components of the diagonal map of order j

Let @ be a multi-integer of length j. Let AlY) denote the (|a|, a)-component of Al that
is

AU = prio AW o Ual -
the map AY) is a R-linear map from Pla to Pa .

Proposition 4.3 Let b and ¢ be lwo multi-integers of length respectively @ and j. We
have the following formula :

A = (AD @ ADY 0 Ay -

Proof. The coassociativity of A gives the following equality :
Ali+i) — (A(i) ® A(j)) oA .

Fix two multi-integers b and ¢ respectively in IN' and IN/. Considering (|be|, be)- compo-
nents in the two sides of the preceding equality, Proposition 1.4 implies

A = S (AOg AR, 0 AR, 20)

(p,v)ENXN

Now Proposition 1.6 gives :
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by Remark 4.2, we have (A(i))z =0 if p#bland (AU =0 if v # |c|; moreover
for p = |b| and v = |e], we have :
(A(i) ® A(ﬁ))'{;y) — (A(i))?b| ® (A(j))fc|
= AP @AY,
Substituting this last expression in equality (20), we get :

Al(;i+j) _ (AI(;i) ® Aﬁj)) o A|b|7|0|

lbe|

that is the desired identity.
The following lemma makes explicit the images by the map A{) of the elements of the
basis (en)neNMp of Pq|-

Lemma 4.4 Let a be a multi-integer of length 3 > 1. Forn € Ny, ,, we have :

AD(e)= Y Mk

|k|=n,k€N, p

|7p’

Proof. This is straightforward by induction on j, by means of Proposition 4.3 and
Lemma 2.3.

4.3 A map linked to the diagonal map of order j
Definition 4.5 Let a be a multi-integer of length j such that a # 0%/. We define the
map T'U) of Pla| to P, such that, for n € Ny,

MPe) = 2 ((Wers (21)

AEPart,(n)

where ey = e),@ex,@...Q€y;, if A is the partilionn = A+ -+ X; with Ay > ... > A; > 1.

Definition 4.6 Lel o belongs to the set S;. We define the map 7,-1 , from Py, to Py, that
with an element (b ®by®...Qb;) € P,, associales the element (bg(l)®bg(2)®...®bg(j)) e P,.

Lemma 4.7 Let a and b be lwo mulli-integers of length j and j R-linear maps i, ...,2;
such that 1; maps P, to Py,. Then we have

J

J
OTg—1qg = Tg—140 [@ 771)0—11,] .
v=1

v=1

Proof. The proof is direct.

Lemma 4.8 Lel a be a mulli-inleger of length j such that @ # 0% and 7,-1, as in
Definition 4.6. We have :
AL = Z Ty—1.4 O ng).

gES;
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Proof. Let n be an element of IN|,|, ; equality (21) and Definition 4.6 give :

D Tomaolile) = 3 3 (AW)mealen):

gES; 0€S; AePartgq(n)

A direct computation gives :
Tg—l7a(e)\) = 60—1()\).

Now o7*()) belongs to the set IN,, and satisfies the equality |c~'(\)] = n. Setting
k = k(o, A) - with the notation of Definition 2.8, we get :

Y maolie)= X 3 (Ve

UES kEN ,p,n (0’ /\)EH )

It remains to prove that 35, ey ((A)) = M(k). By Lemma 2.9, we know that the
cardinality of x~'(k) is a! and then M(k(o, X)) = al((A)) = M(k), hence the result by

Lemma 4.4.

4.4 The map f;

We set fy = g9. Given a natural integer 7 > 1, let f; denote the map from P; to 731®j
defined by :
fi=fi-1@Ip) 0 Ajas.

We can identify f; with Ip, by means of the canonical isomorphism of R @ P; with Py.

Lemma 4.9 The map f; is injeclive.
Proof. This follows easily by induction on j from the flatness of the R-module P;

and from Lemma 3.13.

Proposition 4.10 The map f; is equal lo the (4,177)-component of the diagonal map of
order j, where 19 = (1,1,...,1) € IN’.

Proof. We proceed by induction on the natural integer 7 > 1. For 5 = 1, we have
fi=1Ip, = Agxl Suppose now that f;_; = Agjle)l and let us prove that f; = SX] By
Proposition 4.3, we have by setting b= 1%~ and ¢ = 1*', the following equality :

A(i)

1%

= (ALY @A ))oA; ;. (22)

But fj_1 = ALY (induction hypothesis) and Aglx)l = Ip,, thus by substituting in equality

1><] 1

(22), we have : 4
AEJX)J = (fi-1@1Ip) 0 ANj_q,
which is nothing but f;.

Lemma 4.11 Let n be a natural integer such that s,(n) = j. We have :

— E €oa 3

gES;
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where a is the multi-integer a = w(n) defined before Lemma 2.1.
Proof. Let us set @ = w(n) we have then |a] = n. By Proposition 4.10, f;(e,) =

A(ljx)](en) and Lemma 4.4 gives the following equality :

Al(e) = X Mlk)er.

|k|:n,k€N1 Xip

By the fact that R is of characteristic p, using the uniqueness of the base p representation

(€n) = Z M(k)ex ;

kESja

of n, Lemma 2.5 imply

Lemma 2.6 allows to write :

(en) = Z fstab(k)ey ;

kESja

and since the order of the stabilizer is constant over the orbit of a, it results that :

filen) = tstab(a) > e .

kES]a

On the other hand

Y ewa=Y. > €ora;

o€ES; 0€R TEstab(a)

where R is a set of class representatives for the left cosets of stab(a) in S;. We deduce :

E €oa = Z fstab(a)esq

gES; gER

hence the result.

4.5 The map T'r;

Let j be a non-zero natural integer and o a permutation in S;, we have already defined
(Definition 4.6) the endomorphism 7,-1 1x; of 7353] that with an element (1 @2, ®... @ x;),

associates the element (l‘a(1) ® To(2) @ ... @ xg(j)). The map T'r; from me to 73?] is then
defined by :

Tr; (@xz) = Z Tg—lei(éwi).

gES; =1

that is
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Lemma 4.12 The submodules Im(f;) and Im(Tr;) of PEI are equal.
Proof. Let a be a multi-integer in IN;x; ,. The definition of the map T'r; gives :

Tri(eqs) = Z €oa |

0ES;

By Lemma 4.11, it is obvious that Im(f;) C Im(Tr;) ; now, let us show the reciprocal
inclusion. Still by Lemma 4.11, ,c5 €50 = fj(en) where n = 331_; p® thus Trj(e,) =
fi(en) and hence Im(T'r;) C Im(f;).

4.6 Proof of Theorem 3.17

Let (v);>1 an element in the set [];5; Hom(P;,P;). We write 1oo = 0 for the sake of
convenience. We look for an endomorphism ¢ of the R-coalgebra By such that qul = 1,
for each natural integer 7 > 1. By formula (2), it is sufficient to define its components ¢,

Definition 4.13 Let p and j be two natural integers. We define the map h, ; from P, to
P by

j .
hoi= Y [Qun]o A
beNY, |b|=p V=1

In particular we remark that koo = ¢g, h,0 = 0 for p > 0 and h,; = ¢,. Given two
natural integers p and j, we look for a R-linear map qb]p from P, to P; such that :

fiodl = hy, (24)

In order to find q'bg satisfying the equality (24), as the sub-R-modules P, are free, it is
sufficient to show that Im(h,;) C Im(f;) ; but by Lemma 4.12, the submodules I'm(f;)
and I'm(T'r;) are equal, and accordingly we have only to show that Im(h,;) C Im(Tr;).

Lemma 4.14 For two natural integers j and p such that 37 > 0 and p > 0, the image
Im(h, ;) is a submodule of Im(Tr;).
Proof. Definition 4.13 gives :

i :
by = X (@vnloay (25)
beENY,|b|=p ¥=1
Now, for each multi-integer b of length 57 > 0, Lemma 4.8 gives :

AV = 3 ot

gES;
substituting this last relation in identity (25), we obtain :
d ()
hp,j = Z [® ¢bu] o E To=1 O Fcr]b ;
bEN]7|b|:p v=1 CTES]
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then using Lemma 4.7, we obtain :

J .
hp,j = Z Z To=1,1%3 O [® ¢(ab)y] o Fg]b) )
v=1

beNY [b|=p TES;

inverting the summations, we get :

J ,
hpi= > Tomig o Y [ ten,]o re) ;

0€ES; beN? |p|=p =1

in this last sum, we replace the index (o,b) by (o, ¢) with ¢ = ob ; we find

j .
h,;= E Ty—11x5 O Z [®@Z)w] o F,(:]) :

0€ES; €N |e|=p v=1

hence ‘
] .
hej=Trjo ( > [Xe]o Fﬁ”) :
€N/, Je|=p v=1

The proof of the lemma is complete.

So (24) allows us to find q'bg for all natural integers 5 and p. It remains only to
verify that the endomorphism ¢ of By that has as </§Jp as (p,Jj)-component is a coalgebra
endomorphism . Since fy is bijective, the relation (24) proves that

$o=0 if p>0;

and
¢8 = [730 Zf pP= 0.
It results that € 0 ¢ = ¢. It remains to prove the identity Ao ¢ = (¢ ® ¢) o A. By

Proposition 3.14, this is equivalent to prove that, for every natural integers [, m, p, we
have

Apmod,™ = 3 (6,@¢)) 0 Ay (26)

ptv=p

Now, by Lemma 4.9 the map f; is injective and as the submodules P; are flat, we infer that
[1 @ fr is injective. Thus equality (26) is equivalent to the equality given by composition

on the left with Aglll ® Agn;,)n:fl ® fm. By Proposition 4.3, we are reduced to prove

A ogtm = 3T (A o g) @ (AT o gm0 A,
ptv=p

that is :
Jivm o¢fo+m = Z (floqbi)@(fmoqb;n)OAmu;

ptv=p
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and using the formula (24), we see that is sufficient to prove that :

hp,H—m - Z (h,m,l & hu,m) o A;L,l/ .

ptv=p

We compute the right-hand sum :

S (huy @ hym) 0 A, = 3 (R ) @ (R tbe) o [(AV @A) 0 A, L]
preer ptv=p, "7
be N, b =y,
ceN" |e|=v

But, by Proposition 4.3, (A,(,l) @ A" oA,, = (A,(,Z) @ Ay o Ap e = A,(,lc+m), thus :

! m
> (ht @ ) 0 Ay = > (R ¥s,) ® (R ¥e,) 0 AT ;
v=1

ptv=p ptv=p,bEN [b|=p,c€N™ |e|=v V=1

and by setting be = a with @ € IN'"*™ the last equality becomes :

+m

S (hui @bym) oA, = Y IR ta]o Al+m)

ptv=p aENl+m,|a|:p v=1

= hp7l+m 3

hence the result. Thus ¢ is a R-coalgebra endomorphism of By such that ©(¢) = (¢});>1,
and so © is bijective.

Corollary 4.15 A coalgebra endomorphism ¢ of By is bijective if and only if ¢} is an
automorphism of P;.

Proof. Let ¢ be a R-coalgebra endomorphism of B;. Let us show that if ¢ is bijective,
then the component ¢1 is too. Set ¢ = ¢!, so that ¢ is a R-coalgebra endomorphism of
By such that ¢ o) = Ig, and ¢ o ¢ = I5,. Let us compute the (v, p)-component of the
compositions ¥ o ¢ and ¢ o . We obtain by means of Proposition 1.4 :

(pod)y=D ¢fod) and  ($o¢)h = foi.

SeEN SEN
As ¢ o¢ = Ig, and ¢ oy = I, using Proposition 3.12 and Lemma 3.15, we get :
¢% © Qbi = [771 and 991 © ¢% = [P1 )

which means that ¢} is an automorphism of P;.
Reciprocally, let ¢ be a R-coalgebra endomorphism of By such that ¢} is an automor-
phism of Py ; let us show that ¢ is bijective. We use the two following lemmas.
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Lemma 4.15a

Let ¢ be an endomorphism of By ; if 1 is an aulomorphism of Py then, for every natural
integer j, ¢} is an automorphism of P;.

Proof. For j =0, ¢g = Ip, and for j = 1, ¢} is ex hypothesi an automorphism of
P1. Let us show that for every natural integer j > 2, ¢% is an automorphism of P;. By
equality (24) we have :

fiodh = ¢ f;. (27)

As f; is known to be injective (Lemma 4.9) this shows that gbj is injective too. Having
in mmd to show that qb] is surjective, we first observe that the automorphism qb1®] of

P2 maps the submodule Im(T'r;) into itself and so induces an automorphism of this
submodule. Let y be an element of P; ; by Lemma 4.12, there exists an element z in Py’

such that f;(y) = Tr;(z) ; we have remarked that </§1®] induces an automorphism of the
submodule I'm(Tr;) hence we can write

fily) = o%(2"); (28)

for an element 2z’ in I'm(Tr;) = Im(f;), so that there exists x belonging to P; satisfying
z' = f;(x). Thus
®
Fi(y) = 817 (fi(2)) ;
formula (27) gives then f;(y) = f](qbg(x)) ; as f; is injective, we deduce that y = qbg(x),

which ends the proof of our lemma.

Lemma 4.15b

Let & be an endomorphism of By ; if ¢} is an aulomorphism of Py then ¢ is surjeclive.

Proof. We know that the data of the (Ps)sen is a grading of type IN on B;. Let y
be an element in Pjs, let us show by induction on § that y belongs to Im(¢). For § = 0,
y € Py, thus y = ¢(y) because by Lemma 3.15, ¢J = Ip,. Suppose that for § < j, we have
Ps C Im(¢) and let y € P; ; by Lemma 4.15a, there exists x belonging to P; such that
y = ¢}(z). Now let us compute ¢(z) — y ; formula (2) gives :

J
Zz(gogb o pr/( qug (29)
6= §=1
then ¢(z) —y = Z] 1 qu( T) ; as ¢5(;t:) € Ps for & < j, by induction hypothesis we have
<p§($) € Im(¢) for § < j then qb]( z) = ¢(xs) for some x5 in By thus ¢(z) —y = g;} o(xs).
Hence y = ¢(z) — E 1 (25) which proves that y € Im(¢) ; thus ¢ is surjective.

Now we are ready to prove Corollary 4.15. Let ¢ be a R-coalgebra endomorphism of

B, such that ¢i is an automorphism of P;, we are going to build an element (X ) i1 in
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[1;5>1 Hom(P;,P1). Using Lemma 4.15a, we begin by setting Xi= (qu)_l for every integer
i€ {l,...,7}. For j > 1 we define by induction :

j-1 ,
Xj = =2 x;0di0x7; (30)

§=1
where X} € Hom(P;,P1). By Theorem 3.17, there exists a unique R-coalgebra endomor-
phism x of B; such that ©(x) = (x;);>1. Consider the R-coalgebra endomorphism y o ¢

of By and let us compute O(x 0 ¢) =[(x o ¢);]j>1' Proposition 1.4 implies the equality

XOQD ZX50¢], (31)

seN

and using the fact that qb? = 0 when ¢ > j, formula (31) gives :

ol
(xod); =xjod}+ D x50 ;
J J J J

§=1

for j > 1, substituting for X; its value given by formula (30), we obtain :

7—1

(XOQD ZX50</5 OX]O</5]‘|‘ZX5O</5Ja

but )ﬂi 0 ¢; = Ip, thus

7—1

(x 0 ¢); Exgoqb +Zx50¢

We see that (y o ¢); = 0 for j > 1; for j =1, (xo¢); = x;0¢; = Ip, ; so we
have ©(x o ¢) = O(Ip,). As, by Theorem 3.17, © is bijective, we have xy o ¢ = I,. It
remains only to prove that ¢ o x = I,. Let y be an element in By, we want to prove that
pox(y) =y ;as ¢ is surjective by Lemma 4.15b, there exists an element = in By such that

y = ¢(x) and then ¢(x(y)) = d(x(¢(x))) but x(é(z)) = = and hence ¢(x(y)) = () = y.

5 Examples

In this last Section, we present some examples of endomorphisms of the binomial coal-
gebra. We fix a reduced ring R the characteristic of which is a prime number p. In
Examples 1 and 2, we consider endomorphisms defined very directly by means of our
Theorem 3.17. These examples can also be built by Carlitz’s method. Both preserve the
degree as defined in Remark 3.2. Example 3 is the Carlitz’s original example. Example 4
cannot be got by Carlitz’s method. It does not preserve the degree. Eventually, we show
that our Example 1 cannot be built by means of the method of Keigher and Pritchard
that we have described at the beginning of our paper.
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5.1 Example 1

Let A be an element in R ; we consider the element (¢););>1 in [I;5; Hom(P;,P;) such
that ¢, = 0if j # 1 and ¢y : P; — Py is defined by ¢ (x) = Az. By Theorem 3.17, we

define in a unique way the endomorphism ¢, of By by the condition :

O(dr) = (¥))i>1

where O is the same map as in formula (19). It is easy to verify by formula (24) that :
Vn € IN; (ﬁ)\(en) = )\Sp(n)en )

This example fall into the class of endomorphisms liable to be built by the method of
Carlitz explained at the beginning of our paper. Indeed, let us set U, (¢) = A?", so that

U(t+u) = U,(t)+ 0, (u). (32)

From this, the Carlitz’s method build a polynomial sequence (G} )i of binomial type such
that
Gr(t) = Uo (1)U (1) .. U (4)™

where k = ag + a1p + ... + a,p’® is the base p representation of k. An easy computation
gives

Gr(t) = ARk
As (G)g is of binomial type (that is it verifies the binomial formula

Fo(k

Gutt+0) = 3 () Ga(0Gn(o)).
=0 \P

by identifying By with R[z], the R-linear map ¢ from R[z] to R[z] that sends z” to

G(z) = AW z" is identified to the R-coalgebra endomorphism ¢y of By.

5.2 Example 2

Let v be an element fixed in R ; for 7 > 1, let T, denote the zero morphism from P; to
Py and define Ty as the endomorphism of the R-module P; such that Ti(e,) = v"e, for
n € INy,. Consider the element (Y;);> in the product [T>1 Hom(P;,P1) and let © be
the map defined by the formula (19). By Theorem 3.17, we define in a unique way the
endomorphism ¢/ of B, by setting :

Using formula (24), we find easily :
Vn € IN; ¢ (e,) =7"en .

This example is also obtainable by Carlitz’s method. Indeed, let us set W, (t) = "¢,
This sequence ¥, satisfy the equality (32) and if K = ag + a1p + ... + ap® is the base p
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representation of k, the Carlitz’s method built a polynomial sequence (G)x of binomial
type such that :

Gr(t) = o)™, (1) ... W, (1)"
= Ak

As (G)ken is of binomial type, by identifying By with R[z], the R-linear map ¢’ from R[]
to R[z] that sends 2" to G, (z) = y"2" is identified to the R-coalgebra endomorphism ¢/,
of Bl.

5.3 Example 3

By taking up the original example of Carlitz as described by Diarra in [5], we can get
another endomorphism of the coalgebra B;. Let us describe it.

The Carlitz module defined in [4] leads us to the introduction of two important se-
ries, namely the Carlitz exponential series and the Carlitz logarithm. For x an element
belonging to IF,((T~')), we define e.(z) (the Carlitz exponential series) by :

=32
e.lx) = ;
—~ D,

k3

where D; is the product of all monic polynomials of degree ¢ in IF,[T]. Putting Cr(z) =
x? + Tz, we arrive to the functional equation :

e.(Tx) = Cr(ez));

the Carlitz logarithm Log. is the reciprocal series of e. and it is shown that :

B

Log.x = Z 7
=0 2

with L; = [T._,[I] with [I] = T*' — T. It is not difficult to see that :

ec(ZLogcl’) = Z E](Z>‘ij s
7=0

. . 1
with F;(z) = Y¥i_, (—1)J_l 2. Now we study the sequence of polynomials (E;) ; we

i
¥, D,

remark that

Ej(u+v) = Ej(u) + Ej(v)
in IF,[u,v], so that by setting ¥, = FE,., the sequence ¥, satisfy the relation (32). Let
J be a natural integer, we write 7 = jo + 11p + ... 4+ gsp® with 0 < j; < p. Carlitz’s
construction gives us here a new example of a coalgebra endomorphism of By, indeed the
sequence h; defined by : o '

hj=ESEL ... Ey;

is a polynomial sequence of binomial type and hence by identifying By with R[z], the R-
linear map ¢ from R[z] to R[z] that sends 27 to h;(z) = [5_, Ei¢(2) defines a R-coalgebra
endomorphism ¢, of By.
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5.4 Example 4

We give now an example of a R-coalgebra endomorphism of B; which cannot be built by
the Carlitz’s method. We suppose that p # 2.

We consider the element (3;);>1 in the product [];»; Hom(P;, P1) such that ¢; = Ip,
when j = 1, v, is the map from P, to Py defined by t3(€,0y,8) = €,0+5 for all natural
integers o and 3 and ©; = 0 when j > 3. By Theorem 3.17, we define in a unique way
the endomorphism ¢ of By by setting :

O(¢) = (¢))ix1 -

By formulas (2) and (24), it is easily verified that :

Qb(epa-kpﬁ) = €pats T Epayps .

If this example can be built by means of Carlitz’s method, we should have, identifying B,
with R[z], the following identities :

xpa+p'8—|—;r:pa+ﬁ = Gpa+p,e(:z;)

= U (2)Ws(a)

with W, (z) = 27", and that is not true.

5.5 An example of an endomorphism not described by the method
of Hurwitz series

In the case of positive characteristic, Keigher and Pritchard have defined on HR an
operation of composition that generalizes the composition of power series. This makes us
think to build endomorphisms of B; by transposition of endomorphisms of HR given as
composition on the right by an element of H R without constant term. We are now going
to show that the endomorphism ¢, of example 5.1 defined by :

VnelN ; ¢,\(€n) = /\Sp(’ﬂ)en

cannot be obtained in this process, as soon as A is an element of the ring R such that
AP £ X. Such a A exist in R when for example R is a field that is not reduced to the prime
subfield.

From Lemma 3.3, the transpose ¢} € B} can be seen as a continuous endomorphism,
still denoted by @3, of the topological algebra H R such that :

qu(:r:[n]) = Aor(r)gll
where z[" is, in accordance with the notation of Keigher and Pritchard [9, page 293], the
n-th divided power of x = (0,1,0,0...) in HR.
Let search for an element f in HyR such that :

& (aln) = Mor(mgll — vl g .
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if true, we necessarily have f = Azll. As, for each natural integer n, the n-th divided
power of f is given [9, page 295] by fIl = zl"l o f. we are reduced to look for a formal
Hurwitz series without constant term f such that :

Vne N firl = Yoyl (33)

As f = Xzl and by [9, page 293], we have fI") = A7z[" and the very existence of f
would give us the equality :

Vne N Azl = yor(ghl,

?

In particular, for n = p, we obtain

AP= X

but we have supposed that A? # X, which is a contradiction and hence, it cannot exist
f € HR without constant term such that

o2y = allo £

and so ¢, cannot be an endomorphism of the binomial coalgebra obtained by the compo-
sition method described above.
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