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Abstract. We describe an infeasible interior point algorithm for convex minimiza-
tion problems. The method uses quasi-Newton techniques for approximating the
second derivatives and providing superlinear convergence. We propose a new feasi-
bility control of the iterates by introducing shift variables and by penalizing them
in the barrier problem. We prove global convergence under standard conditions on
the problem data, without any assumption on the behavior of the algorithm.

Key words. BFGS algorithm, constrained optimization, convex programming,
interior point method, line search, primal-dual method, quasi-Newton method.

AMS subject classification. 65K05, 90Cxx, 90C25, 90C30, 90C51, 90C53.

1 Introduction

We consider the smooth convex minimization problem{
min f(x),
c(x) ≤ 0,

(1.1)

where f : Rn → R, c : Rn → R
m, and where f and the components ci are convex

and differentiable functions. We solve (1.1) by a quasi-Newton interior point method
based on the algorithm introduced by Armand, Gilbert and Jan-Jégou [1] and further
developed in [2]. Our new method can start from an infeasible initial point, but it
differs from the algorithm proposed in [2] about the feasibility control of the iterates.
As a result of our new approach, the algorithm is simpler to analyze and it has stronger
convergence properties.

To handle infeasible iterates, we adopt a strategy similar to the one developed in [2].
The boundary of the feasible set is shifted, so that the iterates remain inside a feasible
region and an exact penalization is used to shift back the boundary to its original
position. But a difficult, and unsolved, issue in [2] was the control of the penalty
parameter. In that paper, the authors have not succeeded in proving that the sequence
of penalty parameters generated by their algorithm remains bounded, and therefore
the whole convergence analysis has been done under a boundedness hypothesis of this
sequence. In the present paper, shift and penalization are introduced in a different way
and an explicit control of the penalty parameters is proposed. Our main result shows
that the sequence of penalty parameters generated by the algorithm remains bounded.
†LACO–CNRS, Université de Limoges, Faculté des Sciences, 123, avenue Albert Thomas, 87060

Limoges (France) ; e-mail: armand@unilim.fr.
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The whole convergence analysis is done by using the same assumptions on the problem
data as those in [2], but without any assumption on the behavior of the algorithm.

We associate to problem (1.1) the following penalized problem
min f(x) + σ>s,
c(x) ≤ s,
s ≥ 0,

(1.2)

where the objective function is parametrized with a penalty vector σ ∈ Rm. The
motivation for introducing this problem is the following. The penalization is exact,
in the sense that if (x, λ) is a primal-dual solution of (1.1), then (x, s) with s = 0,
is solution of (1.2) whenever σ ≥ λ (the inequality is understood componentwise).
On the other hand, given any initial point x1, not necessarily feasible for (1.1), it is
easy to find s1 such that the pair (x1, s1) is strictly feasible for (1.2). Therefore, any
interior point algorithm, that maintains strict feasibility of the iterates, can be applied
to solve problem (1.2). During the iterations for solving (1.2), it then suffices to update
conveniently the components of the penalty vector σ in order to drive s to zero, and in
this way to obtain a convergent sequence to a solution of the original problem (1.1).

The primal-dual interior point algorithm to solve (1.2) is as follows. We associate
to (1.2) the penalized barrier problem{

min ϕσ,µ(x, s) := f(x) + σ>s− µ
∑m

i=1 log
(
(si − ci(x))si

)
,

(s− c(x), s) > 0,
(1.3)

where ϕσ,µ is a barrier function parametrized by µ > 0 and σ ∈ Rm. This problem is
unconstrained, the positivity constraint being implicit, and, as is said above, a strictly
feasible starting point can be easily computed. For fixed parameters µ and σ, prob-
lem (1.3) is approximately solved by applying a sequence of primal-dual quasi-Newton
(BFGS) iterations to the perturbed optimality conditions of the penalized problem
(1.2), see [1]. The convergence of the iterates is guaranteed by means of a line search
procedure on some merit function. These iterations are called inner iterations. Once
an approximate solution of (1.3) is found, the parameters µ and σ are updated. The
barrier parameter µ is reduced to zero, to force convergence to a solution of (1.2). Using
the estimate of the optimal multipliers available at the end of the inner iterations, the
components of the penalty parameter σ are possibly increased, to force the convergence
of s to zero. The stabilization of σ’s values is obtained by standard update rules ensur-
ing that the sequence of penalty parameters is either stationary or unbounded. Then,
a new sequence of inner iterations is applied, until convergence to a solution of (1.1).
The collection of inner iterations corresponding to the same value of µ and σ is called
an outer iteration.

Let us mention the main differences with the strategy proposed in [2]. In that paper,
problem (1.1) is transformed into the equivalent form:

min f(x),
c(x) ≤ s,
s = 0,

(1.4)

2



where s ∈ Rn is a vector of shift variables. The advantage of the transformation was to
preserve the convexity of the original problem, that would not have been the case with
the use of slack variables, that is with the transformation c(x)+s = 0, s ≥ 0 (see [3], for
example). The barrier problem associated to (1.4) is the following equality constraint
problem: {

min φµ(x) := f(x)− µ
∑m

i=1 log
(
si − ci(x)

)
,

s = 0.

In this approach, the inequality s − c(x) > 0 is maintained thanks to the logarithmic
barrier function, while the equality s = 0 is relaxed and asymptotically enforced by
exact penalization. The merit function, used to force the global convergence of the
inner iterates, contains the term φµ(x) + ρ‖s‖, where ρ is a penalty parameter. Since
the algorithm is a line search method, the quasi-Newton direction computed at each
inner iteration must be a descent direction of the merit function. This property is
guaranteed by a possible increase of the penalty parameter value before performing the
line search, hence the need of a stability property of the sequence of penalty parameters
to prove the convergence of the inner iterates. In our new approach this problem is
avoided, because the penalty parameter is fixed during an inner iteration, the update
of its value is done at the outer iteration only, which simplifies both the algorithm and
its convergence analysis. Let us mention also that in [2] the shift variables are updated
according to s+ = (1 − α)s, where α is the step length. This formula follows from
the linearization of the equation s = 0 in (1.4). For the efficiency of the algorithm
(to prevent a non-acceptance of the unit step length by the line search), the constraint
s = 0 is relaxed into s = rµ, where rµ is an additional parameter that converges to
0 with µ. Our new algorithm does not need such a relaxation, the shift variables are
progressively driven to 0 thanks to the combination of the logarithmic barrier function
and the penalization term.

We briefly mention a link between our approach and previous works in nonlinear
programming. In [9], Mayne and Polak proposed a scheme to incorporate equality
constraints in methods that solve inequality constraints problems by generating feasible
iterates. This scheme has been used in some feasible directions algorithms, see [6, 8]
and the recent work of Tits, Urban, Bakhtiari and Lawrence [15]. It consists of keeping
the iterates on one side of each equality constraint and penalizing the iterates to force
them to go more and more near the boundary of these fictive inequality constraints.
This is exactly what is done when the equivalent formulation (1.4) of problem (1.1) is
transformed into (1.2).

The paper is organized as follows. In the next section we introduce the notation
and state the assumption used throughout the paper. The algorithm for solving the
penalized barrier problem is presented in Section 3 and its convergence properties are
stated. In Section 4 the overall algorithm is presented and the convergence of the outer
iterates is analyzed. Part of the results of the paper, especially those concerning the
inner iterations, are proved by using similar techniques to those used in [1]. To simplify
the presentation and to highlight the main contribution of the paper, some proofs are
relegated in appendix at the end of the paper.
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2 Notation and assumption

Vector inequalities are understood componentwise: u ≥ 0 means that each component
satisfies ui ≥ 0 and u ≥ v means that u − v ≥ 0, with similar meanings when ≥ is
replaced by >. Given two vectors x, y ∈ Rn, x>y denotes the Euclidean scalar product
and ‖x‖ denotes the associated `2 norm. A function is of class C1,1 if it is continuously
differentiable and if its derivative is Lipschitz continuous.

Let us recall some definitions of convex analysis (see for example [7]). A function
φ : Rn → R is strongly convex with modulus κ > 0, if the function φ(·) − κ

2‖ · ‖
2 is

convex. For a differentiable function, the strong convexity is equivalent to the strong
monotonicity of its gradient, that is: for all (x, y) ∈ Rn × Rn, (∇φ(x)−∇φ(y))> (x −
y) ≥ κ‖x − y‖2. Consider now a closed proper convex function f : Rn → R ∪ {+∞}.
Its asymptotic derivative is the closed proper convex function defined for d ∈ Rn by

f∞(d) := lim
t→+∞

f(x+ t d)− f(x)
t

,

where x is an arbitrary point in the domain of f . The level sets of f are compact if and
only if f∞(d) > 0 for all nonzero d ∈ Rn (see [7, Proposition IV.3.2.5]). As corollary
(see [14, Corollary 27.3.3]), if problem (1.1) is feasible, then its solution set is nonempty
and compact if and only if the following property holds:

(∀ d 6= 0) c∞i (d) ≤ 0 ∀ i = 1, . . . ,m =⇒ f∞(d) > 0. (2.1)

The Lagrangian associated with problem (1.1) is the function ` : Rn × Rm → R

defined by `(x, λ) = f(x) +λ>c(x). When f and c are twice differentiable, the gradient
and Hessian of ` with respect to x are given by

∇x`(x, λ) = ∇f(x) +∇c(x)λ and ∇2
xx`(x, λ) = ∇2f(x) +

m∑
i=1

λi∇2ci(x),

where ∇f(x) is the gradient of f at x (for the Euclidean scalar product), ∇c(x) is
the matrix whose columns are the gradients ∇ci(x). Provided the constraints satisfy
some qualification assumption, the Karush-Kuhn-Tucker (KKT) optimality conditions
of problem (1.1) can be written as follows (see [12] for example): if x is a solution of
(1.1) there exists a vector of multipliers λ ∈ Rm such that

∇f(x) +∇c(x)λ = 0,
c(x) ≤ 0,
C(x)λ = 0,
λ ≥ 0,

(2.2)

where C(x) is the diagonal matrix diag(c1(x), . . . , cm(x)).
Our minimal assumption refers to the convexity and smoothness of problem (1.1).

Assumption 2.1 The functions f and ci (1 ≤ i ≤ m) are convex and differentiable
from R

n to R. There exists λ ∈ Rm, such that the Lagrangian `(·, λ) is strongly convex.
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A first consequence of this assumption is the strong convexity of the Lagrangian
`(·, λ) for any multiplier λ > 0, with a modulus depending continuously on λ, see
[2, Lemma 3.2]. This property plays a key role in the convergence analysis of the
minimization algorithm.

A second consequence of Assumption 2.1 is the compactness of the solution set of
problem (1.1).

Proposition 2.2 [2] Suppose that Assumption 2.1 holds. Then, there is no nonzero
vector d ∈ Rn such that f∞(d) <∞ and c∞i (d) <∞, for all i = 1, . . . ,m. In particular,
if problem (1.1) is feasible, then its solution set is nonempty and compact.

3 Solving the penalized barrier problem

This section presents the algorithm for solving the penalized barrier problem (1.3) for
fixed parameters µ and σ. We first prove some elementary properties of problems (1.2)
and (1.3), that provide the basis for the minimization method. Next, the quasi-Newton
step and the merit function are defined, then the line search minimization algorithm,
is described. At last, the convergence results are stated.

The optimality conditions of the penalized problem (1.2) can be written (from now
on, to simplify the notation we drop most of the dependencies in x)

∇f +∇c λ = 0,
(S − C)λ = 0,
S(σ − λ) = 0,
(s− c, s, λ, σ − λ) ≥ 0,

(3.1)

where S = diag(s1, . . . , sm). Note that σ − λ corresponds to the vector of multipliers
associated with the nonnegativity constraint of (1.2). Assumption 2.1 implies that the
solution set of the penalized problem (1.2) is nonempty and compact, even if problem
(1.1) is infeasible.

Proposition 3.1 Suppose that Assumption 2.1 holds. Then, the penalized problem
(1.2) is strictly feasible and for any penalty vector σ > 0 its solution set is nonempty
and compact. If (x̂, λ̂) is a primal-dual solution of (1.1), then for any σ ≥ λ̂, the vector
triple (x̂, ŝ, λ̂), with ŝ = 0, is a solution of (3.1), which means that (x̂, ŝ, λ̂, σ − λ̂) is
a primal-dual solution of the penalized problem (1.2). Conversely, let (x̂σ, ŝσ, λ̂σ) be a
solution of (3.1), if σ > λ̂σ then ŝσ = 0 and (x̂σ, λ̂σ) is a primal-dual solution of (1.1).

Proof. It is clear that problem (1.2) is strictly feasible. Let us prove that its solution set
is nonempty and compact by using the characterization (2.1). Let d := (dx, ds) ∈ Rn×
R
m, d 6= 0, such that c∞i (dx) ≤ dsi for all i = 1, . . . ,m and ds ≥ 0. By Proposition 2.2,

it follows that either f∞(dx) = ∞ or dx = 0. In both cases, since σ > 0, one has
f∞(dx) + σ>ds > 0.

Let (x̂, λ̂) be a solution of (2.2). If σ − λ̂ ≥ 0, then by setting ŝ = 0, (x̂, ŝ, λ̂) solves
(3.1). Conversely, suppose that (x̂σ, ŝσ, λ̂σ) solves (3.1). Since σ − λ̂σ > 0, the second
complementarity condition in (3.1) implies ŝσ = 0, and thus (x̂σ, λ̂σ) solves (2.2). 2
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A usual way to introduce interior point strategy for solving an inequality constraint
problem, is to perturb the complementarity conditions by a parameter µ > 0 (see for
example [16]). Let us denote by e = (1 · · · 1)>, the vector of all ones. Conditions (3.1)
are transformed into 

∇f +∇c λ = 0,
(S − C)λ = µe,
S(σ − λ) = µe,
(s− c, s, λ, σ − λ) > 0.

(3.2)

The substitution µ(S − C)−1e for λ in the first and third equalities of (3.2) gives the
optimality conditions of the penalized barrier problem (1.3).

Proposition 3.2 Suppose that Assumption 2.1 holds. Then, for any penalty vector
σ > 0 and any barrier parameter µ > 0, the barrier function ϕσ,µ is strictly convex on
its domain and its level sets are compact. In particular, the penalized barrier problem
(1.3) has a unique solution, denoted by (x̂σ,µ, ŝσ,µ). This one is characterized by the
existence of λ̂σ,µ ∈ Rm such that (x̂σ,µ, ŝσ,µ, λ̂σ,µ) is a solution of (3.2).

Proof. Assumption 2.1 implies that for all x 6= x′ and α ∈ (0, 1), f(αx + (1 − α)
x′) ≤ αf(x) + (1 − α)f(x′) and ci(αx + (1 − α)x′) ≤ αci(x) + (1 − α)ci(x′), for all
i = 1, . . . ,m; and at least one inequality is strictly satisfied (otherwise we would have
`(αx + (1 − α)x′, e) = α`(x, e) + (1 − α)`(x′, e), contradicting the strong convexity
of `(·, e)). Now consider two pairs (x, s) 6= (x′, s′). If s = s′, then x 6= x′ and the
strict convexity of ϕσ,µ follows from the previous remark and the properties of the log
function (strict monotonicity and concavity). If s 6= s′, the result follows from the strict
convexity of the function s→ σ>s− µ

∑
i log si, the monotonicity and the concavity of

the log.
The compactness of the level sets of ϕσ,µ is a consequence of Proposition 3.1 and

of the well known compactness property of the level sets of the log barrier function
associated to an inequality convex problem, see [5, Lemma 12]. It is clear that the
domain of ϕσ,µ is nonempty, therefore its minimum exits and is unique. It satisfies{

∇f + µ∇c(S − C)−1e = 0,
σ − µ(S − C)−1e− µS−1e = 0.

Defining λ̂σ,µ by (λ̂σ,µ)i := µ/(ŝσ,µ − c(x̂σ,µ))i, the result is proved. 2

Equations (3.2) are approximately solved by applying a sequence of Newton iter-
ations. The Newton step (dx, ds, dλ) ∈ Rn × Rm × Rm at a given iterate (x, s, λ) is a
solution of the following linear system M 0 ∇c

−Λ∇c> Λ S − C
0 Σ− Λ −S

dxds
dλ

 = −

 ∇x`
(S − C)λ− µe
S(σ − λ)− µe

 , (3.3)

in which M = ∇2
xx`(x, λ), Λ and Σ are the diagonal matrices diag(λ1, . . . , λm) and

diag(σ1, . . . , σm). In the quasi-Newton algorithm that we consider, M is a positive
definite approximation to the Hessian of the Lagrangian, updated by the BFGS formula.
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Proposition 3.3 Suppose that M is positive definite and that (s− c, s, λ, σ − λ) > 0,
then the linear system (3.3) has a unique solution.

Proof. By permuting the last two lines of the square matrix in (3.3), one has the
following block LU decomposition: M 0 ∇c

0 Σ− Λ −S
−Λ∇c> Λ S − C

 =

 I 0 0
0 I 0

−Λ∇c>M−1 Λ(Σ− Λ)−1 I

M 0 ∇c
0 Σ− Λ −S
0 0 K

 ,

where K = S − C + Λ
(
∇c>M−1∇c+ (Σ− Λ)−1S

)
. The lower triangular factor is

nonsingular because it has only ones on its diagonal. The assumptions made on the
data imply that the three blocks M , Σ−Λ and K are positive definite. Therefore, the
block upper triangular factor is nonsingular. 2

To simplify the notation, we denote by z the vector triple (x, s, λ) and define the
following domain:

Zσ :=
{
z = (x, s, λ) ∈ Rn × Rm × Rm : (s− c(x), s, λ, σ − λ) > 0

}
.

To force convergence of the quasi-Newton iterates, we use the following primal-dual
merit function (see [1]):

ψσ,µ(z) = ϕσ,µ(x, s) + τVσ,µ(z), (3.4)

where τ > 0 is a scaling parameter and

Vσ,µ(z) = λ>(s− c(x))− µ
m∑
i=1

log
(
λi (si − ci(x))

)
+ s>(σ − λ)− µ

m∑
i=1

log
(
si (σi − λi)

)
,

is a centralization term. Its purpose is to control the displacement in the dual space.
Indeed, its minimum value (with respect to z) is achieved if and only if the perturbed
complementarity conditions (second and third equations in (3.2)) are satisfied. The
following proposition shows that ψσ,µ can act as merit function.

Proposition 3.4 Suppose that Assumption 2.1 holds. Then, ψσ,µ has for unique min-
imizer the vector triple ẑσ,µ := (x̂σ,µ, ŝσ,µ, λ̂σ,µ) given by Proposition 3.2 and it has no
other stationary point. Furthermore, suppose that M is symmetric positive definite.
Let z ∈ Zσ and let d be the unique solution of (3.3). If z 6= ẑσ,µ, then d is a descent
direction of ψσ,µ at z, meaning that ∇ψσ,µ(z)>d < 0.

The proof is given in Appendix A.1.

We can now state the algorithm used to solve the perturbed KKT system (3.2),
with fixed penalty vector σ > 0 and barrier parameter µ > 0. The following constants
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are given independently of the iteration index: the Armijo’s slope ω ∈ (0, 1
2), the

backtracking reduction coefficients 0 < ξ ≤ ξ′ < 1 and the centralization factor τ > 0.
At the beginning of the iteration, the current iterate z = (x, s, λ) ∈ Zσ is supposed
available, as well as a positive definite matrix M approximating the Hessian of the
Lagrangian ∇2

xx`(x, λ).

Algorithm Aσ,µ for solving (3.2) (one inner iteration).

1. Compute d := (dx, ds, dλ), the unique solution to the linear system (3.3).
If d = 0, stop (z solves the system (3.2)).

2. Compute a step length α > 0 by backtracking:

2.1. Set α = 1.
2.2. While z + αd 6∈ Zσ, choose a new step length α in [ξα, ξ′α].
2.3. While the sufficient decrease condition (or Armijo condition)

ψσ,µ(z + αd) ≤ ψσ,µ(z) + ωα∇ψσ,µ(z)>d (3.5)

is not satisfied, choose a new step length α in [ξα, ξ′α].
2.4. Set z+ := z + αd.

3. Update M by the BFGS formula

M+ := M − Mδδ>M

δ>Mδ
+
γγ>

γ>δ
, (3.6)

where γ and δ are given by

δ := x+ − x and γ := ∇x`(x+, λ+)−∇x`(x, λ+). (3.7)

Under Assumption 2.1, every step of the algorithm is well defined. In Step 1, the direc-
tion d exists because z ∈ Zσ and M is positive definite (Proposition 3.3). The algorithm
does not loop in Step 2 because z 6= ẑσ,µ (Step 1), so that d is a descent direction of ψσ,µ
(Proposition 3.4) and the backtracking line search guarantees a sufficient step length
reduction so that z + αd ∈ Zσ and (3.5) can be satisfied. In Step 3, formula (3.6) is
well defined because γ>δ > 0, due to the strong convexity of the Lagrangian (see the
remark following Assumption 2.1).

The convergence analysis of this kind of algorithm has been fully detailed in [1, 2],
but it is worth noting that Algorithm Aσ,µ presented here is not Algorithm Aµ of [1]
applied to the perturbed optimality conditions of the penalized problem (1.2). To be
convinced, suppose that we apply directly the algorithm of [1]. The perturbed KKT
conditions to solve would then be

∇f +∇c λ = 0,
σ − λ− ξ = 0,
(S − C)λ = µe,
Sξ = µe,
(s− c, s, λ, ξ) > 0.
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Though these conditions are equivalent to the formulation (3.2), applying the Newton
method to this system does not produce the same iterates as Algorithm Aσ,µ, unless
ξ = σ − λ. Moreover, the required strong convexity assumption on the Lagrangian
associated to problem (1.2), does not hold here because this Lagrangian function is
only linear is s. Nevertheless, the r-linear and q-superlinear convergence properties
also apply to Algorithm Aσ,µ and they are stated in the next two results.

Theorem 3.5 Suppose that Assumption 2.1 holds and that f and c are of class C1,1

in a neighborhood of the level set {z ∈ Zσ : ψσ,µ(z) ≤ ψσ,µ(z1)}, where z1 ∈ Zσ is
a starting point. Suppose that Algorithm Aσ,µ does not stop in Step 1. Then, the
generated sequence {zk} converges to ẑσ,µ, the unique solution of (3.2). The rate of
convergence is r-linear, which means that lim supk→∞ ‖zk− ẑσ,µ‖1/k < 1. In particular,
the series

∑
k≥1 ‖zk − ẑσ,µ‖ is convergent.

The proof is given in Appendix B.1.

A stronger convergence result can be proved by using an additional assumption on
the second derivatives. A function φ, twice differentiable in a neighborhood of a point
x ∈ Rn, is said to have a locally radially Lipschitzian Hessian at x, if there exists a
positive constant L such that for x′ near x, one has

‖∇2φ(x)−∇2φ(x′)‖ ≤ L‖x− x′‖.

Theorem 3.6 Suppose that all assumptions of Theorem 3.5 hold and in addition that
f and c are twice continuously differentiable near x̂σ,µ with locally radially Lipschitzian
Hessians at x̂σ,µ. Then, the sequence {zk} generated by this algorithm converges to
ẑσ,µ q-superlinearly, which means that ‖zk+1 − ẑσ,µ‖ = o(‖zk − ẑσ,µ‖). Moreover, for k
sufficiently large, the unit step length αk = 1 is accepted by the line search.

The proof is given in Appendix B.2.

4 Overall algorithm

This section presents and analyses the overall algorithm for solving problem (1.1). Part
of the analysis requires the existence of a strictly feasible point.

Assumption 4.1 There exists x ∈ Rn such that c(x) < 0.

This property is usually called the Slater condition. It is equivalent to the boundedness
of the set of dual solutions of problem (1.1).

The perturbed KKT conditions (3.2) are approximately solved for a sequence of
barrier parameters µ decreasing to zero. The control of the penalty parameter σ is
based on Proposition 3.1. The latter suggests that σ should be increased whenever the
difference σ − λ is to close to zero. A stable control is obtained with standard update
rules ensuring boundedness of the sequence of penalty parameters if and only if their
values change finitely often.
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We state now the overall algorithm for solving problem (1.1). A constant vector
σ ∈ Rm, σ > 0, is given independently of the iteration index. At the beginning of the
jth outer iteration, the penalty parameter σj ≥ σ and an approximation zj1 := (xj1, s

j
1,

λj1) ∈ Zσj of the solution of (3.2) are supposed available, as well as a positive definite
matrix M j

1 approximating the Hessian of the Lagrangian. The barrier parameter µj > 0
and the precision threshold εj := (εjl , ε

j
c, ε

j
s) > 0 are also known.

Algorithm A for solving problem (1.1) (one outer iteration).

1. Starting from zj1, use Algorithm Aσ,µ until zj := (xj , sj , λj) satisfies
zj ∈ Zσj and 

‖∇f(xj) +∇c(xj)λj‖ ≤ εjl ,
‖(Sj − C(xj))λj − µje‖ ≤ εjc,
‖Sj(σj − λj)− µje‖ ≤ εjs.

(4.1)

2. Update the penalty vector with the following rule: For all i ∈ {1 . . .m},
if σji ≥ λ

j
i + σi, then σj+1

i := σji , else σj+1
i := max(1.1σji , λ

j
i + σi).

3. Set the new barrier parameter µj+1 > 0, the precision thresholds εj+1 :=
(εj+1
l , εj+1

c , εj+1
s ) > 0, such that {µj} and {εj} converge to zero when

j → ∞. Choose a new starting iterate zj+1
1 ∈ Zσj+1 for the next outer

iteration and a new positive definite matrix M j+1
1 .

If the functions f and c are C1,1 and if Assumption 2.1 holds, then Algorithm A is
well defined. Indeed, Theorem 3.5 implies that the stopping criterion (4.1) is satisfied
after a finite number of iterations of Algorithm Aσ,µ. In Step 2, the update rule of the
penalty parameters implies that for all index i, each sequence {σji } is nondecreasing
and is either unbounded or stationary. In Step 3, a possible choice is to set zj+1

1 = zj

(note that Zσj is included in Zσj+1) and M j+1
1 = M j .

Lemma 4.2 For all i = 1, . . . ,m, the nondecreasing sequence of penalty parameters
{σji } is bounded if and only if the sequence of multipliers {λji} is bounded. In that case,
there exist an index ji and σi > 0 such that for all j ≥ ji,

σji = σi,

and in addition the sequence {sji} tends to 0 when j →∞.

Proof. The first part follows directly from the update rule in Step 2 of Algorithm A. If
{λji} is bounded, then σji −λ

j
i = σi−λji ≥ σi > 0 for all j ≥ ji. The third inequality of

the stopping criterion (4.1) and the convergence of the sequences {µj} and {εjc} to zero
imply that the products sji (σ

j
i − λ

j
i ) tend to zero, and thus sji → 0 when j →∞. 2
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The following lemma is a consequence of the convexity of the Lagrangian, it gives
an estimate of the penalty function value at an outer iteration.

Lemma 4.3 Suppose that Assumption 2.1 holds. If (xj , sj , λj) satisfies (4.1), then for
any x ∈ Rn one has

f(xj) + (σj)>sj ≤ `(x, λj) +m
1
2 (εjc + εjs) + 2mµj + ‖xj − x‖εjl . (4.2)

Proof. Let x be any vector of Rn. The convexity of the Lagrangian implies

`(xj , λj) +∇x`(xj , λj)>(x− xj) ≤ `(x, λj).

Using the Cauchy-Schwarz inequality and the first inequality of (4.1) we obtain

f(xj) + (σj)>sj ≤ `(x, λj) + (σj)>sj − (λj)>c(xj) + ‖xj − x‖εjl .

The last two inequalities of (4.1) imply

(λj)>(sj − c(xj)) = e>
(
(Sj − C(xj))λj − µje

)
+mµj ≤ m

1
2 εjc +mµj

and
(σj − λj)>sj = e>

(
Sj(σj − λj)− µje

)
+mµj ≤ m

1
2 εjs +mµj .

Writing (σj)>sj−(λj)>c(xj) = (σj−λj)>sj +(λj)>(sj−c(xj)) and combining the three
preceding inequalities, we obtain (4.2). 2

Proposition 4.4 Suppose that Assumption 2.1 holds and that f and c are C1,1 func-
tions. Then, Algorithm A generates a sequence {zj} satisfying (4.1) and one of the
following three situations occurs.

(i) The sequence {xj} is unbounded. In this case, problem (1.1) is infeasible and
{λj} is unbounded.

(ii) The sequence {xj} is bounded, but the sequence {λj} is unbounded. In this
case, the sequence {sj} is bounded and for any of its limit point s̄, the set
{x : c(x) ≤ s̄} is nonempty but does not satisfy the Slater condition.

(iii) Both sequences {xj} and {λj} are bounded. In this situation, {sj} tends to zero
and any limit point of {(xj , λj)} is a primal-dual solution of problem (1.1).

Proof. Assumption 2.1 and Theorem 3.5 imply that the stopping criterion (4.1) can
be satisfied after a finite number of iterations of Algorithm Aσ,µ. The sequence {zj} is
then well defined.

To prove (i), suppose that there exists a subset J of indices such that ‖xj‖ → ∞
when j → ∞ in J . Let x be any point in Rn. Let us show that x is not feasible for
(1.1) and that {λj}j∈J is unbounded. Define tj := ‖xj −x‖ and dj := (xj −x)/tj . One
has tj → ∞ when j → ∞ in J and dj → d 6= 0 for some subsequence J ′ ⊂ J . Using
(4.2) and next σ > 0, σj > σ and (sj , sj − c(xj)) > 0, for any x ∈ Rn one has

f(xj)− f(x) + σ>
(
c(xj)− c(x)

)
≤ (λj − σ)>c(x) + σ>

(
c(xj)− sj

)
+ (σ − σj)>sj

+m
1
2 (εjc + εjs) + 2mµj + ‖xj − x‖εjl

≤ (λj − σ)>c(x) + (1 + tj)ξj , (4.3)

11



where {ξj} is a sequence that converges to zero. Dividing both sides of (4.3) by tj we
obtain

f(xj)− f(x)
tj

+
m∑
i=1

σi
ci(xj)− ci(x)

tj
≤ (λj − σ)>c(x)

tj
+ (

1
tj

+ 1)ξj .

Since σ > 0, we deduce from Proposition 2.2 that the left hand side tends to

f∞(d) +
m∑
i=1

σi c
∞
i (d) = +∞

when j → ∞ in J ′. It follows that (λj)>c(x) → ∞, therefore x is infeasible and
‖λj‖ → ∞ when j →∞ in J ′.

To prove the first part of outcome (ii), we proceed by contradiction. Assuming {xj}
bounded and {λj} unbounded, suppose that there exists an index i such that sji →∞
when j → ∞ for a subsequence J . When j → ∞ in J , one has σji − λ

j
i → 0 by the

third inequality in (4.1), λji → ∞ by the update rule of σji in Step 2 of Algorithm A
and next sji − ci(xj) → 0 by the second inequality in (4.1), a contradiction with the
boundedness of {xj}.

To prove the second part of (ii), suppose that {xj} is bounded and that ‖λj‖ → ∞
when j → ∞ for a subsequence J . There exists J ′ ⊂ J such that the subsequence{

(xj , sj , λj/‖λj‖)
}
j∈J ′ converges to (x̄, s̄, λ̄). Dividing the first two inequalities in (4.1)

by ‖λj‖ and taking limits when j →∞ in J ′, we deduce that

∇c(x̄)λ̄ = 0 and λ̄>(c(x̄)− s̄) = 0.

Using the convexity of the components of c, for all x ∈ Rn one has

c(x̄)− s̄+∇c(x̄)>(x− x̄) ≤ c(x)− s̄.

Multiplying by λ̄ we obtain
0 ≤ λ̄>(c(x)− s̄). (4.4)

Since λ̄ ≥ 0 and ‖λ̄‖ = 1, we deduce that the set {x : c(x) ≤ s̄} has no strictly feasible
point. Suppose now that s̃ is a limit point of {sj} and let us show that the Slater
condition is not satisfied for the set {x : c(x) ≤ s̃}. Let J ′′ be a subsequence such that
(xj , sj) → (x̃, s̃) when j → ∞ in J ′′. Since sj − c(xj) > 0, it is clear that c(x̃) ≤ s̃.
If {λj}j∈J ′′ is unbounded, the previous reasoning with J = J ′′ applies, so that the set
{x : c(x) ≤ s̃} has no strictly feasible point. On the other hand, the sequence {λj}j∈J ′′
is bounded. For all index i, each sequence {σji } is either stationary or tends to infinity.
In both cases, Lemma 4.2 or the third inequality in (4.1) implies that s̃i = 0 for all
index i, and thus s̃ = 0. Since the set {x : c(x) ≤ 0} is included in {x : c(x) ≤ s̄}, the
former does not satisfy the Slater condition either.

To prove the third outcome, suppose that {xj} and {λj} are bounded. Lemma 4.2
implies that σj has constant value for j large enough, say σ, and that sj → 0. Let

12



(x̄, λ̄) be any limit point of the sequence {(xj , λj)}. Since zj ∈ Zσ one has c(x̄) ≤ 0,
λ̄ ≥ 0 and by taking limits in (4.1) ∇f(x̄) +∇c(x̄)λ̄ = 0 and C(x̄)λ̄ = 0. This shows
that (x̄, λ̄) satisfies (2.2), therefore (x̄, λ̄) is a primal-dual solution of problem (1.1). 2

The following result summarizes the behavior of the algorithm with respect to the
feasibility of problem (1.1).

Theorem 4.5 Suppose that Assumption 2.1 holds and that f and c are C1,1 func-
tions. Then, Algorithm A generates a sequence {zj} satisfying (4.1) and the following
properties hold:

(i) If problem (1.1) is infeasible, then the sequence of multipliers {λj} is unbounded
and for at least one index i the sequence {σji } tends to infinity.

(ii) If problem (1.1) is feasible, then the sequence {(xj , sj)} is bounded.
(iii) If problem (1.1) is strictly feasible, then the sequence of penalty parameters {σj}

is stationary, the sequence {sj} tends to zero, the sequence {(xj , λj)} is bounded
and any of its limit point is a primal-dual solution of problem (1.1).

Proof. If the sequence {λj} is bounded, then assertion (i) of Proposition 4.4 implies
that the sequence {xj} is bounded and assertion (iii) implies that problem (1.1) is
feasible. This proves that whenever (1.1) is infeasible, the sequence of multipliers is
unbounded and, by Lemma 4.2, there exists i such that the nondecreasing sequence
{σji } is unbounded.

To prove (ii), suppose that problem (1.1) is feasible. Proposition 4.4 implies that
{xj} is bounded and whether the sequence of multipliers is bounded or not, the sequence
{sj} is bounded.

To prove the third outcome, suppose that problem (1.1) is strictly feasible. For
any limit point (x̄, s̄) of {(xj , sj)}, since s̄ ≥ 0, the set {x : c(x) ≤ s̄} satisfies the
Slater condition. It follows from (ii) of Proposition 4.4 that {λj} is bounded, so that
conclusion (iii) of Proposition 4.4 applies. 2

When problem (1.1) is feasible but not strictly feasible, it is not guaranteed that
the limit points of {xj} are feasible. To obtain this property, it suffices to modify the
update rule of the penalty parameters, in order to force the convergence of the whole
sequence {sj} to zero. Let ρ > 0 be a constant, set the value of the penalty parameter
with

σj := ρje, (4.5)

where {ρj} is a nondecreasing sequence of positive numbers updated according to the
following rule:

If ρj ≥ ‖λj‖∞ + ρ, then ρj+1 := ρj , else ρj+1 := max(1.1ρj , ‖λj‖∞ + ρ). (4.6)

It follows that the sequence {ρj} is nondecreasing and either tends to infinity, or is
bounded and so is stationary.
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Lemma 4.6 The nondecreasing sequence {ρj} is bounded if and only if the sequence of
multipliers {λj} is bounded. Moreover, for any index i, if the sequence {λji} is bounded
then the sequence {sji} converges to zero.

Proof. The first part is a straightforward consequence of (4.6). Suppose that {λji}
is bounded for some index i. The third inequality in (4.1) implies that the product
sji (ρ

j−λji ) tends to zero when j →∞. If {ρj} is bounded, then by (4.6) ρj−λji ≥ ρ > 0
for sufficiently large j. On the other hand, if {ρj} is unbounded, then (ρj − λji ) → ∞
when j →∞. In both cases, we deduce that the variables sji tend to zero when j →∞.

2

It is easy to see that the modifications of the computation of σj in Algorithm A do
not alter the conclusions of Proposition 4.4. Taking into account the new setting of σj ,
we can restate Theorem 4.5 in a stronger form.

Theorem 4.7 Suppose that Assumption 2.1 holds and that f and c are C1,1 functions.
Suppose that Algorithm A is modified according to (4.5) for setting the penalty parameter
and to (4.6) for the update rule in Step 2. Then the modified algorithm generates a
sequence {zj} satisfying (4.1) and the following properties hold:

(i) If problem (1.1) is infeasible, then the sequence of multipliers {λj} is unbounded
and the penalty parameters ρj tend to infinity.

(ii) If problem (1.1) is feasible, then the sequence {xj} is bounded and {sj} tends
to zero, in particular any limit point of {xj} is feasible.

(iii) If problem (1.1) is strictly feasible, then the sequence of penalty parameters {ρj}
is stationary, {sj} tends to zero, {(xj , λj)} is bounded and any of its limit point
is a primal-dual solution of problem (1.1).

Proof. Points (i) and (iii) follow straightforwardly from Theorem 4.5 and Lemma 4.6.
To prove the second outcome, we proceed by contradiction. Suppose that (1.1) is

feasible and that for some index i the variables sji do not tend to zero. The feasibility
assumption and Proposition (4.4) imply that the sequence {(xj , sj)} is bounded. Since
{sji} does not tend to zero, Lemma 4.6 implies that {λji} is unbounded and so {ρj}
tends to infinity. There exist s̄, with s̄i > 0 and a subsequence J such that sj → s̄ when
j →∞ in J . Using the third inequality in (4.1) one has (ρj − λji )→ 0 when j →∞ in
J , and thus ‖λj‖∞ →∞ when j →∞ in J . Algorithm A guarantees that zj ∈ Zσj for
all j, therefore ‖λj‖∞ < ρj . For all j one has 0 ≤ ‖λj‖∞−λji < ρj −λji . Dividing both
sides by ‖λj‖∞ and taking the limit j →∞ in J , we obtain λji/‖λj‖∞ → 1. Following
the proof of outcome (ii) of Proposition 4.4, there exists a subsequence J ′ ⊂ J , such
that

{
(xj , sj , λj/‖λj‖∞)

}
tends to (x̄, s̄, λ̄) when j →∞ in J ′ and such that inequality

(4.4) holds for some feasible point x. Since (s̄, λ̄) ≥ 0 and c(x) ≤ 0, we obtain 0 ≤
λ̄>s̄ ≤ λ̄>c(x) ≤ 0, and thus λ̄>s̄ = 0, a contradiction with λ̄>s̄ ≥ λ̄is̄i = s̄i > 0. 2

In [1] it is proved that if, in addition to the Slater condition, problem (1.1) has the
strict complementarity property, then the whole sequence of outer iterates converges
to the analytic center of the primal-dual optimal set. A similar result is proved in [2],
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on condition that the sequence of penalty parameters remains bounded. In the present
paper, we prove also convergence to a particular point of the primal-dual optimal
set. Since the barrier problem is associated with a penalized problem, this limit point
depends on the value reached by the penalty vector. This point is the analytic center
of the primal-dual optimal set of the penalized problem (1.2). In the primal space, this
center corresponds to the analytic center of the primal optimal set associated to (1.1),
because the limit value of the variables sj is zero. On the other hand, in the dual space
the vector of multipliers associated to the constraint s ≥ 0 is σ − λ (see (3.1)) and
therefore the limit point of the multipliers is not the analytic center of the dual optimal
set. We call this point the σ-center of the dual optimal set and define it below.

Let us first recall the definition of the analytic center of an optimal set (see [11] for
related results). Let us denote by opt(P ) and by opt(D) the sets of primal and dual
solutions of problem (1.1). If opt(P ) is reduced to a single point, the analytic center
is that point. Otherwise, opt(P ) is a convex set with more than one point and the
following index set

B := {i : ∃x ∈ opt(P ) such that ci(x) < 0}

is nonempty (otherwise, for any λ > 0, the Lagrangian `(·, λ) would be constant on
a nontrivial segment of optimal points, a contradiction with the strong convexity as-
sumption). By convexity of the component of c, {x ∈ opt(P ) : cB(x) < 0} is nonempty
either. The analytic center of opt(P ) is then defined as the unique solution to the
following problem: 

max
∑

i∈B log
(
− ci(x)

)
,

x ∈ opt(P ),
cB(x) < 0.

(4.7)

Lemma 4.8 [2] Suppose that Assumption 2.1 and 4.1 hold. Then, problem (4.7) has
a unique solution.

Similarly, let us define the σ-center of the set of dual solutions of problem (1.1). Let
σ ∈ Rm be such that σ > λ for at least one λ ∈ opt(D). If opt(D) is reduced to a single
point, the σ-center is that point. In case of multiple dual solutions, the index set

N := {i : ∃λ ∈ opt(D) such that λi > 0}

is nonempty (otherwise opt(D) would be reduced to {0}). The σ-center of opt(D) is
then defined as the unique solution to the following problem:

max
∑

i∈N log λi +
∑m

i=1 log(σi − λi),
λ ∈ opt(D),
λN > 0,
σ − λ > 0.

(4.8)

Lemma 4.9 Suppose that Assumption 2.1 and 4.1 hold. Then, for any σ ∈ Rm such
that σ > λ for at least one multiplier λ ∈ opt(D), problem (4.8) has a unique solution.
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Proof. The feasibility of problem (4.8) follows from the convexity of opt(D). Let
β the objective value at some feasible solution. Assumption 4.1 is equivalent to the
compactness of opt(D)(see for example [7]). Then, the set{

λ : λ ∈ opt(D), λN > 0, σ − λ > 0 and
∑
i∈N

log λi +
m∑
i=1

log(σi − λi) ≥ β

}

is nonempty and compact. Therefore, problem (4.8) has a solution and since the ob-
jective function is strictly concave, the solution is unique. 2

By complementarity (i.e., C(x)λ = 0) and convexity of problem (1.1), the index sets
B and N do not intersect, but there may be indices that are neither in B nor in N . It is
said that problem (1.1) has the strict complementarity property if B∪N = {1, . . . ,m}.

Theorem 4.10 Suppose that Assumptions 2.1 and 4.1 hold and that f and c are C1,1

functions. Suppose also that problem (1.1) has the strict complementarity property and
that the stopping tolerance εj := (εjl , ε

j
c, ε

j
s) used in Algorithm A satisfies the estimate

εj = o(µj). Then, Algorithm A generates a sequence of penalty parameters {σj} and
a sequence of iterates {zj} such that σj = σ for j large enough, and {zj} converges to
the point z∗ := (x∗, s∗, λ∗), where x∗ is the analytic center of the primal optimal set,
s∗ = 0 and λ∗ is the σ-center of the dual optimal set.

Proof. Since the Slater condition is satisfied, we know from Theorem 4.5 that the
sequence {σj} is stationary, {(xj , λj)} is bounded, {sj} tends to zero and any limit
point of {(xj , λj)} is a primal-dual solution of (1.1). Let σ be the value reached by σj .
Step 2 of Algorithm A implies that σ ≥ λj + σ for j large enough. It follows that any
limit point λ of the sequence {λj} satisfies σ−λ > 0, therefore problem (4.8) is feasible
and the σ-center of the dual optimal set is well defined.

Let (x̄, λ̄) be a primal-dual solution of problem (1.1) such that σ − λ̄ > 0. The
Lagrangian `(·, λ̄) is minimized at x̄ and λ̄>c(x̄) = 0, so that

f(x̄) = `(x̄, λ̄) ≤ `(xj , λ̄) = f(xj) + λ̄>c(xj).

Using the upper bound on f(xj)− f(x̄) given by (4.2) at x = x̄ and using the fact that
σj = σ for large j, one has

0 ≤ λ̄>c(xj) + (λj)>c(x̄)− σ>sj +m
1
2 (εjc + εjs) + 2mµj + ‖xj − x̄‖εjl

≤ λ̄>(c(xj)− sj) + (λj)>c(x̄) + (λ̄− σ)>sj +m
1
2 (εjc + εjs) + 2mµj + ‖xj − x̄‖εjl ,

for sufficiently large j. Since {xj} is bounded and εj = o(µj), we deduce

λ̄>wj − (λj)>c(x̄) + (σ − λ̄)>sj ≤ 2mµj + o(µj),

where wj := sj − c(xj). By definition of the sets B and N , we obtain finally

λ̄>Nw
j
N − (λjB)>cB(x̄) + (σ − λ̄)>sj ≤ 2mµj + o(µj). (4.9)
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The remainder of the proof uses an argument due to McLinden [10]. Let us define
Γj := Λjwj − µje and ∆j := Sj(σ − λj)− µje. One has for all indices i:

wji =
µj + Γji
λji

, λji =
µj + Γji
wji

and sji =
µj + ∆j

i

σi − λji
.

Substituting this in (4.9) gives

∑
i∈N

λ̄i

λji

µj + Γji
µj

+
∑
i∈B

−ci(x̄)

wji

µj + Γji
µj

+
m∑
i=1

σi − λ̄i
σi − λji

µj + ∆j
i

µj
≤ 2m+ o(1).

By assumption εj = o(µj), so that the last two inequalities in (4.1) imply that Γji =
o(µj) and ∆j

i = o(µj). Let (x∗, λ∗) be a limit point of {(xj , λj)}. Taking the limits in
the preceding estimate yields (recall that sj → 0, so that wj → −c(x∗))

1
2m

(∑
i∈N

λ̄i
λ∗i

+
∑
i∈B

ci(x̄)
ci(x∗)

+
m∑
i=1

σi − λ̄i
σi − λ∗i

)
≤ 1.

Necessarily λ∗N > 0, cB(x∗) < 0 and σ − λ∗ > 0. By strict complementarity, there are
exactly 2m positive fractions in the left-hand side of the last inequality. Therefore, by
monotonicity and concavity of the log function, one has

∑
i∈N

log
λ̄i
λ∗i

+
∑
i∈B

log
ci(x̄)
ci(x∗)

+
m∑
i=1

log
σi − λ̄i
σi − λ∗i

≤ 0.

Taking successively λ̄ = λ∗ and x̄ = x∗ in this inequality, we obtain∑
i∈B

log
(
− ci(x̄)

)
≤
∑
i∈B

log
(
− ci(x∗)

)
and ∑

i∈N
log λ̄i +

m∑
i=1

log(σi − λ̄i) ≤
∑
i∈N

log λ∗i +
m∑
i=1

log(σi − λ∗i ).

We deduce that x∗ is a solution of (4.7) and λ∗ is a solution of (4.8). Since these
problems have a unique solution, the conclusion follows. 2

5 Concluding remarks

In this paper we have extended the BFGS interior point method described in [1] to
an infeasible algorithm. We have studied a different scheme than those proposed in
[2] and have proved that it leads to a simpler algorithm with stronger convergence
properties. It is worth noting that the strategy described in Section 4 can be used in
other algorithmic frameworks than line search quasi-Newton methods.
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Adding linear equality constraints which are not satisfied at each iteration, should
not present any difficulty. Suppose that the problem to solve has the following form:

min f(x),
c(x) ≤ 0,
Ax = b,

where A = (a>i )pi=1 is a p × n matrix. By possibly changing the sign of some lines
of (A, b) (depending on the sign of a>i x

1 − bi at the starting point x1), the penalized
problem becomes 

min f(x) + ρ>(Ax− b) + σ>s,
c(x) ≤ s,
Ax ≥ b,
s ≥ 0,

where ρ is an additional vector of penalty parameters. The associated KKT conditions
can be written 

∇f(x) +∇c(x)λ+A>ξ = 0,
(S − C(x))λ = 0,
L(x)(ρ− ξ) = 0,
S(σ−λ) = 0,
(s− c(x), Ax− b, s, λ, ρ− ξ, σ − λ) ≥ 0,

where L(x) = diag(a>1x − b1, . . . , a>px − bp) and ξ ∈ Rp. Note that ρ − ξ is the vector
of multipliers associated with the constraint Ax ≥ b. The update rule of ρ is a straight
extension of the one of σ and one can expect that the sequences of penalty parameters
are bounded whenever the Slater condition holds. Note that, since the additional terms
are only linear in x, the convergence properties of the inner iterates also apply.

A Merit function properties

In this appendix we prove Proposition 3.4, then we give additional properties of ψσ,µ
that will be used by the convergence proofs of Appendix B.

A.1 Descent direction

Lemma A.1 Let z ∈ Zσ and let d := (dx, ds, dλ) be a solution of (3.3), then

∇ψσ,µ(z)>d = −(dx)>Mdx

− ‖Λ1/2(S − C)−1/2(∇c>dx − ds)‖2 − ‖(Σ− Λ)1/2S−1/2ds‖2

− τ‖(S − C)−1/2Λ−1/2(µe− (S − C)λ)‖2

− τ‖S−1/2(Σ− Λ)−1/2(µe− S(σ − λ))‖2. (A.1)

Proof. From the definition (3.4) of ψσ,µ, one has

∇ψσ,µ(z)>d = ∇ϕσ,µ(x, s)>
(
dx

ds

)
+ τ∇Vσ,µ(z)>d. (A.2)
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The gradient of ϕσ,µ is given by

∇ϕσ,µ(x, s) =
(
∇f + µ∇c(S − C)−1e

σ − µ((S − C)−1 + S−1)e

)
. (A.3)

From the first and third equations of (3.3), one has(
M 0
0 Σ− Λ

)(
dx

ds

)
+
(
∇c
−S

)
(λ+ dλ) = −

(
∇f

Sσ − µe

)
, (A.4)

while the second equation gives

λ+ dλ = (S − C)−1
(
Λ∇c> −Λ

)(dx
ds

)
+ µ(S − C)−1e.

Eliminating λ+ dλ in (A.4) and using (A.3), we obtain

∇ϕσ,µ(x, s) (A.5)

= −
((

M 0
0 S−1(Σ− Λ)

)
+
(
∇c(S − C)−1Λ∇c> −∇c(S − C)−1Λ
−(S − C)−1Λ∇c> (S − C)−1Λ

))(
dx

ds

)
From this last formula, we deduce

∇ϕσ,µ(x, s)>
(
dx

ds

)
= −(dx)>Mdx − ‖Λ1/2(S − C)−1/2(∇c>dx − ds)‖2

−‖(Σ− Λ)1/2S−1/2ds‖2. (A.6)

It remains to compute the second directional derivative in the right hand side of
(A.2). The gradient of Vσ,µ is given by

∇Vσ,µ(z) =

−∇c (λ− µ(S − C)−1e
)

λ− µ(S − C)−1e
s− c− µΛ−1e

+

 0
σ − λ− µS−1e
−s+ µ(Σ− Λ)−1e

 . (A.7)

By using the last two equations in (3.3), one has

∇Vσ,µ(z)>d
= (−λ+ µ(S − C)−1e)>∇c>dx + (λ− µ(S − C)−1e)>ds + (σ − λ− µS−1e)>ds

+ (s− c− µΛ−1e)>dλ + (−s+ µ(Σ− Λ)−1e)>dλ

= (λ− µ(S − C)−1e)>(−∇c>dx + ds + Λ−1(S−C)dλ)
+ (e− µS−1(Σ− Λ)−1e)>((Σ− Λ)ds − Sdλ)

= (λ− µ(S − C)−1e)>(µΛ−1e− (S − C)e)
+ (e− µS−1(Σ− Λ)−1e)>(µe− S(σ − λ))

= ((S − C)λ− µe)>(S − C)−1Λ−1(µe− (S − C)λ)
+ (S(σ − λ)− µe)>S−1(Σ− Λ)−1(µe− S(σ − λ))

= −‖(S − C)−1/2Λ−1/2(µe− (S − C)λ)‖2 − ‖S−1/2(Σ− Λ)−1/2(µe− S(σ − λ))‖2.
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Proof of Proposition 3.4. Since (x̂σ,µ, ŝσ,µ) is the unique minimizer of ϕσ,µ (Propo-
sition 3.2), one has

ϕσ,µ(x̂σ,µ, ŝσ,µ) ≤ ϕσ,µ(x, s) for all (x, s) such that (s− c(x), s) > 0.

On the other hand, since t → t − µ log t is minimized at t = µ and since ẑσ,µ satisfies
the last two equalities of (3.2), one has

τVσ,µ(ẑσ,µ) ≤ τVσ,µ(z) for all z ∈ Zσ.

Adding up the two preceding inequalities gives ψσ,µ(ẑσ,µ) ≤ ψσ,µ(z) for all z ∈ Zσ.
It remains to show that ψσ,µ has a unique stationary point. Using the definition

(3.4) of ψσ,µ, formula (A.3) and (A.7), and the fact that τ > 0, any stationary point
must satisfy the following three equations:

∇f + µ∇c(S − C)−1e+ τ∇c(µ(S − C)−1e− λ) = 0, (A.8)
σ − µ((S − C)−1 + S−1)e = 0, (A.9)

(s− c− µΛ−1e)− (s− µ(Σ− Λ)−1e) = 0. (A.10)

After some factorizations, equation (A.9) can be written

Λ(S − C)−1(s− c− µΛ−1e) + S−1(Σ− Λ)(s− µ(Σ− Λ)−1e) = 0.

It follows that (A.9) and (A.10) are of the form{
Au+Bv = 0,
u− v = 0,

with positive definite matrices A and B. We deduce that S(σ−λ) = µe and (S−C)λ =
µe. Substituting λ for µ(S − C)−1e in (A.8) gives ∇f + ∇c λ = 0. According to
Proposition 3.2, one has (x, s, λ) = (x̂σ,µ, ŝσ,µ, λ̂σ,µ). The first part of the proposition
is proved.

Lemma A.1 and the positive definiteness of M imply that ∇ψσ,µ(z)>d ≤ 0. If this
directional derivative vanishes, then dx = 0, ds = 0, (S−C)λ = µe and S(σ−λ) = µe.
Since (dx, ds, dλ) is the solution of (3.3), we deduce that dλ = 0 and that (x, s, λ) is
solution of (3.2). It follows from Proposition 3.2 that (x, s, λ) = (x̂σ,µ, ŝσ,µ, λ̂σ,µ). 2

A.2 Boundedness and local strong convexity

The following derivatives will be useful in the sequel:

∇2ϕσ,µ(x, s) =
(
∇2
xxϕσ,µ(x, s) −µ∇c(S − C)−2

−µ(S − C)−2∇c> µ((S − C)−2 + S−2)

)
, (A.11)

where
∇2
xxϕσ,µ(x, s) = ∇2

xx`(x, µ(S − C)−1e) + µ∇c(S − C)−2∇c>,
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and

∇2Vσ,µ(z) =

 ∇2
xxVσ,µ(z) −µ∇c(S − C)−2 −∇c

−µ(S − C)−2∇c> µ(S − C)−2 I
−∇c> I µΛ−2


+

0 0 0
0 µS−2 −I
0 −I µ(Σ− Λ)−2

 , (A.12)

where ∇2
xxVσ,µ(z) =

∑m
i=1( µ

si−ci − λi)∇
2
xxci + µ∇c(S − C)−2∇c>. Note that(

u
v

)>
∇2ϕσ,µ(x, s)

(
u
v

)
(A.13)

= u>∇2
xx`(x, µ(S − C)−1e)u+ µ‖(S − C)−1(∇c>u− v)‖2 + µ‖S−1v‖2.

The next result shows that the level sets of the merit function are compact and that
the vector quadruple (s−c(x), s, λ, σ−λ) is bounded and bounded away from zero over
these sets.

Lemma A.2 Suppose that Assumption 2.1 holds. Then, for any r ∈ R, the level set
Lr := {z ∈ Zσ : ψσ,µ(z) ≤ r} is compact and there exist positive numbers K1 and K2

such that
K1 ≤ (s− c(x), s, λ, σ − λ) ≤ K2 for all z ∈ Lr.

Proof. The function Vσ,µ is bounded below by 2mµ(1 − logµ) on its domain. There-
fore, there exists K ′1 such that ϕσ,µ(x, s) ≤ K ′1 for all z ∈ Lr. Assumption 2.1 and
Proposition 3.2 imply that the level set L′ := {(x, s) : ϕσ,µ(x, s) ≤ K ′1} is compact.
The set {(s− c(x), s) : (x, s) ∈ L′} is the image of a compact set by a continuous func-
tion, therefore it is compact. It follows that (s− c(x), s) is bounded for all (x, s) ∈ L′,
and hence for z ∈ Lr. It is also bounded away from zero, because ϕσ,µ(x, s) ≤ K ′1 and
f(x) + σ>s is bounded below for all z ∈ Lr.

The function ϕσ,µ is bounded below on the compact set L′, then Vσ,µ is bounded
above on the level set Lr. It follows that there exist positive numbers K ′2 and K ′3 such
that K ′2 ≤ (λi(si − ci(x)), si(σi − λi)) ≤ K ′3 for all z ∈ Lr and all index i. We then
deduce that (λ, σ − λ) is bounded and bounded away from zero for all z ∈ Lr. Since
Lr is contained in a bounded set and ψσ,µ is continuous, then it is compact. 2

Though the merit function ψσ,µ is not convex it is strongly convex in a neighborhood
of its minimizer ẑσ,µ and more generally, in the neighborhood of any point satisfying
the centrality conditions.

Lemma A.3 Suppose that Assumption 2.1 holds. If z ∈ Zσ satisfies the centrality
conditions (S − C)λ = µe and S(σ − λ) = µe, then the merit function ψσ,µ is locally
strongly convex at z.
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Proof. Let z ∈ Zσ satisfying the centrality conditions. Let us show that the Hessian
matrix of ψσ,µ is positive definite at z. Using (A.11), (A.12) and the fact that z satisfies
(S − C)λ = µe and S(σ − λ) = µe, the Hessian of ψσ,µ can be written

∇2ψσ,µ(z)

=

∇2ϕσ,µ(x, s)
0
0

0 0 0

+ τ

µ∇c(S − C)−2∇c> −µ∇c(S − C)−2 −∇c
−µ(S − C)−2∇c> µ(S − C)−2 I

−∇c> I µ−1(S − C)2


+ τ

0 0 0
0 µS−2 −I
0 −I µ−1S2

 .

Multiplying on both sides by (u, v, w) ∈ Rn × Rm × Rm and using (A.13) give

u>∇2
xx`(x, λ)u+ µ‖(S − C)−1(∇c>u− v)‖2 + µ‖S−1v‖2

+τ‖µ1/2(S − C)−1(∇c>u− v) + µ−1/2(S − C)w‖2 + τ‖µ1/2S−1v − µ−1/2Sw‖2,

which is nonnegative. If it is equal to zero, the positive definiteness of the Hessian of
the Lagrangian implies that u = 0, and next v = w = 0. 2

The following result shows that, on the level set of ψσ,µ, the distance of a point to
the minimizer is bounded by the value of the merit function itself or by the norm of
its gradient. This result is a consequence of the local strong convexity of ψσ,µ at ẑσ,µ
(Lemma A.3) and of the compactness of the level set Lr (Lemma A.2).

Lemma A.4 Suppose that Assumption 2.1 holds. Then, for any r ∈ R there exists a
number a > 0 such that for any z ∈ Lr

a‖z − ẑσ,µ‖2 ≤ ψσ,µ(z)− ψσ,µ(ẑσ,µ) ≤ 1
a
‖∇ψσ,µ(z)‖2. (A.14)

The proof is omitted, see [1, Proposition 3.2].

B Convergence of Algorithm Aσ,µ

In this appendix, we give the convergence proofs of Algorithm Aσ,µ.

B.1 R-linear convergence

Let us denote by z1 := (x1, s1, λ1) the starting iterate of Algorithm Aσ,µ. We define
the level set

L1 := {z ∈ Zσ : ψσ,µ(z) ≤ ψσ,µ(z1)}.

Since the merit function decreases at each iteration, all the iterates stay in L1.
The convergence analysis rests on two lemmas. The first one is a consequence of the

sufficient decrease condition (3.5). The second one is a property of the BFGS update
formula (3.6).
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Lemma B.1 [4] Suppose that ψσ,µ is C1,1 on an open convex neighborhood N of the
level set L1. There exists a constant K3 > 0 such that for any z ∈ L1 and for any
descent direction d of ψσ,µ, if the step length α is determined by the line search in
Step 2 of Algorithm Aσ,µ, then one of the following inequalities holds:

ψσ,µ(z + αd) ≤ ψσ,µ(z)−K3|∇ψσ,µ(z)>d|, (B.1)

ψσ,µ(z + αd) ≤ ψσ,µ(z)−K3
|∇ψσ,µ(z)>d|2

‖d‖2
. (B.2)

Lemma B.2 [4] Let {Mk} be positive definite matrices generated by the BFGS formula
using pairs of vectors {(γk, δk)}k≥1, satisfying for all k ≥ 1

γ>k δk ≥ a1‖δk‖2 and γ>k δk ≥ a2‖γk‖2, (B.3)

where a1 > 0 and a2 > 0 are independent of k. Then, there exist positive constants b1,
b2, and b3, such that

cos θk :=
δ>kMkδk
‖Mkδk‖‖δk‖

≥ b1 and b2 ≤
‖Mkδk‖
‖δk‖

≤ b3, (B.4)

for at least half of the iterations.

Lemma B.3 Suppose that Assumption 2.1 holds and that f and c are of class C1,1

in a neighborhood of the level set L1. Suppose that the step length αk is determined
according to the backtracking line search of Algorithm Aσ,µ (Step 2). Then, there exists
a constant K > 0 such that for any iteration k satisfying (B.4),

ψσ,µ(zk + αkdk) ≤ ψσ,µ(zk)−K‖∇ψσ,µ(zk)‖2. (B.5)

Proof. To simplify the notation we do not use the iteration index and denote by z the
current iterate. We denote by K ′1, K ′2, . . . some positive constants (independent of the
iteration index).

The bounds on (s − c, s, λ, σ − λ) given by Lemma A.2 and the fact that f and c
are of class C1,1 imply that ψσ,µ is of class C1,1 on some open convex neighborhood of
the level set L1. Therefore, by the line search and Lemma B.1, either (B.1) or (B.2) is
satisfied.

Suppose now that the current iterate satisfies the bounds of Lemma B.2. Using
(A.1), the bounds of Lemma A.2 and (B.4), one has

|∇ψσ,µ(z)>d|
= (dx)>Mdx + ‖Λ1/2(S − C)−1/2(∇c>dx − ds)‖2 + ‖(Σ− Λ)1/2S−1/2ds‖2

+ τ‖(S − C)−1/2Λ−1/2(µe− (S − C)λ)‖2

+ τ‖S−1/2(Σ− Λ)−1/2(µe− S(σ − λ))‖2

≥ b1
b3
‖Mdx‖2 +K1K

−1
2 (‖∇c>dx − ds‖2 + ‖ds‖2)

+ τK−2
2 (‖µe− (S − C)λ‖2 + ‖µe− S(σ − λ)‖2)

≥ K ′1(‖Mdx‖2 + ‖∇c>dx − ds‖2 + ‖ds‖2 + ‖µe− (S − C)λ‖2 + ‖µe− S(σ − λ)‖2).
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Let us denote by K ′2 an upper bound of ‖∇c‖ on L1. Using (A.5), (A.7) and next the
inequality ‖

∑p
i=1 ξi‖2 ≤ p

∑p
i=1 ‖ξi‖2, we obtain

‖∇ψσ,µ(z)‖2

= ‖∇xψσ,µ(z)‖2 + ‖∇sψσ,µ(z)‖2 + ‖∇λψσ,µ(z)‖2

= ‖Mdx +∇c(S − C)−1Λ(∇c>dx − ds) + τ∇c(S − C)−1((S − C)λ− µe)‖2

+ ‖S−1(Σ− Λ)ds − (S − C)−1Λ(∇c>dx − ds) + τ(µ(S − C)−1e− σ + µS−1e)‖2

+ τ2‖c+ µΛ−1e− µ(Σ− Λ)−1e‖2

≤ 3‖Mdx‖2 + 3(K ′2K
−1
1 K2)2‖∇c>dx − ds‖2 + 3(τK ′2K

−1
1 )2‖µe− (S − C)λ‖2

+ 4(K−1
1 K2)2(‖ds‖2 + ‖∇c>dx − ds‖2)

+ 6(τK−1
1 )2(‖µe− (S − C)λ‖2 + ‖µe− S(σ − λ)‖2)

≤ K ′3(‖Mdx‖2 + ‖∇c>dx − ds‖2 + ‖ds‖2 + ‖µe− (S − C)λ‖2 + ‖µe− S(σ − λ)‖2).

Form the Newton system (3.3), one has

‖d‖2 = ‖dx‖2 + ‖ds‖2 + ‖dλ‖2

= ‖dx‖2 + ‖ds‖2 + ‖S−1(Σ− Λ)ds + σ − λ− µS−1e‖2

≤ b−2
2 ‖Mdx‖2 + (1 + 2(K−1

1 K2)2)‖ds‖2 + 2K−2
1 ‖µe− S(σ − λ)‖2

≤ K ′4(‖Mdx‖2 + ‖ds‖2 + ‖µe− S(σ − λ)‖2).

Finally, combining these three inequalities with (B.1) or (B.2) and taking we obtain
(B.5) with the constant K = K3K

′
1/K

′
3 min(1,K ′1/K

′
4). 2

Proof of Theorem 3.5. By virtue of the strong convexity assumption (Assump-
tion 2.1), there exist positive constants a1 and a2 such that the inequalities (B.3) are
satisfied (see [2, Lemma 4.5]). From Lemma B.2, Lemma B.3 and Lemma A.4 there
exist constants K > 0 and a > 0 such that

ψσ,µ(zk+1)− ψσ,µ(ẑσ,µ) ≤ (1− aK)(ψσ,µ(zk)− ψσ,µ(ẑσ,µ)),

is satisfied for at least half of the iterations. On the other hand, by (3.5) one has

ψσ,µ(zk+1)− ψσ,µ(ẑσ,µ) ≤ ψσ,µ(zk)− ψσ,µ(ẑσ,µ),

for any iteration index k. It follows that

ψσ,µ(zk+1)− ψσ,µ(ẑσ,µ) ≤ (1− aK)k/2(ψσ,µ(z1)− ψσ,µ(ẑσ,µ)),

for all k ≥ 1. Finally, using the left inequality in (A.14), we conclude that for k ≥ 1

‖zk+1 − ẑσ,µ‖ ≤ K ′(1− aK)k/4,

where K ′ = a−1/2(ψσ,µ(z1)− ψσ,µ(ẑσ,µ))1/2. 2
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B.2 Q-superlinear convergence

Recall that {zk} is q-superlinear convergent if zk+1 − ẑσ,µ = o(‖zk − ẑσ,µ‖), meaning
that ‖zk+1 − ẑσ,µ‖/‖zk − ẑσ,µ‖ → 0 (assuming zk 6= ẑσ,µ).

Lemma B.4 Suppose that Assumptions 2.1 holds and that f and c are twice con-
tinuously differentiable near x̂σ,µ. Suppose also that the sequence {zk} generated by
Algorithm Aσ,µ converges to ẑσ,µ and that the positive definite matrices Mk satisfy the
estimate

(dxk)>(Mk − M̂σ,µ)dxk ≥ o(‖dxk‖2), (B.6)

where
M̂σ,µ := ∇2

xx`(x̂σ,µ, λ̂σ,µ).

Then, for k sufficiently large the unit step length is accepted by the line search condition
(3.5), that is

ψσ,µ(zk + dk) ≤ ψσ,µ(zk) + ω∇ψσ,µ(zk)>dk.

Proof. To simplify the notation we do not use the iteration index k and denote by z
the current iterate. Since we prove an asymptotic property, it is implicitly assumed
that k is sufficiently large so that the various mentioned properties are satisfied and
that all the limits are taken when k →∞. We denote by K ′1, K ′2, . . . positive constants
(independent of the iteration index).

Observe first that the positive definiteness of M̂σ,µ and (B.6) imply that

(dx)>Mdx ≥ K ′1‖dx‖2. (B.7)

Observe also that d → 0 (for (dx, ds) → 0, use (A.6), the bounds of Lemma A.2,
(B.7) and ∇ϕσ,µ(x, s)→ 0). Therefore, z and z + d are near ẑσ,µ and one can expand
ψσ,µ(z + d) about z. Using a Taylor series expansion to the second order, one has

ψσ,µ(z + d)− ψσ,µ(z)− ω∇ψσ,µ(z)>d

=
(1

2
− ω

)
∇ψσ,µ(z)>d+

1
2
(
∇ψσ,µ(z)>d+ d>∇2ψσ,µ(z)d

)
+ o(‖d‖2). (B.8)

We begin by showing that the second term in parenthesis in the right-hand side is
smaller than a term of order o(‖d‖2). Using (A.1) and (3.3) one has

∇ψσ,µ(z)>d = −(dx)>Mdx

− ‖Λ1/2(S − C)−1/2(∇c>dx − ds)‖2 − ‖(Σ− Λ)1/2S−1/2ds‖2

− τ‖(S − C)−1/2Λ1/2(∇c>dx − ds)− (S − C)1/2Λ−1/2dλ‖2

− τ‖S−1/2(Σ− Λ)1/2ds − S1/2(Σ− Λ)−1/2dλ‖2

= − (dx)>Mdx − (1 + τ)‖Λ1/2(S − C)−1/2(∇c>dx − ds)‖2

− (1 + τ)‖(Σ− Λ)1/2S−1/2ds‖2 − τ‖(S − C)1/2Λ−1/2dλ‖2

− τ‖S1/2(Σ− Λ)−1/2dλ‖2 + 2τ(dλ)>(∇c>dx − ds)
+ 2τ(dλ)>ds. (B.9)
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On the other hand, using (A.11) and (A.12) we obtain

d>∇2ψσ,µ(z)d
= (dx)>∇2

xx`(x, λ̃)dx + (1 + τ)µ‖(S − C)−1(∇c>dx − ds)‖2

− 2τ(dλ)>(∇c>dx − ds) + τµ‖Λ−1dλ‖2 + (1 + τ)µ‖S−1ds‖2 − 2τ(dλ)>ds

+ τµ‖(Σ− Λ)−1dλ‖2, (B.10)

where λ̃ = (1 + τ)µ(S − C)−1e − τλ. By using (B.6), (B.9), (B.10) and the fact that
z → ẑσ,µ we deduce

∇ψσ,µ(z)>d+ d>∇2ψσ,µ(z)d
= (dx)>(∇2

xx`(x, λ̃)−M)dx

+ (1 + τ)(∇c>dx − ds)>(µ(S − C)−2 − Λ(S − C)−1)(∇c>dx − ds)
+ (1 + τ)(ds)>(µS−2 − (Σ− Λ)S−1)ds + τ(dλ)>(µΛ−2 − (S − C)Λ−1)dλ

+ τ(dλ)>(µ(Σ− Λ)−2 − S(Σ− Λ)−1)dλ

≤ o(‖d‖2).

Combining this estimate with (B.8) we obtain

ψσ,µ(z + d)− ψσ,µ(z)− ω∇ψσ,µ(z)>d ≤ (
1
2
− ω)∇ψσ,µ(z)>d+ o(‖d‖2).

Since ω < 1
2 , the proof will be completed if we show that ∇ψσ,µ(z)>d ≤ −K ′‖d‖2

for some positive constant K ′. Using the Cauchy-Schwarz inequality one has

2τ(dλ)>(∇c>dx − ds) ≤ 1 + 2τ
2
‖Λ1/2(S − C)−1/2(∇c>dx − ds)‖2

+
2τ2

1 + 2τ
‖(S − C)1/2Λ−1/2dλ‖2

and

2τ(dλ)>ds ≤ 1 + 2τ
2
‖S−1/2(Σ− Λ)1/2ds‖2 +

2τ2

1 + 2τ
‖S1/2(Σ− Λ)−1/2dλ‖2.

Combining these two inequalities with (B.9), and next using (B.7) and Lemma A.2 we
obtain

∇ψσ,µ(z)>d = −(dx)>Mdx

− 1
2
‖Λ1/2(S − C)−1/2(∇c>dx − ds)‖2 − 1

2
‖(Σ− Λ)1/2S−1/2ds‖2

− τ

1 + 2τ
‖(S − C)1/2Λ−1/2dλ‖2 − τ

1 + 2τ
‖S1/2(Σ− Λ)−1/2dλ‖2

≤ −K ′1‖dx‖2 −K ′2‖∇c>dx − ds‖2 −K ′3‖ds‖2 −K ′4‖dλ‖2.
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For any ε > 0:

‖∇c>dx − ds‖2 = ‖∇c>dx‖2 − 2(∇c>dx)>ds + ‖ds‖2

≥ ‖∇c>dx‖2 − (1+ε)‖∇c>dx‖2 − 1
1+ε
‖ds‖2 + ‖ds‖2

≥ −ε‖∇c>‖2‖dx‖2 +
ε

1+ε
‖ds‖2.

Set now ε := K ′1/(2K
′
2‖∇c>‖2) to conclude that

∇ψσ,µ(z)>d ≤ −K
′
1

2
‖dx‖2 − (K ′3 +

εK ′2
1+ε

)‖ds‖2 −K ′4‖dλ‖2 ≤ −K ′‖d‖2.

2

The following lemma gives a characterization of the q-superlinear convergence of
Algorithm Aσ,µ. The proof is analogous to the one of Proposition 4.2 in [1] and is
omitted.

Lemma B.5 Suppose that Assumption 2.1 holds and that f and c are twice differen-
tiable at x̂σ,µ. Suppose that the sequence {zk} generated by Algorithm Aσ,µ converges
to ẑσ,µ and that, for k sufficiently large, the unit step length αk = 1 is accepted by the
line search. Then {zk} converges q-superlinearly towards ẑσ,µ if and only if

(Mk − M̂σ,µ)dxk = o(‖dk‖). (B.11)

Proof of Theorem 3.6. According to the proof of Theorem 4.4 in [1], the convergence
of the series

∑
k≥1 ‖zk − ẑσ,µ‖ (Theorem 3.5), the local radial Lipschitz continuity of

the Hessians of f and c and a standard result from the BFGS theory (see [13, Theorem
3] and [4]), imply

(Mk − M̂σ,µ)dxk = o(‖dxk‖).

This estimate implies that (B.6) holds, therefore the unit step length is accepted
(Lemma B.4). It implies also that (B.11) holds, and thus q-superlinear convergence
follows (Lemma B.5). 2
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mization algorithms. I. Springer-Verlag, Berlin, 1993. Fundamentals.
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